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actually a G-vector bundle since the actions of G and H on GX F
commute. The projection GX F—F extends by equivariances to a
bundle equivalence

GXygF—E
) !
G/H ~ Q.

Hence w: E—Q is determined by the action of H on F.
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A symplectic group over a field #F; or Fj, according to a theorem
of Dickson and Dieudonné (see [1]), has no normal subgroups other
than its center { +1 } Attempts at integral analogues of this theorem
have of late been quite successful. First Klingenberg [6] showed that
every normal subgroup of a symplectic group over a local ring is a
congruence group (again with some exceptions). Then Bass, Lazard
and Serre [2] showed that every normal subgroup of finite index in
the symplectic group Spz.(Z) over the rational integers contains a
congruence subgroup if #=2. In [5], Jehne proved local results
similar to Klingenberg’s, and used them to show that any normal
subgroup G of the symplectic group over a suitable Dedekind ring is
a congruence subgroup, if G is closed under the congruence topology.

The above three integral results all assumed that the discriminant
of the alternating form is a unit. The purpose of this note is to drop
this restriction and give a generalization of [6]. In order to obtain
a tractable canonical form, it is necessary to assume that the local
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ring is also a principal ideal domain, i.e., is a discrete valuation ring
(and also that 2 is a unit and the residue class field £ F;). In this
situation it turns out that, although every normal subgroup contains
a congruence subgroup in the usual sense, a normal subgroup cannot
be completely described in terms of the ordinary congruence sub-
groups as in [6]. A complete description is regained, however, by
allowing the congruence ideal to vary from entry to entry in the
matrix (see §6). Thus a congruence subgroup in this more general
sense corresponds to a square matrix, or fableau, of ideals. And when
we impose certain conditions on these ideals (namely (3) in §3), we
get a 1-1 correspondence between classes of normal subgroups “of
the same order” and these tableaus.

Detailed proofs for the results reported here will appear elsewhere.

1. Canonical splittings. Let o be a discrete valuation ring. A laitice
L is a free finitely generated o-module endowed with a nondegenerate
alternating bilinear form
LXL—o
which we write (X, V)>X -Yfor X, YEL. Thus X-V=-7-X, X?
=0 for all X and Y in L, and X-L>0 if X0. By a theorem of
Frobenius [3, p. 79], L has a canonical basis, i.e., a basis Ey, « - + , Eg,
such that E;- E;#0 for 1 <j if and only if j is even and ¢=j—1. Such
a basis gives rise to a canonical splitting

1) L=L1l.-.--1L,

(orthogonal direct sum), where each L; has the following property:
the matrix corresponding to the bilinear form on L;is a scalar multiple
of a unimodular (alternating) matrix. This scalar generates the ideal
L;-L;=8;. Without loss of generality, we may require that

8108, D ---D8
(proper containment), and it follows that 8;, 8,, * - -, 8; are unique.

2. Invariant lattices. We let Sp(L) denote the symplectic group of
L, i.e., the linear automorphisms o of L such that ¢X:.0Y=X-Y
for all X, Y€ L. A submodule & of L is called an tnvariant lattice if
dC for all ESp(L).

If a is an ideal, then

L*={X€L:XLCa}
is evidently an invariant lattice. And so, if g3, - * -, g are ideals,
(2 =gl + - .-+ g:L%
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is also an invariant lattice. Conversely,

THEOREM 1. If R s an invariant lattice, then there exist ideals
81, * * *, @t Such that (2) holds and also

0SS S, 810128022 ¢ ¢ 2 8.

These tideals are wuniquely determined by R, and we shall write
L=(g1, * * *, g:). For any canonical splitting (1), we also have

= (g1L)) L -+ L (g:Ly).

Now if X is any subset of L, we define the invariant closure [(X)
to be the smallest invariant lattice containing X. It can be shown that

I(X) =(g1, - * +,8e), where g¢;=87Y(X-L&) fori=1,---,1L

3. Congruence subgroups. The mappings X—X and X——X are
both in Sp(L) and we denote them, when convenient, by +1 and —1,
respectively. For §= 11 and ¢&ESp(L), we define ideals 0},(s), for
ilj=1! LI 2 by

(o = )L™ = (05,10, « - + » 03.4(0)),

and we put

¢ ¢ s o o
0.1'(0’) = 0+1,j(0') N 0_1.,‘(0'), 1,7 = 1’ I A

It is convenient to think of the ¢? ideals {0}(¢)} as an array or matrix
with the superscript as column index and the subscript as row index,
and we define this array to be the order o(c) of o. If we put g;=0},(c)
(respectively, g;=0j(s)), for 4, j=1, - - - , ¢, it can be shown that

‘ -1 i ‘
Q]g of\é.é,- ) éigi = 51'31',
1 2 t -1 1 -1 2 -1t
3) Q{QQ{Q"‘QQ:} 31%{25291‘_@"'25{%
616 C -+ C gy 81012802 D - - - D 84y,

for 4, j=1,++-,t Any set {g}} of # ideals which satisfies (3) is
called a tableau.

