GENERALIZATION OF CERTAIN THEOREMS OF G. SZEGO
ON THE LOCATION OF ZEROS OF POLYNOMIALS

GYULA DE SZ. NAGY

Using the theorem of Grace, the following result was obtained by
G. Szegé:?

Let the polynomial
f@) =z"+ A"+ + 4,
have no zeros in the circular region |z| <R. Then the “section”
h(z) = f(z) — 2" = Aiz" 1 + Az 24 - - - + 4,
has no zeros in the circular region Izl <R/2.

In case of an even # the example f(3) = (2— R)” shows that the circle
|3] <R/2 can not be replaced by a larger concentric circle. But in
case 7 is odd, according to Szegé the polynomial %(z) is different from
zero even in the circle |z| =<(R/2) sec (mw/2n).2

This theorem can be generalized as follows:
I. Let the polynomial
f@) =z"+ A1+ - + 4,
have no zeros in the circular region lz—al =R. Then no polynomsial
Wz) = f(z),— e(z — @)™, le| =1,
can have any zeros in the circle Iz—a| =<R/2.

The example f(z)=(2—R)", a=0, e=1, shows that this theorem
can not be refined even in the case of an odd =.
Theorem I is a consequence of the following more general theorem:

11. Let the polynomial

(1) f@ =@G@—a)z—a)- - (53— a)
have no zeros in the circle Iz—al =R; and let the polynomial
(2) g(z) = (3 —b)(z — b2) - -+ (3 — ba)
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1 G. Szegd, Bemerkungen zu einem Satz von J. H. Grace dber die Wurzeln alge-
braischer Gleichungen, Math. Zeit. vol. 13 (1922) pp. 28-55.

3 Loc, cit. p. 46.
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have all its zeros in the circle Iz—al =<p, p<R. Then the polynomial
€) h(z) = f(z) — Ne(2), I =m0t <R/,
can have no zero in the circle

R — pt

1+1

In order to prove this we observe first that for any zero £ of the
polynomial %(z)

4) |z —a| 7=

J& S E-a
=11
g(f) k=1 £ — by
Hence %(20)£0 in every point z, where
z —
f( o) 20 ag » | >\|-
g(20) k=11 20 — D
Now at every point 3, of the circular region (4)
Izo—aklglak-—-al—-lzo—-a|élak—-a[—r>R-—r
= (r + p)t,
|20 — b| |20 —a| +|b—a| 7+
so that
b4 *“l2—a R —r\"
f(20) 0 k >( )=tng|)\“
g(z0) k=11 %0 — g r+op
This concludes the proof of II. In the case bi=by= -+ - =b,=aq,
A\ =|e] =1 (p=0, t=1), we obtain I.
Substituting

g(z) = g7 + Ak = gmk(zE 4+ Ay), a =0, p= 4|k A =1
in Theorem II we obtain:
II1. The polynomial
f@) = z" + Apz" F + Appag® 14 - .- + 4,
has at least one zero in the circle |z| <2r+| Aw| V* provided the section
h(z) = f(z) — 3" — A" F = Apyaz™ 1 Appozg™*24 ... + 4,
has at least one sero on the circle | 3| <r.

The proof of the following theorem is similar to that of II:
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IV. Let ay, as, - - -, an be given poinis of the complex plane which are
all different from a. Let Sy be the half-plane containing o and having as
boundary the perpendicular bisector of oy ax. Finally let S* be the com-
mon part of the half-planes: Sy, Sz, * * +, Sn. Then no polynomial

iz =(z—a)(z—as) - (z— a.) —elz — )" lel =1,
can have o zero in the interior of the convex domain S*.

Indeed in any point 2, in the interior of S* we have |z0—au|
>|s0—a| so that

S(z0)
8(20)

A theorem similar to IT holds also if the zeros of the polynomials
f(2) and g(z) are in arbitrary circular domains without common
points. One of these circular domains is the interior of a circle, the
other the exterior or interior of a circle or a half-plane. Corresponding
to these cases three theorems can be obtained generalizing also certain
theorems of G. Szegé.?

20 — Qg

>12z .

k=11 20 — O

V. Let the zeros of the polynomials f(z)=(z—ai1) - - - (3—a.) and
gz)=(3—0b1)(z—bs) + - - (2—bn) be located in the circular regions

(5) |z —a|=p1 and |z—B8| = ps

respectively. We assume that these regions have no points in common,
that s,

(6) pp—p2>0, |B—a|<pi—p
Then no polynomial
™ h(z) = f(z) — eg(a), le| =1,

can have a zero in the interior of the ellipse E with foci at o and B and
with the major axis p;— p..

