ON REAL CONTINUOUS SOLUTIONS OF ALGEBRAIC
DIFFERENCE EQUATIONS

S. M. SHAH

1. Introduction. This paper considers the behaviour at infinity of
real continuous solutions of algebraic difference equations

€Y P(y(x+m), -, y(x),2) =0
where P is a polynomial with real coefficients in its arguments
y(x+m), - - -, y(x) and x. The problem was first treated by Lan-

caster,! who obtained an upper bound for the rate of increase of the
solutions of algebraic difference equations of a given order and
pointed out the surprising dissimilarity with the known rates of in-
crease for solutions of differential equations of the same order.
The main object of this paper is to show that any real continuous
solution of an algebraic difference equation of the first order

(2) P(y(x + 1), y(x), ) =0
satisfies the inequality

3) lim inf log log | y(x) l [z < o,

This is an improvement over the results of Lancaster, who proved
that a continuous solution y(x) cannot equal or exceed ceq(xl.x) for
all x>xo, where I,(x) is the nth iterate of log x, es(x) =e*, n is any
fixed positive integer, and ¢ is any positive constant. The essential
difference in the rates of increase of the solutions of algebraic differ-
ential and difference equations is clearly emphasized when this new
result is compared with the results of Borel, who showed that any
real continuous solution y(x) of an algebraic differential equation of
the first order satisfies the inequality
O] lim sup log log | y(x) | /log # < .

T

Simple examples reveal that relation (3) is the best possible result.

First this is the best possible limit, for when y(x) =a¥, a solution of
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1 Otis E. Lancaster, Some results concerning the behavior at infinity of real continu-
ous solutions of algebraic difference equations, Bull. Amer. Math. Soc. vol. 46 (1940)
pp. 169-177. References to the papers of Borel, Vijayaraghavan and others will be
found in this paper.
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y(x+1) — (y(x))*=0, we have
lim log log | ¥(x) | /2 = log b.

Since b is any rational number, log b can be made to exceed any
finite value. Second, it is not possible to replace limit inferior by limit
or limit superior without restrictive hypothesis on y(x), for if Y(x) is
any increasing continuous function tending to infinity with %, a solu-
tion of

(3) (y(x) — D) (y(x+1) —(x+ 1)) =0

can exceed ¥(x) for a sequence of values of x tending to infinity. The
difference equation (5) is satisfied by the continuous function

y(x) = b (for2n — 1 = 2 < 2n)
= (2n)® + 2{6@2n + 1/2) — (2n)*}(x — 24)
(for2n £ x = 2n + 1/2)
=21+ )b+ 2{@2n + 1)* — Q20 + 1/2)} (x — 2n — 1)
(for2n+1/2=x< 20+ 1)

(n=1,2,3, - - - ) where ¢ is an arbitrary function. Let ¢(x) = e;({(x)).
Then
. loglog y(2n + 1/2) _ evOnt)
lim - lim—— = o,
e W@+ 1/2) wme $(21 + 1/2)

which establishes the above statement.

2. Statements of the theorems. In §§4-6 we shall prove the follow-
ing three theorems on the algebraic difference equations of the first
order. In §§7-10 we consider equations of the mth order.

TuEOREM 1. If y(x) be a real continuous solution of a first order alge-
braic difference equation P =0, then | y(x) ] cannot equal or exceed e;(Ax)
for ali* x>x0(A), A being a positive constant depending on the given
equation P=0.

In what follows we suppose throughout that y(x) is real and con-
tinuous for x> x,.

THEOREM 2. If y(x), a solution of an algebraic difference equation of
the first order, be such that®

2 x9 is not necessarily the same at each occurrence.
3 The condition (6) can be replaced by a less stringent one, log | ¥(x) | /log x> A, for
all x>x0(A41), where 4, is a constant depending on the given equation.
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©) log | 5(2) | /log == o as x—

then | y(x)] <ey(Ax) for all x>x0(A4), where A is a positive constant,
depending on the given equation.