We can now define two particular congruence subgroups. The
special congruence subgroup SSp=SSp(L; {gj}) corresponding to the
tableau {g}} consists of all cE€Sp(L) with o} ,(¢) Cg} for all 4 and j,
while the general congruence subgroup GSp=GSp(L; {g}}) consists of
those ¢ with 0j(c) Z¢j for all 7 and j. We have SSpCGSp and both
are normal subgroups of Sp(L).

Now take a canonical splitting (1). Define %(z)&ESp(L) for
i=1, ..., ¢t as follows: n(i)IL,~= -1, n(i)[L,-=1 for j>1. Let H be
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the group generated by (1), - - -, (f). Clearly H is abelian of type
2,2,:-+,2) (¢ times). Then we define a homomorphism
A:GSP—H

using the order functions 03 ,(c). The kernel of A is SSp. The image of
A is a subgroup E of H.

THEOREM 2. If GSp and SSp are the congruence subgroups cor-
responding to a tableau {g}}, then GSp is the semidirect product of
SSp by the group E defined above. Thus GSp/SSp=E, an abelian group
of type (2, - + -, 2) (s times, s=t). If G is a subgroup of GSp which
contains SSp, then G is the semi-direct product of SSp by a subgroup of E.

4. Generation of SSp. In the local ring (and field) theory, the
classical symplectic transvections generate the “special” congruence
subgroups. In the present situation this is no longer true (although
they do generate the symplectic group itself). In analogy to the
orthogonal mappings defined by Siegel on p. 237 of [7], and also
used in [4], we introduce the double transvection, of which the
transvection is a special case: let 4 and Cbe in L, 4-C=0, and let
A be in the field of quotients of o; if

X>X+M4-X)C+NC-X)A

carries L into itself, it is easy to check that it is in Sp(L), and we de-
note it by T4, ¢ It is said to be pure if the pair {4, C} can be
extended to a canonical basis of L, and if 4 =C when A-L=C-L.

THEOREM 3. The group SSp(L; {a}}) is generated by the pure double
transvections in it.

5. Main result. For any nonempty subset G of Sp(L), we define
o(G) to be the tableau {g}} given by

4 <
g; = max{o;(c): ¢ € G}.
Using Theorem 3, we then prove

THEOREM 4. If G is a normal subgroup of Sp(L) with o(G) = {g}},
then

@ $Sp(Z; {ai}) S G S GSp(L; {g7}).
Conversely, if (4) holds, then G is normal and o(G) = {gj}

6. Normal subgroups as congruence subgroups. We now wish to
describe the normal subgroups of Sp(L) by means of congruences.
Choose a canonical basis for L and let (1) be the corresponding
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canonical splitting. If o¢&Sp(L), the matrix mat(s) of ¢ in the
canonical basis breaks up in an obvious manner into 2 blocks Bj
(#,j=1, -, t) according to (1). If mat(s)=(s,) and mat(p)
=(r,), we say that

o = p mod {g;},

if s,=r, mod ¢ for all p and », where s,, belongs to the block B;.

Now let G be a normal subgroup of Sp(Z) with o(G) = {g}}. Using
Theorem 2 and Theorem 4, one can show that there is a subgroup I
of E such that?

©) G = {aESp(L):aE’ymod{Q;} for some vy € T'}.

Conversely, given a tableau {g}} and a subgroup T' of the group E
corresponding to {g}}, the group defined by (5) is normal and
has order {gj}. An interesting special case is I'={1}; then G

=SSp(L; {g}}.
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* According to the definition of E given in §3, the matrices of its elements in the
canonical basis are diagonal matrices with 1’s and —1’s on the diagonal; and the
diagonal entries in any particular block B; are all 1 or all —1. By way of comparison,
in [6], the group E consists of + identity,



