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Let M (G) denote the set of complex valued regular Borel measures 
on a compact abelian group G. We assume that T, the dual group of 
G, is a totally ordered group. Let F(G) denote the set of all /z£ itf(G) 
such tha t the Fourier transform fi of /x is an integer valued function. 
A measure fx is idempotent if fi assumes only the values 0 or 1. A 
liÇ:M{G) is semi-idempotent if fi(y) = 0 or 1 for all 7 > 0 in T. 

The purpose of this note is to sketch a proof of the following 
theorem. 

THEOREM 1. If ftÇ£M(G) and #(7) is an integer for all y>0 in T, 
then there exists a X £ F (G) such that \(y) = #(7) for all 7 > 0. In particu­
lar, if fi is a semi-idempotent measure on G, then there exists an idem-
potent measure A on G such that #(7) = %(y) for ally>0 in T. 

This result was obtained by Helson [3], for the case G=*Tr the 
circle group, T = Z the integer group. Also a special case of Theorem 1 
for G = T2, T = Z2 was proven by Rudin [6]. 

OUTLINE OF PROOF. We assume first that G = 7*, the ^-dimensional 
torus group and T = Zk is a totally ordered group. Then Z* = Ti®r2 
where T2 is a subgroup of the reals, Ti is a totally ordered group, and 
r i © r 2 is lexicographically ordered from the right. Let j uE¥(G) such 
that #(7) is an integer for all 7 > 0 in Zk. 

Let E(ju)= {yÇzZk: 7 > 0 and fi(7)3^0} and, for every positive 
integer n, let 

An = ( T ' M G M(G) : 7 = (7i> 72) G E(n) and 72 > n). 

We then prove the following 

LEMMA. If E (IJL) and An are defined as above, we have either 
(1) E(ix) is contained in a finite union of (k — 1)-dimensional hyper-

planes, or 
(2) An?*0 for every n. 

If (1), then Theorem 1 follows by induction. If (2), we set 
1 This is an announcement of a portion of the author's dissertation at the University 

of Wisconsin written under the direction of Professor Walter Rudin. 
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A = fi An 

(An is the weak*-closure of An). Then A is nonempty and weak*-
compact and hence contains an element v=^0, of minimal norm. Then 
vÇzF(G), and applying a lemma of Ito and Amemiya [5], we find that 
v is a measure of the form 7-x#M where XH is the characteristic func­
tion of a compact subgroup H of G, and yÇîT. 

Let Mi = XffM- Then M==MI + (M"~MI) '1S an orthogonal decomposition 
of fx where IJLIGF(G) and (jCt—#1X7) is an integer for all 7 > 0 in T. 
Now we can apply the argument above to the measure p —/*i. Since 
the norm of M~"~MI decreases a t least one from that of jit, we see that 
after a finite number of steps, we obtain 

n 

where ii%CzF(G) for i = l, • • • , w, and f(7) = 0 for all 7 > 0 . 
The proof of the theorem for arbitrary compact G is completed by 

a transfinite induction on the cardinality of T. 
In the proof of the lemma, we used the following theorem of P. J. 

Cohen [ l ] and Davenport [2]. 

THEOREM. Let Y be a totally ordered group. Let E = {71,72, • • • , 7^} 
be a fixed set of N positive elements inY, N^3. Suppose JJLÇEM(G), and 

I M(7) 1 ^ 1 for 7 G E, 

M(7) = 0 for 7 > 0, 7 $ E. 

Then there exists a constant ky independent of the group G, such that 

||/i|| > *0og N/\og log iVO1'4. 

This theorem was proven by Cohen [ l ] and Davenport [2]. An 
examination of the proofs in these papers shows that they actually 
obtain the above theorem although they only considered the case 
where £1(7) ==0 f ° r a^ y(£E. See also Hewitt and Zuckerman [4] for 
the case in which the torsion subgroup of Y is an arbitrary finite 
group. 

We also have proven 

THEOREM 2. Let Q= {(^i, • • • , nk)^Zk: n^O for i = \y • • • , k}. 
Suppose ixÇ:M(Tk) and ju(g) is an integer for all qÇïQ. Then there exists 
a \EF(Tk) such that fl(q)==%(q) for all qEQ. 
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