
PROJECTIVE MODULES OVER FINITE GROUPS 

BY RICHARD G. SWAN1 

Communicated by Irving Kaplansky, August 7, 1959 

Serre [5] has recently proved a general theorem about projective 
modules over commutative rings. This theorem has the following con­
sequence : If 7T is a finite abelian group, any finitely generated projec­
tive module over the integral group ring Zir is the direct sum of a 
free module and an ideal of Zir. The question naturally arises as to 
whether this result holds for nonabelian groups x. Serre's methods 
rely heavily on commutativity and do not seem to generalize to the 
nonabelian case. However, by using different methods, I have been 
able to prove the following theorem which generalizes Serre's result 
even for abelian groups. 

THEOREM 1. Let w be any finite group. Then any finitely generated 
projective module over the integral2 group ring Zir is the direct sum of a 
free module and an ideal I of Zir. Furthermore, I can be chosen so that 
its index in Zir (necessarily finite if I>^0) is prime to any given integer. 

The main step in the proof is to show that any projective Zir-
module can be imbedded in a free Zx-module with finite index prime 
to the order of TT. We then note that any finite Z7r-module of order 
prime to the order of 7r is weakly projective and hence, by a theorem 
of Rim [4, Theorem 4.12] has projective dimension 1. This enables 
us to split off summands of Zx-rank 1 from the given projective 
module. The existence of the required imbedding follows easily from 
the following theorems. 

THEOREM 2. Let R be the ring of p-adic integers. Let K be the quotient 
field of R. Let Pi , Pi be finitely generated projective modules over the 
group ring Rir. Suppose that K®Pi^K<S)P2 over Kw. Then Pi^P2. 

The theorem is first proved for abelian ir by using a projective 
cover argument. It is then extended to all finite w by using a theorem 
of Artin [l ] on induced representations. We also need 

1 Sponsored by the Office of Ordnance Research, U. S. Army under contract 
DA-11-022-ORD-2911. 

2 For simplicity, I will state the theorems here for the case in which the ground 
ring is the ring of integers. They actually remain true over any Dedekind ring satis­
fying suitable additional hypotheses. These hypotheses will always be satisfied by 
rings of algebraic integers. 

365 



366 R. G. SWAN [November 

THEOREM 3. Let Q be the field of rational numbers. If P is any finitely 
generated projective module over Zir, then Q®P is free over Qw. 

This can be proved by computing the character of the representa­
tion of 7T on Q®P. Combining Theorems 2 and 3, we get the following 
result. 

COROLLARY. If P is any finitely generated projective module over Zir, 
then P/mP is free over Zmw for any integer ra^O. 

This gives us immediately the imbedding needed to prove Theo­
rem 1. 

The techniques used to prove Theorem 2 yield further results about 
the projective class group [4; 5] C(Zw) of Zx. It follows immediately 
from Theorem 1 and the Jordan-Minkowski theorem [6] that C(Z7r) 
is finite for all finite groups T. This answers a question of Rim [4]. 
If TT' CTT, there is an obvious map i(w, ir'): C(Zir)—>C(ZTr') obtained 
by restricting the group of operators on all modules from w to 7r', 
Recall that a finite group is called elementary [3] if it is the direct 
product of a p-group and a cyclic group. I will call a finite group 
hyperelementary if it is a split extension of a ^-group by a cyclic 
group (the cyclic group being the kernel). 

THEOREM 4. Let n be the order of w. Let d be the greatest common 
divisor of n and 4>(ri)t where <j> is Ruler's ^-function. Let aÇiC{Zir). 
Then 

(1) If i(w, w')a — 0 for all cyclic subgroups ir' of w, then na = 0. 
(2) If i(7r, 7T')<* = 0 for all elementary subgroups w' of ir, then da = 0. 
(3) If i(wt TTf)a = 0 for all hyperelementary subgroups IT' of x, then 

a = 0. 

The proof makes use of the Grothendieck rings [2 ; 5] of the various 
groups involved. I t also uses the theorem of Artin previously men­
tioned [ l ] , Brauer's theorem on induced representations [3], and 
the following theorem. 

THEOREM 5. Let w be any finite group. The character of any rational 
representation of ir is an integral linear combination of characters in­
duced from rational representations of hyperelementary subgroups of ir. 

The proof is similar to that of Brauer*s theorem [3]. 
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