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The object of this note is to state a general result the proof of
which appears in [4] and which includes the ergodic theorem proved
in [1] as well as the Hopf-Dunford-Schwartz ergodic theorem.
Let (S, §, u) be a o-finite measure space, that is, let .S be a set of
points s, § a Borel field of subsets A of S and u a o-finite measure
defined on §. Let L, be the Banach space of complex-valued integra-
ble functions f(s) having S for their domain of definition. Dunford
and Schwartz [5] have extended Hopf’s ergodic theorem [6] as
follows:

TuEOREM. Let T be a linear operator of Ly to Ly with ||T|| <1, and
with (|| T].=1)

ess. sup. | Tg(s) I < ess. sup.l g(s) I ,each g & LiM L,.
s€8 8€S
Then

lim -}- nil T (s)

nvro N k=0
exists almost everywhere, for f in Ly.

Ornstein and the author [1] proved the following theorem which
was conjectured by Hopf [6]:

TurorEM. Let T be a linear operator of Ly to Ly with || T|| =1 and
with T20. Then

2 TH(s)
. P
lim -
2 Thp(s)
Km0
exists almost everywhere on {s: 0< D o THp(s) S+ } for fand p in
Ly, p(s) 20 almost everywhere.

It is of course clear that neither result contains the other and that

1 The work reported in this paper was carried out under a grant from the National
Science Foundation.
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both contain the classical ergodic theorems. In the present note we
state an ergodic theorem which contains the above theorems, and
which allows, for example, the consideration of ratios of the form

n

2 =T (s)

k=0

2 Th(s)

k=0
where T is a linear transformation of L, to L, with || T]| £1 and with
T z0. Our result is the following:

THEOREM. Let {pn} be a sequence of non-negative measurable func-
tions and let T be a linear operator of Ly to Ly with ||T|| <1 and with
| Tg(s)l S pnia(s) almost everywhere whenever | g(s)| S pa(s) almost
everywhere and g& Ly, Then

> (s
lim k=

n

Z 2i(s)

k=0
exists almost everywhere on {s: 0< D o pr(s) S+ }

To see that the Hopf-Dunford-Schwartz theorem is implied by
this result, note that the condition || ||, <1 may be written | Tg(s)|
=1 almost everywhere whenever | g(s)l =1 almost everywhere and
g&L,, and thus we have the theorem on taking p.(s)=1, sES,
n=1,2,3,:---.

If T=0 then | Tg(s)| S T*p(s) almost everywhere whenever
‘ g(s)l = T"g(s) almost everywhere and g& L, and thus we have the
second theorem on taking p.(s) =T7p(s), n=1,2,3, - - -.

The theorem is proved by showing that to each function f in L,
there corresponds a function f* in L and a function a(s) with |a(s)|
=1 such that f* has the same limiting behavior as f and such that

Tg(s)
| Tng(s) |

for any function g in L; having support contained in the support of
* and having the additional property that

86) _ S
FOINRIO)

= a(s) on {s: | T"g(s)] > 0}
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The existence of such functions is obtained by a kind of uniform
convexity argument together with a lemma which unites the maximal
ergodic lemmas of [1] and [2] as well as sharpening them. After the
operator T is reduced in this way the proof is completed utilizing the
results of [3] and of [1].
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