THE TRANSFER OF RADIATION IN
STELLAR ATMOSPHERES

S. CHANDRASEKHAR

1. Introductory remarks. The advances in the various branches of
theoretical physics have often resulted in the creation of new mathe-
matical disciplines: disciplines which, in their way, are as character-
istic of the subjects as the physical phenomena they are devoted to.
That several of the earlier Gibbs lectures should illustrate this point
is not surprising since the example provided by the scientific writings
of Gibbs is indeed the most striking in this connection. With your per-
mission, I would like to illustrate the same thing this evening, on a
more modest level, by considering the recent advances in theoretical
astrophysics. More specifically, I should like to show how astrophysi-
cal studies relating to the transfer of radiation in stellar atmospheres
have led to some characteristic developments in the theory of integro-
differential and functional equations.

2. The physical problem. In a general way, the preoccupation of
the astrophysicist with the transport of radiant energy in an atmos-
phere which absorbs, emits and scatters radiation is not difficult to
understand. For, it is in the characteristics of the radiation emergent
from a star—in its variation over the stellar disc, and in its distribu-
tion with wavelength through the spectrum—that he has to seek for
information concerning the constitution and structure of the stellar
atmosphere.

3. Definitions. Intensity. Now, the basic equation which governs
the transfer of radiation in any medium is the so-called equation of
transfer. This is the equation which governs the variation of radiant
intensity in terms of the local properties of the medium. But, first, I
should explain that for most purposes it is sufficient to characterize
the radiation field by the specific intensity I'; in terms of this quantity
the amount of radiant energy crossing an element of area dg, in a
direction inclined at an angle ¢ to the normal, and confined to an ele-
ment of solid angle dw, and in time dt can be expressed in the form

)] I cos ddodwdst.

Accordingly, to characterize a radiation field completely, the specific
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intensity will have to be defined at every point and for every direction
through a point.

4. The equation of transfer. To establish the equation which the
intensity must satisfy in a stationary radiation field (that is, in a
radiation field which is constant with time) we consider the equilib-
rium with respect to the transport of energy of a small cylindrical
element of cross section do and height ds in the medium. From the
definition of intensity, it follows that the difference in the radiant
energy crossing the two faces normally, in a time d¢ and confined to
an element of solid angle dow, is

ar
)] — dsdodwdt.
ds

Here I denotes the specific intensity in the direction of s. This differ-
ence (2) must arise from the excess of emission over absorption of
radiant energy in time d¢ and the element of solid angle dw considered.
Now the absorption of radiation by an element of mass is expressed
in terms of the mass absorpiion coefficient denoted by «, such that, of
the energy Idodwdt normally incident on the face do, the amount ab-
sorbed in time dt is

3) kpds X Idodwdst,

where p denotes the density of the material. Similarly, the emission
coefficient j is defined in such a way that the element of mass pdods
emits in directions confined to dw and in time d¢ an amount of radiant
energy given by

)] jpdodsdwdt.

It should be noted that, according to our definition, the emission
coefficient j can very well depend on the direction at each point, differ-
ing in this respect from the absorption coefficient which is a function
of position only.

From our earlier remarks and the expressions (3) and (4) for ab-
sorption and emission, we have the equation of transfer

aI .
®) L]
pds

expressing the conservation of radiant energy.

5. The equation of transfer for plane-parallel atmospheres. The
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source function. In our further discussion we shall restrict ourselves
to transfer problems in a semi-infinite plane-parallel atmosphere (Fig.
1). Let 2 measure distances normal to the plane of stratification and ¢
and ¢ the corresponding polar angles. The specific intensity I in such
an atmosphere will, in general, depend on all three variables, z, ¢

2 i
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and ¢. For such an atmosphere the equation of transfer can be written
in the form

aI .
(6) cos ¢ — = — kI 4 j.
pdz

It is convenient at this stage to introduce the optical thickness
L]

) , = f <od,
z

measured from the boundary ¢nward as our variable instead of z. In
terms of 7, the equation of transfer becomes

aI
(8) CO50;= I(ﬂ"! ¢) —8((7)0’ ‘P))
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where we have written
J
© g==L.
K

This is the source function.

6. The source function for a scattering atmosphere. The phase
function. Different physical problems lead to different funciional de-
pendences of the source function on I. To illustrate the nature of such
functional dependences we shall consider the case of a scattering at-
mosphere. In such an atmosphere, absorption arises simply on ac-
count of the fact that when a pencil of radiation is incident on an
element of gas, a determinate part of the radiant energy is scattered
in other directions. In the same way, the radiation in any given direc-
tion can be reinforced by the scattering of radiation from other di-
rections into the particular direction considered. It is now evident
that, to formulate quantitatively the concept of scattering, we must
specify the angular distribution of the scattered radiation when a
pencil of radiation is incident on an element of gas. This angular dis-

tribution is generally given by a phase function p(cos @) in such a
way that

(10) p(cos ©) Zﬁ

governs the probability that radiation will be scattered in a direction
inclined at an angle ® with the direction of incidence. If, as we have
assumed, scattering is the only process by which radiation and matter
interact with each other, then it is evident that

dw
(€8] fp(cos ®) yile 1

when the integration is extended over the complete sphere. The corre-
sponding source function is

1 [ 27
(12) X(r, ¢, 0) = L;fo fo I(r,¥, ¢)p(cos & cos &'

+ sin # sin ¢’ cos [¢' — ¢]) sin #d'de’.
When the scattering is <sotropic
(13) plcos @) =1

and the source function reduces to
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1 T 27
(14) 3(r) = — f f I(r, ¢, ¢') sin ¢/de'dey’.
drJo Jo

Next to this isotropic case, greatest interest is attached to Rayleigh'’s
phase function

(15) p(cos @) = Z(l + cos? @).

In general, we may, however, suppose that the phase function can
be expanded as a series in Legendre polynomials of the form

(16) p(cos ®) = X wPi(cos O)

where wy=1 and w; (!£0) are some constants. (The condition wy=1
follows from equation (11).)

7. Phase-functions with absorption. Our foregoing remarks strictly
apply to the case of perfect scattering; that is, to cases in which the
interaction between matter and radiation results only in the trans-
formation of radiation in one direction into radiation in other direc-
tions. However, cases are known in which, in the process of scattering,
a certain amount of the radiation is consumptively transformed into
other forms of energy. In such cases, we can still describe the scat-
tered radiation by a phase function p(cos ©); but the “normalizing
condition” (11) will no longer be satisfied and we shall have instead

an fp(cos ®) Z—: = =1

The quantity N defined in this way is called the albedo. Formally,
this does not introduce anything very essential, as the source func-
tion will continue to be given by equation (12).

The case

(18) p(cos ®) = A(1 + x cos O) (—1<=zx<)
is of particular interest for the analysis of planetary illumination.

8. The problem of a semi-infinite plane-parallel atmosphere with
a constant net flux. Returning to the case of a perfectly scattering
atmosphere, we observe that the equation of transfer

aI(r, 9, o) 1 L
(19) cos ¢ ————— = I(r,9, ¢) — —f f I(r,%, ¢’) p(cos ©)dw’,
dr 47 J 0

where

(20) cos ® = cos & cos ¢ + sin & sin &’ cos (¢’ — @),
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admits the first integral

d Ld 2r
(21) ——f f I(r, ¥, ¢) cos ¢ sin dddde = 0,
drJo 0

or
L] 2%
(22) oF = f f I(r, 9, ¢) cos & sin 3dddy = constant.
o Yo

The integral representing F is proportional to the net flux of radi-
ant energy crossing unit area in the plane of stratification; and this
is a constant for a perfectly scattering atmosphere. Because of this
constancy of the net flux, a type of transfer problem which arises in
connection with such perfectly scattering atmsopheres is that of a
plane-parallel semi-infinite atmosphere with no incident radiation,
and a constant net flux «F through the atmosphere normal to the
plane of stratification. It is evident that for these problems, solutions
of the appropriate equations of transfer must be sought which depend
only on 7 and ¢, that is, solutions which exhibit rotational symmetry
about the z-axis. Further, in these problems, the greatest interest is
attached to the angular distribution of the emergent radiation I(0, n)
at 7=0 and for u>0.

Finally, we may note that for the cases of isotropic scattering and
scattering in accordance with Rayleigh's phase function, the equa-
tions of transfer have explicitly the forms

aI(r, u) 1 pHt
I p———=I(r,4) — — I(r, w)dw',
d‘l‘ 2 -1
and
aI(r, u) 3 +
p——=I(r, p) — — [(3 —u) | I(rw)dw
I dr 16 —1

+1
+ Bu? —1) I(r, #’)u’zdu’].

-1

In the foregoing equations we have written u for cos &.
We require solutions of the integro-differential equations (I) and
(IT) which satisfy the boundary condition

(23) I0,p) =0 for —1<u<0.
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9. The problem of diffuse reflection. Another type of transfer prob-
lem which arises quite generally (that is, also in cases when \ is differ-
ent from unity) is that relating to the phenomenon of diffuse reflec-
tion. In these contexts we are principally interested in the angular
distribution I(&, ¢; @, @o) of the radiation diffusely reflected when a
parallel beam of radiation of net flux 7 F per unit area normal to itself
is incident on the atmosphere in some specified direction (7w —o, ¢o).

One general remark relating to problems of diffuse reflection may
be made here. It is that, at any level, we may distinguish between
the reduced incident radiation wFe~7*c% which penetrates to the
depth 7 without suffering any scattering or absorbing mechanism,
and the diffuse radiation field which arises in consequence of multiple
scattering. We shall characterize this diffuse radiation field by
I(r, u, ¢). Making this distinction between these two fields of radia-
tion, we may write the equation of transfer for problems of diffuse
reflection in the form

aI(r, 9, 1 T T
cosz?-—-gz--——gz = I(r,¥%, ¢) — —f f I(r, ¥, ¢')
dT 471' 0 0
(24) X p(cos & cos ¢’ + sin & sin &' cos [¢' — ¢]) sin #'d’dy’
1
- ;Fe—"“t’op(— cos ¥ cos #o + sin ¢ sin ¥ cos [po — ¢]).

For the cases of isotropic scattering, and scattering in accordance
with the phase functions (15) and (18), we have the equations

aI(r, 1 pH 1
m | W e - L[ i — Lpenm,
dT 2 -1 4
dI(r, 9, ¢)
p———— = I(7,9, ¢)
dr

)\ L 2w
— —-—f f I(r, ¢, ¢’)[1 + x(cos & cos &’
drdo Jo

+ sin ¢ sin ¢’ cos [¢' — ¢])] sin ¢d¢’dy’

v

1
~ AFe~75c8[1 + x(—cosd cos ¥ + sin ¢ sin ¥ cos ¢) |

and
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8 dI(T’ 3, ¢)

T

3 T 2r
— ——f f I(r, %, ¢) [1 + cos? ¢ cos? ¢
167!' 0 0

1
+ 5 sin?¢ sin?d®’ -+ 2 cosd sind cos ¢’ sind’ cos (¢’ — @)

cos = I(r, &, o)

1

A% + 5 sin? ¢ sin? ¢’ cos 2(¢’ — <p):| sin ¢/d¥’d¢’
3

— EFe—’méo [1 + cos? & cos? &y

1
+ —2— sin? ¢ sin? ¥ — 2 cos & sin & cos & sin Fq €OS ¢

1
+ -? sin? ¢ sin? ¢y cos Zqo:l.

And again we require solutions of these equations which satisfy the
boundary condition (23).

It appears from the foregoing equations that for problems of diffuse
reflection which arise in practice, we can expand I(r, u, ¢) in a finite
Fourier series of the form

N
(25) I("'v By @) = Z I(m)(T» #) COs mo.
me=0
And finally, it should be remarked that in the problem of diffuse
reflection by a semi-infinite atmosphere, greatest interest is attached
to the scattering function S(u, ¢; wo, @o) which is related to the re-
flected intensity I(0, u, ¢) according to the equation

1

(26) I(0, u, @) = —FS(u, ¢; po, ¢0)-
4u

Defined in this manner S(u, ¢; uo, o) must be symmetrical in the pair

of variables (u, ¢) and (uo, @o). This is required by a principle of
reciprocity due to Helmholtz.