THEOREM 3. If ¥(x), a solution of an algebraic difference equation of
the first order, be such that

) y(x) is monotonic for x > %o

then |y(x)| <ey(Ax) for all x>x(A), where A is positive constant de-
pending on the given equation.

3. Lemmas. We require three lemmas.

LeMMA 1. If f(x) s continuous* and non-negative for x >x, and if

8 lim sup log log f(x)/x = 4 >0
T
then there exists a sequence of numbers x1, xa, + + + , Xo,—> © such that
(%) =+ 1z {f)}®
Jor x=x1, x,, - + - ; B is any positive number less than exp (4).

For if the lemma is false then for all x= X >0

fla+1) < {f(x)}®
and so f(Xo+2) < {f(Xo) } 2. Hence

lim sup log log f(Xo + #)/(Xo+ p) < log B < 4,
Famd

which contradicts the hypothesis and so the lemma is proved.

LeMMA 2. If f(x) s continuous and nondecreasing for x > x, and if (8)

holds then there exists a sequence of numbers %1, X, - + + , Xn—> © Such
that®

(10.1) (%) = ex(o(2)),

(10.2) fla+ 1) 2 {f(=)}®

for x=1x1, x4, X3, + + + ; B is any positive number less than exp (4) and

¢(x) is any nondecreasing continuous function such that lim,..¢(x)/x
=0.
Proor. If f(x) Z ex(p(x)) for all large %, then the result follows from

¢ Continuity of f(x) is utilized in Lemma 2.
5 We prove a result more general than the one we require later on.
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Lemma 1. Suppose therefore that f(x) <es(¢(x)) for a sequence of
values of x tending to infinity. Let

F(x) = f(x)/es(¢())

and X >xo be an arbitrary large number such that F(X)<1. Let
log B<KC<A. Take ¥Y>X such that F(Y)>1 and log log f(Y)>CY
+¢(Y). This is possible since lim sup,.. log log f(x)/x=A4>C. Let Z
be the largest number such that X <Z <Y and F(Z)=1. Since F(x)
is continuous for x =2 X, Z exists, and F(x) 21 for Z<x < Y. Consider

2, f(Z+1), - - -, f(Z+m)where YSZ+m<YV+1.
log log f(Z + m) = log log f(Y)
> CY 4+ ¢(Y)

>CZ+m—1)+¢2)
=CZ + m — 1) + log log f(Z).
Hence
log log f(Z + m) — log log f(Z) > C(Z +m — 1) > Cm.
Hence at least one of the values
log log f(Z + n) — loglog f(Z + n — 1) n=12---,m
is greater than C. If log log f(Z+4 N) —log log f(Z+ N —1) > C then
fZ+N-—1) 2 eZ+N-1)
and
fC+NMz{/2+N-1}°>{fz+N-1}*
which proves the lemma.

LeMMA 3. If f(x) s continuous and nondecreasing for x>xo and if

(8) holds, then® there exists a sequence of numbers xi, X3, + + * , Xn—> ®©
such that

(11.1) flx+ 1) 2 es(¢(%)),

(11.2) =+ 1) = {f(=)}5,

(11.3) J+2) 2 {f(=+ D},

for x=1x1, %2, + + + ; (%) is any increasing continuous function such that

lim;..¢(x)/x =0, and 0 <B <exp (4/2).

ProOOF. Let 0 <e<1—(2log B/A). By Lemma 2 we can choose a se-
quence X3, X, - - - such that
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f(x) 2 ex(d(x)),
log log f(x + 1) — loglog f(x) > 4 (1 — ¢)
for x=X,, X,, - - - . Let & be such that X,<§,<1+X, and
log log f(¢&) = (1/2)(log log f(1 + X) + log log f(X.)).

