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1. Introduction. The purpose of this note is to generalize the fol-
lowing well-known formula to give the order p and type o of an entire
function f(z) = Do @n2® With M(r) =max); -, |f(z)|, that is [1; 2],

. log log M (r) . n log n
1) p = lim suyp ——— = lim sup ’
r—® 10g r fn— —lOg I a,.l
. log M (r) 1
2) ¢ = lim suyp ————— = —: lim sup n[ a, |°n.
r— o rP ep n— o

It will be observed that the coefficient 1/(ep) in (2) comes exclu-
sively into the case of entire functions of finite order as we will see
in the Theorem I.

2. Definitions. Notations and preparatory lemmas.
NortaTioN 1. expl? =logllx =x, expllx=logl~™lx =exp(exp[™lx)

=log(logt=""1x) (m=0, +1, +2, - - -).
NoTATION 2.
Ein(x) = f];exp[“ x, Ap() = ro logil x,
En(@®) = o/Ap-1y(%), A (®) = x/Ep—11(),
5= Eiy () &y = Ein) (r=0,+1, £2,+ ).

LEMMAS. The functions exp™x, logtx, Ep(x), Am(x), Efj%(x)
(m=0, £1, +2,..-; r=0, 1, 2, - -) all increase monotonically
and we have

®) & (g = 220
— (exp™l x) = = ’
dx P A[—m—l](x)
d 1 Etm (%)
4) — (logl™ ) = = =0, +1, +2,
(€] dx(Og x) e " ( )
1] y (r=0)

5) E, =
(5) Einy (9) {logl'"”(log y — log® y + O(log™® 9))(r =1,2,3, - - )
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(6) lim exp(Ep-q(9)) = ‘{i Z - 3) 4,5 -+
a1 —1 1/y =2),
M lim (exp™ (Eim ) = {i Z= 3)4 5..0)

DerINITION 1. Given an entire function f(2) with M(r) defined in
§1, then we define the Lambda of index q by

logta! M(r
8) Ay = lim sup -—i—(—l =
T lOg 7
and when 0<A < », then define Kappa of index q¢ by
logle—tl M (r)

e

A

) K(gy = lim sup
r—>0

DEFINITION 2. An entire function f(z) with Ag—1y= © and A <
is called an entire function of index g. The entire function of index 0
is the constant function. The entire function of index 1 is a rational
entire function in which A is its degree and k() is the magnitude of
its leading coefficient. The entire function of index 2 is called the
transcendental entire function of finite order in which A is called
the order, and k) is called the type. A is called the rank and ks
is called the title of the entire function. We call Ay and k() the rate
of growth of the entire function of index q.

3. Formulas for \(, and «(y.

THEOREM 1. Let f(2) = D 1 @.2" be a transcendental entire function
of index q, then N =N\ and k=« of f(2) is given by N\=pu and k=7
where

n loglell 5
(10) p = lim sup ———— (¢=2,3,4--)
Nn— 0 —IOg | dnl
and
(1/eN) -lim sup | a, |M» (¢g=2)
ay o=y
lim sup logte=2%.- | g, |M» (g=3,45---).

n—w

Proor. From — #z logle1 n/log Ia,.l S u + ¢ we have, with
S =exple21((2r)#te), that
M) S 2 |a|rm+ 2 | an]
nss n>s

L] 0 1
(12) < exple (2019 3 (loghed )=/ 4 3 —

n=0 n=( 2n
= O(explc—ll rn+8e)‘
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Letting e—0 we have ASu.
Let o =e\r for ¢g=2 and o=7 for ¢=3, from

(13) | @nmlogle®ln < o + ¢

we see, by logarithmic differentiation with (4), that the maximum of
| @] 7" is estimated by

(14) | anl r® < exp ((expW"ﬂ ( e;;(;:);x(n))))-En_;](n)) = ¢().

Hence, we have, with s’ =exp!e2((oc+2¢)*), using (6), that
U s X |al|r+ 2 [au|rm
nss’ n>y’

15 © [ aln
o = o) + E(cr ':.266)

= O(exple((r + 3¢)r)).

Letting €— 0, we have k = 7. Suppose now, that M(r)
< C exple1((k+€)r) then |a,| < M(r)/r*is estimated by minimizing
its right hand side which occurs, by (3), at r= (EfZ2}(n/N)/ (k+e€)) /M
Hence, we have

[g—11 , [-1]

Cle+ " -exp ™ (B (n/N)
(EiH, (/M)

from which we have by (5) and (7), that

(16) lan] <

) n logle1 4
an A 2 lim sup =
n—w —log l a"l
and
(18) K+ e= -:r- lim sup logle-zl ne | Gn‘)‘l" = 7.
g n—

The theorem is thereby proved.

4. Further remarks.

1. Utterly integer valued transcendental emtire function. We have
many results on the integer valued entire functions of index ¢=2,
(finite order) i.e., [3] but here we introduce a theorem on index ¢=3,
whose proof together with its generalization and applications on
number theory will appear in a future paper.

THEOREM 11. A4 transcendental entire function which together with
all its derivatives assumes integers at all integer points (utterly integer
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valued) must have index ¢ =3 and, if the index is 3, then its rank must
be Ny = 1. This estimation is the best possible one, since there exist such
a transcendental entire function of index 3 and N =1.

2. Entire function of infinite index. For any positive increasing func-
tion Y(n) with Y(n)— o as m—x, but for no function with
lim inf,., ¥ (n) =m < o, the series f(2) = X oo 2"/ (¥ (n))" represents
an entire function, hence if ¥ (z) grows slower than any log™#n with
fixed N, then f(2) represents an entire function of infinite index. To
define the rate of growth, the natural comparison function will be
¢ (r) =f((a+€)r8) with f(x) =exp' 1, [x]: Gauss step function.

3. Entire functions of nonintegral index. Consider f(x) =exp‘e/Px as
a well defined solution of a simultaneous functional equation
exp!®l(f(x)) =expltdx (¢=0, +1, +2,:-) and for real », define
exp®(x) by uniform limit process. Generalize an index as the least
number 7 such that for any given €>0, there exist 7o(¢) by which it
satisfies M(r) <exp®to(r) for r=r(e), when n< », define Ny and
K by the similar manner.

The author conjectures to have the similar formula as in Theorem
I, but this formulation is incomplete at this moment.

5. A research problem. To generalize the discussion into the mero-
morphic functions, we propose the following problem which is origi-
nally given by E. G. Straus.

Problem. Let f(z) be a meromorphic function and T(r) be its char-
acteristic function, let

logte T'(r)

19 A = limsuyp——— =X
r— lOg r

and, when 0<A< 0,

. logte—21 T'(r)
(20) k(g = lim sup ————— = «.
r—w r
Find the formula to give N and « from the Taylor series coefficients
of f(z).
REFERENCES
1. L. Bieberbach, Lekrbuch der Funktionen Theorie. 1, 11, Leipzig, 1931.
2. R. P. Boas, Jr., Entire functions, Academic Press, New York, 1954.

3. D. Sato, Integer valued entire function, Dissertation, Univ. of California, Los
Angeles, Calif., 1961.

UNIVERSITY OF SASKATCHEWAN, REGINA CAMPUS



