THE NONEXISTENCE OF CERTAIN IDENTITIES IN THE
THEORY OF PARTITIONS AND COMPOSITIONS

HENRY L. ALDER

1. Introduction. Let g4¢,»(%) be the number of partitions of # into
parts differing by at least d, each part being greater than or equal to
m. We discuss here the question of the existence of identities involv-
ing ga,m(n) analogous to the tautology:

f: qra(m)an = ﬁ 1+ @),

n=0 y=1
the Euler identity:
0 ) 1
Z gt = I

and the Rogers-Ramanujan identities:

o fad 1

n)x" =
,é Q2.1( ) g (1 — x5v+1)(1 — x5v+4) )
© hd 1

n)x" = )
,Z.% g2,2(n) g (1 — a®+2) (1 — x5+3)

We shall in fact show that, aside from the following simple extensions
of the first two:

0

i (@) = T 1+ »),

n=0 v=m

1 1 — «

y=m

. II1a -

y=m

1 had 1

T (= a1 — amH) . (1 — gl e 1 — e

no other such identities exist. More specifically we shall prove the
following two theorems, both of which were proved for the case
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m=1 by D. H. Lehmer.!

THEOREM 1. The number ga,n(n) of partitions of n into parts differing
by at least d, each part being greater than or equal to m, is not equal to
the number of partitions of n into parts taken from any set of integers
whatsoever unless d=1 or d=2, m=1, 2.

THEOREM 2. The number gu..(n) of partitions of n into paris differ-
ing by at least d, each part being greater than or equal to m, is not equal
to the number of partitions of n into distinct parts taken from any set
of integers whatsoever unless d=1.

If we now define Q4(n) as the number of partitions of # into parts
congruent to 1 or d+2 modulo d+3, then we have ¢i,1(n) =Q1i(n)
by the Euler identity and g¢2,1(#) = Qz2(%) by the first Rogers-Ramanu-
jan identity. A theorem of I. Schur states that Qs(n) is equal to the
number of partitions of # into parts differing by 3 or more among
which no two consecutive multiples of 3 appear. Thus g¢;,1(#) = Qs(n),
and in fact gs,1(n) — Qs(n) has a rather simple interpretation. Numeri-
cal evidence for d =4, 5 seems to indicate the plausibility of the con-
jecture that ga,1(7) = Qa(#) for all positive integers d and #. For d =4,
however, there seems to be no simple interpretation of the difference
ga,i(n) — Qu(n), even if we could prove it to be non-negative. The fol-
lowing theorem shows in particular that there cannot be an inter-
pretation exactly like that for d=3.

THEOREM 3. The number of partitions of n into parts differing by at
least d and where parts divisible by d differ by at least 2d is not equal to
the number of partitions of n into parts taken from any set of integers
whatsoever if d> 3.

Finally we have for compositions a theorem analogous to Theorem
1.

THEOREM 4. The number cin(n) of compositions of n into paris
differing by at least d, each part being greater than or equal to m, is not
equal to the number of compositions of n into parts taken from any set of
integers whatsoever.

We shall make use of the following two important formulae, which
give the generating functions of g4¢,»(#) and cs,»(n) in a closed form:

1 D. H. Lehmer, Two nonexistence theorems on partitions, Bull. Amer. Math. Soc
vol. 52 (1946) pp. 538-544. See this paper also for references to the sources of the facts
quoted here.
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) [ gms+ds(s—1)/2

1) qu.m(n)x = 8-20 A—9d—a (1= x")’
0 0 S!xms+de(s—1)/2

(2 E,Ocd,m(n)x = Z% 9@ a=

The first is proved exactly as Lehmer proved his Theorem 1 (which
is the case m =1), namely by using the equality

m+(m+d)+m+2d)+ -+ (m+ (s—1)d) = ms+ds(s — 1)/2.

The second follows from the observation that each partition into s
parts differing by at least d, each part being greater than or equal to
m, gives rise to s! compositions.

