LIMIT DISTRIBUTION OF THE MAXIMUM AND MINIMUM
OF SUCCESSIVE CUMULATIVE SUMS OF
RANDOM VARIABLES

ABRAHAM WALD

1. Introduction. For any positive integral value N, let Xy1, X,

+ + +, Xy~ be independent and identically distributed random varia-

bles each having standard deviation 1. Let uy denote the mean value
of Xy, and let

(1.1) SNk=XN1+XNz+"‘+XNk-

Two cases will be considered: (1) the sequence { NV/2uy} converges to
a finite value as N—«; (2) limy_,NY2uy= ». In case (1) we shall
obtain for any positive constants a and b the limit values of

(1.2) Py(a) = prob {max (Syi, - * + , Sww) < aN/2}
and
(1.3) P;‘/(a, b) = prob {-— bN2 < min (Sy1, - - - , Svw)

< max (Syi, * * - , Svx) < aN'/2}
as N— . In case (2), we shall obtain for any real value ¢ the limit of
(1.4) Qn(c) = prob {max (Sw1, - - + , Swn) < Nuy + cN/2}
as N—w,

In the particular case when uy=0 and a=b», the limit values of
(1.2) and (1.3) were recently obtained by Erdss and Kac [1].! The
case when ux£0, especially when uyN'/2 converges to a finite value,
is of particular importance in the theory of sequential tests of statisti-
cal hypotheses. It will be seen in §3 that the limit distribution of the
number of observations required by a sequential probability ratio
test can immediately be obtained from the limit values of (1.2) and
(1.3), and vice versa.

2. Proof that the limit values of (1.2) and (1.3) do not depend on
the distribution of the X’s. It will be assumed in this section that
uxy N2 converges to a finite value as N— . The independence of the
limit values of (1.2) and (1.3) of the distribution of the X's was
proved by Erdés and Kac [1] in the special case when uy=0 and
a=>4. To deal with the more general case considered here, we shall
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follow essentially their method of proof. Let k be a positive integer,
and let

N .
(2.1) N,-=|:j;:| G=12,--+,k),
(2.2) Py x(a) = prob {max Sy =+ + , Swwy) < aNW},
and

(2 3) Ey, = pI‘Ob {SN,- = dN”z, Sw1
. <dN1/2,"‘,SN',._1<(ZN”2}("=1,"‘,N).

Let, furthermore, € be a positive number. Following Erdés and Kac,
for N; <r=< N;;, we write

Ey, = prob {SNr = aNY?% Syy < aNY2, - -« [ Sy
(2.4) < aN'/% ISNNiﬂ - Ser = GNUZ}
) + prob {Sy, = aN'2, Sy; < aN'?, - -+ | Sy .1

< aN'2, | Swn,,, — Snr| < N2},

Clearly, the first of these probabilities is equal to Ex, prob {|Sww,,,
—Swn.| Z eN'2}. Since

(2.5)  ESwwe = Sw)" S (Nen — N + (Nasa — N 'my,
by Tchebychef’s inequality we have
prob { | Swwy, = Swe| Z N2}

(2.6) - Wer = N) + (Vo = N
- 2N
Since
N,+1 1 1 (N
=yt —]} AUE)
L .2
B N k

we obtain from (2.6)
(2.7) prob {|Swy.y, — Swe| = eNY/2} g (1 +—

where A is an upper bound of the sequence {Np.N }. From (2.4), (2.7)
and the equation
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(2.8) f;EN,=1—PN(a) <1

r=1

we easily obtain

1~ Py(a) = ZEN,= ( + )
+ Z Z prob {Sy, = aN/2,
© N rs=N;4,
Snyi1 < aNY2, -« | Sy, < aN'2,
lSNN-’ﬂ - Ser < 6N1/2}.

Clearly, the double sum is less than the probability that at least one
of the sums Swwy, - - -, Sww, exceeds (@ —e€) N2 Hence

(2.9)

2 24
(2.10) 1 — Py(a) < ;;;(1 + —};) +1— Pyua—e.