£, exists since f(x) is continuous and nondecreasing. Since £, —1 <X,
<& <14+X,<1+4& wehave

log log f(£&) — log log f(& — 1)
2 log log f(¢) — log log f(X;) > A(1 — ¢)/2,

log log f(1 + &) — log log f(&)

Z log log f(1 + X,) — log log f(&) > A(1 — ¢)/2.
Hence writing x, for £, —1 and d=exp (4(1—¢€)/2), we have

fA 4 %) > (f(@))4 f(2 + 2) > (f(1 + @))%
Also
JA + %) = f&) 2 f(X5) 2 e2(¢(X)) 2 ea(d(r — 1)) = ea(d(ar)).

Hence the lemma is proved.

4. Proof of Theorem 1. Let the given equation be (2). Among the
terms of the polynomial P there is a term

(12) T' = a'a*'y()% y(x + DB
which has the property that if
(13) T = ax=y(x)foy(x + 1)#

is any other term of the polynomial, then in the sequence of differ-
ences

Bl’ - ﬁl) 60’ - BOr o —

the first nonzero term is positive. T” is called the principal term. Di-
vide the equation (2) by T’. Then all terms except one T'/T’ are of
the form T/T’ where

T/T' = bx>=={ y(x) }po=po' { y(x + 1) }or-br",
These ratios T'/T’ are of three possible types

xKoy(x) K1) Bi-f1
14 pld—7 ’ ,
(14 s B > b
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K2 Y Bo—Bo
(15) b{yx(x)} , 8 > Bo,

(16) by, ad > a.
Let K be the max l K1[ for all the ratios of type (14) and let®
4 =1+ max (1, log K).

(i) First, assume that e;(Ax) is a solution of (2). If we replace y(x)
by es(Ax), the limit of these expressions (14), (15) and (16), as x tends
to infinity, is zero. Hence we have a contradiction to the assumption
that e;(Ax) is a solution of (2). For there exists an xo such that for
x>, the sum of all the terms T'/T" is less than one in absolute value
whereas T7/T' =1.

(i) Second, assume that a solution y(x) is greater than or equal to
e2(Ax) for all x>xo. Then the ratios T/T’ are again of the three types
(14), (15) and (16). The ratios of types (15) and (16) approach zero
as x tends to infinity; and the ratios of type (14) are in absolute value

less than ,
K+e ) B1—B1
{————yy( i"’)+ 1)} (8> Xo()

and the last expression, by Lemma 1, tends to zero as x =x,— « ; for
K+e<eK/2=B and eK/2<eK =e'ts K < ¢4, Hence we have a con-
tradiction to the assumption that y(x) is greater than or equal to
ex(Ax) for all x > x,. .

(iii) Third, assume that y(x) is less than or equal to —e.(4x) for
all x>uxo. Let y(x) = — Y(x). The argument in (i) and (ii) applies to
the transformed equation and so we get a contradiction to the as-
sumption (iii). Since y(x) is continuous, the theorem follows.

5. Proof of Theorem 2. By hypothesis (6), y(x) is either positive
or negative for all x> x,.

If y(x)=ex(dx) for a sequence of values of x tending to infinity,
A4 being the constant defined in the proof of Theorem 1, then by
Lemma 1, we can find a sequence x1, X3, * * * , X»—> © such that

y(x 4+ 1) = {y(2)}?

where B <exp (4), for x=xi, %3, - - - . The ratios of type (16) tend
to zero as x tends to infinity and by hypothesis (6), the ratios of type
(15) tend to zero as x tends to infinity. Further the ratios of type (14)

8 It is possible to choose a lower value of A. For instance in Theorems 1, 2, 3, we
may take 4 to be any number greater than max (log K, 0).
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tend to zero as x=x,— . Hence we have a contradiction and so
y(x) <ex(Ax) for x> x.

If y(x) S —es(Ax) for a sequence of values of x tending to infinity,
then y(x) is negative for x >xo and we take y(x) = — Y(x). The above
argument then applies and the theorem follows.

