ON THE SUM OF THE RELATIVE EXTREMA OF |f(z)|
ON THE UNIT CIRCLE

ROBERT BREUSCH

Summary and introduction. Dr. Erdés has made the following
conjecture: “Let f(z) =] [2..(z—2,), with z,=r,e, r, <1, f(2) 52", Let
gu=e“% (u=1, 2, - - - k) be the points on the circumference of the unit
circle, for which | f(z)] is a relative extremum. Then Zf,_ll f(z,,)l <2
and the equal sign applies only if f(z) = (z—e#)*.” It will be proved
that this is correct for large values of #, but incorrect for small ones.

With z=e¢%,

| 12 |2 = ﬁl e — r,etr|? = fI [1+ rf — 27, cos (6 —6,)],
ye=1 y=1
or, with ¢=tan (6/2),
|f@) [* =F@) = (1 + )~
CTLIA + 72+ 27, cos 8)8 — 4r,sin 0, + (14 1, — 2r, cos,)],

ye=1

Apn
F(t)=_t__+_,
a+er
2} (254 §2n—1 oo ) — 2ut(Agen Bi2n
F,(t)=(1+t)(nt + ) ni(A» + ) B+

(1 + £2)w+ T+ ) '

It may be assumed for the moment that | f(e“’)| is not an extremum
for 6=m, that is, £= »; otherwise the coordinate system may be
rotated. Thus it is seen that the number of relative extrema of | f(z)|
on the unit circle cannot exceed 2.

1f | f(e®)| is less than 27/2n for every real value of 6, then

t_1|f(e®s)| is obviously less than 2=

Assume now that | f(z)l has a relative extremum at z=1, and that
|f(1)| =27/2n. The proof then proceeds in the following steps: It
will be shawn, that for large values of #:

(1) All but o(#n) roots must be in a region R; of the unit circle close
to z=—1.

(2) There is an arc T of the circumference of the unit circle, close
to z=-1, such that the sum of all the extreme values of | f(e"")l
with e® not on T is O(2*/n).
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(3) The total number of extrema on T is O(log #).

(4) The sum of all the extreme values is not greater than 2=,

Proors. (1) Divide the unit circle and its interior into 3 parts
RiR:R;, where R, is outside of and on a circle with radius 2 —#n—1/2
and center at 1, R, is inside of this circle, but outside of and on a
circle with radius 2'/2 and center at 1, and R; is the rest.

The number of roots in R, plus R; must be less than n?/4, otherwise
[F()] 220" (2— 1w = 2n(1 —1/2012)" < 20 /o2 < 27 /2, for
n large enough. Similarly the number of roots in Ry must be less than
3 log .

For points z=r-¢®in Ry, cos ((r—0)/2)2(2—n"12)/2=1—n"12/2,
Consequently for such points, @ differs from 7 by less than 3-n~14,
for n large enough.

(2) Let T be the arc of the circumference of the unit circle with the
midpoint at z=1 and central angle 12-#~V4, If z=¢® lies on the arc
of the unit circle complementary to T' then the distance from the
point 2z to any point of R; is less than 2—#n~1/2, so

1 n—-nm
»(1-5m)
2nt/?
21» 2n

for n large enough. Therefore the sum of all the extreme values of
f(e"’)l with e not on T is less than 2n-2*/4n2=2"/2n. Along T,
t| =|tan (6/2)| <4-n—1/4,
3) |f@|*=F@® =IT-s(1+73+2r, cos 6,)-TI2i(t—1)- (145,
where #5,_1 and f,, are the roots of (1472427, cos 8,)i2—4r, sin 6,-¢

+(1+472—2r, cos 6,) =0. This equation has real coefficients, and its
discriminant is —4(1—7%)2<0. Therefore

ltoa| = |4 I_(1+r:—-2r.c050.)”2_\Zv"‘ll
PTII T 2+ 2n 0086, lm 1|

For z,in Ry, || >1/3n14=n4/3. For 3, in Ry, |#| 21. The rela-
tive extrema of | f(z)l for which f(z)=0 do not contribute to
>k alfE) l . All the other extrema are characterized by

F(f) 2 1 2nt

2

F(t) )‘nlt—t)\— 14 22

lf (2) l <@2- n’“1/2)n-—n3“.2n8/|

G(t) =

To find an upper bound for the number of those extrema on T, con-
sider G(¢) as a function of the complex variable ¢ and integrate
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G'(t)/G(t) along a circle with center O and radius p, where p is a
number between 1/4 and 1/2 such that for Itl =9, |t—tx| >1/50 log n.
This is possible, because the number of roots z, in R; is less than
3 log 7, and therefore the number of |t>.| <1 isless than 6 log #. Along
this circle

>

=1t — h

2n 1

= A=1 lt—txl

=2 + 2 + X

2,inR, | t— tx‘ 2,inRy | b — tx' 2,inRy I t— t)\l
2n—-——1——-—+ 2ns/4.__1_
nl4/3 — 1/2 1—1/2
1
+ 6 log n'm = o(n),
and
2nt > 2n-1/4 >_Z
142" 14+1/4 3
Therefore
2" 1 2nt n n
G| = x=1t—tx-1+t’ >'§'—0(")>Z

for » large enough,

2n -1 2n 4nt?
| = -
o= 2 a0 1+¢2+<1+ﬁ)2,
1
P T Y 1 S
< s = T A 12
1 2n n
+ 6 log n- + + < 5n

(1/50logn)? 1—1/4 (1 —1/4)?

for n large enough.

