SOME GENERALIZED HYPERGEOMETRIC POLYNOMIALS
SISTER MARY CELINE FASENMYER

1. Introduction. We shall obtain some basic formal properties of
the hypergeometric polynomials

fn(ai; bi; x) = fn(aly Qgy * 4 Gp, bly b2y Ct bq; x)

P [-—n,n+1,a1,---.ap; ]
= x
pratats 1/2’ 1) bly Tty bq;

1)

(n a non-negative integer) in an attempt to unify and to extend the
study of certain sets of polynomials which have attracted consider-
able attention. Some special cases of the f.(as; bj; x) are:*

(@) fo(1/2; —; x) =P,(1—2x) (Legendre).

(b) fa(l;—; %) = [n!/(1/2).]PS2D (1 - 2x) (Jacobi).

(©) fa(1, 1/2; b; x) = [1!/ ()| P, *~11=(1 —2x) (Jacobi).

(d) £2(1/2, &5 p3 v) =Ha(§, p, ) [12].

(e) fn[l/z: (1+Z)/2; 1; 1] = Fu(2) [3]

() f2(1/2; 1; ) =Za(1) [4].

®) fal1/2, (s+m+1)/2; m+1; 1]=F'(2) [8].

2. A generating function. Let G(y) be analytic at y=0,

G(y) = chy”r

n=0
and define f.(x) by the relation
1 — 4xw o
2 G = n ",
& 1—w [(1 — w)z] nz-s(:)f (@)

If w is sufficiently small, the left member of (2) may be expanded in
an absolutely convergent double series and rearranged so as to give a
convergent power series in w. Let that be done. Then it is easily shown
that

2 (— n)o(n + 1)crnr

3 fu(x) =

in which (a),=ala+1) - - - (a+7r—1); (a)o=1.
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1 A dash indicates the absence of parameters. A number in brackets relates to the
references.
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Thus, if G(y) is a generalized hypergeometric function,?
€)) G(y) = qu(alv @+ + vy Gpy by, bay s v, bes ),

then the f,(x) defined by (2) are precisely the polynomials f.(a:; b;; x)
given by (1). This is a special case of a known summation formula
given by T. W. Chaundy [5, p. 62]. It is necessary to note that in
using the generating function we implicitly demand that the parame-
ters a; and b; be independent of #.

Starting with (1) in its expanded form,
2 (= n)e(n + 1):(a1)s - - - (ap)ea”

) fa(ai; bj; %) = g (1/2),(b0)r - - - (bg)rlr!

we may, by replacing 7 by » —r and reversing the order of summation,
write

(—4x)™(@a)n - - - (@p)n

fu(ai; bj; x) =
(6) ! (bl)n v (bq)n”!
—n, —n,1/2—n, 1—by—n, - - - , 1—b;—n;
q+3Fp+1|: (=Dertt/x |,
—2n, 1—ay—n, -, 1—ap,—mn;

3. A differential recurrence formula. Let us return to (2) without
the restriction that G(y) be of hypergeometric type. Two equations
each involving G'(y) may be found by separate differentiations of (2)
with respect to x and to w. Then G’(y) may be eliminated and

Q) 8[/a(2) + far(9)] = nlfa(x) — faa(9)],

in which 0 is the operator xd/dx.
Direct application of (7) to (d) and (f) of §1 yields the possibly new
relations v [H,! (¢, p, v)+H. (&, p, ) |=n[H.(E, p, v) —H.a(E, £, )]

(in which primes denote differentiation with respect to v) and

tZn(t) + Zaa(®)] = n[Za()) — Zua()].

4. Pure recurrence relations.? Let p <¢+1, the parameters a; and
b; be independent of %, no a; be equal to any b;, one, or one-half and
let no b; be equal to a nonpositive integer. Then, for n=¢-+4,

fn(as; bj; x) satisfies a pure linear recurrence relation of exactly g+4
terms of the following type:

2 Sufficient conditions for the convergence of the series for G(y) in this form for
p=g-+1 are given in [2] and will not be restated here.