2. Proof of Theorem 1. We suppose that the theorem is false and

that there exists such a set of integers a1 <a;<as< - - + . Then mak-
ing use of (1) we would have

Io_oI i xma+ds(s-1)l2

1 — zx») ! =

— Y = (1= x)(1 = %% - (1= =7)

(3) m 2m-+d
x %
=1+ +

1—x (1—x)(1—x2)+“"
Therefore a; =m. Multiplying (3) by 1—x™, we have:
IT( = am)t = 14 amtt o amiz oo gt
y=2
4
( ) x2m+d(1 — xm)

G—oa-=

Now a;=m+1. Multiplying (4) by 1 —x™*+! we have:

H(l—x"")‘1=1+x""+2+x"”+3+"'

y==3

(5) + x2m—1 —_— x2m+2 —_ x2m+3 —_ x2m+4 _—. e
x2m+d(1 —_— xm)(]_ —_ xm+1)
(1 -1 — %%

Noting that for d=3 the coefficient of x?t2 on the right-hand side
of (5) is negative we have a contradiction, as the coefficients of the
terms on the left-hand side are all non-negative. It remains to prove
the theorem for d =2. Here we can suppose that m = 3, as we know the
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cases m=1 and m =2 from the Rogers-Ramanujan identities. If d =2,
equation (5) can be written for odd values of m in the form:

]

H(l—x“V)‘1=1+x"‘+2+ amtd ..

=3

+ x2m—-1 + g2mtd ,_|__ 22m+5 _I_ 2 x2mt6 _|_ 2x2mt+7

+ 3x2m+8 + 3x2m+9 + .o

(- e

6
©) m— 3 m+ 1
+< ; >x3m+ <____2___>x3m+1_|_ B
+ (x3m+6+ x3m+9+ x3m+12+ PR )(1 + x2+ x4+ o 0. + xm—l)
1—x
x4m+12 + “ e e
+ doee
11— 21— 21 — 251 — 2%
Since as=m+2, as=m-+3, - -+, an=2m—1, the left-hand side of

(6) can be written as

(1+xm+2_l_x2m+4+...)(1+xm+3+x2m+6+...)...

(N (LA a2t ghmt ) ﬁ (1 — xw)-,

y=m-+1

Considering only that part of (7) which precedes the product sign,
we see that in that part the coefficient of x?»+¢ for 4 <S¢ <m is equal to
[¢/2]—1, that is, the same as the coefficient of the corresponding
term on the right-hand side of (6). The coefficient of x*"+! in the part
of (7) before the product sign is seen to equal (m—1)/2, whereas the
corresponding term on the right-hand side of (6) has as coefficient
(m+1)/2. Therefore amy1=3m-+1, and the left-hand side of (6) can
now be written as:

(1 _— xm+2)—l(1 — xm+3)—1 e

8 0

©) (1 — a2m1)-1(] — gBml)-1 H a- x%)=1,
y=m+2

We shall now determine the coefficient of x4"+3 on both sides of (6),

remembering that the left-hand side of (6) can be written as (8).

Denoting the coefficient of x%+3 in
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9) (1 — x7+)=1(1 — xmH+8)-1(1 — gmHe)=1. .. (1 — g2m-1)-1

by T, we see that x4"+3 is obtained—except for the contribution
from (9)—only as x™+2-x%+1 g0 that the coefficient of x*»*+3 on the
left-hand side of (6) is T\,+1 or T+2, depending on whether one
of the a's is equal to 4m+3 or not. To determine T, we note that (9)
can be written as

(1 4 xmt2 4 x2mtd 4 g3mte | pamis 4 .. )
(14 xmts 4 g2mEs o g3mte 4oL
(L4 s ) e (L gl g L),

Now x%"*+% can be obtained in three ways:

(a) As the product of x2m*+2% and x2m—(2%—3 with 4 <2k <2m —2 and
1=52k—3=m—2 and 2m-+2k+#2(2m—2k+3). This can happen in
(m—1)/2waysif m=0 (mod 3) and in (m —3) /2 ways if m %0 (mod 3).