10. The equations of transfer incorporating the polarization of the
scattered radiation in accordance with Rayleigh’s law. The axially
symmetric case. The transfer problems which we have described in
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the preceding sections do not exhaust all the physical possibilities
that may arise. For example, an important factor which we have not
included in our discussion so far concerns the state of polarization of
the radiation field. For many problems, this must be taken into ac-
count before we may be said to have an adequate physical description
of the phenomenon under consideration, since, on scattering, light in
general gets polarized. On Rayleigh's classical laws for instance, when
an initially unpolarized beam is scattered in a direction inclined at an
angle ® with the direction of incidence, it becomes partially plane
polarized with a ratio of intensities 1: cos? © in directions perpendicu-
lar, respectively, parallel to the plane of scattering. (This is the plane
which contains the directions of the incident and the scattered light.)
It is, therefore, apparent that the diffuse radiation field in a scattering
atmosphere must be partially polarized. The question immediately
arises as to how best we can characterize the radiation field under
these conditions in order that the relevant equations of transfer may
be most conveniently formulated. This is a fundamental question:
on its answer will depend the solution of a variety of problems, in-
cluding the important one of the illumination and the polarization of
the sunlit sky—a problem which was in fact first considered in a gen-
eral way by Rayleigh in 1871. It is, therefore, somewhat surprising
to find that even the basic equations of the problem should not have
been written down before the problem arose in an astrophysical con-
text earlier this year. Perhaps I may briefly explain the particular
astrophysical problem which gave the final impetus for formulating
and solving transfer problems in which the polarization characteris-
tics of the radiation field are incorporated and allowance for the polar-
ization of the scattered radiation is made:

It is now believed that in the atmospheres of stars with surface
temperatures exceeding 15,000°K, the transfer of radiation must be
predominantly controlled by the scattering by free electrons. And,
according to J. J. Thomson's laws for this process, scattering by free
electrons must result in the partial polarization of the scattered radia-
tion. Thomson’s laws agree, in fact, with Rayleigh's as regards the
angular distribution and the state of polarization of the scattered
radiation.

Now, if our belief in the important role played by the Thomson
scattering in the atmospheres of hot stars is correct, we should ex-
pect that the radiation emergent from the atmospheres of such stars
should be partially polarized. The question of the degree of polarization
to be expected under such conditions therefore becomes one of ex-
ceptional astrophysical interest. But, before we can answer this ques-
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tion, we must formulate the relevant equations of transfer, distin-
guishing the different states of polarization, and solve them ! One cir-
cumstance, however, simplifies this particular problem. It is, that in
a plane-parallel atmosphere with no incident radiation, the radiation
field at any point must exhibit rotational symmetry about the z-axis;
accordingly, the plane of polarization must be along the principal
meridian (or, at right angles to it). In other words, under the condi-
tions of our present problem, the specific intensities I; and I,, referring
respectively to the two states of polarization in which the electric
vector vibrates in the meridian plane and at right angles to it, are
sufficient to characterize the radiation field completely. And the rele-
vant equations of transfer appropriate for this problem are found to

be:

al, 3 + ’ ’ ’
W -{ L, W) [201 — w) + w3’ — 2)]du
dT 8 -1
+1
VI +u Lo M')du’} ,
-1

dI,- 3 +1 +1
p— =1, — E{ Li(r, p)u' %y’ + I.(r, #’)du’} .

dT -1 -1

In other words, we now have a pair of simultaneous integro-differen-
tial equations to solve with the boundary conditions

(27) L,(0,u) = 1,00, ) = 0 (—1<u<0).

11. The parametric representation of partially plane-polarized
light. The vector form of the equation of transfer. Returning to the
general problem of a partially polarized radiation field, we at once
realize that the intensities I; and I, are not sufficient to characterize
the radiation field completely. A third quantity is needed which will
determine the plane of polarization. But the inclination of the plane
of polarization itself to the meridian plane (for example) would be a
most unsuitable parameter to choose: for, a proper parametric repre-
sentation of partially polarized light should not only provide a com-
plete set of variables to describe the radiation field, but also enable a
convenient formulation of the rule of composition of amixture of
independent polarized streams in a given direction into a single par-
tially polarized stream. On consideration it appears that the most
convenient third variable to choose is a quantity U also of the dimen-
sions of intensity and in terms of which the inclination, x, of the plane
of polarization to the direction to which I, refers is given by
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1
28 = —tan~! —— .
(28) X = A

The rule of composition of a number of independent plane-polarized
streams can be formulated as follows: If we have a number of inde-
pendent plane-polarized streams of intensities I (say) in a given
direction, the resulting mixture will be partially plane-polarized and
will be described by the parameters

(29) I = Y I™ cos? xn; I, = Z I™ sin? y,
and
(29" U= Y I™sin2x,

where x, denotes the inclination of the plane of polarization of the
stream I(™ to the direction (in the transverse plane of the electric
and the magnetic vectors) to which I; refers.

With the rule of composition, as we have just stated, the equations
of transfer for I;, I, and U can be formulated in accordance, for ex-
ample, with Rayleigh’s laws. For the problem of diffuse reflection of a
partially plane-polarized parallel beam of radiation (characterized by
the parameters F;, F, and U®) incident on a plane-parallel atmos-
phere in the direction (— o, ¢o), the three equations of transfer for the
intensities I;, I, and U of the diffuse radiation field can be combined
into a single vector equation of the form

dal I )
ks Ty My @
3 +1 2
VII - __Q J(/‘L! [ —”ly ¢’)I(T, l[,,’ (p’)du’d<pl
167 1 Jo
3
— — @J (1, ¢; ko, go)FeTiwo,
16
where
(30) 1= (Il, IT’ U)’ F = (Fly Fn U(O)),
1 00
(31) @=|0 1 0}
0o 0 2

and
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J(u, @; po, @o)
2(1—p9)(1 —M;) +#’M; I
—4pupo(l—p)1/2(1 —n;)‘/’ cos (¢—po) —2p(1—p)12(1 —#;)‘/’ sin (¢ —¢o)
+u’u; cos 2(p—po) —u?cos 2(p—¢s) +uluo sin 2(p—gpo)

(32) = .
M;—y; cos 2(¢—eo) 14cos 2(p—¢ps)  —posin 2(p—g0)
—2no( 1—p21/2(1 —#f’)‘/’ sin (¢ —g0) (1—un)t2(1 —#3)1/’ cos (¢ —gpo)
+""§ sin 2(p—¢0) —psin 2(p—@0)  —ppo cos 2(p—¢o)

The matrix @J therefore plays the same role for this problem as the
phase function p(cos @) does in the simpler problems in which polar-
ization is not allowed for.

We require to solve (VII) which satisfies the boundary condition

(33) I0, u, ¢) =0 (—1<u<0).

Since the equation of transfer is linear in F, it is clear that the in-
tensity I(u, ¢; po, @) diffusely reflected by the atmosphere in the out-
ward direction (u, ¢) must be expressible in the form

3
(34) I(u, @3 po, 90) = —— QS(u, ¢; po, ¢o)F.

16u
And our principal interest in this problem is in the determination of
this scattering matrix S.

12. The Schwarzschild-Milne integral equation. In the preceding
sections we have formulated several typical problems in the theory of
radiative transfer and we have seen how all of them lead to integro-
differential equations of varying degrees of complexity. The question
now arises as to whether there are any general methods for solving
such equations. Until recently, the only example of such integro-
differential equations which had been considered to any extent is the
simplest we have written down, namely equation (I). And here the
method used was one of reducing the integro-differential equation to
an integral equation. This reduction to an integral equation was
achieved in the following way:

Writing equation (I) in the form

aI

(35) #E=I—J(T),

where
+1

1
(36) J(r) = Py I(r, Wap,

-1
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we observe that its formal solution is
°° dt
16, = [ e O<us1)
T ®
37
(37 . i
= _f e~ (=N Iny(f) — (_ 1=Su<0).
0 u

Substituting this solution for I(r, ) back into the equation defining
J(r) (equation (36)) we find, after some elementary reductions, that

1 0
(38) J(7) = 7]; E1(| t— TI )T () dt,
where
39 -El == ~Y—,
(39) @=[ K

is the “first exponential integral.” This is the Schwarzschild- Milne in-
tegral equation for J(r).

13. The method of Hopf and Wiener. The integral equation (38)
for J(7) is seen to be homogeneous with a symmetric kernel. How-
ever, the kernel has a logarithmic singularity at {=7. Integral equa-
tions of this general structure have therefore a definite mathematical
interest and have, in fact, been considered by a number of mathe-
maticians including E. Hopf, J. Bronstein and N. Wiener. But this
method based on the reduction of the equation of transfer to a linear
integral equation for the source function has not so far been extended
successfully to the solution of the other more interesting equations of
transfer we have formulated. I shall therefore pass on to a different
method of attack on these equations which has been developed dur-
ing the past three years and which allows the solution of practically
all the different types of transfer problems which arise in practice, by
a systematic method of approximation. Also, for the particular prob-
lems enumerated, exact solutions for the angular distribution of the
emergent (or the diffusely reflected) radiation can be found explicitly
by passing to the limit of “infinite” approximation.

14. The method of replacing the integro-differential equations by
systems of linear equations. The fundamental idea in this new
method of solving an integro-differential equation is to replace it in
a certain approximation by a system of ordinary linear equations.
This reduction to an equivalent linear system is made by approximat-
ing the integrals over u which occur in the equation by a weighted
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average of the values which the various integrands take at a suitably
selected set of points in the interval (—1, +1). It is evident that in
making the necessary division of the interval (—1, +1), we must
be guided by reasons of “economy” in the sense that with a given
number of divisions we must try to achieve the maximum accuracy
in the evaluation of the integrals. The problem which we encounter
here is therefore the same as that considered by Gauss in 1814 in
deriving his formula for numerical quadratures. In this formula of
Gauss, the interval (—1, +1) is divided according to the zeros of a
Legendre polynomial, P,(u) (say), and the integral of a function f(u)
over the interval (—1, +1) is expressed as a sum in the form

+1
(40) . f)dp =3 a;if(uj)

where the weights a; are given by
1 +1 Po(u)
Po(u)J 1 n— pj

(41) a; d#.

The reason Gauss’s formula is superior to other formulae for quad-
ratures in the interval (—1, +1) is that for a given m it evalues
the integrals exactly for all polynomial of degree less than, or equal to,
2m —1; in other words, it is almost “twice as accurate” as we should
expect a formula which uses only m values of the function in the in-
terval to be.

For certain formal reasons, we shall not enter into here, in our fur-
ther work we shall use divisions of the interval (—1, +1) only accord-
ing to the zeros of the even Legendre polynomials. Further, when the
division according to the zeros of P,,(u) is selected, we shall say that
we are working in the nth approximation. It is, therefore, apparent
that when an equation of transfer is reduced to an equivalent linear
system in the nth approximation, we are effectively using a polyno-
mial representation of order 4#n—1 (in u) for the various intensities
which occur in our problem.

Finally, it may be observed that, when working in the #th approxi-
mation, we may use the following relations between the points of the
Gaussian division, w;, and the Gaussian weights a;:

(42) a; = 0—j; Mj= = Mej G==zx1,---, % n),
and

i 2m 1
(43) Zaiﬂi = — m=1,---,2n—1).

=1 2m + 1
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The identity (43) arises from the fact that in the #th approximation
Gauss'’s formula evaluates exactly integrals of all polynomials of de-
gree less than or equal to 4n—1.

15. The solution of equation (I) by the new method. We shall illus-
trate the method of solving linear integro-differential equations by
reducing them to equivalent linear systems in the various approxi-
mations by considering equation I.

In our nth approximation we replace equation (I) by the system
of 2n equations

(a4) Wit = L=~ Ta, (=1, £ m,
where, for the sake of brevity, we have written I;(r) for I(r, wi).
In solving the system of equations represented by equation (44),
we shall first obtain the different linearly independent solutions and
later, by combining them, obtain the general solution.
As our first trial, we seek a solution of the form

(45) I; = gie—k‘r ('i =+ 1; e, n’)’

where the g;'s and k are constants, for the present unspecified. Intro-
ducing equation (45) in equation (44), we obtain the relation

1
(46) gi(1 + uik) = 5 2 aig
Hence,
constant
47 = = .=i1)""i ’
47 S g

where the “constant” is independent of 7. Substituting the foregoing
form for g;in equation (46), we obtain the characteristic equation for k:

(48) 1=—-21+”

Remembering that a_;=a; and u_;= —pu;, we can rewrite the charac-
teristic equation in the form

n

(49) 1= 4

-1

It is, therefore, seen that k% must satisfy an algebraic equation of
order n. However, since
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(50) Sar=1,

i=1

k2=0 is a root of equation (49). Equation (48) accordingly admits
only 2n—2 distinct nonzero roots which must occur in pairs as
(51) + ke (a=1,---,n—1).

And corresponding to these 21 —2 roots, we have 2n—2 independent
solutions of equation (44). The solution is completed by observing
that

(52) Li=br+m+Q (G==1,---,+n),

where b and Q are two arbitrary constants, also satisfies equation
(44). The general solution of equation (44) can therefore be written
in the form

"2“31 Loe ke "2“1 L_qetker

53 Ii:b{ —t+ 22—+t umt }

( ) a=1 1 + Mika a=1 1 - “ika Q
(i==%1,---, +n),

where b, Ly, (=1, - - - ,n—1) and Q are the 2 arbitrary constants

of integration.

