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DD fD(ng) - - - fOm) = (1 + o(1))Dn-1,

also

n

2 fO(m + k)fPm + ko) - - fO>m + k) = (14 o(1))En,

ma=]

D and E are given by a complicated expression.
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1. Introduction. Consider the Taylor series )_no@n2" Suppose that
the singularities of the function defined by the series all lie in certain
regions of the complex plane and that the coefficients possess certain
arithmetical properties. Mandelbrojt! has shown that under restric-
tions of this nature it is possible to predict the form of the function
defined by the series. This note is concerned with the establishing of
a new method to obtain more general results of this nature.

2. The method. The method that is employed here is an adaptation
of a method used by Lindelsf [2] in the problem of representation of
a function defined by a series.

Let f(2) be regular in a region D of the complex plane. Suppose
that there exists a linear transformation ¢=#4(2) which maps the re-
gion of regularity into a region which includes the unit circle of the
t-plane in its interior. Let 2 =g(¢) be the inverse of this transformation.
Then F(¢) =f(g(t)) is regular in this region in the ¢-plane. For this note
it is convenient to suppose that z=0 corresponds to {=0 in the map-
ping. We may expand g(¢) in a Taylor series about =0 and obtain

2.1 8= Dbt + bot2 + - - -

convergent for ¢ in absolute value sufficiently small. Let

(2.2) f(@) = 2 aus”

=0

Received by the editors August 2, 1946.
1 See, Mandelbrojt [3]. Numbers in brackets refer to the bibliography at the end
of the paper.
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be the element of f(z) at the origin. For ¢ in absolute value sufficiently
small we may substitute (2.1) in (2.2) and obtain

(2.3) F(t) = f(g(0) = X Cutm.

na=0
We have seen, however, that F(¢) =f(g(¢)) is regular in a region in the
t-plane which includes the unit circle in its interior. Hence the radius
of convergence of (2.3) is greater than one. Therefore we may write

(2.4) limsup (| Ca | )V/» < 1.

As the C, are polynomial combinations of the a, and b, we see that
under certain circumstances (2.4) may imply C, =0 for x greater than
some no. For example, if the C, are all integers (2.4) implies the exist-
ence of an 7y such that C,=0 for n >n, It is also clear that if
Cn=C,; +1C,’ where C. and C,’ are integers that the conclusion
C.=0, n > n,, still holds. Under these circumstances we obtain upon
substituting ¢{=k(z) in (2.3)

&) = 3 Calh(@) ]

n=0

3. Applications. We now proceed to the proof of the principal theo-
rem.

THEOREM 3.1. If the series f(3) =2 w-o@a2™ has rational coefficients
such that there exists an integer L for which the quantities

@, a1L, a2, - - -, a,L™, - -

are integers, and if the function defined by the series is regular exterior
to and on the circumference of a circle with center (LK'/(K"?+K''?*—1),
LK" /(K"?4+K'"?—1)) and radius L/(K"*+K'"?—1) where K' and K''
are integers, K"+ K’'25£ 1, then the function defined by the series is of the
form

P(z)

(L/(K' + iK") — z)™

where P(z) is a polynomial and no is a positive inieger.
It is easily shown that the transformation

2
L — (K" + iK")z

3.1) t=
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maps the region of regularity into a region containing the unit circle
of the s-plane in its interior. By substituting the solution of (3.1) for
zin (2.2) and setting K=K’+44K’’ we have

Lng»

F(t) = f(g()) = E aam

L J ©
= 2 a L™ Y, Copm(ED)™
ne=0 M0
Then since the series are absolutely convergent, we obtain

o

F(t) = Z [anL”C—n.O + C—m.lKL“—lan—l + -

n=0

+ aOC—n.nK”]t"!
(3.2) F(t) = 3 Cni™.
ne=0

Here Co=C, +iC;’ where C/ and C,’ are integers, for the C_.,m
are binomial coefficients and a.L" is an integer for all =0 by hy-

pothesis. Also K’ and K’/ are integers. Hence, from the discussion
in §2 it follows that

lim sup | Ca |V < 1
n—ro
implies the existence of a numbe1 7o such that C,=0 for n>n,. There-
fore upon substituting (3.1) in (3.2) we have

"0 2 n P(3)
f(z) = ”Z_OC” (L _ KZ) = (L/(K/ + ‘I:K") — Z)”o .

This completes the proof of the theorem. If now we choose K’/ =0
and K’=L we have the theorem of Mandelbrojt [3]. This proof of
Mandelbrojt’s theorem has some points in common with a proof of
the same theorem due to Achyser [1].2 If in addition the a, are all
integers we may set L=1 and have a new theorem.

We now proceed to the proof of the following theorem.

THEOREM 4.1. If the series Y moanz™ has rational coefficients such that
there exists an integer L for which the quantities

a0, 61, @2L?, - - -, a,L", - - -

2 The author is indebted to the referee for this observation.
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are integers and if the function defined by the series is regular in the half-
plane R(z) SL/2 including the point at infinity then the series defines
o function of the form

P(z)
(L —2)m
where P(z) is a polynomial and ny is a positive integer.

From the hypothesis it is easily seen that the transformation

%
3.3 t=
3.3) -

maps the region of regularity into a region which includes the unit
circle in the ¢-plane in its interior. Upon solving (3.3) for z and sub-
stituting in (2.2) we obtain

o = <T—T——t .._o 14 t)

(3.4) = 2 aninL" Z Conm®)™ = 2 Catr.

ne=0 m=0 =0

Then by the same arguments employed in Theorem (3.1) it follows
that there exists an %o such that C, =0 for # > n,. Therefore by substi-
tuting from (3.3) in (3.4) we have

f@) = gcn(b"_ )"= (LP_("Z)M,

where P(z) is a polynomial and #,is a positive integer. This completes
the proof of the theorem.
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