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1. Introduction. Let F be a quadratic vector space over the field 
of rational numbers Q. We assume that the associated quadratic form 
q is positive definite with square discriminant. Let M be a lattice in 
V which is maximal integral with respect to q. We denote by H the 
number of proper classes of maximal integral lattices. The purpose 
of this note is to announce a formula for H. This formula is derived 
by applying the Selberg Trace Formula in an appropriate manner. 
The method we employ is motivated by the successful use of the 
Selberg Trace Formula in the computation of ideal class numbers of 
quaternion algebras over Q (cf. [ó]). 

Since q has square discriminant, we may assume that V = 21, a 
quaternion (division) algebra over Q, and q = N, the norm form of 31. 
We may take M to be 0, a fixed maximal order in §1. If 
a basis of 0 over the ring of integers Z, then the discriminant of 0 
with respect to the norm form N is = | Tr(#»•#ƒ) | —D, the discrimi­
nant of the quaternion algebra 2Ï. Here * is the canonical involution 
of 21. I t is well known that D = d2, where d is a positive square-free 
integer. Let us write d — p\ • • • pe, where the pi, i = l , • • • , e are 
distinct prime numbers. We recall that {pu • • • , pe\ is the set of 
finite primes p such that %P = %®QQP is a division algebra over Qp, 
the field of £-adic numbers. One calls pi, • • • , pe the nonsplit or 
ramified primes of 2Ï. 

We do not apply the Selberg Trace Formula in the setting afforded 
by the orthogonal groups which appear in the usual definition of H. 
The reason is that the definitions of these groups involve a norm 
condition which makes integration unmanageable and which also 
complicates conjugacy considerations. To avoid these difficulties, we 
replace the usual definition of H by one which is more suitable for our 
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purposes. A lattice L in 2Ï is said to be a normal ideal of 21 if its left 
order (hence its right order) is maximal. Following [ l ] , we say that 
two normal ideals L and M of 21 are equivalent if there exist a, j3£2l 
such that M = aL(3. One easily verifies that the number of equivalency 
classes of normal ideals of 21 is finite and equal to H. I t is this defini­
tion of H which we use in our computations. 

2. Statement of results. We first introduce some more notation. 
I t is well known that the ideal class number of 21 depends only on D 
(cf. [s] and [ó]). Let us denote it by hd- For any integer n, denote by 
h(-\/ — n) the class number of the quadratic field Q(V'-—#). For any 
positive integer n, set X(?z)=the number of distinct primes which 
divide n, and define 8(\/—n) to be 1 if n\ d and there exists x£2 l such 
t h a t x 2 + w = 0. Otherwise, define S(V — n) = 0. 

THEOREM 2.1. (a) If 2\D, then: 

H = 2~e(hl + A\ + 2 « ( V - " « ) 4 » ) 
\ m>3 / 

where 

As = 2 e-1ô(V~3), Am = 2e~X ( m )~a ( m )^(\/-w), m > 3, and 

a{m) = — 1 if m = 3 (mod 8), 

= 0 if m s 7 (mod 8), 

= 1 if m ^ 1 (mod 4). 

(b) If2\D,then: 

H = 2~Y^ + ^i,2 + A\ + Y,KV-m)AÎ) 
\ m>3 / 

where 

Alt2 = 2«- 2 (ô(V-l ) + ô ( V - 2 ) ) , ^3 = 2 - 2 ô ( V - 3 ) , 

Am = 26~X(m)-<r(m)^(V-~w) /o rw > 3, but now 

a(m) = 1 i /m = 2, 3 (mod 4), 

= 2 i /w ss 1 (mod 4). 

REMARKS. (1) We recall that there is an explicit formula for hd in 
terms of the Legendre Symbol, namely: 

*-nH<»-»+Tâ('-(7f)KnO-fâ) 
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where we make the convention: 

(2) If 2\D and rn\d, the condition S(V —m) = \ is equivalent to : 

for all pj such that (rn, p3) = 1. Using this, one can rephrase (a) of the 
theorem in terms of the Legendre Symbol, just as for hd. 