(b) As a third order term x3»+m/3+D  This can only happen if
m=0 (mod 3) exactly once. Therefore cases (a) and (b) together
occur (m—1)/2 times whether =0 (mod 3) or not.

(c) As the product of x™t*, xmtkz gnd xmtk with 2 Sk <ka<ks
<m—1. This can happen in

2 1= X 2 1
2S5 k1< ko< ki3S m—1, k1+kotkg=m+3 k1,25k1Sm/8 ko, kg, k1< ko< kg, kot+kg=m-+3—k1

[m/3]
= 2. 2 1

k1=2 0<i<7,i+j=m+3-3k1

(/3] P + 2 — 3,
==Z[ 2 ]
k1=2
ways. (We have used kez=¢+4k;, ks=j-+Fk:.) Consequently:
tni31 rp + 2 — 3k
Tpe S +__]

k1=1 L 2

and the coefficient of x*»t3 on the left-hand side of (6) is equal to:

(m/3] 2 — 3p7 [m/3] 2 — 3k
(10) 1+-E[ﬁi———-<n2+-2[ﬁi———}
k=1 2 A =1 2

On the other hand the coefficient of x***+% on the right-hand side of
(6) appearing only due to the contribution from the term

(x3m+6 4 3mto o g8mt1z LY (1 - a2 at - e 4 xmY)

1—x
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is equal to

k
= Ly
052/Sm—1,6SkSmi3,25+ (3mt+ky=4mt+3 \L. 3

-2
W s S i- ¥ ¥

057S (m—3)/2 1SkS (m—27)/3 1Sk=m/3  057S (m—3k)/2
rmf] [m +2— 3k:|
2

k=1

Therefore the coefficient of x%"*+3 on the left-hand side of (6) is larger
by at least 1 than the corresponding coefficient on the right-hand side
of (6), which is a contradiction.

For even values of m the proof proceeds analogously. Again we have
in this case: a;=m, as=m+1, az=m+2, - - -, an=2m—1. Com-
paring again the coefficient of x*"*3 we are led to exactly the same
expressions as in (10) and (11).

3. Proof of Theorem 2. Again we suppose that the theorem is
false, in which case a set consisting of integers a1 <a:<a3< - - - would
exist such that

0 m x2m+d
1 ay) —
Ia+a) =14 —+ 1 -1 — =)
(12)
x3m+3d
+ 4o,

1—-—20— 21 — 2?3

Therefore ay=m. Multiplying both sides of (12) by 1 —x™ we have:

(1_x2m)fI(1+xay)=1+xm+1+xm+2+...

y=2

x2m+d(1 — xm)

+ x2m—l
(13) + (11— 21 — =?)
+ x3m+3d(1 — xm) +
(1 — 21 — 1)1 — 2% '
We note that as=m+1, az=m+2, - - -, an=2m—1. Now, since

ar+a;=2m+3 for 2<k<l=<m, we have any1=2m, so that (13) can
be written:
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(1 = &)U+ 2 (A4 2o oo (1 ) [T (4 20)

ye=mt 2
— 1+xm+1+ xm+2+ e + x2m-1
gmtd(] — gm) 3mHa(1 — xm)
Q-1 —2 (A—-21 - 21— 29

Case 1. m=3, d=4.

In this case the coefficient of x?”*+% on the right-hand side of (14)
is zero, whereas the coefficient of the same term on the left-hand side
is greater than or equal to one, so that we have a contradiction.

Case 2. m=3,d=3.