For the astrophysical problem on hand, the boundary conditions
are that none of the I,'s increase exponentially as 7— o and that,
further, there is no radiation incident on 7=0. The first of these con-
ditions requires that in the general solution (53) we omit all terms in
exp(-+k.7), thus leaving

n—1 Lae—kar

(54) I:= b{z

a=1 1 + pika

Next, the absence of any radiation in the directions —1<u<0 at
7=0 implies that in our approximation we must require

+T+Mi+Q} G==x1,---, £ n).

(55) Is=0 atr=0fori=1,--+,n.
Hence, according to equation (54),
n—1 Lu
(56) Z__——I"%"'Q:O (i=1""y”)-
a=1 1- Ioh‘ka

These are the # equations which determine the # constants of integra-
tion L, (=1, - - -+, n—1) and Q. The constant b is left arbitrary,
and this, as we shall presently see, is related to the assigned constant
net flux of radiation through the atmosphere.



1947] TRANSFER OF RADIATION IN STELLAR ATMOSPHERES 657

16. Some elementary identities. The further discussion of the solu-
tion obtained in §15 requires certain relations which we shall now es-
tablish.

Let

m m
ailg 127154

(57) Du(x) = 2, = (=",

i 1+ i 1 —

(m=0,---,4n).

There is a simple recursion formula which D,(x) defined in this man-
ner satisfies. We have:

1 m—1 1 )
58 Dm X)) = — i 1-— N
(58) 0 = e (1- 77—
or, using equations (42) and (43),
1172
(59) Dm(x) = [""‘ €m,odd — Dm—l(x)])
% Lm
where
1 if m is odd,
(60) €m,0dd = { . .
0 if m is even.
For odd, respectively, even values of m, equation (59) takes the form
1
(61) Dyia(x) = “—[ ; - D'zi—z(x)],
x L25—1
and
1
(62) Dyj(x) = — ‘;sz—l(x)~

Combining these relations, we have

1 1
(63) me=;[ +;ﬂmMﬂ=—wMﬁ

2 — 1

From this formula, we readily deduce that

2
Daja(x) =
5 = G s TG e
(64) , )
t o e 2 D@,

and
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2 2
(27 — Da* (25 — 3t

2 2
s g U7 D)

Dyj(x) = —
(65)

If we now let x be a root k of the characteristic equation (48),

(66) Do(k) = 2,
and we find from equations (64) and (65) that
(67) Dy(k) = Dy(k) = 0,
2 2 2
) Dailh) =~ m T G ae T
G=2---,m),
(69)  Dysa(k) = 2 + 2 + -+ 2.
(25— DE = (25— 3R 3p2i-3
(G=2---,n).

17. Arelation between the characteristic roots and the zeros of the
Legendre polynomial. In terms of the D;;(k)’s introduced in §16, we
can express the characteristic equation for % in a form which does not
explicitly involve the Gaussian weights and divisions: Let p.; be the
coefficient of u?? in the polynomial representation of the Legendre
polynomial Ps,(u), so that

(70) Pon(p) = 2 paju?i.
J==0
Now consider
ki a; i 24
( ) g?w 21() Zi:l’l‘llik(;‘-zophp')

Since the u;'s are the zeros of Pa,(u)

(72) S pasus = 0

om0

and the characteristic equation can be expressed in the form

(73) 2 paiDai(E) = 0,

=0
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where the D;;’s are defined as in equation (68). Substituting in partic-
ular for D;, and D,, we have
2 qu

(74) ? k2n—2

4o+ 2p = 0.

From this equation it follows that

1 30 2 2
75 — = (=11 = 3u1 " i,
(75) (ky- - - kaos)? (=1) Pin 1
or
(76) Bioo o Baoapi- - g = 1/3112.

18. The law of darkening. Returning to the solution (54) of the
transfer problem considered in §15, we evaluate the net flux #F ac-
cording to the formula

+1
n F=2 Tudp.

-1

In our present scheme of approximation, we can write

(78) F = 22 aJ,-,u.-.

Evaluating this sum with the I;’s given by equation (54), we obtain
n—1

(79) F = Zb{ > Lae~*«Dy(ko) + 2. a.-,ﬁ} .
a=1 )

Using equations (43) and (67), we have

(80) F = 4b/3.

We can now rewrite the solution (54) in the form
3 n—1 La —kaT

(8 L= F { i

a=1 1 + ﬂikm

In terms of this solution, the source function for the problem under
consideration can be obtained in the following manner. We have

R O )

(82) 3 n—1
- F{ 3 LaeDo(ka) + 2(7 + Q)} ,

a=1
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or, using equation (66),

(83) = %F{ELae-"a'+ T+Q}.

a=1

The angular distribution I(0, u) of the emergent radiation can be
found from the source function (83) in accordance with the formula
(cf. equation (37))

(34 10,0 = [ 102
0 M
We find
(85) I(O,u)=iF{§ L +u+Q}.
4 a=1 1+ pka

It is to be particularly noted that the foregoing expression for I(0, u)
is in agreement with the solution (81) for 7=0 and at the points of
the Gaussian division u=pu;.

Comparing equation (85) with equation (56) which determines the
constants L, and Q, we observe that the angular distribution of the
emergent radiation defined for the interval 0 Su =<1 is determined in
terms of a function which has zeros assigned in the complementary
interval —1<u<0. Thus, letting

n—1 La
(86) S(w) = 2 n —u+0,
a=1 1 — l‘ka

the boundary conditions require that
87 Su) =0 (t=1,---,n),

while the angular distribution of the emergent radiation is given by
3
(88) I(0, ) = -ZFS(— 1.

19. The elimination of the constants and the expression of the
solution in closed form. We shall now show how an explicit formula

for S(u) can be found without solving explicitly for the constants
L,and Q:

Consider the function

n—1

(89) Hl (1 = pka)S(w).
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This is a polynomial of degree n in u which vanishes for u=p;,

i1=1, . ., n. Consequently there must exist a proportionality of the
form

n—l1 n—1

(90) It = ka)SC) o« TT (w — w2
a=1 Ge=l
The constant of proportionality can be found from a comparison of

the coefficients of the highest powers of u on either side. In this man-
ner we find that

I (e — )
=1
(91) Sw) = (= Dy -+« knx— :
H (1 - kaﬂ)
am=l
This is the required formula.
According to equation (91)
H (v + pa)
(92) S(=w) = ke by
IT (1 + Eaw)
a=1
or, using the result (76), we can write
1
(93) S(—p = 3‘1/—25(#),
where
IT G+ o)
=1
(04) HG) = =
M1 ®

TR TIA A R

a1
In terms of the function H(u) defined in this manner, the angular dis-
tribution of the emergent radiation can be expressed in the form

1/2

(95) 10,1) = > FHG).

20. The solution of equation (III) by the new method. A particular
integral. As a further illustration of our method of solving equations
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of transfer, we shall next consider equation III appropriate for the
problem of diffuse reflection by an isotropically scattering atmos-

phere. The equivalent system of linear equations in the nth approxi-
mation is

dal; 1 1
(96) pi— =1I; ——D a;il; — — Felw (i=+1,---, + n).
dr 2 4

It is seen that the homogeneous system associated with equation
(96) is the same as equation (44). Accordingly, the complimentary
function for the solution of equation (96) is the same as the general
solution (53) of the homogeneous system. To complete the solution
we require only a particular integral. This can be found in the follow-
ing manner: Setting

1
o7 Li=—Fhewin  (i=%1,0, %)

in equation (96) (the h.'s are constants unspecified for the present)
we verify that we must have

1
(98) Bt + wifwo) = — 2 aihi + 1.
Equation (98) implies that the constants k; must be expressible in the

form

Y
99 A — = 41,0, £ 1),
99) 1+ pi/mo @ ")

where the constant vy has to be determined from the condition (cf.
equation (98))

1 ag
100 = — —_—t 1
(100) T=N Ty i/ o

In other words

1 .ye—f//-to

101 I1,=—F'———— .=:t11"',i )
(109 el ")
with

1
(102) v = )
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represents the required particular integral of equation (96).

The constant v defined as in equation (102) can be expressed in
terms of the H-function introduced in §19 (equation (94)). For this
purpose consider the function
n ai

(103) T(x) =1— 3,

j=1 1- ,uj_x

This clearly vanishes for

(104) 2=0 and x=ki (a=1,--+,n—1).
Accordingly
(105) T() I1 (1 — i)

=1

cannot differ from

n—1

(106) 2]] (v — k2

a=1
by more than a constant factor since (105) represents a polynomial of
degree 7 in x. The constant of proportionality can be determined by

comparing the coefficients of the highest powers. In this manner we
find that

xﬁ (x — ki)

(107) T(x) = (= 1)z - - - u:_:;l_____,
I1(t = wiw)
F=1
But
1
T(us)
Hence
H (4o — 1)
(109) ¥ = (- D
“ & ITa- Eagio)
a=1

or according to our definition of H(u)
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(110) v = H(uo)H(— uo).

21. The law of diffuse reflection for the case of isotropic scattering.
Now, adding to the particular integral (101) the general solution of
the homogeneous system compatible with our present requirement of
boundedness of the solution for 7— «, we have

1 Q Lk H (o) H(— po) }
1) Lie—p{S Z o HHmw
( ) 4 {a-l 14+ wika 14 Mif Mo ¢

(t=1,--,m),

where the constants L, (a=1, - - - ,n—1) and Q are to be determined
by the boundary conditions at 7 =0.

At 7=0 we have no diffuse radiation directed inward. The condi-
tions which determine the constants of integration are therefore

= L. H(uo)H(—
(112) Z__—__—-_;.Q_[_M:O G=%1,---, +n).
a1 1= pika 1 — pi/mo

The angular distribution of the diffusely reflected radiation can be
found in terms of the source function

1 1
(113) 3 = E} 2ali+ zFe"/"",

according to the formula

° dr
(114) 10.0) = [ g
0 M
We find
1 = L H(uo)H(— uo)}
115) I(0, p;po) = —F ZWYIA TR
(115)  1(0, pi wo) = {;1+”ka+g+ TFam

As in §18, we again observe that the angular distribution of the
diffusely reflected radiation defined in the interval 0=pu =<1 is de-
scribed in terms of a function which has zeros assigned in the interval
0>u> —1. Thus, letting

n—l Lo H(uo)H(— o
(116) S(u)=Z:11_”k +Q+—-—————-———('1‘)_i/m”),

we have

(117) S(Mi) = 0 (i =1---, n)!
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and
1
(118) I(0, p; po) = IFS(_ b

And, again as in the earlier problem, we can find an explicit formula
for S(u) without having to solve explicitly for the constants L, and Q.
Thus, considering the function

n—1

(119) (1 — w/w) 1 (1 — Ea)S(u)

a=1

we observe that it is a polynomial of degree # in u which vanishes for

pw=pi,2=1, « - -, n. There must, therefore, exist a relation of the form
(120)  SG) = (- Dr—2 Be7R
) = (—1n» )
[T T (1 — u/no)
' I = kaw
a=1

where X is a constant. In terms of H(u) we can rewrite the foregoing

equation as
H(—
1-— M/Ho

The constant X appearing in equation (121) can be determined
from the relation (cf. equation (116))
(122) limit (1 — 8/u0)S(u) = H(uo) H(— po)-
=0

According to equation (121) the left-hand side of equation (122) is
XH(—po). Hence

(123) X = H(uo)

and

(129) S(u) = H(uo) H(— p) —
Mo — K

The expression (118) for the angular distribution of the reflected radi-
ation therefore becomes

Mo
[ )

1
(125) I(0, p; po) = T FH(p)H (uo)
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22. Tabulation of the solutions of equations (I)—(VII). The method
of solution of transfer problems which we have illustrated in the pre-
ceding sections by considering the two simplest problems is, on ex-
amination, found to be sufficiently general for adaptation to the solu-
tion of the more difficult problems presented by the other equations
of transfer formulated in §§8—11. While the details of the solution of
these other equations (particularly equations VI and VII) are con-
siderably more elaborate and complex, the analysis nevertheless
shows similarities with the simple problems we have considered in
the broad features. Thus, it is found that, in all cases, the angular
distribution of the emergent (equivalently, reflected) radiation is de-
scribed by a function for the argument in the range (0, 1) while the
boundary conditions specify the zeros of the same function in the in-
terval (0, —1). This remarkable reciprocity, which exists in all the
problems, enables the elimination of the constants and allows the re-
duction of the solutions to closed forms in the general nth approxima-
tion. And finally, these solutions, apart from certain constants, in-
volve only H-functions of the form

ﬁ (o + p3)

(126) Hp) = —— - )
& o IT (1 + kaw)

=1

where the u;'s are the zeros of the Legendre polynomial P.,(u) and
the k.’s are the positive (or zero) roots of a characteristic equation of
the form

2 ai¥(pg)
127 1 =2 —_—
(127) >..:1 1— B’

where ¥(u) is an even polynomial in u satisfying the condition

(128) RCUEES

(This last condition is necessary for H(u) to be real.)

