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Let X be a real or complex Banach space with elements having
norm |f | , let E(X) be the algebra of bounded linear transformations
of X into itself and {T'(f)} a one-parameter semi-group in E(X) of
class (1, 1):

(i) T EE(X) for t&[0, »), T(0)=1I (identity).

(i) T(s+t)=T(s)T(t) for s, t&[0, »).

(i) limeayo | (1/8) feT(r)fdr —f| =0 for all fEX.

(iv) f3|T(@)||dr < , where || T|| denotes the norm of the operator
T.

The infinitesimal operator of a semi-group {T(t)} is the linear
transformation 4 defined by

. T~ 1
Af = lim ———f
t—+0 4
for all f, for which the limit exists (in the norm topology). It is easy
to verify that for all fED(4?), where D(4?) is the domain of the
iterated operator A?=4 471,

p

}‘% T()f = T({) A?f = A»T(1)f, tz 0.

If fED(A?) we have the generalized Taylor’s formula

p—1 tk 1 t
TOf — 3 — A4 = re— fo (t — 7)»=1T(r) Avfdr.

k=0 k!

It is our object to approximate T'(¢)f for f&D(A**) by the Taylor-
polynomial > 228 (#%/k!)A*f, giving:
THEOREM. Let {T(t)} be a semi-group of class (1, C1), foED(A?-1).
(@) If
!

?—(T(t) -5 —f—, A")fo ~ &

P k=0

lim inf
t—+40

then fo&D(A?) and A?fo=go. If

(o~ )

k=0

= 0,

lim inf
t—+0

=0,
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then T(£)fo= 3223 (t%/ k1) AHf,.

p—1 tk

(b) TWfo — 22 2 Arfy = o(t771).

k=0
(c) If X is reflexive and
!

(0§ 54

k=0

lim inf
t—+0

is finite, then fo&&D(A?) and

pl p—1 tk
A?fo = lim —<T(t) - — A")fo.
t—+40 1P =0 k!

In case p=1, resp. p=2 in part (b), the above theorem is essen-
tially identical with a result contained in Hille and Phillips [3,
p. 326], parts (a) for p=1 and (b) for p=2 being due to Hille [2,
p. 323] and part (c) for p=1 to Butzer [1]. We remark that de
Leeuw [4] has considered the approximation by adjoint semi-groups
so as to give results for part (c) (with p=1) in the case of non-
reflexive Banach spaces.

SKETCH OF PROOF. Fundamental is the identity

1 s T() — I ¢ -1
*) _f T(r)Befdr = © f ? i BY fdr
s Jo s 0 24
where
» p! = *
sy = 220 - £ 5 a)s
P =0 k!

In the limit s— -0 we get

t p—1
Bi’f=f p— B Afdr,
0

24

which gives by induction on p that Bif=A47f+0(1) for fED(A?)
which is equivalent to (b). Under the hypothesis of (a) we obtain
from (*)

T(s) — I

N

1 8
A”"lfo — ——f T(‘I‘)godf
§ Jo

=< lim inf = 0.

t—+0

1 s »
TLT@mn—mw

giving the result (a).
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Under the hypothesis of (c) there exists a sequence t,—+0 such
that B fo, is weakly convergent to an element go. Then also
(1/5) [§T (1) B, fodr converges weakly to gy and the relation (*) can be
used to show that

T(s)—1I

1 8
Ap_lfo = ——f T(T)god'f — go = Apfo.
S S Jo

These results have various applications to the solutions of partial
differential equations, e.g. the heat equation. The proofs of these
and further results will appear elsewhere.
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