In this case equation (14) reduces to:

(14)

(1= 24 (1 + amH)(1 + o) -+ (14 a2 TT (1 + 2)
y=m+2
(15) =1 _I._ xm+1 + xm+2 _.I_ P _|_ x2m-l
x2m+3(1 —_ xm) x3m+9(1 — xm) +
I-20-2) Q-0 -2)01— %

Comparing now the coefficient of %2 on both sides of (15) we note
that on the left-hand side the term x%"t+? is obtained only as the
product x*-x! with m+1=<k<IZ<2m—1, since amy2>2m-+3 and
x*k.-xt-x" does not equal x*"+2 for m+1=k<li<n=2m—1. There-
fore the coefficient of x%™+2 on the left-hand side of (15) is [(m+1)/2]
—1 or [(m—+1)/2]—2, according as one of the a’s equals 3m—+2 or
not. The coefficient of x*”*+? on the right-hand side of (15), appearing
solely as the contribution from the term

x2m+3(1 —_— xm)
-1 — )

can easily be seen to be equal to [(m+1)/2], again a contradiction.

Case 3. m=3, d=2.

We substitute d =2 in (14) and compare, if m is even, just as in case
2 the coefficients of x3"+2 on both sides and find the one on the left-
hand side to be m/2—1 or m/2—2 and on the right-hand side m/2.
For odd values of m, however, we compare the coefficients of x3m+!
and calculate it to be (m+1)/2—1 or (m+1)/2—2 on the left and
(m+-1)/2 on the right-hand side.

Case 4. m=2, d=2.

Here equation (14) can be written:
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1= )1+ )]+ =)
(16) =4

g4td x6t+3e

i ey S

=1 3
-i-x+1

Now let N be defined by
(17 M1 d4 45D

Since the coefficient of x* on the right of (16) vanishes for 3 <k
<4+d,weneed:as=a? az=24 - - -, ax=2""1, so we canrewrite (16):

1= N+ 29 I 1+ 2=)
(18) i

witd pRARY
— 3 ...
L Y T ou— T

Therefore axy1=4-+d. The coefficient of %2 on the right-hand side
of (18) is 41, since 643d>2* by (17). If we suppose that ay;+3=2*
for every j=1, the coefficient of x?* on the left-hand side of (18) is
seen to be 0 or —1, according as some ay,; is equal to 2* or not.

For the case where ayy;+3=2» for some j=1, we note that:
ar2=54+d, anp3=6-+d. Considering first now the case where j=1,
that is, d+7 =2*, we notice that for the smallest value of d satisfying
this relation, that is, d=9, we have: as=14, a;=15, as=16, ag=19,
ap=20, a11=21, a;2=25, so that (18) becomes in this case:

(1 =21+ (1 + 231+ 2 (1 4 215 (1 4+ 219)(1 + 229 (1 + )

0 13 x33

. 26 ay) — 3 PR

1+ )gs(1+x e Pty v e pmpr s SR
which is impossible, as the coefficient of %% on the left-hand side is
greater than or equal to 2, whereas it is 1 on the right-hand side. We
therefore can suppose d>9. In that case, as is seen from (18):
ax+2=d+5, d)\+3=’d+6, a)\+4=2)‘=d+7, a)\+5=d+10, a)\+e=d+11, SO
that (18) now becomes:

1- sz'l)(l + (1 4 attd)(1 + x5+d)(1 + x6+d)(1 + x10+d)

(1 4 atrte) ﬁ (1 4 z»)

(19) y==\+T
yx4td y8+3d

=1 3
T T S aa -
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We note that the coefficient of x2¢+15 on the left-hand side of (19)
is greater than or equal to 2, since the term x24+15 is obtained both as
x4td.x114+¢ and as x5+4.x10+4 and 2M15#24-415. The coefficient of the
same term on the right-hand side, however, is 1, since 3d+6>2d+15
for d>9, which again is a contradiction.

For j=2, let us first suppose d>8. Again axe=d+5, ars=d-+6.
If =2, we have ay;a=2"=d+8, ars=d+10 and comparing the
coefficients of x2%+4 we find it to be 2 or 3 on the left-hand side,
since the term x24+14 is obtained as %3 x5 x84 and as x4+ x1%*¢ and
21224414, while the coefficient of the corresponding term on the
right-hand side is 1 in view of the fact that 3d46>2d+14 for d>8.
If j=3: oxpa=22=d+9, ar;5=d+10, so that again we obtain a con-
tradiction comparing the coefficient of x24+!4, For j=4, we have
arye=d+10, so that again comparing the coefficient of x2¢+!4 gives
us the desired conclusion.