This inequality can be written as

2 2A
@A) Puste—9 = oo(14+57) = Palo).
€
Let Gy, - - -, Gix be normally and independently distributed ran-

dom variableswith mean u/kY2and variance 1, where u =limy_.N"%uy.
Let, furthermore,

Rii=Gr~+ -+ +Gr (E=1,--+,k).
It follows from the central limit theorem that

(2.12) lim Py,i(a) = prob {max (R, * ++ 5 Rux) < ak”z}.
N=w

From (2.11), (2.12) and the relation Py(a) <Py,:(a) we obtain?

2 24
prob {max (R, - * - , Rix) < (¢ — ) k/2} — —(1 + ———)
e’k k
(2.13) < lim inf Py(a) £ lim sup Py(a)
N=w N=
§ pl‘Ob {ma.x (Rkl, ceey, Rkk) < ak”z}.

If the distribution of the X’s is such that \XN¢| is constant,
limy—.Pn(a) exists and is a continuous function of @, as will be seen

2 This inequality corresponds to inequality (1) in [1].
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in §3. Let P(a) denote this limit. Using the arguments given by Erdés
and Kac [1, pp. 295-296], one can show that inequality (2.13) im-
plies that for any arbitrary distribution of the X’s we have
(2.14) lim Py(a) = P(a).
N=w

It will be seen in §3 that also limy—.Px*(a, b) = P*(a, b) exists and
is a continuous function of a and b when the X’s are distributed such
that IX ,.;l is constant. The proof that limy—..Px*(a, b) =P*(a, b) for
any arbitrary distribution of the X’s can be carried out in exactly the
same manner as that of (2.14).

3. Determination of the limit values of (1.2) and (1.3) when the
distribution of the X’s is such that | Xy.| is constant.? In this section
it will be assumed that | Xy;| is constant and that N'%uy converges
to a finite value as N— ». The limits of (1.2) and (1.3) as N—« can
easily be obtained from some results in the theory of sequential tests
of statistical hypotheses (see [2] and [3]).

The sequential probability ratio test for testing a statistical hy-
pothesis H, against an alternative hypothesis H; is defined as follows:
Let H; be the hypothesis that the elementary probability law of the
random variable X under consideration is equal to f;(x) (¢=0, 1). Let

z = log J=)
fo(%)
and
2, = log fl)
fo(xx)

where x; denotes the kth observation on x. Thus, 21, 22, - - -, ad inf.

3 This problem is intimately connected with a discrete model for the Brownian
motion of a particle moving in a field of constant force (that is, gravity). Let a par-
ticle starting from the origin move along the x-axis in such a way that in each step
it can move Ax to the right or Ax to the left with respective probabilities p and
g=1—p. Let the duration of each step be At. This random walk becomes a model
of the Brownian motion in a field of constant force in the limit when Ax—0, A{—0,
2p—1—-0 in such a way that (Ax)?/2A¢=D, (2p—1)/2Ax=c/4D where ¢ and D are
physical constants, The problem of finding the probability that the particle should
remain in an interval around the origin during a time interval (0, #) is equivalent to
the problem of finding the limit value of (1.3) when IX N;[ is constant.

The limit values of (1.2) and (1.3) are obtained here without difficulty from some
previous results of the author [2]. In a subsequent publication [4], M. Kac treated
the special case of a free particle (c=0) using an interesting and entirely different
method of attack. His method could be extended to treat also the case when ¢0,
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are independent and identically distributed random variables. The
test procedure is carried out as follows: two positive constants @ and
b are chosen. At each stage of the experiment, at the 4th trial for each
integral value ¢, the cumulative sum

Z,'=Zl+22+"'+25 (i=1,2,---,adinf.)

is computed. Additional observations are taken as longas —b<Z;<a.
The first time that this inequality does not hold, the test procedure
is terminated. Let # denote the smallest integral value of ¢ for which
Z; does not lie in the open interval (—b, a). H; is accepted if Z,2>a,
and H, is accepted if Z,< —b.

It has been shown in [2] that for all points ¢ in the complex plane
for which the absolute value of ¢(¢) = E(e**) is not less than 1, the fol-
lowing identity holds:

3.1) E[e?rt¢(t)—] = 1.

