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PERTURBATIONS OF THE UNILATERAL SHIFT 

BY S U E - C H I N L I N 1 

Communicated by Peter Lax, December 2, 1970 

Introduction. The study of the unilateral shift on a Hilbert space 
has been one of the most important subjects in operator theory, for it 
provides many useful examples and counterexamples to all parts of 
Hilbert space theory (see Halmos [ l ] ) . The purpose of this note is to 
announce our results concerning perturbations and similarity of the 
unilateral shift in a slightly general setting. To be precise, let 5 be an 
isometry on a separable Hilbert space H. We were able to show that 
S+P is similar to S for a large class 9î of ^-admissible bounded 
linear operators P on H. To each PG9Î , we constructed explicitly 
a nonsingular bounded linear operator W on H, such that S+P 
= WSW~l. In particular, the unilateral shift S on I2 of square-
summable sequences, which sends (XQ, •) into (0, 
x%, • • •) is similar to S+JJLP for all infinite matrices P — {pnm) with 
]C \pnm\ < <*> (», w = 0, 1, 2, • • • oo) and all sufficiently small com­
plex parameters ju. This result becomes interesting when it is com­
pared with that of [2 ], where P — (pnm) are required to be strictly 
lower-triangular and pn+i,ny^ — 1 for all w, in addition to the assump­
tion that 23 I Pnm | < °°. 

I would like to thank Professor T. Kato of Berkeley for calling my 
attention to this problem. 

1. 5-admissible operators. Throughout this note, let H, H' be 
separable Hilbert spaces and F=Z2(0, <x>;H'). We denote by $b(H, Hf) 
the space of all bounded linear operators on H to H'. We write 
$8(H) for 33 (iï, H). The symbol ( , ) stands for the inner products in 
H and H'. 

DEFINITION 1.1. Let S be an isometry on H and A£:$8(H, H'). 
The operator A is said to be S-smooth, if there exists a constant M 
< oo such that 

00 00 

(1) XIMS^II2^ Ap||«l|2 and £ ||AS*"M||2 ^ M2\\u\\2, 
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for all uÇzH. In this case, we set | A \ s to be the infimum of all con­
stants M satisfying (1). 

To each isometry S on II and operators A, BE:$8(H, II'), we let 

D(A,B,S)= IfEYij: 2 ASn~rB*f(r - 1) 
r=l 

< oo }• 
and define 

T(A, B, S)f(n) = 0, » = 0; 
n 

= Z ASn~rB*f(r - 1), n à 1, for ƒ G 0 ( 4 , S, S). 
r=l 

r ( 4 , 5 , 5) is clearly a linear operator from D(A} B, S) into F. This 
operator T(^4, JB, S) is a discrete version of the convolution operator 
C defined in [3]. 

DEFINITION 1.2. A class 9î(5)C33(iï) of operators is called a 5-
admissible class, if each P £ 9 t ( 5 ) can be written as the product P 
= B*A of two operators A, BÇi%$(H, Hf), satisfying the following 
properties : 

(i) both A and B are 5-smooth, 
(ii) the operator T(A, B, S) is a bounded linear operator on F into 

Y. 
To each PE9t(S), we set 

(2) D^D = max ( | | r ( ^ 5,5)11, \A\8-\B\S), 

where || T(A, B\ S)\\ stands for its operator norm in 33( F). 

2. The main results. 

THEOREM. Let S be an isometry on II. Then for each P = B*A 
belongs to 9?(S), and for any complex number ix with \JJL\ < 1 / 2 J ] P [ ) , the 
operator S+JJLP is similar to S. The operator W(IJI), given by the following 
formula f 

00 

(W(IM)U, V) = (u, v) + M £ (AS*n+1u, B(S + >iP)*»v), u,vEH, 
71=0 

is a nonsingular bounded linear operator on H which implements the 
similarityy i.e. we have (S+fxP)W(fx) = W(fx)S. 

EXAMPLE. Let H=l2(0, oo), 5 = the unilateral shift on H and P 
^(pnm) be an infinite matrix with \P\ = J2£m==0 \pnJ\ < » . Let 
i T = /2((0, oo)X(0, oo)). Defined, £ from i ? to i f ' a s follows: 
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A %nm == J pnm J %my 

and 

Bxnm = anm | pnm \ll2Xn, ÎOT all X £ J2(0, *>), 

where 

ocnm = pnm/1 pnm | f or pnm T* 0 and- anm = 0 when pnm = 0. 

I t can be verified easily that A, B(E®(H, H') with B*A = P. We 
were able to show that A, B are .S-smooth with | A \ s and | B \ s both 
bounded by IF]1'2. And the operator T(A, B, S) belongs to 53(F) 
with its norm bounded by | P | . Consequently, every infinite matrix 
P=(pnm) with | P | = ] [ ^ m = o | pnm\ < °° is S-admissible with []jP[] 
^ \p\. We therefore have the following: 

COROLLARY. Let S he the unilateral shift on /2(0, <*>). If P~(pnm) is 
an infinite matrix with \P\ = 2^°w==0 \pnm\ < °°, then f or all complex 
numbers M wi/A |/X| < 1 / 2 | ^ | , S+pP and S are similar operators on 
/2(0, «>). 

3. Outline of proof. To each 5-admissible operator P=B*Ay we 
need to prove that there exists a constant K < <*> such that 

00 

(3) Z | |S(S + MP)*W^| |2 ^ # M | 2 , for all M G F . 
n=0 

This is the main and the most difficult part of the entire proof. There 
seems to be no easy way to get a reasonable estimate for 
| |£(S+MP)*ww||,and moreover 5, P do not necessarily commute. To 
get around these difficulties, we first constructed a family Ü7(w, /*) 
£5B(iI) (n = 0,1, 2, • • • ) having the property 

( £ | | ^ ( ^ M N I 2 ) 1 / 2 ^ |I»|S(I- IMID^DHMI-

Next we show that (S+/I.P) U(n, IJL) = Ü7(w + 1, p) for all w. I t follows 
that U(n, JJL) = (5+ / iP) n , hence the inequality (3). Once the inequality 
(3) is obtained, we write W{ix) — 1+M(?(M)I with 

HewN UUI^Ua - Ultkll)-1-
Nonsingularity of W(n) follows when we chose /x sufficiently small 
to make ||M(?(M)|| < 1 . Finally (S+fiP)W(fx) = W(p)S is established 
by a routine manipulation and observing that 5 * 5 = 1 . 
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REMARK. If S is unitary on if, then our Theorem holds for all 
parameters ju with | fx\ < 1/[|-P[] and we have, for u, vÇzH, 

CO 

(Wifi)-^, v) = ( « , I ) + M E (AU(n, n)u, BSn+h). 

Generalization to /p(0, <*>) for perturbations of the unilateral shift 
5, together with full details for the above results will appear else­
where. 

REFERENCES 

1. P. R. Halmos, A Hubert space problem book, Van Nostrand, Princeton, N. J.f 
1967. MR 34 #8178. 

2. J. M. Freeman, Perturbations of the shift operator, Trans. Amer. Math. Soc. 
114 (1965), 251-260. MR 30 #2342. 

3. S. C. Lin, Wave operators and similarity for generators of semigroups in Banach 
spaces, Trans. Amer. Math. Soc. 139 (1969), 469-494. MR 39 #2013. 

INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY 08540 