The different physical problems naturally lead to different charac-
teristic equations and therefore to different H-functions. However, as
the H-functions differ from one another only through the character-
istic equations which define the roots k., we may properly call ¥(u)
the characteristic function in terms of which H is defined.

We tabulate below the solutions for the various transfer problems
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(equations I-VII) obtained in the nth approximation of our method
of solutions.

SOLUTIONS FOR THE EMERGENT AND THE DIFFUSELY REFLECTED
RADIATION FOR VARIOUS TRANSFER PROBLEMS

A. Isotropic scattering

Problem with constant net flux: the law of darkening:
1/2
I(p) = TFH(#)-
Law of diffuse reflection:
Ko
)

The characteristic function in terms of which H(u) is defined is

Y(u) = 1/2.

I ) = % FH() H(uo)

B. Scattering in accordance with Rayleigh's phase function
3(14-cos?20)/4

Problem with constant net flux: the law of darkening:
I(w) = —z—qFH“”(ﬂ) .
Law of diffuse reflection:
I(u, @; po, 0o) = %F{H“’(u)ﬂ‘“)(ﬂo) [3— (3 — 8¢)3(u+ o) + pmol
— (1 = (1 — o) PHO W) HO () cos (¢ — o)

+ (1= w1 — ) H® () HD(us) cos 2p — g0)} —

©+ po

The characteristic functions in terms of which H® (u), H®(u) and
H®(u) are defined are respectively

3
¥ (0) =— (3 — u?),
() 16( u?)
3
YO (y) = 5w w),

3
Y®(p) = 33 (L~ )%
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And finally,
2(311)
T HO(4 312) — FO(= 31/3)

q

C. Scattering in accordance with the phase function N(1+x cos ©)
Law of diffuse reflection:

I(u, ¢; po, o)
1
= ZV{H(O)(M)H(O)(#O) [1 — c(u =+ mo) — 2(1 — Napo]

Mo
o )

The characteristic functions in terms of which H® (u) and H®(u) are
defined are respectively

+ (1 — W)L — g PEOE)H O (o) cos (o — o)}

1
TO(y) = —2—)\[1 + 2(1 — Nu?],

1
YO (y) = 7 aA(1 — ).

The constant ¢ depends in a somewhat complicated manner on the
characteristic roots defining H®(u) (cf. S. Chandrasekhar, Astro-
physical Journal vol. 103 (1946) p. 165, equation [108]).

D. Scattering in accordance with Rayleigh's law and allowing for
the polarization of the scattered radiation

Problem with constant net flux: the law of darkening in the two
states of polarization:

ILi(u) = %F(l — ¢A)12H (u),

3 1
Ir(:u) = EF'Z_‘”'Z' Hr(ﬂ)(}" + C)*

Problem of diffuse reflection: the scattering matrix:

3
I(u, ¢; o, 00) = — @S(u, ¢; so, vo)F
16u

where
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The characteristic functions in terms of which H;(u), H,(u), H® (u)
and H®(u) are defined are respectively

\I/ ......3 2) .
z(u)——4—(1—u).

3
VO(y) = -E 1 — w4+ 2uY);
3
1,00 = = (1 - ),

3
YOG = = (14

And finally, the constant ¢ is given by

L G DE(= 1) + B DE(HD)
H+ DE(= 1) = Hi(= DE(+ D)

23. Remarks on the tabulated solutions. The possibility of passage
to the ‘‘infinite approximation.” An examination of the solutions of
the various transfer problems given in the preceding section discloses
remarkable relationships between the laws of darkening of the emer-
gent radiation from a semi-infinite plane-parallel atmosphere with
constant net flux (and no incident radiation) and the laws of diffuse
reflection by the same atmosphere. The relationship is naturally the
simplest for the case of an isotropically scattering atmosphere and
can indeed be established directly from the equations of transfer.
However, in the other cases, the relationship is of a more complex
nature and has to be sought between the darkening function for the
problem with a constant net flux and the azimuth independent term
in the law of diffuse reflection. It is seen that both these functions
involve the same H-functions and the same constants.

While the relationship between the two problems has been estab-
lished only in a particular scheme of approximation, it is apparent
that the relationship itself must be an exact one since it is present in
every approximation and must consequently be also present in the
limit of infinite approximation when the solutions will become the ex-
act ones of the problem. A further result of this train of thought is
the realization that if we can solve the problem of diffuse reflection
exactly, we shall, at the same time, have also solved exactly the
axially symmetric problem with a constant net flux and no incident
radiation.
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Having thus been led to conceive the passage to the limit of infinite
approximation, we naturally ask ourselves: Can we in fact perform this
limiting process and thus obtain the exact solutions for the various prob-
lems? The answer to this question must clearly depend on our ability to
pass to the limit of the H-functions as we have defined them, as n— .
We shall now indicate how this limiting process can be achieved in
practice.

24. The equation satisfied by H(u). For the purposes of passing to
the limit of infinite approximations of the solutions of the various
transfer problems, we shall first establish the following basic theorem
relating to the H-functions.

THEOREM 1. Let W(u) be an even polynomial of degree 2m in u such
that
1 1
[ v s
0 2

Let p; (j= 1, - -+, +n) denote the division of the interval (—1, +1)
according to the zeros of the Legendre polynomial of order 2n (>m);
further, let a; (=a—;) denote the corresponding Gaussian weights.
Finally, let k., (=1, - - +, n) denote the distinct positive (or zero) roots
of the characteristic equation

oy Gw) o5 el
i 1+ kyj =1 1 — W

Then the function

n

1 H (v + m)
B() = ——— —=
M1 Fn H (1 + k“#)

Q=1

satisfies identically the equation

2 o H (i) ¥ (pg
Hp) =1+ pHW) Y, E__S'L).?_('L)_.
=1 ko

Proor. We shall first consider the case

(129) fo W) < —;— -
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In this case the characteristic equation admits » distinct nonvanish-
ing positive roots and we consider the function

% La
(130) SW =2 =+t

where L, (=1, - - -, ) are certain constants to be determined from
the equations

n La

(131) > ———41=0 G=1,--+,n),
==l 1 - ka"i

or equivalently

(132) S() =0 (i=1,.--,m).

By considerations of the type we are now familiar with, it can be
shown that

(— 1) H (b — w)

1.5 SR ) H(l—k“”‘)

(133)  S(u) = k1 kapr* + + pin

In other words,

(134) S) = k1- - kapr - pH(— p).

Since H(0) =1, we can rewrite equation (134) alternatively in the
form

(135) S(p) = S(0)H(— ),
where
(136) S(O)=iLa+1=k1---k,,p.l---;u,,.

Now, since ¥(u) is even in u, we can rewrite the equation which a
characteristic root satisfies in either of the forms

ai¥(u;)
asn = Zz 1+ kpj
or
(138) - ¥ ()

i 1 — kuj
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Let k, denote a particular characteristic root. Then, on account of
equations (137) and (138), which are satisfied by any of the character-
istic roots, we can clearly write

S0) = 2L +1

Pl

ot ]
139 = W (1
(139) Elkwkﬂ[;“’ (”){1+kau,+1—kﬂuf

ai¥(u;)
+ Z 14+ ka#i

Simplifying the quantity in brackets in the foregoing equation, we
have

n ;% (u;) a:i%(s))
(140)  S(0) = ﬁ{-‘; Ls [ ; 1+ kapp)(1 — kaﬂ:‘)] * 21: 14 kan;

or, inverting the order of the summation,

(141) 50) = X M[Z b 1]

14+ kapj Lg=1 1 — kguj
But the quantity in brackets in equation (141) is S(u;). Hence
aiS(ui)¥(us)
(142) sy =Yy X%
© ; 1+ kap;

In equation (142) (as in equations (137)—(141)) the summation is, of
course, extended over all values of j, positive and negative. However,
since S(4-p;) =0 (equation (132)), in equation (142) only the terms
with negative j make a nonzero contribution. We can, therefore, write

n S(— u)¥
(143) S(o)=2ﬁ(__’fi_(ﬁi (a=1,-++,n)
j=1 1- ka:ui
or, in view of equation (135),
n g Hu)
(144) 1= Z a;H ()% (1)
j=1 1 — kapj
Now, consider the function
n .H AL
(145) 1 — FZ aiH ()% (15) .
P
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According to equation (144), this vanishes for u=—1/k, (a=1,
-, n);for
(146) 1+—Y @)Y ) o W)¥Gs) _ o
ka J=1 (_ 1/ka) + M fual 1 — kal»‘;‘

Hence
(147) I G+ p) — 22 eiBQ)®@w) T (e + w)
je=1 jum1 ipg
also vanishes for
(148) p=—1/ka (@=1,---,mn).

But the expression (147) is a polynomial of degree # in u. It cannot,
therefore, differ from

(149) ﬁ (1 + Eap)

by more than a constant factor; and the constant of proportionality
is seen to be

(150) PRERY

from a comparison of the two functions at u=0. It therefore fol-
lows that

n

1+ ke
2 aH(p)¥(ug) }_-11( + ke) 1
(151) I_MZ—T=”"""" - -0
=1 BT My III (o + ) u
Hence

2 @i H(ui) ¥ (ug
(152) Hw) =1+ pHw) D, RECOMCOS
i=1 bt oy

This proves the theorem for the case (129).
Turning now to the case

1 1
(153) fo Vs =

we observe that, in this case, k=0 is a root of the characteristic equa-
tion, and we are left with only (z—1) positive roots. We, therefore,
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consider in this case the function

n—1 La
(154) S) = 22 + Lo —
am1 1 — kal’«
in place of equation (130). However, the constants L, and L,
(=1, - - -, n—1) are again to be determined by the conditions
(155) S(l-"i) =0 (i = 1: Tty ”)*

With this definition of S(x), equation (135) continues to be valid and
the rest of the proof follows on similar lines. The only essential point
of departure that needs to be noted is that, at the stage of the proof

corresponding to equation (140) and before inverting the order of the
summation, we must add the extra term

e ¥ (ui)u;
156 -
(156) Z 1T b,

to the right-hand side of the equation. We can do this without alter-
ing anything, since the quantity we thus add is zero; for

ai¥(uu; 1 1 }]
S e ()l — ——
1+ kops; ka[;“’ (”’){ 1+ Fops

- 1[1 -3 ———a’q’(”’)j] = 0.

ka i 1 + kal‘

(Note that we are permitted to set Y a;¥(u;) =1, since the Gauss sum
in the nth approximation evaluates the integrals exactly for all poly-

nomials of degree less than or equal to 4n—1; and we have assumed
2n>m.)

This completes the proof of the theorem.

(157)

25. The limit of H(u) as n— . The basic functional equation. The
theorem proved in §24 suggests how the limit of the H-function as
n— oo can be obtained. We shall state this in the form of a theorem.

THEOREM 2. The solution of the functional equation
Y H()¥ ()
26) = 1+ ) [ e,
0

where W (u) is an even polynomial satisfying the condition

1 1
f Y()dy £ —>
0 2
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is the limit function

n

IT (e + )

t=1

limit
75— 0 Myt

“ T+ k)

am=1
where the u;'s and the k.'s have the same meanings as in Theorem 1.

SKETCH OF PROOF. The theorem arises in the following way: It is
known that the integral of a bounded function over the interval
(0, 1) can be approximated by a Gauss sum with any desired degree
of accuracy by choosing a division of the interval according to the
zeros of a Legendre polynomial of a sufficiently high degree. The in-
tegral which occurs on the right-hand side of the functional equation

for H(u) can, therefore, be replaced by the Gauss sum

n @ H )W (i,
(158) aiH () ¥ (in5)
=1 Bt oug

to any desired accuracy by choosing a sufficiently large #. But by
Theorem 1, for a finite #, no matter how large, the unique solution of
the equation

(159) HG) = 1 + ul(n) S, S0
=1 Bt
is
1 ﬁ (/J' + Ni)
(160) i=1
gy

" LA + ka)

a=1
If we now let n— o, equation (159) becomes
Y H(W) (W)
—_—dy.
ket

The solution of this functional equation is, therefore, seen to be the
limit of the function (160) as n— .

It is realized that the sketch of the proof of Theorem 2 we have
just outlined does not meet the full demands of a rigorous mathe-
matical demonstration. It is, moreover, probable that precisely the

(161) Hu) =1+ HH(M)fo
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questions of uniqueness and existence which we have ignored will
cause the principal difficulties in the constructions of a rigorous math-
ematical proof. However, as the equation arises in a physical context,
and the physical situations are such as to leave no room for ambiguity,
it is hardly to be doubted that the theorem is true. Indeed, as we
shall presently show quite rigorously by an entirely different line of
argument, the exact solutions for the various transfer problems are
of the forms tabulated in §22 with the H-functions redefined in terms
of functional equations of the form (161) instead of in terms of the
Gaussian division and characteristic roots. Nevertheless, it may be of
interest to pursue further the purely mathematical questions raised
by Theorem 2.