For d =8 contradictions are easily obtained by considering the
cases individually: for d=35 and 6 by comparing the coefficient of x,
for d=7 by comparing the coefficient of x*° and for d=8 by com-
paring the coefficient of x?7.

4. Proof of Theorem 3. Suppose again that the theorem is false

and that there exists such a set of integers 21 <@2<a3< - - -, then
IeoI i xa+da(a—1)/2
1= a%)1 =
- 1—x) (1 —2¥)---(1—x°
(20) 1 pur i )( ) - ee ( )
- Z A(t)x‘,

t=0

where A (2) denotes the number of partitions of ¢ into parts differing
by at least d and each partition is such that it contains at least two
consecutive multiples of d, that is,

A@) =0

for t=0,1, 2, . --,3d—1, 4(3d)=1. Since a;=1, we multiply (20)
by 1 —x and obtain:

© xd+2 x3d+3

1 — x»)"1=1 e

g( ) +1—x2+(1—-x2)(1-—x3)+

21) - -
— D A@xt+ D A@)atL
t=3d t=3d

Now a;=d+2 and we multiply (21) by 1 —xd+2:
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L d+2 x2d+4
T —aw)t=1— g2 4 -

y—_3 1 — %2 1— a2
x3d+3

Tao - T

(22) -
— D A@x(1 — xtty)

t=3d

+ D0 A@ a1 — xdty),

t=3d
If d is odd, the coefficient of x2¢+4 on the right-hand side of (22) is
equal to —1 as 3d+1>2d+4 for d >3, which is a contradiction of the
fact that the corresponding term on the left-hand side has a non-
negative coefficient. If d is even, the coefficient of x3¢ on the right-
hand side is —1 and non-negative on the left-hand side, which com-
pletes the proof of the theorem.

The above can be extended to more general cases by similar pro-
cedure. It can, for example, be shown that there cannot exist a dual
to Schur’s theorem in the sense that the second of the Rogers-
Ramanujan identities is a dual to the first one, that is, that the num-
ber of partitions of # into parts differing by at least 3, no part being
equal to 1, where parts divisible by 3 differ by at least 6, is not equal
to the number of partitions of # into parts taken from any set of
integers whatsoever.

5. Proof of Theorem 4. In case the theorem were false we would
have, recalling (2):

“2 (x4 g2 + - - - )t = Z": slygmetds(e=1)/2
23 =° S A=A —a) - (1= 2
( ) _q + xm + 2x2m+d +
B 11— (1—2)(1— =%

Therefore a;=m; then (23) becomes

xm 2 x2mtd

=1
+1—x+ (1—x)(1-x2)+

If m=1, we obtain:
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2x2+d
BT YR
which is a contradiction, as the coefficient of the term with smallest
exponent on the left-hand side of (25) is equal to 1, whereas it is equal

to 2 on the right-hand side.
If m>1, we multiply (24) by 1 —x™ and obtain:

14 (24 a4 -2 )1 — xm)

(25) x4 x% + - -

+...’

(26)
=1 + gmt1 + xm+2+ SN + x2m—1 + 2x2"‘+d(1 — x”‘) + R
1—-21—=2? ’

so that as=m 1.

Now if d>1, the coefficient of x?***! on the right-hand side of (26)
equals 0, while we find the coefficient of the same term on the left-
hand side to be greater than or equal to 1, which is evident, if we re-
call (23). For d=1 a contradiction is easily obtained by considering
more terms in (24).

The preceding shows in particular that there is no analog in the
theory of compositions to the Rogers-Ramanujan identities and to
Euler’s Theorem.
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