Thus G'(t) /G(t) <20, and | (1/2mws) -foG'(t)/G(t)dtl <(/27)-2wp-20
<10. But (1/2m5)- [oG'(t)/G(t)dt=number of roots—number of
poles of G(¢), and the number of poles in this circle is not greater than
6 log n. Therefore the number of roots of G(¢), or the number of rela-
tive extrema of | f(z)| in [tan (0/2)] <1/4 (and consequently the
number of those on T), is less than 7-log #.
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(4) If a circle K with radius 10-#~14 around z=1 contains in its
interior any roots 2,, then for every point of T, | f(z)[ is less than
16-27-1/n'4, and the sum of all the extrema on T is less than
7-log n-16-271/n14<27/2 for n large enough. The sum of all the
extrema on the unit circle will be less than 27/24-27/2n <27,

If K contains no roots in its interior, then for all the roots 2, in
Rar

2, — 1 10-p—1/4
| n| = P
2+ 1 2
For every point on T, ]t! =|tan (0/2)! is less than 4-.n~'4 and
2n — 1 2n 1 1
—_— = < 2n-
g:l (t — )2 E I t— & P (nt4/3 — 4p—114)2
oyl 1 6 log n )
+2n '(1 — 4182 + (5n—1/4 — 4p—114)2 = o(n);
4nt?
T e 0(”),
1+ )2
and
a0 22" -1 2n n 4nt? 2n + o(n)
= - = — o(n),
=10 142 (140 142

or: G'(#) is negative everywhere on T. Consequently G(f) can vanish
not more than once on T, and [ f(z)! has on T no other extremum ex-
cept at z=1. In this case, p_t.,|f(2.)] = |f(1)| +27/2n.

If R, or R; contains any roots gz, then |f(1)| L27Y(2—nm12),
and D_F|f(2,)| <27 —2n—1/nt2 4201 Jn < 2m,

If every root 2, is in Ry, then ]z,+1| <3-wliforv=1,2,-:-,n
Call “g” the largest of the values |z,+1|. Then |6,—x| <sin—l¢<2g,
for every value of ». In this case, | f(z)l increases steadily as 6 changes
from w—2q to 6n~'4, or from w+42g to 2r—6n- /4, and If(e"’)l can
have no relative extremum except |f(1)| outside of the arc w—2¢g
< <m+2q. Each extremum on this arc is less than (3g)", |f(1)] is
less than 27~1(4 —¢?)1/2 <27 —273¢? and

2| fle®) | < 2m — 2732 + 2n(3g)

p=1
3q n—2
= 2" — 2"‘3(]2-[1 — 36mn —Z——) .
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Since ¢<3n~14, the expression in the parenthesis is positive for »
large enough, and Ef,_1| f(e®)| <2», unless g=0. But ¢g=0 means
that every z,= —1, and f(2) = (z+1)".

The theorem has thus been proved for large values of #.

(5) For small values of n the theorem is incorrect. For example,
if f(z) =(3+1)-(2—1/2), then | f(e®) | has relative extrema for § =0, ,
arc cos (1/8), and the sum of the values of | f(e"’)] at these places is
4,18>22,

f(z)=(2+1)%-(z—1/3) is another example in which | f(z2)]
=8.,14> 23,

AMHERST COLLEGE

ON LOCALLY SIMPLE CURVES
G. T. WHYBURN

1. Introduction. A continuous transformation f(4)=B is locally
stmple provided that for each x €A there is a neighborhood U of x
such that U-f~(y) contains at most one point for each y & B. For the
case where 4 is a circle and B is planar, such mappings have been
studied recently by Morse and Heins [1]* and used effectively in
investigating meromorphic and other functions by topological
methods.

In this paper topological characterizatiops will be obtained for
those continua (compact connected metric spaces) which admit
locally simple representations on the circle, that is, which are the
image of the circle under some locally simple mapping.

It is clear that if 4 is compact and metric, a mapping (continuous)
f(A) =B is locally simple if and only if there exists an ¢>0 such that
any subset of 4 of diameter not greater than ¢ maps topologically onto
its image under f or, equivalently, for any yE€ B, any two distinct
points of f7l(y) are at a distance greater than e apart.

A simple arc ab in a continuum M will be called doubly extensible
in M provided M contains a simple arc a,abb; such that every point
of ab is an interior point of a;abb;. A continuum homeomorphic with
the letter @ or with the figure 8 is called a #-curve or an 8-curve respec-
tively ; one homeomorphic with the sum of two disjoint circles plus a
segment joining them with just an end point in each will be called a
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