26. A practical method of determining the exact H-functions as
solutions of the functional equations they satisfy. Assuming for the
present the indications of the preceding sections that the exact solu-
tions for the various transfer problems are of the forms found in our
method of solution and that the H-functions which occur in them
have to be redefined as solutions of functional equations of the form
(161), we may observe that Theorem 1 of §24 suggests a simple prac-
tical method for determining the exact H-functions numerically. For,
starting with an approximate solution for H(u) (in the third approxi-
mation, for example) we can determine the exact H-functions by a
process of iteration using for this purpose the functional equation
which it satisfies. In this manner the exact H-functions which occur
in the solutions of the various transfer problems involving isotropic
scattering with an albedo A =1, Rayleigh phase function and Ray-
leigh scattering (including the state of polarization of the scattered
radiation) have all been numerically evaluated. We have therefore
now available exact numerical solutions for the cases A, B, C (for
x=0) and D tabulated in §22.

27. The constants in the solution. It is to be noted that the de-
termination of the limit to which the H-functions which occur in the
solutions for the emergent (or diffusely reflected) radiation in the nth
approximation tend, as #n— «, still leaves open the question of the
exact limiting values of the constants which occur in these solutions.
It does not seem that any direct or simple limiting process can be
applied to the formulae which define them in the #th approximation.
Attention may be particularly drawn in this connection to the fact
that the formulae which define these constants (in the nth approxi-
mation) often involve the values of H-functions (now defined as ra-
tional functions in terms of the Gaussian division and the characteristic
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roots) outside the interval (0, 1) (sometimes even for complex values
of the argument!), whereas it would seem that in the limit of infinite
approximation H(u) has a meaning only in the interval (0, 1). (See,
for example, the definitions of the constants ¢ and ¢ under the head-
ings B and D in the tabulation of §22.) However, it appears that these
constants can be determined ¢ndirectly by appealing to certain other
identical relations which the problems must satisfy.

Thus, considering the transfer problems involving the Rayleigh
phase function, we have

3
(162) I(w) = 7 e O (u),

where H®(u) is defined as the solution of the functional equation
Y@ - wHHW) |
~——‘_—_',—'—~—_ d“ .
ktu

Now, as equation (162) gives the angular distribution of the emergent
radiation for the axially symmetric problem with constant net flux,
it follows that the outward flux of the emergent radiation must also
equal 7 F. In other words, we must have

3
(169 HOG = 1+ wHOW f

1 3
(164) F =2 [ 16uds = = Fes,
0
where a; denotes the first moment of H® (u). Hence,
(165) 2
q h 30[1

Thus, once the solution of equation (163) has been determined (by
iteration based on an approximate H(u) as suggested in §26) the con-
stant g can be determined directly in terms of its first moment. Since
g is the only constant which occurs in the solutions, they become de-
terminate in this fashion.

Similarly, in the transfer problems in which the polarization of the
scattered radiation in accordance with Rayleigh’s law has to be prop-
erly allowed for, the solutions again involve a constant ¢. It does not
seem possible to pass directly to the limit of infinite approximation in
the formula defining this constant in the nth approximation. But we
can determine it by appealing to the flux condition in the problem
with the constant net flux. Thus, with the solutions I;(x) and I,(u) for
the emergent radiations in the two states of polarization as given in
§22 (with the functions H;(u) and H,(u) now defined properly in
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terms of functional equations of the form (161)), we must have

1
F=2 [ 1) + 1,63 ud
(166) , ’ .
=7 F [(1 — )My + EU;(Az + CAl):I
where oy denotes the first moment of H;(u) and 4, and 4, are the

first and the second moments, respectively, of H,(u). Hence, we can
determine ¢ from the equation

4
(167) (201 = e)ihtes + Ay + cdy = — 211,

28. The functional equation for the problem of diffuse reflection.
The discussion in the preceding sections has shown how we can ob-
tain in practice the exact solutions for the angular distribution of the
emergent and the reflected radiations from a semi-infinite plane-
parallel atmosphere for a wide variety of scattering laws. From a
strictly mathematical point of view, the limiting process by which the
passage to the limit of infinite approximation was achieved may not
have been as rigorously justified as one might have wished. We shall,
therefore, now show how the exact solutions obtained in the manner
of the preceding sections (by redefining, for example, the H-functions
which occur in the solutions in the general nth approximation, in-
terms of functional equations of the form (161)) can be justified by
following an entirely different line of argument. The basic idea in the
development we are now going to describe is due to the Armenian
astrophysicist, V. A. Ambarzumian.

In the problem of diffuse reflection, we are interested in the solu-
tion of the relevant equations of transfer principally, only to the ex-
tent that we want to establish the law of diffuse reflection as specified
by the o(u, ¢; Mo, vo) which gives the intensity reflected in the direc-
tion (u, ¢) when a parallel beam of radiation of unit flux normal to
itself is incident on the atmosphere in the direction (—uo, ¢o). Now,
Ambarzumian starts with the almost trivial observation that the
intensity o(u, @; o, @o) must be invariant to the addition (or removal)
of layers of arbitrary optical thickness to (from) the atmosphere and
shows (and this is really the point of the observation) how this in-
variance can be used to derive a functional equation for the scaitering
Sfunction a(u, ¢; po, @o)u. Ambarzumian has explicitly derived the
form of this functional equation for the law of diffuse reflection
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from an atmosphere scattering radiation in accordance with a gen-
eral phase function, that is, the functional equation associated with
the equation of transfer (24). However, when one proceeds to solve
the resulting functional equation, one is soon led to simultaneous
systems of nonlinear, nonhomogeneous functional equations of such
a highly complex nature that one might almost despair of solv-
ing them! But, on examination, it soon appears that a knowledge of
the forms of the solution obtained by the method described in the
earlier parts of this lecture enables us, in all cases, to reduce the
Ambarzumian type of functional equations to equations of the fol-
lowing standard form

H(W)¥ (W) i
o wt+ '

and helps us, moreover, to confirm the results obtained by our method
of passage to the limit of infinite approximation.

(168) H(w) =1+ uH(u)

29. The functional equation for the scattering matrix. In this sec-
tion we shall derive, following Ambarzumian’s general ideas, the func-
tional equation for the scattering matrix Sintroduced in §11 (equation
(34)). This problem is, therefore, more advanced than the ones con-
ered by Ambarzumian; but it serves to illustrate the power of his idea.

To obtain the functional equation for S, we first rewrite the equa-
tion of transfer VII in the form

(169) b 1 ¢) — Bl ),
dr
where
3 +1 por
B(r, p, @) = R;Q . J(uy 05 — o'y )I(r, W', ¢")du'de’
(170)

3
+ R QJ(#: @5 Mo, <p0)Fe—1’/#o,

and express the intensity I(u, ¢; uo, ¢o) reflected in the direction (g, @),
where radiation with a net flux #F is incident in the direction
(— o, ©0), in the form

3
@171) I(u, ¢; po, @o) = 1—6—;93(#, @; o, o)F.

Now, consider a level at a depth dr below the boundary of the
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atmosphere at 7=0. At this level the radiation field present can be
decomposed into two parts: first, there is the reduced incident flux of
amount

(172) F (1 - ‘-Z)

and, second, there is a diffuse radiation field. The amount of this dif-
fuse radiation field which is directed inward can be inferred from
the equation of transfer: for, since at 7 =0 there is no inward intensity,
at the level dr, we must have an inward intensity

d
(173) Idr, — W, &) = BO, = i, ¢') —
"

in the direction (—pu', ¢’). Both of these radiation fields will be re-
flected by the atmosphere below dr by the same laws as those by
which the atmosphere below 7 =0 reflects. This invariance is due to the
Sact that the removal of a layer of arbitrary thickness from a semi-infinite
atmosphere cannot alter its reflecting power. This is Ambarzumian’s
basic idea. Accordingly, the reflection of the radiations (172) and
(173) by the atmosphere below dr will contribute to an outward in-
tensity, in the direction (u, ¢), the amount

3 dr
I(dr, p, ) = — (1 - —> QS(u, ¢; o, vo)F
16u Mo

(174)

16‘7I',U.dTQf f S(u, ¢; v, ¢")B(0, —u,¢)—d¢

On the other hand, from the equation of transfer, we conclude that

I(dr, u, ¢) = I(0, u, ¢) + [1(0, p ©) — B0, 1, ¢)]
(175) g

dr
1 + —) QS(M, ©;5 Mo, ¢0)F - B(Ov M, ﬁo)
16,u

Combining equations (174) and (175) and passing to the limit dr =0,
we have

3

1 1
Al (— + —) 0S(, ¢; oy eo)F = B(O, 1, )
16\ u

(176)

léer ffs(ﬂ,sou ¢")B(0, — u,¢)——d¢
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But, according to equations (170) and (171)

3
BOm o) = =0 [m, o 1oy )
177

o n A n” 17/ du,, /7
161rf J(u, 05 — 1, &NQS(W", ¢ o F.

Substituting for B(0, u, ¢) from the foregoing equation in equation
(176) and remembering that F can be an arbitrary vector, we find,
after some minor reductions, that

1 1
(—— + )S(M, @; ko, v0) = J(u, ©; Mo, ¢0)

2T d}.b”
16 f f J(“’ (e ’! ¢,’)QS(M/,1 ‘P”; Ko, ¢0) ”,, d(o”
s

’

du
(178) +-—f . S(u,so,ﬂ,so)QJ( Ky @' ko, o) - d¢’

9 1 2% 1 2r
+ f f f S, 030, NQI(—w\¢'s —u", )@
256m2J o Jo 0 0

’ n

s 124 /7, d"’ d / d“

X S, ¢ po, 90) — ¢’ —
K

"
m de".
This is the required functional equation for the scattering matrix.
Now, the matrix J (see equation (32)) has the property

(179) Jir(uy @3 wo, 00) = Jri(mo, 03 1y @0).

From this property of J for transposition, it follows from equation
(178) that S has also the same property:

(180) Sik(ﬂr @3 Mo,y 500) = Ski(ﬂoi @5 My ¢0)'

It can be verified that equation (180) is equivalent to Helmholiz'
principle of reciprocity for the problem under consideration.

30. The reduction of the functional equation for S. We shall now
indicate how the functional equation for S derived in the preceding
section can be solved.

From the form of the equation for S and the manner of its relation
to J, it is evident that in a Fourier analysis of the elements of S in
(¢ — o) we must have the same nonvanishing components as in the
corresponding elements of J. We may accordingly assume without
loss of generality that S has the form
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(°» — #)g s0d (o ivhwméi - (00— #)g ws (ort ivﬁw.mi —_
(0 — &) so0 (or )85 (o — ), (A — 1)

(0 — #)g ups (o ‘o) Figord — (06 — #)g s0 (o ‘) Bg

onf nf
( VAS

(0 — &vm urs ?1 ivm“%oi 4 Aas —_ svw S0J Aoa ivAwm‘ W —
(04 — @) ws (7 iv:v,n«:%a - C«:AN: - Dz -
Ael iv ﬁ%

(0)

(°» — &) uis (orf ‘)

(°¢ — ) 00 (orf ‘o)

(% — #)g uis (of ) Legrionl
88, (= DG = 1)z —
(0d—a)g 500 (o ‘rl) m«wméi -
eS| =

(181)
(06 — o)z 02 (ot ) ot +
MOMCER MG e A
O ) s

( ‘orf ‘b “)S
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where, as the notation indicates, S, and so on, are all functions of u
and uo only. From the property (180) of S for transposition, we now
conclude that

§¥
(182) S50 Gy 1) = Sk (o, ).

If we now substitute the form (181) for S in equation (178) and
equate the different Fourier components of the various elements, we
shall clearly obtain three systems of functional equations governing
the functions of the different orders, distinguished by their super-
scripts. Of these systems, the first, involving the zero-order functions
SQ, 59, SO and SY, is the most important and, at the same time,
the most difficult. We shall accordingly consider this system briefly.

