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THEOREM 1. A metrizable space X is of dimension <n if and only if
X admits a metric compatible with the topology which satisfies the
condition (n): For any n+3 points x, y1, * * +, Ynte 0f X there exist
distinct indices 1, j such that d(y., y;) Sd(x, ¥;).

In this paper we outline briefly a proof of Theorem 1, which was
conjectured by J. Nagata [1].

By dimension we shall always mean covering dimension. A family
of subsets of X is discrete if each point of X has a neighborhood which
meets at most one member of the family. For a subset 4 of X and a
family € of subsets of X, let S(4, €) denote the union of 4 and all
those C& @ such that CNA = &. For each integer n=0, let
ifn=0,

A
S7(4, €) =
( ) {S(S"‘l(A, e),e) ifxn>0;

[e]* = {s*(C, €): C € e}.

Let X be a metrizable space of dimension =<#. For each positive
integerjthereexistn+1discrete families of opensets, U}, 3, - - -, ujt!
such that if U;=U17 U}, then:

(1) each U, covers X;

(2) for each x€X, {S(x, ua;):j=1, 2, - - - } is a neighborhood
base at x;

(3) [U;41]3! refines u; for each j;

(4) if j<kand 1<i<n-+1, each member of [4;]3! meets at most
one member of Uj.

The 4 are defined inductively on j. Their construction relies on a
new characterization of dimension [2].

THEOREM 2. A melrizable space X is of dimension =n if and only
if for each open cover C of X there exist n+1 discrete families of open
sets, UL, U2, - - -, UL such that Ui, W is a cover of X which refines @.

ProoF oF THEOREM 1. Let R* denote the set of dyadic rationals in
the open interval (0, 1). For each mER¥* there exist 41 discrete
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families of open sets S, 8, * - -, Sit! such that if 8, =] 8, then:
(1") each 8, covers X;
(2") foreachxE X, {S(x, 8m): mER*} is a neighborhood base at x;
(3") if m<pER*, then §, refines §,;
(4") if m, pER*, and j is a positive integer such that 2-i<m<p
<2-G-D, then §, refines §} for each 1Sisn+1;
(5") if m<pER* 1=i=n+1 and UcSs,, VES,, then either
UCVor UNV=(;
(6") if m, pER*, m+p<1, and if UES,, VES, are such that
UNV3, then there exists W&Smyp, such that UUVCW.
The 8}, are constructed from the Uj as follows: Let
. . nt1 .
*uj = {S(U, up): U € Wl *ay = U *ay,

i=1

For ACX,1<i=n+41,j=1and k=0, let

S(4, *uj) if k=0,
T%*(4,1,7) = { — i
b = a4, 5,0, k) 2> 0;
T(Ax ia]) =U Tk(A’ i:j)‘
k=0
For m&E R* of the form m = Z‘,_l 2—m where 1 Smy<me < - - - <my,
let = ) s-4 2~™, Further, for A CX and 1Si=<n+1, let
. {T(A, i, my + 1) ift=1,
aam = . . .
T(S2(iam, *Unm,), 5, me) i 2> 1;

i . :
This complicated construction is necessary to achieve condition
(5’). A simpler construction in which (5’) does not hold was used by
Nagata [1] to obtain a weaker result.
Define a non-negative real-valued function d on X XX by

J if y & S(x, S») foranym € R*,
(%,9) = {inf{m ER*:yES(x,8n)} if y € S(x, 8x) for some m & R*.

d is clearly symmetric. It follows from (3’) that d(x, ¥) =0 only if
x=2y. The triangular inequality follows from (6). Thus d is a metric
on X. By (1) and (2’) d is compatible with the topology of X. If
%, Y1, - * * , Ynye are points of X, then by (4’) and (5’) there exist in-
dices 4, j, i7j, such that d(y;, y;) =d(x, ¥;).

Conversely, suppose that X is a metric space with metric d satisfy-
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ing condition (n). Let @ be an open cover of X. It is easily shown by
use of Zorn’s Lemma that if 4 CX and €>0, there is a subset B of
X which is maximal (under inclusion) with respect to the properties:

(i) BNA=g;

(i) {Se(x):xEB} refines €; (S.(x) = {yEX:d(x, y) <e})

(iii) if x>#yE B, then d(x, y) Ze.

Hence we may construct subsets 4; of X for =1, 2, - - -, induc-
tively on 7, which are maximal with respect to the properties:

(1) 4:N {yEX: for some 1 £j<iand xE 4, d(x, ¥) <2'7'} =,

(2) {Sz—d(x): xEA.-} refines C;

3) if x=yEA4,, then d(x, y) = 2%

Letu= {Sg—.-(x): xEA4s1=1,2, - - } The maximality of the 4;
insures that U covers X. Conditions (1) and (3) and the condition
on the metric insure that U is of order #--1. Thus the proof is com-
plete.
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