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Let D={z=(z, -+ +, 2.)EC":h(z)=Im 2z,—) 1 [zkl 2>0}, and
B=90D= {z:h(z) =0} . Writing z;=x;-1y; we let 8 be the measure on
B given by dB=dxidx.dys * * - dxndys. D is a Siegel domain of Type
II which is the image of the unit ball D= {zEC»:3 7 | z|2<1} under
the generalized Cayley transform:
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Let N be the group of holomorphic automorphisms of D consisting of
the elements (¢, ¢) ERX C*! acting on D in the following way:
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N acts simply transitively on B. We will consider real-valued func-
tions on D which are harmonic with respect to the Laplace-Beltrami
operator:
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In [2] Korényi defined the following notion of admissible con-
vergence in D: let us call

To(u) = {zED:Max[I Rez — Rew|, 2, |z,,--uk|2]
2

< ah(z), h(z) < 1}
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a truncated admissible domain of aperture o at u&B. We say that f
on D converges admissibly at % to ! if lim,.y;.erawy f(2) =1, for some

a>0.
The principal result of this note is the Theorem below, which is the

analogue of results of Marcinkiewicz and Zygmund [3 ], Spencer [4],
Calderén [1], and Stein [5]. (This is often referred to as the Area
theorem for harmonic functions.) Let
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Let E be a measurable set in B and suppose that f is a real-valued
harmonic function in D.

THEOREM. (a) If f is admissibly bounded for each point of E then
0 [ o vrlaue < =
Tou)

for almost every u in E and a>0, where du is Lebesgue measure.
(b) If, for each point u of E, we can find an o such that the integral (1)
is finite, then f converges admissibly at almost every point of E.

The general outline of the proof follows Stein [5]. The differences
arise from the fact that the Laplace-Beltrami operator is not uni-
formly elliptic. We first indicate how part (a) is proved. By a stan-
dard argument (see Calderén [1]) we may assume that E is compact,
and f is uniformly bounded in I'.(%), for a fixed, and all € E.

LemMA 1. If f is bounded and harmowic in T'2(0), then h(z)|df/0z|
and h(z)"?] 0f /02|, k=2, are bounded in T (0) for o <e.

This result can be proved by using the Poisson integral representa-
tion for functions defined on images of spheres under the Cayley
transform.

Let wa(E) =U,erT«(#). We construct regions approximating w.(E).
Write 2€D as z=[x, z], where x=x;, 5=(23, * - +, 2.), t=A(2).
Sirtce E is compact, E,= { [x, z]:: [*, 2]EE} is compact. For 0<¢<1
let T.(u)e={[x, zlse:[x, 2],ETa(®) and r+t2<1}. Then
{I‘a(u),*ﬂE,}ueE forms an open cover of E;. Choose a finite sub-
cover for t=¢y<1 and then for each ¢ <#, choose one in the following
manner: if %, + - +, U are the base points chosen for the cover of
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E,, and if ¢ <t <y, then {ul, ey, uk(,:)}:){ul, ceey, uk(w)}. Let
W= U;ﬂra (u;) 2.

LEMMA 2. [oum| Vf| 2dpu(z) < .

We prove this by first applying Green'’s theorem to w,. Then, using
the estimates of Lemma 1 translated by the group N and the uniform
boundedness of f, we obtain fw.|Vf|2du(z) <k fs.ds when % is in-
dependent of ¢. Now we let ¢ tend to 0, and observe that [ ds<M
independently of ¢. Part (a) then follows from:

LemMA 3. Suppose ECB s compact and f is locally bounded and
positive in D. If [oumf du< o, then [ruwh(2)~f(2) du(z) <« for all
B>0 and almost every u CE.

We now outline the proof of part (b).

LemMa 4. If [r.oh(z)™| Vf]2du(z) < o, then h(z)|df/d21| and
h(z)12| 6f/az;,| , k=2, are bounded in I'y’(0) for o’ < a.

To prove this let
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We then observe that if f is harmonic then Df, Dif, Dif, Dif are
harmonic, and thus can be represented as Poisson integrals. Now
| Vf| 2 dominates | Dyf| 2, | Dif| 2, | D f]? and k1| Do| 2 in Ta(0); and
the latter dominate %|df/d2:|  and |9f/dz| 2 for k= 2, in T'a(0). Now,
using Green's theorem and Lemma 4, we have

faw,fzdsékfamlflds'*'k'ﬁ‘ | vf|2dn.

LemMA 5. Suppose ECB is compact, f is nonnegative and locally
bounded in D, and for each u & E, there exists an a > 0 such
that [raf du< . Then for every e> 0 and 3> O there exists a compact
set FCE such that meas(E\F) <¢, and [, (A ()" (2)dpu(z) < .
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Applying this to the inequality above we have [y, fdds<M in-
dependently of ¢. Now a standard argument (see Stein [5]) shows that
| f(2)| Scg(2)+¢’ inw.(E) where g is the Poisson integral of some func-
tion in L2(B). The result now follows from Kor4nyi [2].
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