Assume now that z can take only two values, g and —g (g>0).
Let p denote the probability that z=g. Then the expected value of 2
is equal to

(3.2) w=g(2p— 1)
and the variance of z is given by
3.3) o? = g?[1 — (2p — 1)?].
Let
u?
3.4) m = Py n,

e Wt — (= WehT — 4p(1 — p))LI2

2

3.5 t(r) = j— log
4

and
e W12 4 (WY — 4p(1 — p))1I2
2p
where 7 is a purely imaginary variable. Since the absolute value of
¢lt(n)] = ety
is equal to 1, we may substitute £;(r) for ¢ in (3.1). We then obtain
3.7 E(eZntitmegmr) = 1 (1=1,2).

(3.6) ta(7) = -l log
4

For any random variable % and any relation R let E(x|R) denote
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the conditional expected value of # when R holds. For any value 7,
let [7] denote the smallest integer not less than 7. Since Z, can take

only the values g[a/g] and —g[b/g], equation (3.7) can be written as
follows

b b
prob {zn = — g[_]} g0 1b/a) ti(r) E(e""l Z, = — g[__])
4 4

3.8

+ prob {Z,, = g[i]} eolalalti(n) E(e""lzn = g[_a_]) =1(3G=1,2).
8 k4

Solving the two linear equations (3.8) in the unknowns (7)
= pI‘Ob {Z,. = — g[b/g] }E(em‘l’l Z,, = —. g[b/g]) and \bz('r) = prob{Zﬂ
=g[a/g]}E(e""lZ,,=g[a/g]), we obtain

E(e™) = ¥1(7) + ¥a(7)

3.9 eolalolu(r) . g—olblolta(r) — golalolta(r) — g—olbloler(r)

eolalalt(r)—glblolta(r) — oolalglta(r)—glble)ty(r)

We shall be interested in the limiting case when u and ¢ take a se-
quence of values such that

(3.10) limp=0, limoc=0 and lim—”—2=d,

[

where d is a finite value not equal to 0. It follows from (3.2) and (3.3)
that (3.10) is equivalent with

2p— 1
3.11) lim (2p — 1) =0, limg=0 and lim ? =4d

4

It can easily be verified that

1 e Wndn(l £ (1 — dp(1 — plewiedn)
— log
4 2p

converges to
3.12) —d(1 + (1 — 7))

uniformly over any finite 7-interval as u, ¢ and u/g? approach the
limit values given in (3.10). Hence the characteristic function of m
given in (3.9) converges to
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e-ad(l—(l—'r)l-/ﬁ) +ebd(l+(1——r)l/2) — e—ad(l+(l—f)1/2) — ebd(l—-(l—f)l/ﬂ)

(3.13) Y(n)=

e—ad(l—(1—1)1/3)+bd(1+(1—1‘)1/2) - e—ad(1+(1—1-)1/2)+bd(1—(1—f)1/2)

uniformly over any finite 7-interval as p, ¢ and p/o? approach the
limit values given in (3.10).

The characteristic function ¥(r) has been inverted in [2] yielding
the limit distribution of m. Denote this limit distribution by F(u),
that is, F(u) =prob {m <u} where m is a random variable whose char-
acteristic function is equal to ¢ (7). The value of F(u) depends on the
constants ad and bd, since these constants are involved in the char-
acteristic function ¥(7). To put this dependence in evidence, we shall
also use the symbol F(u|ad, bd).

We shall now express the limit value of Pyx*(a, b) in terms of
F(ulad, bd). 1t is assumed that Xu; can take only two values, gy
and —gy (gv>0). The values gv and prob{X N.-=gN} are chosen so
that the standard deviation of Xy; is equal to 1 and the mean value
of Xu: has the prescribed value py. We consider the case when
limy—uyNY2=d 0. Let the distribution of z be equal to that of
Xn:/NY2, The mean and standard deviation of 2 are then equal to

(3.14) u = uy/NY2 and o= 1/N12

respectively. Hence, the limit values of u, o and p/o? as N—» are
equal to those given in (3.10). Clearly,

Px(a, b) = prob {n> N}
2
3.15 2 N
( ) = prob {m > LN} = prob {m > EIL—} .
242 2

Since limy—uyNY2=d and since the limit distribution F(«) of m
is a continuous function of %, we obtain from (3.15)

d2
(3.16) lim Py(a, b) =1 — F(——
N=w 2

ad, bd) (d #0).