First, we may write down the equations which are found for S{?,

SO, ;‘P, and SY. The equations are

(_ _.) S, w0)
S feel f S ) + 5801}

’”?2 (0)

(183) { (', o) + Sa (W, uo)]}

—|—2{1——# +-f —(1“# )Su(#,ﬂ)}

{l—uo-l-—f (M,HO)}

1 1
(—— + ) St (u, Ko)

M Mo

s

dy’ 2
(184) {1 + — fo : (7812 O, wo) + Sso (', no)]}

! dﬂ 12 ,(0)

(My IJ') + Sl2 (Ilw :U',)]}

+2{1_,L +_f —(1—# )Sﬁ)(u,ﬂ)}

3 rldy
X {—S—f st (', ﬂo)}
o
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1 1
("‘ + )S;g)(#, Ko)

B Ko
Y e 0

= {,uo + —f — [u"S11 (&', po) +Sz1 (W, ,uo)]}
(185) X {1 + = fo 1 (if' [S52 (u, 1) + St (u, w )]}
+2{1 —M0+—f —(1 —u )Su ',,uo)}
X {%fol% (e M’)};
(5 + =) 52 0

U

3 pltay o,
= {1 + §f il [u”S52 (&', o) + St (u, uo)]}
0 ll«

3 pray [ a0 ,
(186) X {1-1———f0 - (S (4, ) + Stz (u, o )]}
9 rtay
+—' T(l—M)Sn(IM u)

)(f — =4 )Slz (W' o).

An inspection of these equations shows what we have already seen
from the functional equation for S, that among these functions of
zero-order the relation (182) must hold in particular. In other words

(187) S52 (1, o) = Sia (s, ); siﬂ’(;», po) = Sat (o, 1);
0
Séz)(ﬁ, Mo) = 522 (Mo, M.

In view of these relations, it follows from equations (183)—(186) that
we can express the functions S, S, S and S9 in the forms

1 0
(188) (7 +- )sil’o», ) = VW) + 26(0)9 o),

1 1 0
(189) (7 + m) Sy ) = W0 x(uo) + 26()¢ (o),
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(190) (-i— + : )s;‘i’ (o 10) = P0)x () + 20Gu0)E (1),

and

(191) (% + —Nl—) S 1) = x(x (o) + 2008 o),

where

3 play
(19 v =+ f : 2SOy ) 4+ S )],
0

3 1 du
(193) ¢<M>=1—;f+— =1 - s ),

o M
199  x(w) =1+~ f LS G ) + S8 G )],

and

3 pray ,
(195)  t(w) = -—f —y,— (1 = w0 (s )
8Jo u

Substituting for S, and so on, from equations (188)—(191) back into
equations (192)—(195) we obtain the functional equations for the
problem in their normal forms. We have

3 Lodu
006 = i+ ) [ 2 ) 4 x6)]

(196)
+ Rray (W2 () + ¢(w) ],
3 LI 174
#) = 1=t + — wh() f L1 — W)
o Mt u
(197)
+ —3~n¢(ﬂ) f g (1 — wHeu)
4 oty '
3 Lodw
x(w) = 14 — ux(s) f ’ = [ () + x()]
(198) 8 o Bt u

3 vody ’9 , ’
+Z“‘(“)L —— [0 + 6],
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_ 3 ! ' 19 ’
) = —wx() f — (1= W)

—M@f

31. The solution of the functional equations (196)—(199). Equa-
tions (196)—(199) represent a nonlinear, nonhomogeneous system of
four simultaneous functional equations which one might despair of
even attempting to solve. However, with the guidance provided by
the form of the solution obtained in our general nth approximation,
it is possible to reduce the solution of equations (196)—(199) to two
simple functional equations, each of form (168). Thus, it can be veri-
fied by direct substitution that the solution of the system of equations
(196)—(199) is given by

(199)

(1 = wHeW).

(200) () = (21 — ) 2%uH(u),
(201) o) = Hi(w)(1 — cu),
(202) x(u) = H(u)(1 + cp),
and

— r2\1/2
(203) () = LT 21,2) WHL(W),

where H;(u) and H,(u) are defined in terms of the functional equations

(204) Hy(p) =1+ -—uH 1(w) f i) (1 — Wy
and
(205) H(p) =1+ ——uH ™) j; r(ﬂ) (1 — p'?d,

and ¢ is a constant related in a determinate way with the moments
of Hy(u) and H,(u). We find

_ 8(A1 il a1) + 3(26{10{0 el A1Aq)
3(4? + 2a?) ’

(206)

where a9, 4o and ay, A; are the moments of order zero and one of
Hy(u) and H,(u), respectively.

With ¢(u), ¢(u), and so on, defined as in equations (200)—(203) we
can verify that the solutions for S, and so on, are in entire agree-
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ment with our earlier results obtained by passing to the limit of infi-
nite approximation.

32. The completion of the solution for S. The discussion of the
other two systems for the functions of order one and two turns out
to be very simple, as it appears that all the functions S® are equal
to each other and similarly all the functions S® are equal to each
other. Therefore, writing

)

(207) Si,i(uy po) = Sm(u, Ko),
and
(208) Sy 1) = S (uy o),

it is found that the equations governing S® and S® are

(24 L) 506

I

3 pldy
(209) - {1 + 2 [T i+ s, Mo)}
0 M

3 rldd
x{k+—f'_rﬂ—u%u+2wmw%”%’
8Jo u
and

1 1 3 1 du!
(—— + ——) SO (u, o) = {1 + —f — (1 + w52, uo)}
B Mo 160 p
(210)

3 p,ldy
x {1+ [T+ wseeint .
16J0 w

From these equations it follows that the functions S®(u, pe) and
S@(u, wo) are symmetrical in the variables u and po and that they are
expressible in the forms

1 1

211) (— + —) SO, ) = HO ) HO (),
14 Mo

and

(212) (—i— + —:-) SO, p) = HO)HD ()
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where H™ (u) and H® (u) are solutions of the functional equations

mw>

@13) H®@) =1+ —un(ﬂ) f L (1= W+ 2,

and

ww>

@) 106 = 1+ w6 [P ey

With this, the solution of the functional equation for S is completed
and it will be observed that the solution for S which we have now
obtained is of exactly the same form as that given in §22 (under D)
with the only difference that the H-functions which appear in the
solution are now defined in terms of the exact functional equations
which they satisfy; further, the constant ¢ is shown to be related in a
definite way with the moments of H;(u) and H,(u).

33. A class of functional equations and their solution. The solution
of the functional equations for the problem of diffuse reflection for
laws of scattering, other than the one we have described, can be car-
ried out in an analogous manner. It is not our intention to go into the
details of the solution of these other cases here, but it may be of some
mathematical interest to see the type of functional equations which
these problems lead us to consider.

The problem of diffuse reflection in accordance with Rayleigh's
phase function leads to the {ollowing simultaneous pair of functional
equations:

Y(u) =3 — p?+ —,uxl/(u)f Vi) (3 — Wy
(213) ¢( ’)
In

— 3 —_— 19 d ’

+ zmb(u)fo ”_I_M,( w2 du
and

am—w+—wwf W”'w'

(216)

¢(u’)
+ — f "2du.
5 uq&(n) . 7 #,u W

Again, guided by the form of the solution obtained by the direct
solution of the equation of transfer (see the tabulation in §22, under
B), we are led to surmise that the solutions of equations (215) and
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(216) must be of the forms

(217) V() = HOW)(3 — cu)
and

(218) ¢(u) = quH® (),

where H®(u) satisfies the functional equation

1 HW)

19) HO@) =1+ —-uH“’)(u) f 2 (3 — whaw,

and ¢ and ¢ are two constants related in the manner
(220) 8¢ =3 — ¢

Direct substitution confirms that the solutions of equations (215) and
(216) are indeed of the forms surmised and shows further that, in
agreement with equation (165),

2
(221) g=—

3061
where a; is the first moment of H® (u).
Similarly, the problem of diffuse reflection in accordance with the

phase function A(14x cos 0) leads to the following pair of functional
equations:

1 e
Y(w) = 14 — \ad(u) f LAY
2 0okt u
(222) 1 oo
M 7
- —z-xkuqb(u) fo T ay’,
and
1 Ly
86 = 1 = W) ":‘_‘) Wt
(223) . oK (:/ )
790)\#11’(#)[ ¢ way'.

And, it is found by direct verification that the solution of these equa-
tions can be expressed in the form

(224) Y(p) = HOW)(1 — cu),

and
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(225) o(w) = quH® (1),

where H®(u) now satisfies the functional equation

HO®)

(226) HOG) = 1+—qu<°><;»> f 2 [1+ a(l — Nu2)du

and g and ¢ are two constants related in the manner

(227) xg? = ¢?+ x(1 — N),

and given explicitly by the formulae

(228) qg= u and ¢ = aA(1 — A) ———
2 — Nao 2 - )\ao

a and a; being the moments of order zero and one of H©® (u).

34. Some general remarks. In some ways it is remarkable that sys-
tems of functional equations as complex in appearance as equations
(196)—(199), (215)—(216) and (222)—(223) are should be capable of be-
ing reduced to single functional equations of the form (168). There
must clearly be something in the structure of these equations which
makes this reduction possible. But, as to what it precisely is, is at
present shrouded in mystery!

35. Some integral properties of the functions H(u). The discussion
in the preceding sections has disclosed the important role which func-
tional equations of the form

(229) HG) = 1 + H W) f

‘I’(#’)d/»

play in the theory of radiative transfer. The investigation of the prop-
erties of these equations is, therefore, a matter of considerable inter-
est. Of course, from the practical standpoint of solving such equations
numerically, the most important property is that derived from Theo-
rem 1 (§24), namely, that when we replace the integral on the right-
hand side by a Gauss sum, the solution can be explicitly written down
as a rational function involving the points of the Gaussian division
and the roots of the associated characteristic equation

nai¥(uj)
230 1=2 —_—
(230) E 1 — k%

However, in addition to this property, there are a number of integral
theorems (of an essentially elementary kind) which can be proved for
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functions satisfying equations of the form (229). We shall give two
examples.
THEOREM 3. [GH(u)¥(u)du=1—[1—2[3¥(u)du]V2.

Proor. Multiplying the equation satisfied by H(u) by ¥(u) and
integrating over the range of u, we have

j; 1 H(u)¥(u)dp

(231)

! ! ! # ’ ! !
- f ()i + f f A () B ()Y (W) dudu.

p+

Interchanging u and u’ in the double integral in equation (231) and
taking the average of the two equations, we obtain

j; 1 H(u) ¥ (u)dp

(232) 1 1 p1
- f ‘I’(M)dn+-;— f f HO)¥ () H )Y () duda!

or, alternatively,

(233) —;—[ [ Hevei] - [ awewa + [ vwa-o

Solving this equation for the integral in question, we have

wy [ CHGWWds = 1+ [i-2f lwoodu]m.

The ambiguity in the sign in equation (234) can be removed by the
consideration that the integral on the left-hand side must uniformly
converge to zero when ¥(u) tends to zero uniformly in the interval
(0, 1). This requires us to choose the negative sign in equation (234)
and the result stated follows.

COROLLARY. 4 necessary and sufficient condition that H(u) be real is
1 1
f Y(u)dp < — -
° 2
This is, of course, an immediate consequence of the theorem.

The physical meaning of the limitation on ¥(u) implied by this
corollary is interesting: it is really equivalent to the condition that,
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on each scattering, more radiation should not be emitted than was
incident; further, the equality sign is admissible only in the case of
perfect scattering in the sense of equation (11).

THEOREM 4. [1—2[0¥(w)du]"2[eH () ¥ (w)u*du-+ [[H (u) ¥ (w)udu]?/2
= [o¥ (u)udp.

Proor. To prove this theorem, we multiply the equation defining
H(p) by ¥(u)u? and integrate over the range of u. We find

f H ()% () u2dp

1 1 v H(DH (W ’
S

= fo 1‘I’(/u)u’dM
+ _;_ fo ! fo U H(u) H(w') () ¥ (s

T (u® + w'®)dudy’
(235) pra

= fo W (u) p?du

1 1 1
+ PY fo fo H(u)H) T ()W) (u? — p’ + ') dudy’

- [ wewa + [ [ rwvewa]] [ a6l
- —;—[ﬁlﬂ(u)‘l’(ﬂ)ndn]z-

Using Theorem 3 we obtain, after some minor reductions,

[1 - Zﬁl‘l’(n)dﬂ]mﬁlH(u)‘l'(#)u’d#

-+ -21—[ fo lH (#)‘I'(M)uduT = fo I‘I’(M)#’dﬂr

(236)

which is the required result.

COROLLARY. For the case of a perfectly scattering atmosphere when

I} 01 V(s = 1/2,
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we have the further integral

folﬂ(u)‘l’(ﬂ)udﬂ = [ 2f01 ‘I’(M)Mzdﬂ:l”2-

The corollary we have just stated generalizes a classical result of
Hopf and Bronstein for the case of an isotropically scattering atmos-
phere. For, in this latter case

(237 ¥(u) = constant = 1/2,
and, according to Theorem 3 and the corollary of Theorem 4, we have
(238) [ aGan =2,
1 0 2
(239) j; H(p)udp = prrh
Hence

" RO

(240) :
4 fo H(u)udp

This is the Hopf-Bronstein relation. It, therefore, follows that for all
cases of perfect scattering we have an integral of the Hopf-Bronstein
type which is essentially that given by the corollary of Theorem 4.