3 The proofs and details of the material in §§4 and 5 can be found in my disserta-
tion at the University of Michigan, 1945.
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fn + (Al + Azx)f,._.l + (Aa + A4x)fn—2 + e
® + (Aop—1 + Ao fos + - - -
+ (A29+3 + A2q+4x)fn-q—-2 + A2q+5f"__q_3 = 0’

in which the numerators of the rational functions A, are functions
of n and a; only. If we change the hypothesis slightly so as to permit
a, to equal either one or one-half, we obtain a linear recurrence rela-
tion of ¢+ 3 terms. If we allow a; to equal one and a. to equal one-half,
there exists a linear recurrence relation of g+2 terms.

As an example, Bateman’s Z,(f) [4] has the following recurrence
relation:

n2(2n — 3)Z,(t) — (2n — 1)[3n2 — 60 + 2 — 2(2n — 3)t]Z._i(2)
9) 4+ (2n — 3)[3n% — 61 + 2 + 2(2n — 1)t]Z.2(2)
—2n — 1)(n — 2)2Z,.5() =0,
which we have not been able to find elsewhere.
Now let p >¢g-+1 but retain the remaining conditions in the opening
sentence of this section. Then, for n = p+3, fa(ai; b;; x) satisfies a pure

linear recurrence relation of exactly p+3 terms and of the same type
as (8) above.

5. Contiguous polynomial relations. For the sake of simplicity,
when discussing contiguous polynomials we use the shortened nota-
tion f.(a:+) to signify fa.(ei+1, .- -, ap; bj; x) while fa(am—),
fa(bm+), and fu(bm—) have similar meanings. Using Rainville’s re-
sults [11] it can be shown that the f.(a:; b;; x) have the following
canonical set of 2p-+qg—2 contiguous polynomial relations:

For p=q¢+1,

(10) (a1 — @w)fa = aifu(as +) — Gnfalan +); m=23---,9p,
(A1) (1= bn+ Dfo = arfalar+) = (bn = Dfalbm =)im = 1,2, - -, q.
For p <gq, (10) and (11) with
4(ar — am)(a1 + am — Vfa
= a1(2a; — 1)fu(a1 +) — an(2am — 1) fu(am +)
(12) + (a1 — 1)(2a1 — 1)fulas =) = (@n — 1)(2n — 1) faltm —)

= 2(a1 — am)® 2 Tistmfulbi +); m=2,3,--,9,

F=1
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in which

—m+b)n+1—0) II (a—0)
8=1, (k,m)
Tikm = . ’
b; II (. — b))

s=1,(7)

in which JJ%., @mc. indicates the product of p factors, from which ¢z
and ¢, have been deleted.
For p=g¢, (10) and (11) with
2(a1 — am) [2(a1 + am — 1) + x]fan
= a:1(2a1 — 1)fu(a1 +) — an(2an — 1)falan +)
(13) + (a1 — D (2a1 — Dfa(a1 =) — (em — 1)(2am — 1)fu(am —)
= 2(a1 — am)f’C.qZ1 Tt mfa(bi +); m=2,3,---,p.
For p=g+1, (10) and (11) with
(a1 — am)[4(a1 + a@m — 1) — (4a1 + 4an, — 2C + 2D — 3)x]fn
= 0;(2a; — 1)(1 — 2)falor +) — @n(2am — 1)(1 — 2)fa(am +)
(149) + (a1 — 1)(2a; — Dfalor =) — (@m — 1)(2am — 1) falam —)

- 2(0'1 - a‘m)xz Ti;l,mfn(bi +)1 m = 2’ 3’ ) P’ .

i=1

in which

p q
C=>a and D= ) b,

8=1 8=1

If we admit f,_1(e;; b;; x) and polynomials contiguous to it, we have
another contiguous polynomial relation, namely,

(n+ a)fa — (n— b1+ 1)fpy — Chfn(lh +)
— (by = 1)faa(d1 =) = 0.