The above formula is valid for d>0 .We shall now determine the
limit of Py*(a, b) when d =0, that is, when limy..uxN*2=0. Since the
value of Py*(a, b) depends on the value of dy =unxN'/2, we shall put
this in evidence by writing Py*(a, b|dw).

Clearly, for any d0, we have

Py(a+2|d|, b+ 2|d||0) > Px(e, 8| d)

(3.17) > Py(a — 2| d|, b — 2| d|]0).
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ad, bd)

2 lim sup Py(a — 2| 2|, 5 — 2| || 0).
N=w

It follows from (3.17) that ”
lim inf Py(e + 2| d|, 54 2|d]]0) 2 1—F<7

(3.18)

If uy=0, it follows from the first limit theorem of Erdés and
Kac [1] that limye, prob {max (Sy;, - - -, Svv) < aN¥?} and
limy..,, prob {min (Sy1, - -+, San)> -—bNW} are continuous func-
tions of @ and b. This implies that lim supy.. Px*(a, bIO) and
lim infy_,, Py*(a, bl 0) are continuous functions of a and d, and that

lim lim sup [Pr(a+2]d|, 54 2]d]|]|0)
a=0 =
(3.19) — Pha—2]ds—2]d||0] =o.

It follows from (3.18) that
lim sup Px(a + 2| d|, 5 + 2| 4[| 0)
N=ow
— lim inf P¥(a + 2] d|, 5+ 2]d||0)
N=w
< lim sup [Py(a + 2| d|, b+ 2| d|| 0)
N=w
— Pi(a—2|dl|, b —2]|d||0)]

Hence, because of (3.19), we have

lim [lim sup Px(a + 2| d|, 5+ 2|d||0)
N=w

a=0
— lim inf Py(a + 2| d|, 5+ 2| d||0)] = 0.
N=w
The existence and continuity of P*(a, b‘ 0) =limy.., Py (a, b| 0) follows

from the above equation and the continuity of lim supy-. Py (a, b|0)
and lim infy.,, Py (a, b[O). Hence, because of (3.18), we have

ad, bd)] .

Let {dv} be a sequence of values such that limy.., dy =0. Substitut-
ing dy for d in (3.17) and letting N— «, we obtain
ad, bd)].

(3.20) P*(a, 5| 0) = lim [1 - F(%2

a=0

d2
(3.21)  lim Px(a, b|.dy) = P*(a, 5] 0) = lim [1 —F(—Z—
N=w

a=0
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We shall now show that
(3.22) lim Py(a) = lim lim Pi(a, b).
N=w

b=w N=oo

To prove (3.22), it is sufficient to show that
(3.23)  lim lim inf prob {min (Syi, + + + , Sww) > — bNV2} = 1.
b= N=ow

Let 7 be an upper bound of l NY 2uN| . Clearly,

(3.24) prob {min (Svi,» -, Sww) > (— b+ r)N””}
' < prob {min (Sny, -+, Svw) > — bN”z}

where Syi= Syi—iun. Since according to the first limit theorem of
Erdés and Kac [1] we have

lim lim prob {min Sy, - -, Syw) > (= b+ r)N/2}
b= N=wx
2\1/2 pbr
= lim (——) et = 1,
b= ™ 0

(3.23) follows from (3.24). Hence (3.22) is proved.
If lim (u/0%) =d >0and b— », the characteristic function () of m
given in (3.13) converges to

(3.25) Y*(r) = eed(=(—mm),

This characteristic function has been inverted in [2] and the corre-
sponding distribution function of m is given by
ad 2
H(m)dm = e (a"d*Am)—mtadjy, (0 =m< OO),
2T (1/2)m?2

Hence
a2 ®
(3.26) lim Py(a) = prob {m > —} = H(m)dm.
N=w 2 d2/2

We can summarize the results of this section in the following theo-
rem,

THEOREM. If limy_, uvnNY2=d 50, the limit value of the probabil-
ity (1.3) s given by

d2
P*(a, b| d) = prob {m > 7}
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where m 1s a random variable whose characteristic function is given in
(3.13). If d=0, the limit value of (1.3) is equal to lima.o P*(a, b|d).
For any finitevalue d, the limit value of (1.2) is equal to limp—, P*(a, b| d).
If >0, the limit value of (1.2) s given explicitly in (3.26).