6. Proof of Theorem 3. We may suppose that y(x) is nondecreasing
(for otherwise we can transform the equation by taking y(x) = — Y(x))
for x>x0. If y(x) 2e2(Ax) for a sequence of values of x tending to
infinity, 4 being the constant defined in the proof of Theorem 1, then
by Lemma 2, we can find a sequence %1, %z, * * * , £,—>  such that

y(x) 2 exp (2),  y(x+ 1) 2 (y(x))?,

where 0 <B <exp (4), for x =x,, xs, - - - . Hence the ratios of types
(14), (15) and (16) tend to zero as x =x,— ». Hence we have a contra-
diction and so y(x) <ex(Ax) for x>xo. Since y(x) is nondecreasing

| y(2) | < ex(dx) for x > =o.

7. Equations of the mth order. We now consider algebraic differ-
ence equations

(1) POy(z+m), -, y(x), %) = 2 axey(@) - - - y(x + m)fn = 0
of order m > 1. Let the principal term be
@an T = a'x“'y(x)""’ sz 4 m)ﬁ:»

so that in the sequence of differences

’ 4 ! ’
Bm_ﬁmyﬁm—vl'—ﬁm—-ly"',BO_BO’a -«

the first nonzero term is positive.

We can show, as in first part of Theorem 1, that ce;(Ax), where c is

any finite constant and A a constant depending on P =0, cannot be a
solution of P=0.

THEOREM 4. Let P =0 be an algebraic difference equation of the mth
order. If the terms of the equation are so related that when

(18) Bm = Bm then BiZ B: (=012 ,m—1)

and if y(x) be a solution of the equation then | y(x)l cannot exceed es(Ax)
for all x>x0(A), A being a positive constant depending on P=0.

THEOREM 5. Let P=0 be an algebraic difference equation of the mih
order. If the terms of the equation are so related that when By, =Pm then
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either ﬁm’—l>6m—-l or 6m'—1=ﬁm—-1 and le éﬁt (i=01 1y 21 M) M'—Z)
and if y(x) be a solution satisfying conditions (6) and (7), then
| 9(%) | < ex(4x) Jor all x > xo(4),

A being a positive constant depending on P =0.

COROLLARY. If y(x), a solution of an algebraic difference equation of
the second order, satisfies the conditions (6) and (7), then

l (%) I < ex(4d %) for all x > x0(4),
where A is a constant depending on the given equation.

THEOREM 6. If y(x), a solution of an algebraic difference equation of
the second order, be monotonic for x > x,, then

(19) lim inf log log | y(#) | /2 < .
)
THEOREM 7. If y(x), a solution of an algebraic difference equation of
the mith order, be such that
(20) | 3z + D] 2 ¢f y(a) [4

where ¢ is any positive constant and A is a positive constant depending
on the given equation, for x=a, a+1,a+2, - - -, then

(21) lim inf log | y(2) | /log & < 4.
L0

8. Proof of Theorem 4. Under the hypothesis, the ratios T/ T’ take
the forms

xKl)y(x)Kl o o . y(x+m — I)Km ﬂr’n‘ﬂm ’

(22) b{ } Bm > Bnm),

y(x + m)

xko

23 b
( ) {y(x)kl PO y(x + m — 1)’01;!}
where ki1, ks, - -+ - are all non-negative constants and k&, is negative
if all &y, kg, + + -, km are zero. Let M; be the maximum value of all

IK.-I for the ratios of type (22) and let max ((Mo+ M1+ Mo+ - - -
+M,), e)=K and® 4 =1-+log K.

If y(x) = ex(Ax) for all x>x,, then the ratios (23) all tend to zero
as x tends to infinity, and so some of the ratios of type (22) do not
tend to zero. Hence

Py Yot m— 1 1
y(x + m) N

> 0.
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That is,
y(x + m) < NaMoy(x)M1. .. y(x + m — 1)Mm for x = x.

Hence

. y(xo + p + m)

lim

P ez(A(xo + ? + m))

.. — 1)} &+p??
< lim AGE DN Gt m = D) = 0.

=™ es(A(wo + p + m))
But this is contrary to the hypothesis that y(x) 2 e:(Ax) for all x> x,,
and hence y(x) does not exceed e;(4x) for all x> wx,.