36. The equation of transfer in spherical atmospheres, and its re-
duction for the case xpar—". So far we have restricted ourselves to
transfer problems in plane parallel atmospheres. We shall now briefly
indicate how the methods we have described can be extended to treat
transfer problems in spherically symmetric atmospheres. In such
cases, the intensity in the radiation field will be a function of the dis-
tance 7 from the center of symmetry and the angle ¢ measured from
the positive direction of the radius vector; and the equation of trans-
fer will take the form

aI 1 — p?2or

(241) .u5;+ " a=—l<p(f—3‘),

where y=cos ¢ and & denotes, as usual, the source function.
In outlining the manner in which equations of transfer of the form
(241) can be solved, we shall restrict ourselves to an isotropically



19471 TRANSFER OF RADIATION IN STELLAR ATMOSPHERES 695

scattering atmosphere. In this case equation (241) becomes

oI 1 — u?orl 1 +H
(242) n—+ — = —pl +—xp I(r, w')dy'.
or r ou 2 -1

According to the ideas developed in the earlier parts of this lec-
ture, we shall replace the integral which occurs on the right-hand side
of equation (242) by a sum according to Gauss’s formula for numeri-

cal quadratures, and reduce the integrodifferential equation to the
system

2

al; 1 — p;/oI 1

(243) pi— + (——) = —xpli +—xp 2, a;l;
dr r G]TY A—y 2

G=+1,--+, +n)

of 27 ordinary linear equations in the nth approximation. It is at once
seen that our present system of equations differs, in an essential way,
from those which we have considered so far: equation (243) now in-
volves (01/0u) u=y; and, before we can proceed any further, we must
know the values which we are to assign to dI/du at the points of the
Gaussian division in our present scheme of approximation. At first
sight it might be supposed that the assignment of values to dI/du at
p=p;, t==+1, - -« +n, is largely arbitrary, particularly when # is
small. However, on consideration, it appears that this assignment can
be done in a satisfactory manner in only one way and, indeed, ac-
cording to the following device:
Define the polynomials Q..(x) according to the formula

dQm

(244) P(u) = — i

(m=1,---,2n),

and adjust the constant of integration in Qm by requiring that
(245) Qn=0 for | u| = 1.

This can always be accomplished, since, when m is odd, Q. is even
and when m is even the indefinite integral of P,(u) already contains
(1 —pu?) as a factor. The first few polynomials Q.(x) are given below:

m Pr(p) Qm(w) Qm(u)
1 1 —u?)/2 1/2

2 @Bue-1/2 (1l —p?)/2 u/2

3 (S5ur—3u)/2 1/8(5u2 — 1)(1 — p¥) 1/8(5p% — 1)
4 1/8(35u* — 3042 +3) 1/8u(Tu? —3)(1 — 4?) 1/8u(7u® — 3)
5

1/8(63u5 — T0p3 + 151) 1/16(21pt — 142+ 1)(1 — p?)  1/16(21p% — 1482 + 1)



696 S. CHANDRASEKHAR [July

Now, by an integration by parts, we arrive at the identity

+1 oI +_ 40, +1
(246) Qm(w) —dp = — I——dp= IPy(p)dp.
-1 ou -1 du 1
Expressing the first and the last integrals in equation (246) as sums
according to Gauss’s formula, we have, in the nth approximation,

aI

@n 3 m%@)( -

) = > ail ;P pn(ui) m=1,---,2n).

Equation (247) provides us with exactly the right number of equa-
tions to express (81/0u) y—y; (= %1, - - -, £+ 1) as linear combinations
of I;. Essentially what equation (247) allows is to determine in a
“best possible way” the derivatives of a function in terms of its values
at the points of the Gaussian division. This problem has apparently
not been considered before.

Returning to equation (243) we now observe that this equation, to-
gether with equation (246), provides the required reduction of the
equation of transfer (242) to an equivalent system of linear equations.

For purposes of practical solution it appears most convenient to
combine equations (243) and (247) in the following manner.

Since we have arranged Qm(u) to be divisible by (1—u?), we can
clearly write

(248) Om(m) = Qum(w)(1 — p?).

The first few of the polynomials Q.(u) are listed in the preceding
tabulation.

Now, multiply equation (243) by a:;Qm(u;) and sum over all 7's.
We obtain

d 1 2 aI
E Z @i m(ua) [ + 7 Z ai(1 — pi) Qm(us) (a)“ﬂ‘
(249) .
= — KPZ @i Qm(u)1; + —2- KP(Z a:l;) [Z 3 Qm(pi) ]

(m:l’...’zn).
But, according to equations (247) and (248)
aI ol
St =)o) (=) = T egue) (5)
CTTY A—y LTy gp—

250
(250) = > aiPn(u)l.
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Equation (249), therefore, reduces to

d 1
= > aipiQm(u) I + - > aiPu(ui)l;
(251) .
= —kp 2 6:Qmu)l: + - p(2 a:l) [ 2 a:Qm(us)]

m=1,---,2n).

This is the required system of linear equations in the n#th approxima-
tion.

Equation (251) for the case m =1 admits of immediate integration.
For, when m=1
(252) Py(p) = p and (W) = 1/2,

and equation (251) yields

1d 1
(253) —— > apdi+— D apdi =0
2 dr r
or
1 F
(254) > el =— —,
2 r?

where Fy is a constant. This is the equivalent, in our approximation,
of the flux integral

(255) F=2 Tudu = 7

which the equation of transfer (242) admits directly.

Again, since Qun(u) is odd when m is even, equation (251) reduces
for even values of m to the form

d

1
(os6) 7 = OmRnlTit - D aPa(uli = = w2 aln()]:

(m=24,---,2n).

For m =2n, the foregoing equation further simplifies to
d
(257) = 2 aniQen(u) i = — kp 2, a:Qan(pi)1s.

Finally, we may note the explicit forms of the equations in the sec-
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ond approximation. They are

1 F
Zasmfi = Y __‘{’

r?

d 1
o > daﬂfli + - > 66(3111 — DI = — xp ), aupls,
d 2 4 2
(258) =~ 2 api(Sui — DI + — 2 aini(Su — 3) I
5 2
= — _é— sz a.'(3p.' - 1)I,‘,

d
= > aeuf(7uz — 3= —xpy, asm(7,u§ — 3)I..

From the point of view of astrophysical applications, greatest inter-

est is attached to the case when kp varies as some inverse of power.
And when

constant
(259) kp = ————— (n>1),
'”
the equations of the second approximation (258) can be solved ex-
plicitly and the various physical quantities expressed as integrals over

the Bessel functions, I, and K,, of purely imaginary argument, and
of order

n-+35
y D e——
2(n — 1)
It does not, however, seem that the passage to the limit of infinite ap-

proximation can be achieved as simply as in the case of transfer prob-
lems in plane parallel atmospheres.

(260)

37. The equation of transfer in a differentially moving atmosphere.
The influence of Doppler effect. Finally, we shall turn to a class of
transfer problems which is of an altogether different character from
the ones we have considered so far. The problems in question arise in
connection with the study of the transfer of radiation in atmospheres
in which the different parts are in relative motion. To be specific, con-
sider a plane-parallel atmosphere in which the material at height 2
has a velocity w(z,) with respect to a stationary observer. The novelty
of the situation arises on account of Doppler effect which makes the
radiation scattered in different directions have different frequencies
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as judged by a stationary observer. Consequently, the radiation field
in the different frequencies will interact with each other in a manner
which is not always easy to visualize. However, in the astrophysical
contexts, two circumstances simplify the problem. First, the veloci-
ties which are involved are small compared to the velocity of light, c,
and second, the only effects of consequence are those which arise from
the sensitive dependence of the scattering coefficient ¢(») on fre-
quency. This last circumstance, in particular, allows us to ignore all
effects such as aberration and so on, and concentrate only on the
effects arising from the change of frequency on scattering. Under these
conditions, the equation of transfer can be shown to take the form

HM = — a(v - Vo%#){f(v, 2, u)

poz
1 o+ w w
- — I\v—vo—p+rvo—p,z,u)dy,
2J_, c c

where ¢ denotes the frequency of the “center of the line.”

With suitable simplifying assumptions concerning o(») and w(z),
the discussion of the equation of transfer (261), in the first approxima-
tion in our scheme of replacing integrals by Gauss sums, leads to a
variety of novel types of boundary value problems in hyperbolic
equations. It may be of some interest to specify the nature of these
boundary value problems and indicate the methods which have been
developed for their solution.

38. A new class of boundary value problems in hyperbolic equa-
tions. As related to the equation

2 2
(262) 07 _ %

o oy 170

(261)

the boundary value problems which are of most frequent occurrence
are of the following general type:

The value of f and its derivatives are assigned for
(263) y=0 and 0= x =/,

that is, along 4B in Fig. 2. Along AD (x=0 and 0=y=</) and BC
(x=h, 0=y=<1l), we are further given that

(264) (g—i ) - (%)z_o-l‘ 60)  O=ysh),

(265) J ) = ¥(y) O=y=s1h)
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where ¢(y) and Y¥(y) are two known functions. The problem is to
solve equation (1) in the rectangular strip 4 BCD satisfying the stated
boundary conditions. For the particular boundary value problems
which occur in the astrophysical contexts, the following “systematic
method” of solution has been found convenient.

D C
OH
A/I BII
O(xy, 31)
Ol
F D
B' A’
R P £ P
(0]
G ( \B
A
4 ¢ S B
Fic. 2. Fia. 3.

Let the characteristics x=v and /;—x =1y through 4 and B inter-
sect BC and AD at A’ and B’, respectively. Further, let A4’ and
BB’ intersect at O. First, since the function and its derivatives are
known along 4B, we can find the solution inside and on the sides of
the triangle O4 B directly by Riemann'’s well known method. Next we
use the requirement that the solution be unambiguously defined along
AO and OB together with the boundary conditions specified along
AD and BC to determine f along 4B’ and 9f/dx along BA' as solu-
tions of certain integral equations of Volterra’'s type. With the knowl-
edge of the function and its derivatives thus completed along the part
B’ABA’ of the “supporting curve” ABCD, the solution inside the
entire region O’B’ABA’ becomes determinate by Riemann’s method.
In particular, the function and its derivatives along B’A’ can be
found and the continuation of the solution in the second square
B’A’B’’A"" follows along similar lines.
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While the method outlined above shows how solutions satisfying
the given boundary conditions can be found in principle, it suffers
from the disadvantage that the method of solution depends on solving
a succession of Volterra integral equations; and, unless the boundary
conditions specified along DA BC are specially simple, we should not
expect to go very far in the explicit carrying out of the solution by this
method. It would, therefore, be useful if an alternative method of
solution can be devised which will eliminate the need of solving in-
tegral equations and reduce the practical problem to one involving
(at most!) only quadratures. It is remarkable that this can actually
be accomplished by constructing suitable Green's functions and ap-
plying Green’s theorem to contours, such as R4S and PQB.

39. The Green’s functions C(x, y; x1, y1) and I'(x, v; %1, y1). It is
found that Green's functions which are appropriate for the solution of
the boundary value problems of the type formulated in §38 are
C(x, v; x1, y1) and T'(x, v; x1, 1), defined as follows:

C(x, ¥; x1, %) is a solution of the hyperbolic equation (262) which
satisfies the boundary conditions

(266) C(x1, y; 21, 1) = 1 (y = )
and
(267) C(x, 1+ y1— 2 %1, y1) =1 (x = x)).

In other words, if O represents the point (xi1, ¥1), OB the characteristic
%+y=x1+v through O and O4 the line through O parallel to the
y-axis, then the boundary conditions require that C take the value 1
along both 04 and OB (see Fig. 3). A solution satisfying these bound-
ary conditions can be found explicitly. It is given by

1 x
(268)C(x’ Y; %1, ¥1) = cos (¥ — 1) + > (x — x;)fo Jo([% — 1] sin®)
X Iiy(y1 — v — [« — x1] cos ®) sin 9d9,

where Jy denotes the Bessel function of order zero and Ii(2) the
“Bessel integral”

(269) Tiy(s) = f ‘I‘t(t) dt.

(11(2) denotes the Bessel function of order 1 for a purely imaginary
argument.)

The second function, I'(x, ¥; %1, ¥1), is defined in terms of
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C(x, y; %1, 1) according to the formula

aC aC
(270) T(x, y; %1, y1) = — — — -
dox dy
dF ar
= oo
dx dy
G :7 C
o a ]
o8 o
. : I
g ~
k‘+,. S +
dF dF $1% 21 gl
——+ta—-—=0 % B f=e
dx dy ) g | )
:‘\ )
SER-TEL
[
|
d
F ! gy
\E A9 B
=1
Continuity Conditions:
e~Yf = evlaF
e—u(‘_i.j: — f’_f) = evla Ef.. +a f_F_
dx dy dr dy
Fic. 4.