By an extension of the method used by Rainville for the derivation
of his formula (30) in [11], it is comparatively easy to obtain a simi-
lar set of contiguous function relations applicable to any terminating
generalized hypergeometric function in which the number of numera-
tor parameters exceeds the number of those in the denominator by
two or more.

(15)
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6. Integral relations. Using standard methods* we obtain the in-
tegral relations

(16)  fa(ai; bj; %) =

0+)
[ = a1/, 0 85 = s/,

212

©

1

(A7) falai; 055 2) = — y 2 vf,(ai; 1/2, by; xy)dy,
w2d

and

T'(by)

B e )

(18) 1
.f yal“l(l — y)bl“al“lfn(azy cee, ap; b2’ e, bq; xy)dy,
0

in which R(8:) > R(a1) >0.
Some special cases of interest are:

(04)
(19) ful—i —; ) = f (= 9) 2P, [(25 + 3)/5)d.

2ql/2
0

1
(20)  Pu(1 —2x) = — | oy Ve ¥fu(—; —; xy)dy.
7|.1/2 0

2]

1
(21)  Ha(§, p,0) = — | 372 vfu(S; p; vy)dy.

/2 0

i o+

@) £Gip0 = [ (= G b, = o/
2ri2d

7. An algebraic relation. Let us return to the generating function

(2). After substituting 1/s for w, multiplying both sides of the result-

ing equation by 1/s, and taking the inverse Laplace transform of
both sides, we have

@ o] - Zaw
= (X)) —
s—1 (s —1)2 =0 n!
Next consider the polynomials #.(x) defined by

(24) GQxz — 3?) = i ha(%)2™/n!,

n=0

4 The methods of this section were suggested by those used by Rice in [12] for
obtaining relations for H,(¢, p, v).
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where G(y) is the same analytic function which appears in (2). Re-
placing z by (—2x)/(s—1), we obtain

. 1 — 4x% _ (— 2xt)"
SR P G((s _ 1)2)] eg e
From (23) and (25) it follows that

(26) Fu(a2) = 2 Cot(— 24) *hi(x)/ kL

k=0
In a compact symbolic notation® (26) appears as
(26)' Fa(2?) = La(22h(x)),

in which L,(x) is the Laguerre polynomial.

If the function G(y) in (24) is taken to be ,Fy(ay, : - -, ap;
by, + + +, bg; ¥), then the resulting k.(x) are the generalized hyper-
geometric polynomials

(7120 (@) * + (Gp)n—r(2%) " 25(— 1)*
27)  ha(ai; by %) = nl Y, (@) (@5)n-s(22)7*H(— 1) .
=0 (0)n—k * * * (bg)n—r(n — 2F) k!
These polynomials are generalizations of the Hermite and the ultra-
spherical polynomials,

hn(—; - .’XJ) = Hn(x), hn(a;_; x) — %!Pﬂ(a)<x).

Hence our f, without parameters is related by (26) to the ordinary
Laguerre and Hermite polynomials by

fu(—; —; 2?) = L,(22H(x)).

8. Bateman’s Z,(f) and the Laguerre polynomials. From (17) above
it follows at once that

/2

(28) fu(1/2: 15 ) = — f e f(—; 1; 19)dy.

Ramanujan’s formula® [6] which gives the product of two 1 Fy’s as
an o F; and which was proved by C. T. Preece [9] is useful here. It
yields at once

fu(—; 1; 82/4) = L.(x)L.(— %).
But Bateman’s Z,(¢) is given by

% Rainville [10, p. 244].
8 Bailey [2, p. 97].
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Z,(8) = fa(1/2; 15 0).

With these results it is easy to write (28) in the interesting form
1 L
Z.(t?) = ——f e~ 1L, (af) L(— af)da.
1rl/2 °
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