COROLLARY 2.2. Suppose D = p2, p a prime > 3 . 
Then 

where 
f(p) = - 1 ifp=l (mod 4), 

= Qifp==j (mod 8), 

= lifp = 3 (mod 8). 

We note that this formula closely resembles the formula for t(p), 
the type number of 31 (cf. [2]). I t should also be remembered that the 
formula for hp is very simple: hp = (p —1)/12 if p^\ (mod 12); 
(p + 7)/12 if f s S (mod 12); (p + 5)/12 if p=*1 (mod 12), and 
(£ + 13) /12i f£s=l l (mod 12). 

3. Outline of the proof. For any associative ring R with an identity, 
let jR* = the group of invertible elements in R. For any group 5, let 
A(5) be the diagonal subgroup of 5 X 5 . Set G = (2I*X$t*)/A(Q*). If 
s<EG and a, j3G2l*, 5= (a, |8) will mean s= {a, /3) mod A(Q*). Then G 
acts on the set of normal ideals by: s=(a, $)\D-*aLfi~l. For any 
normal ideal L, let GL = the isotropy group of L under this action. Let 
J% be the idele group of St, JQ the idele group of 0 , and define J% 

= {(«p)e/«IIL|tf(«p)l*=i}.^^ 
then set GA = (^SIX J $ I ) / A ( J Q ) . GA acts on the set of normal ideals in 
the obvious manner: we identify each normal ideal L with its corre­
sponding L= JJ^pLp, where LP~L®ZZP1 and Zp = the ring of 
£-adic integers. Then if $ £ G A , s=((cep), (fip)) takes Z t o I J P apLvfiP

l 

= M for some normal ideal M. Clearly, this action is transitive. Let 
GQ = the isotropy group of ê under GA- We then have a double coset 
decomposition GA = U|Li GohG = U?„i GS^1GQ1 where the double coset 
GSÏ1GQ corresponds to the class of the normal ideal sï1è = Mk^ One 
easily verifies that GA is a locally compact unimodular group, GQ is 
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an open compact subgroup, and G is a discrete subgroup such that 
G A/G is compact. We normalize the measure/x on G A SO that ju(Go) 
= 1. Using the notation of [5], we see that L2(GQ\GA/G) is a vector 
space of dimension H over the field of complex numbers C, and for 
every F(E.L(GA,GQ), the convolution operator: f*-*F*f, for 
ƒ £ L 2 ( G Ö \ G A / G ) , defines a linear endomorphism of L2(GQ\GA/G). The 
Selberg Trace Formula then gives us an expression for Tr(F). For 
any s £ G , define {s} = t h e conjugacy class of s in G, G(s)=the 
centralizer of s in G, and GA(s) = t h e centralizer of 5 in GA- Taking 
JFo=Xöö = the characteristic function of G g and applying the trace 
formula, we obtain: 

H = Tr(F~Q) = E *(G^(*)/G(*)) f ^ ( f K f , 

where &(f) = ^(ysy1) for yGGA-
In this sum we need only consider the conjugacy classes of elements 

s lying in some GM^ k = l, • • • , H. Hence there are essentially only 
four possibilities for s: 

(i) ^ ( ± 1 , 1 ) . 
(ii) s = ( l , u) or (w, 1), where u2+l —Ooru2±u + 1 = 0 . 
(iii) 5= (u, u'), where u, u' are as in (ii). 
(iv) s=(£ , zr), where z and z' are integral, N(z) = iV(s')9e 1 and 

tf(«)|d. 
The contributions to the trace of the conjugacy classes represented 
by cases (i), (ii) and (iii) give the term 2~~6/̂  in our formula. The 
remaining terms are contributed by the conjugacy classes represented 
by case (iv). 
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