RESEARCH ANNOUNCEMENTS

The purpose of this department is to provide early announcement of significant
new results, with some indications of proof. Although ordinarily a research announce-
ment should be a brief summary of a paper to be published in full elsewhere, papers
giving complete proofs of results of exceptional interest are also solicited.

SUPPORTS OF A CONVEX FUNCTION!

BY E. EISENBERG
Communicated by J. V. Wehausen, January 20, 1962

Let C be a real, symmetric, m Xm, positive-semi-definite matrix.
Let Rm= {(xl, RN xm)lxi is a real number, ¢=1, - - -, m}, and let
K CR™ be a polyhedral convex cone, i.e., there exists a real mXn
matrix 4 such that K= {x|xER" and x4 £0}. Consider the func-
tion ¥: K—R defined by ¢(x) = (xCxT)1/2 for all x€ K. We wish to
characterize the set, U, of all supports of ¢, where

(1) U=RN{u|xE K= uaT < («CaT)"/?}.

Let Rt = R*"N{r|m=0} and consider the set
@V={s] axER", rER, andv=rd" +C,aCx <1, x4 <0}.

We shall demonstrate:
THEOREM. U="V.
We first show:
LEMMA 1. x, yER"=(xCyT)2 < (xCxT) (yCyT).

ProoF. If x, y&R™ consider the polynomial p(\) =A2xCxT +2\xCyT
+9CyT = (x+N\y) C(x+Ny)T. Since C is positive-semi-definite, p(A) =0
for all real numbers A, and thus the discriminant of p is nonpositive,
ie.,

4(xCyT)2 — 4(xCxT)(yCyT) = 0. q.e.d.
As an immediate application of Lemma 1 we show:

LemMma 2. VCU.
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Proor. Let & V, then there exist xER™, 7S R such that v=7A4T
+xC, xCxT=<1. Now if yER™, y4 =0, then vyT=yA4A7xT+xCyT and
vyT < xCyT, because ¥4 =0, 77 = 0 and yA#xT £ 0. Thus, vyT
= (xCxT)12(yCyT)12) by Lemma 1, and vy? < (yCyT)1/2, because xCxT
=<1. Thus, vEU. q.e.d.

From the fact that C is positive-semi-definite, it follows that:
LEMMA 3. The set V is convex.

Proor. If x,ER™ mER:, %420, wp=mAT+x5,C, :Cxf<1
)\kER+ for k= 1, 2 and NMiHN=1, then: Nuy+Notta = ()\17l'1+)\21l'2)AT
F+ N1 F+Nexs) C, Ay FHAaxe) A 20, Mxr+Naxa ER™, Ny +)\27F2€R:.»
and

(A1 4 Nox2)CAx1 + Nox2)T — 1
= (\wr A+ Aexs) CQwy - sz)T - Mxxcxf - )\M‘zcxzr
= — AAo[#:Cx — 20:Cx3 + #:Cxg |
= — AAa(x; — 22)C(x;, — 22)T £ 0,

because C is positive-semi-definite. q.e.d.

LeEMMA 4. The set V is closed.

Proor. Let {wk} be a sequence with w,&R™, k=1, 2, - - .. We
define the (pseudo) norm of w, denoted | {w:}], to be the smallest
non-negative integer p such that there exists a ko and for all k= k,
x, has at most p nonzero components. Now, suppose # is in the closure
of V, i.e., there exist sequences {u:}, {m} and {x;} such that

mER, #mER", w=md + uC,
3) A =0 and kaka =<1, k=1,2,--.
and {wu} converges to u.

Suppose the sequence {xk} is bounded, then we may assume, having
taken an appropriate subsequence, that for some x&ER™, {xk}-—m
and thus, by (3), x4 =<0 and xCxT=1. Now, y4 S0=uyT —x,CyT
=T ATy =yAnT 20, all k=uy? —xCyT £0. Thus the system,

¥ & Rm’
¥4 =0,
(u — 2C)yT > 0,

has no solution and by the usual feasibility theorem for linear in-
equalities (see e.g. [4] or [5]) the system:
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”E-R:-’
7 AT = u — «C,

has a solution, and thus uE€ V.

We have just demonstrated that if {x.} is bounded, then uE V.
Since | {xx}| +| {#14}| Sm+n, it is always possible to choose {uxz}
and {m} satisfying (3) and such that | {x:}| +| {xx4}| is minimal.
We shall show next that if {x;}, {m:} are so chosen, then {x:} is
indeed bounded, thus completing the proof. Suppose then that {xk}
is not bounded, i.e., 3 a subsequence such that |xk| = (xxp) 2> 0,
and we may assume that |x;| >0 for all k. Let

Xk
= — E=1,2,---,
| |

then {z} is bounded and we may assume that there is a & R™ such
that the 2z converge to z and |z| =1. From (3) it follows that 24 <0
and z.Csf 1/| xkl for all k. Thus, 24 =0 and 2C27 £0. But then, from
Lemma 1, 2CyT=0 for all y&R™, and 2C=0. Summarizing:

4) z € R, 24 £ 0, 2C = 0.

Note that if z has a nonzero component, then infinitely many x:'s
must have the same component nonzero, this follows from the fact
that 2 is the limit of x;/ | xk| . As a consequence, if {\:} is any sequence
of real numbers, then |{xi+Naz}|=|{xe}|. If 240, and qf,
j=1, ..., n, denotes the jth colunn of 4, let

2,07

Ar = max { -
zal

j=1,~-,nandzaf<0}.

Then we may replace, in (3), x; by x+Nx2 because Ay2a?+xa S0 for
all j, and (xx+M2)4A =<0, also 2C=0 and thus (xz+N2)C=x:C,
(0 4Me2) (e +M2) T =5, Cxf <1. However each (x;+M2)4 has at
least one more zero component than x;4, contradicting the minimal-
ity of | {x}]+] {x:4}]|. Thus, 24 =0 and we may replace, in (3),
i by xx+Niz for an arbitrary sequence {M.}. But 2540 and we can de-
fine A\ so that xx+Niz has at least one more zero component than
x1. has, thus | {zc+Niz}| <| {x:}|. However, (xx+Miz)4d =x14, and
| {@s+Nig)A}| =] {x14}]|, contradicting the minimality assump-
tion. q.e.d.
Lastly, we show:

LemMmMAa 5. UCV.
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ProoF. Suppose # & V. By Lemmas 3 and 4 V is a closed convex
set, hence there is a hyperplane which separates u strongly from V
(see [4]). Thus there exist x&R™ and a € R such that

ux? > a = vaT, allv € V.,

Now, if tER", then v=7AT is in V (taking x=0 in the definition of
V). Thus xAnT=7ATxT S« for all TER%, and x4 £0, xEK. Also
v=01is in V, so that «=0. If & U then 0 Sa<uxT < (xCxT)'/2, thus
xCxT >0 and

xC v
°T (xCxT)112 v
consequently,
T
(xCaT)12 > Zﬂ_z(cr)l/z
2Cx a = Ca) s xCx

a contradiction. Thus u & U. q.e.d.
Note. A direct application of Lemmas 2 and 5 yields the theorem
stated at the beginning.
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