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1. In a recent paper, Borwein [l] has constructed a new method 
of summability for an infinite sequence (5n). He defined a sequence 
(Sn) to be summable by the logarithmic method of summability or 
summable (L) to the sum 5 if, for x in the interval (0,1) 

1 °° S 
l i m TTTi 7T ̂  ~ x° = * 

«-i-o I log(l — x) I n-i n 
which is written simply as 5„—>s(L). Concerning this kind of sum­
mability, Borwein has established a number of fundamental facts. 
For instance, he showed that (L) D(A, X).1 Thus, we have the follow­
ing full inclusive relation: 

(L) D (A, X) 2 U) D (C, r), 

for any r> — 1, where (A) is the ordinary Abel's summability and 
(C, r) is the Cesàro summability of order r. 

In this note, the author intends to apply this new method of sum­
mability to the Fourier series oîf(x) in order to obtain a correspond­
ing summability criterion for it. 

1 A sequence (S„) is said to be summable (A, X) to the sum s if (1 — x)^S^Xn-** 
as x-+l —0, where Si is the »th Cesàro mean of order X of (Sn) [l, p. 212 and §3, 
Theorem 3]. 
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2. Suppose tha t f(x) is a Lebesgue integrable function, periodic 
with period 2x. Let 

1 °° 
f(x) ~ — #0 + ]C (an cos nx + #w sin nx) 

2 n«l 

be its Fourier series. Fixing x0, we write 

*(0 = *•»(*) = y {ƒ(*<> + /) + ƒ(*<> - 0 - 2^}. 

First, we derive the following fundamental theorem concerning the 
kernel of the summability (L) for Fourier series. 

THEOREM 1. The necessary and sufficient condition for the Fourier 
series of fix) to be summable (L) to the sum s at the point Xo is that 

— tan"1 dt = o(\ log(l - x) | ) 
o / 1 — x cos t 

as #—>1— 0. 
Let 

1 n 

Sn(xo) = — ao+ ^ (av cos J>#0 + bv sin J>#0) 
2 v=i 

be the wth partial sum of the Fourier series of f(x) at #0. Then, we 
have 

1 c T sin w/ 
S»(*o) - j « — I *(/) dt + o(l). 

7T J 0 / 

Thus, 

00 J 

S {Sn(Xo) — $}*» 
n-i n 

1 " #w /• * sin w/ / * xn\ 

IT n - l » • / 0 t \ n-1 » / 

1 r T <t>if) / A sin ^ \ . . 

W J 0 I \ n- l n / 

1 /• * <j>(t) x sin / , . 
- — I — tan-*- # + *( l o g ( l - * ) ). 

w J o * 1 — « cos * 
Now, 
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00 1 » 5 (#0) 
£ — {S„(*o) - s}xn = £ — *B - s\ log(l - *) | 
n=i n n-i n 

= L(s) - 5 | l o g ( l - * ) | . 

Hence, the sequence (Sn(#o)) is summable (L) to 5 if and only if 

ƒ* * <t>(t) xsint , , 

- ^ - tan-1 dt = o( | log(l - *) | ) 
o 2 1 — # cos / 

as 5c—>1 — 0. This establishes the theorem. 
3. Next, we derive a summability criterion of (L) summability for 

the Fourier series of ƒ(x) at #o as follows. 

THEOREM 2. /ƒ 

(i) f | *(*) | du = o(' J log 11 ), (/ ->+ 0), 
•/ o 

(ii) ƒ ( | *(«*) |/«)<*« « « ( I log <|) , 

#s /—•+() jfor a«y arbitrary 0<S<7r, /&£# ^ Fourier series of f(x) is 
summable (L) to s at XQ. 

For, if we write 

ƒ• r <t>(t) xsint rl~x r* r* 

— t™-1- dt = I + 1 + 1 
0 t 1 — X COS / Jo J i-z J s 

« / . (*) + Jl(x) + ƒ,(*), 
say. Then, since 

we can choose 

1 
Urn — tan"1 

t-*+o t 

x sin t 

1 — x cos t 1 

xo sufficiently near 1 such that 

|/i(*)l < 
1 — xJ o *\ 

X 
• J 

— X 

dt 

f o r 0 < x o < * < l . It follows that Ji (*)==<?(( l o g ( l - * ) | ) a s a - > l - 0 b y 
(i). Considering that 

x sin t 
tan-1 

1 — x cos % 

IT 
< — 

2 
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uniformly for 0 ^ x < l and 0<t^wt we find 

\M*)\ < v f ' - ^ * - o ( | l o g ( l - * ) | ) 
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as x—>1 — 0 by (ii). Last, we have 

o; sin t 
tan-1 <ft 

1 — x cos * 
x sin / 1 - 1 -

1 — X COS * 
A 

25./o 
= 0(1) 

- * ( | l o g ( l - * ) | ) 

as x—»1 — 0. This proves Theorem 2. 

4. Accordingly, from the estimation of J*(x) in the proof of the 
above theorem, we get the following almost self-evident 

THEOREM 3. The (L) summahility of the Fourier series of f(x) at x<> 
is a local property of f(x) near XQ. I.e., 

1 /•« 
L(x) - - I 

T J 0 

0(0 cc sin ^ , , 
tan-1- <fc + * ( | l o g ( l - * ) | ) / 1 — x cos * 

/or any arbitrary 0<S<w as x—>l — 0. 
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