V1. Let the zeros of the polynomials f(z) and g(3) be located in the
circular regions

® lz—a|<p and |z—B|=p
respectively, such that these regions have no points in common, that is,
) |8 —al| > p1+ po

Then no polynomial

3 Loc. cit. pp. 4748, Theorems 13-15.



19471 LOCATION OF ZEROS OF POLYNOMIALS 1167

h(z) = f(z) — eg(a), le| =1,

can have a zero in the interior of the hyperbola H with foci at o and 8
and with the real axis p1+ps.

VII. Let the zeros of the polynomials f(z) and g(z) be located in the
circular region Iz—al =p and in the half-plane S, respectively, such
that these regions have no poinis in common. Let K be a conic section
with o as focus and the boundary line L of the half-plane S as the
directrix corresponding to ot Then no polynomial

(10) 1@ = 2

with 41
e n

(1) NEY. =<e+p ; )

can have a zero in the interior of the comic section K where e is the
numerical eccentricity of K and & is the distance of o from the line L.

By the interior of a conic section we mean the set of points from
which no tangent can be drawn to the given conic section.

In order to prove V and VI, we denote by 2, an arbitrary point in
the interior of the conic sections E and H, respectively; let

Izo—a|=r1, lzo—B(=r2.
As to the ellipse E we have
ri+r2<p1—pz Or p2+re<p1—ry
lzo—aklzlak—al—lzo——a[ =|ak—al—r1>p1-—-r1,
|20 — b = |be — 8]+ ]2 — B] S p2+1a
From this Theorem V follows since

20 — Qx pr— 7

! > 1 so that
p2+ 72

> 12l

‘ f(20)
g(20)

As to the hyperbola H, we distinguish two cases regarding the posi-
tion of 3y, according as 3, is nearer to 8 than to «, or conversely. In
the first case

Zo—bk

r1> 7y, r1—~7r2> p1+ p2, hence 71— p1 > s+ po
|20 — ai| Z |20 —a| = |ax — a| Z 71— py,
|20 — x| < |20 — B| +|0: — B] S 72+ pa

4 That is, the polar of a.
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In the second case
r1 <7y re—r1>p1+ ps hence 7y — ps > 7+ py,
|20 — ax| S| 20— a| +]ax— | S 1+ p,
| 20— bx| 2|20 — B] — | be — B] Z 72+ .

Thus we have in the first and second case,

Z0 — Ak 21’1—p1>1, and 20 — Ok §7’1+P1<1’
%o — by 72 + p2 20 — by 72 — pa
respectively. This furnishes Theorem VI since we have
2 z
fa0) >1=|e|, and 1) <1=|e|,
§(20) 8(20)
respectively.

This proof furnishes the following corollary:

VI'. Let H be the hyperbola defined in Theorem V1. No polynomial
f(z) —Ng(2) with I)\I =1 (l)\| =1) can have any zero inside the branch of
H containing the focus a (B).

Let 2, be a point in the interior of the conic section K defined in
Theorem VII; let » and d be the distance of 3, from the focus o and
the directrix L, respectively. Then

1 e+ 1
> 5

r 1
—<e and —<
d d
indeed if z* is the point of K nearest to L and d* is the distance of z*
from L, we have
|g* — | &—a*

a* a*

= e.

But |20—ai| <|20—a| +|ar—a| S7+p and |20—bx| Zd, so that

20 — Gk r+op ) e+ 1
= < — = = {,
20 — b g SettmTete—;
f(Zo) é(r+p><t”=')\l.
g(20) d

This establishes the proof of Theorem VII.
The special cases
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by=by=: - =b,=0,8=0,p2=0,e=1 of V and VI,
and

gg=ay=:+=a,=0a=0,p=0,e=1,A=1 of VII,
are due to G. Szegé.

UNIVERSITY OF HUNGARY, SZEGED

SOME REMARKS ON POLYNOMIALS
P. ERDOS

This note contains some disconnected remarks on polynomials.

Let fo(x)=]]ti(x—=%:), —1=x:S%:=< -+ Sx,<1. Denote by
—1=y= - - - £9,.1=1 theroots of f,(x). We prove the following
theorem.

THEOREM 1. For alln

For n=3
(2) | fal= 1) |72 4 | ful 1) 12 ”i | falys) |22 < 202,

i1
For n=nq(k)

n—1

@ | fal= D | Sl D[54 T falyd) [11E = 200,

t==1

REeEMARK. If y;=%;41 or —1=1%;, +1=4y,, the corresponding sum-
mands clearly vanish.
Clearly

[fu(= D] =@ —@)2% [ fu3) | S| 35 = wea| 277,
| fal+ D] = (1 = x)2m1,
Thus
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