40. Some further boundary problems. The boundary value prob-
lem formulated in §38 does not exhaust the type of problems which
occur in theory of radiative transfer in moving atmospheres. How-
ever, no progress has so far been made in the solution of these other
problems. It may, therefore, be of particular interest to describe here
the nature of these more complex boundary value problems.

A typical problem is to solve (see Fig. 4)

(271) A S S )
—_— — af — = a = constant
dx? 9y? ’

for F in the rectangular strip FEDG (0SxSx3, 0Sy<y)), and
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(272) 2 ir=q,

for f in the rectangular strip EBCD (x2<x <x;, 0=y =<y,) satisfying
the following boundary conditions:

Along FG (x=0, 0=y=v) and GD (y=91, 0=x =x;,) relations of
the form

oF oF

273) (—— + a——) = 6(y) 0<y=9)
ax ay 2-0

and
oF oF

(274) (—— + oY -y O<z<m)
d9x 9y /y=n

are specified where ¢(y) and ¥(x) are two known functions. Along
EB (y=0, x=x=x;) and BC (x=x1, 0=y=y,) fis given, while along
the part AB (x* =x(1+a) Sx =x;, y=0) of the x-axis, the derivative
df/dy is also given. And, finally, along ED (x=x,, 0<y=<4y,) certain
“continuity conditions” of the type

(275) (%2, 3) = Q(0)F (22, ¥) O=y=y)
and

o 9 oF  oF
(276) (5; - )= 0w (3;+ wr)  Osysw

are specified, where Q(y) is a known function.

It would be of considerable interest to know how such boundary
value problems can be solved. (In Fig. 4 the particular boundary con-
ditions which occur in a specific problem are indicated.)

41. Concluding remarks. In concluding, I may recall what I said
at the beginning, namely, that the advance of a branch of theoretical
physics often leads to the creation of a new mathematical discipline.
I think it may be conversely said, with almost equal truth, that the
creation of a new mathematical discipline is often the sign that the
particular branch of theoretical physics has reached maturity. I hope
I have given you the impression that theoretical astrophysics has
now come of age.

Since the lecture was given in December, the mathematical theory
of radiative transfer has advanced along several directions and in this
Addendum we shall briefly summarize the results of these newer in-
vestigations. The particular sections of the lecture to which these
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advances refer are indicated by the numbering of the paragraphs
which follow; however, §42 breaks new ground not covered by the
lecture.

11a. Elliptically polarized radiation field. In §11 we outlined how
the equations of transfer for a partially plane-polarized radiation
field can be formulated and gave the explicit form of these equations
for the particular case of Rayleigh scattering. It is not difficult to
extend this discussion to include the case of a general elliptic polari-
zation of the radiation field. In this latter case, we must consider, in
addition to the intensities I; and I, in two directions at right angles
to each other in the plane of the electric and the magnetic vectors,
the two further quantities

21 U=({;—1) tan2x and V = (I; — I,) tan 28 sec 2x

where x denotes the inclination of the plane of polarization to the
direction to which ] refers and —w/2=<B8=-4w/2 is an angle the
tangent of which is equal to the ratio of axes of the ellipse character-
izing the state of polarization. (The sign of 8 depends on whether the
polarization is right-handed (+4) or left-handed (—).) And the rule of
composition (due to Stokes) is that a mixture of several independent
streams of polarized light is characterized by values of the param-
eters Iy, I,, Uand V which are the sums of the respective parameters
of the individual streams. With this rule of composition, the equations
of transfer for I;, I,, U and V can be formulated in terms of the basic
laws of single scattering.

For the case of Rayleigh scattering, it is found that the equations
of transfer for I, I, and U are of exactly the same forms as when,
only, plane polarization is contemplated; that is, in the case of
Rayleigh scattering, the equations are reducible. Moreover, it is found
that for Rayleigh scattering, V is simply scattered in accordance
with a phase function 3/2 cos @; and the exact solution of the equa-
tion for V therefore presents no difficulty.

23a. The functional equation relating the law of darkening and the
scattering function for semi-infinite plane-parallel atmospheres. In
§23 we have remarked on the remarkable relationships between the
angular distributions of the emergent radiation in the problem with a
constant net flux and the law of diffuse reflection. It has since been
possible to trace the origin of these relationships: they arise simply in
consequence of the invariance of the emergent radiation I(0, u) (in
the problem with a constant net flux) to the addition (or removal) of
layers of arbitrary thickness to (or from) the atmosphere. The mathe-



1947] TRANSFER OF RADIATION IN STELLAR ATMOSPHERES 705

matical expression of this invariance is that the outward radiation
I(r, +u) (0<u<1) at any level 7 differs from the emergent radiation
I(0, u) only on account of the fact that at 7 there is an inward directed
radiation field specified by I(r, —p’) (0<u’<1) which will be re-
flected by the atmosphere below 7 by the law of diffuse reflection of a
semi-infinite atmosphere. In other words, we must have

1 1
(@189 T+ ) = 10,) + - f SO, W)I(r, — W),
MY 0

where

1 pt
(279) SO, p) = — f Sy, ¢; W', ¢')dg’
2w o

is the azimuth independent term in the scattering function S(u, ¢;
', ") (cf. equation (26)).

Differentiating equation (278) with respect to 7 and passing to the
limit 7=0, we obtain

On the other hand, from the equation of transfer

ar

(281) B = I(r, ) — B(r, w)

where B(r, u) is the source function appropriate for the problem
(see equations I, IT and VI) we conclude that

aI(r, 1
(282) [_—(Td':—l:—'uz] 0= "; [I(07 M) - B(O’ M)]v
and
dI(r, — u' 1
(283) [——(d%l] == BO, = ).

Now combining equations (280), (282) and (283), we obtain
1 1 ay’
(39 10,0 = BO.W + o [ 596150, - ) )
0 7
which is a functional equation relating I(0, u) and S©(u, u’); it can
be shown that it is precisely in consequence of this equation that the
relationship between I(0, p) and S©®(u, u’) noticed in §23 arises.
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35a. Representation of H(u) as a complex integral. According to
equations (102) and (110)
kid a; 1
285) 1- =
( ?Z; 1—4i/2* HEH(- 32)

where H(z) is defined as usual in terms of the roots of the character-
istic equation (see equation (49))

(286) 1=3 %

=1 1 — ,uj,k’ ‘
The arguments leading to equation (285) (§20) are seen to be suffi-
ciently general to establish the identity
o ¥(pi) 1
=1 1 —ui/z* H()H(— 32)
IIa - £z

TTa-#

(287)

where H(z) is now defined as in equation (126) in terms of the roots
of the characteristic equation

rai¥(p;)
288 1=2 —_—
(288) E 1— k2

and ¥(u) has the same meaning as in equation (127).
Now let

1 o
(289) G(x) = — log T'(2)
211 e 22 — %2

xdz

’

where

n : ; J.I (1 - kiz2)
(290) T@) = 1— 223 S0

ot —d JT =2/
7

It is seen that defined in this manner G(x) is regular for R(x) >0.
By evaluating the residue at the pole on the right

1 ¥ 2 xdz 1 x
(291) —f log{ 1+ —) = — —log (1 + —-),
271 i a/ 22— x? 2 a
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if R(x)>0 and R(a)>0. Similarly, by evaluating the residue at the
pole on the left, we have

(202) 1 ‘°°1 (1 z) xdz 1 ) <1+ x>
— o -_—— )= - — — ).
2wt J i & a/ 22— x? 2 8 a

Hence,

x

(293) ——. log (1 - ——) = — log (1 + ——)

i 2% — x? a

Accordingly

1 i xdg
G(x) = — {Zlog(l—kaz)—z:log(l————>}
271 i =1 u3/) 2% — x?

(294)

= — Zlog(1+xka) +Zlog<1+ )
a=1 j=1
= log H(2).

We have thus shown that

(295) log H(x) = —f log T(z)

—io0 x

From the representation (295) of the H-function as a complex
integral, it would appear that the solution of the functional equation

H(y')

(296) HG) = 1+ wH) f G

has the representation (cf. Theorem 2, §25)

(297) log H(u) = ———f log T(z)

—100

where, now (see equation (290)),

1 (u)du
zZ —_ M2 )

(298) T(z) = 1 — 2z f
0

Our arguments do not of course establish rigorously the represen-
tation (297) of the solution of equation (296). However, Professor
E. C. Titchmarsh, with whom I have corresponded, has kindly com-
municated to me a rigorous demonstration of the representation
(297) by one of his colleagues, Mr. M. M. Crum.
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42. The theory of radiative transfer in atmospheres of finite opti-
cal thicknesses. In the lecture attention was directed almost exclu-
sively to transfer problems in semi-infinite plane-parallel atmos-
pheres. The extension of this theory to the study of the transfer of
radiation in plane-parallel atmospheres of finite optical thicknesses
raises problems of a higher order of difficulties; these difficulties arise
principally from the circumstance that boundary conditions have to
be explicitly satisfied on both sides of the atmosphere. Thus, if we
consider an atmosphere of optical thickness 7, (< «), we are inter-
ested, for example, in solutions of the equations of transfer I-VII
which satisfy the boundary conditions

(299) 10, — u) = 0 ©<u<1),
and
(300) I(ry, + 1) =0 O0O<p<).

However, in analogy with the theory of semi-infinite atmospheres,
we may expect that in the case of finite atmospheres, also, the angular
distributions of the emergent radiations can be expressed in terms of
functions (like H(u)) which will be explicitly known in any finite
approximation and which, in the limit of infinite approximation, will
become solutions of functional equations of a standard form. It now
appears that this reduction can in fact be achieved and that the pair
of functional equations

LXWXW) — Y)Y ('
@01  XG) =14 fo (1) (M#)_|_ - (WY (s W,
and
LYW XW) — XY ('
(302) T(u) = il f (1) (M:_ : (WY (W) W,

where W¥(u) is an even polynomial in u satisfying the condition
1 1
(303) fw@@<7,
0

plays the same basic role in the theory of atmospheres of finite optical
thicknesses as the functional equation

H(u")
b+

played in the theory of semi-infinite atmospheres. And just as

1
(304) HGw) = 1+ wH) f V()i
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H (s + us)
L)

(305) A = TIa + k)

where the k.'s are the positive roots of the characteristic equation

(306) 1=2 z": :‘I’(Ni)

provides a rational approximation to the solution of equation (304),
so also the functions X(u) and Y(u) defined in the manner of the
following equations provides an approximation to the solution of
equations (301) and (302):

X0 = (— 1)» 1 1
@on T T [G30) — GO W)
[P(= w)Co(— 1) — e#P(u)C1(w)]
(— 1)» 1 1
Yy =
(308) (k) prc e [CRO) — CHOY]2 W)

- [eP(w)Co(u) — P(— p)Ci(— )]

where

09 P =TlG=w, W =TI,

i=1 a=1

21 n—21

I II ke + &)

©) =1 m=1
Colw) = 2 e

21 n—21

27~1 terms
(310) I II &, — &ay)
=1 m=1
n—21
X H Er.(l + kr,ll) H ﬂsm(l k,m,u),
=1 m=1
214+1 n—21—1

11 H (ki + ks,
1) =1 =1
Ci(w) = 2. €U it

(311) 271 terms I-I H (kr, _ em

i=1 m=1

21+1 n—21—1

X I1&.(+ 2w I1 01 = Rapp).

=1 m=1



710 S. CHANDRASEKHAR July

In equations (310) and (311), (74, - - - ,7;) and (s, - - -, Sa—j) are j,re-
spectively, n—j distinct integers from the set (1, 2, - - -, n),

(312) €21

) -+ 1 for even integers of the form 41,
{-—- 1 for even integers of the form 47 + 2,
(313) 62(1111 _ {+ 1 for odd integers of the form 4/ 4 1,
— 1 for odd integers of the form 4/ 4 3,
and
(314) £, = e*am2P(— 1/k,) and 7, = e *an2P(4 1/k,)
(a=1,:--,m).

Finally, it should be noted that the definitions of Co(x) and Ci(u)
according to equations (307) and (308) are valid only in even orders
of approximation; in odd orders the role of Cy and C; should be inter-
changed.

Moreover, there exist also functional equations for the scattering
and the transmission functions for the problem of diffuse reflection
and transmission by atmospheres of finite optical thicknesses. These
equations arise from general invariances of the type considered in
§8§28, 29 and 23a and lead to a whole new class of systems of func-
tional equations which can all be reduced to the solution of pairs of
functional equations of the form (301) and (302). It is therefore
apparent that the study of the transfer of radiation in atmospheres
of finite optical thicknesses will lead to the development of a mathe-
matical theory at least as extensive as the one described in the lecture
in the context of semi-infinite atmospheres.
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