If y(x) £ —ex(Ax) for all x>x,, then we take y(x)=— Y(x) and
argue as above. Since y(x) is continuous the theorem follows.

9. Proof of Theorem 5. The ratios T'/T" take the forms

xKO xKl... x—l—.m-—lxm ﬁv:t"ﬂm
(24) b{ y(@) it ) } : B> B
y(x + m)
xp()y(x)m ey m — 2)1»»—1} Bm—1—Bm~1 ,

25 b y Bn—1 > Bm-1,
(25) { s Bt > s
xlco

26 b ,

( ) {y(x) ki1... y(x + m — Z)km—l}

respectively, where &y, kg, + - + are all non-negative constants and kg
is negative if all ki, ks, + + -, kw1 are zero. Let

| K| + | Ko + - + | Kn| = 4,
| ol + | 22| + - + ]| pms| = Ba,

and let & be max 4,, for all the ratios of type (24) and let oz be max B,
for all the ratios of type (25) and let®

A =1+ 2max (1, log ay, log az).

We may suppose that y(x) is nondecreasing for x>xo. If y(x)
=ex(Ax) for a sequence of values of x tending to infinity, then by
Lemma 3

y(x+ 1) 2 exp (%), y(x+1) = (y(*)2 3(x+2) = (y(x+ 1))%,

where 0 <B <exp (4/2), for x=x1, %3, + + +, xa—> ©. By hypothesis
(6) all the ratios of type (26) approach zero as x tends to infinity.
Further for x>xo(€)
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wEy(@)Es - 3w+ m = DI <y +m = e
xPl)y(x)Pl PR y(x + m — Z)Pm—l < y(x + m — 2)0!2‘!‘!

so all the ratios of types (24) and (25) tend to zero as x=x,+2—m
tends to infinity. Hence we have a contradiction and so

y(%) < ex(4x) for & > .
Since y(x) is nondecreasing
| y(2) | < ea(42) for & > o.

The corollary follows immediately from the theorem. The proof of
Theorem 6 is similar to the proofs of the preceding theorems.

10. Proof of Theorem 7. The ratios T/ T’ take the forms

b{xkooy(x)kol e y(x + m — 1)kom
y(x + m)

.........................

.. y(x + m—r — 1) kr.m—f}ﬂn’v—r"ﬁm—r

(27.1)

Bm—bm ,
} B2 > B,

kro .
Q7.7 + 1) b{x

y(x+m—r)
(Bmer > Brmesr)s
km0Y Bo—Bo
Q7.m+ 1) b{;(x)} Bd > Bo),
Q27.m+2) bxa—e’ a > a.

Let m(r, s) be the maximum value of Ik,.l for all the ratios of type
(27.r41) and let

A = 2 + max m(r, s) 0=r0=sr+s=<m.
Suppose if possible
lim inf log | y(x) | /log x = 4,
Z— 0

then
| y(x) | = a4 for all x > xo(e).
Let x=x,=a+n. Then
y(x + 7 — 1)1+or
y(x + 1)

< ¢1 = constant
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for x =x,. Further

{aro/y(x) }

tends to zero as x =x,— . Hence all the ratios T/T" of type (27.1)
tend to zero as ¥ =x,— . Similarly all the ratios of types (27.2) - - -
(27.m+2) tend to zero as x =x,— . Hence we have a contradiction
and so the theorem is proved.

Remark. If y(x) satisfies the conditions

(28) | y(x + 1) ] = cl (%) f‘“ for all x > =z,
A, being the constant defined in the proof of Theorem 7, and

(29) | ()| — as & — o,
we would get, as in Theorem 7, that

(30) lim sup log|y(x)| /log x < A,.

Z—r0

But from (28) and (29) we have

(31) lim inf log log | (%) | /x = log 4,
I—r0

which contradicts (30). Hence if y(x) be a solution of an algebraic
difference equation of the mth order, y(x) cannot satisfy both the
conditions (28) and (30).
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