4. Derivation of the limit value of (1.4) when limuy N'V/2= . In
this section we shall determine the limit value of the probability
QOn(c) defined in (1.4) assuming that

(4.1) lim uyN1/2 = .

We can assume without loss of generality that uy >0 for all N. Let 7
be a positive number and let A(IV) be a positive integral-valued func-
tion of N such that

. N —\DN)
(4.2) AMN) <N, lim——" =0,
N=w
. N —XDN)
(4.3) lim —uy =7/

N=o N1/2

where o =7'>r. It follows from (4.1) that such a function M) ex-
ists. Because of (4.2) and (4.3) we have for sufficiently large NV

prob {max Sy, Smaan) < Nuy + cN‘”}
(4.4) > prob {max (Sy1, * - + , Sman) < MN)uy + (¢ + r)N1/2}
> prob {max (Snvy, -+ Sman) < (c+ f)Nllz}
where
(4.5) Swi = Snxi — iuy.

Let €>0. Since for uy =0 we have lim¢, limy—,, Py(c) =1, there
exists a fixed value 7, (independent of N) such that

— — €
(4.6) lim prob {max (Swvyy -+, Sman) < (¢ + ro)N‘”} =1— —2—
N=w

Putting r =7,, we obtain from (4.4) and (4.6)

(4.7) prob {max (Sy1, - -+, Smm) < Nuy + cNU2} =21 —¢
for sufficiently large N. Hence

prob {max (Sn1, -+, Swn) < Nuy + cN1/2}
4.8) < prob {max (Syam+1, * ** » Sv) < Nuy + cNY?}

=< prob {max Sy, *++, Svw) < Npy + cN”z} + e



152 ABRAHAM WALD [February

for sufficiently large N. From (4.2) and the first limit theorem of
Erdss and Kac [1, p. 292] it follows easily that

lim prob {max (— Sy~ + Sw.v-1,**+, — Sww
N=w

4.9) -
+ Snvamn+) < SN2} =1

for any positive 8. Since the inequality

max (— Swy + Sywv—1, * + +, — Swv + Svacn+1) < SN2
implies the validity of max (Swyw,+1, * * +, Swvw) SSyy+ON2, we
obtain from (4.9)
(4.10) lim prob {Syy<max (Swaan+n -, Swy) SSyy+IN2} =1.
N=w
Since
1 c
(4.11) lim prob {Swy < Nuy + cN*2} = f s,
N== @2m2J _o

we obtain from (4.10)

1 LA
2 )I/Zf et
U —00

= lim sup prob {max (Syamy+n * * * »Sxw) < Nuw + cN1/2}
N=ow
(4.12) L.
= lim inf prob {max (Svam+1 * * * »Swvw) < Npw + cN”z}
N=o
1 =38
= et 12y,
(2m)12J _,
Since & can be chosen arbitrarily small, it follows from (4.12) that
lim pI‘Ob {max (SN,)\(N)—H; ceey, SNN) < NF«N + 6N”2}
N=w
(4.13)

1 e,
= (2 )1/2f et ,Zdt.
L —o

Finally, it follows from (4.8) and (4.13), since € can be chosen arbi-
trarily small, that

lim prob {max Sny, - -+, Swvy) < Nux + cN‘”}

N=w
(4.14)
1 L
- g et
™ —o0
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NOTE ON THE ZEROS OF P;(cos §) AND dP;(cos 0)/d0
CONSIDERED AS FUNCTIONS OF #

C. W. HORTON

In many physical problems in which the boundary conditions are
specified over the surface of a cone, it is necessary to know the roots
of the equations

1) Py (cos6) = 0
and
) dP; (cos 6)/df = 0

considered as functions of #. This problem has been solved by
Bholanath Pal.! In these papers he develops infinite series for the
roots # which converge rapidly and are very suitable for numerical
computation. In deriving his solution Pal introduced a parameter &
which takes on successive integer values and thereby yields successive
roots of the equations.

It is the purpose of this note to point out that the value k=1 with
which Pal commenced the series does not always give the first root
of the equation, and sometimes it gives a number which is not a root
of the equation. For example, in treating the equation P2(cos ) =0,
Pal gives three roots: n=4.77, 2.26, 1.52, corresponding to values of
0 equal to 15°, 30°, 45°, respectively. That these values are not roots
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