CONGRUENCES CONNECTED WITH THE SOLUTION OF A
CERTAIN DIOPHANTINE EQUATION

HAROLD F. S. JONAH

Introduction. In this paper we shall show that, with the applica-
tion of certain parts of the theory of functions, it is possible to derive
some congruences connected with the solution of a certain diophan-
tine equation. The use of analysis to derive certain arithmetical facts
is not new, a typical such paper is that of Rademacher,! on the deriva-
tion of the Dedekind reciprocal formula. The methods of analysis
have been used repeatedly in analytic number theory. Rademacher
in an invitation address said :2 “It would, however, be a misplacement
of emphasis if we were to look upon analysis, which here means func-
tion theory, only as a tool applied to investigation of number theory.
It is more the inner harmony of a system which we wish to de-
pict, - - - .” Here, by analysis, we shall derive general congruences
from which the previously known congruences will appear as special
cases. Heretofore these special congruences have been developed not
as a single entity, but by a gradual sharpening of the methods used,
which were primarily algebraic in character.

1. Historical résumé. The solution of the diophantine equation
(1.1) x? 4 y? 4 27 = (, p = odd prime,

in terms of the integers %, ¥, # prime to p, is connected with the con-
gruences

(1.2) Bufpa(t) =0 (mod p),  fp—1(¥) = 0 (mod p),

where —¢ may be any of the quantities

%/, y/%, /3, 3/%, /%, 3/y (mod p),

and where

—1

f"(t) = Z il (1’ > 1’ n = 1: 2’ D] (P - 3)/2)1

=0

and B;=1/6, B;=1/30, Bs=1/42, and so on, are the Bernoulli num-
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1 Ufber a Regiprozitits formel aus der Theorie der Modulfunktionen, Matematikai
es Physikai Lapok vol. 40 (1933) pp. 24-31 (in German), Zusammenfassung, pp. 32-34
(Hungarian).

2 Fourier expansions of modular forms and problems of partition, Bull. Amer. Math,
Soc. vol. 46 (1940) pp. 59-73.
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bers. The congruences involving the B’s are generally referred to as
the Kummer criteria for the solution of (1.1).2
Vandiver! in studying the equation (1.1) has obtained certain gen-
eralizations of (1.2). For this purpose he introduced the polynomial
=1 _
1.3) (ks + )" = B0 (),
8=0
where p,n,k=1,2, - - - ;1=1,2, . . . | k—1;xisarbitrary. Then, Van-
diver has shown that, if (1.1) is satisfied by integers x, y, 2, prime to 9,
k—1

(1.4) > Ok () = 0 (mod p),

1=0
n=1,2, ..., p—1;k being any positive integer and —¢ the ratio of
any pair of x, ¥, 2 modulus p. Relation (1.4) will be referred to as the
general congruences of Vandiver. For k=1, (1.4) reduces to the form

(1.5) Ja@)fp-n(?) = 0 (mod ).

The relation (1.5) will be referred to as the Mirimanoff congruences.’
For k=2, after using (1.5) we have
(2,1) 2,1)
(1.6) By () Bpen (£) = 0 (mod p).
This latter relation will be referred to as the special congruences of
Vandiver.$

2. Analytic approach. The foundation of the analytic approach to
our problem is based upon the use of a function studied by Maier?
and the addition-theorems obtained by Maier for this function. The
function, denoted by f(x, #),® was defined by the series

3 See Kummer’s memoir, Abhandlungen der Akademie der Wissenschaften zu
Berlin (1857) pp. 41-77. See also the papers of Vandiver under the title On Kummer's
memotr of 1857 concerning Fermat's Last Theorem, Proc. Nat. Acad. Sci. U.S.A. vol. 6
(1920) pp. 266-268; and Bull. Amer. Math. Soc. vol. 28 (1922) pp. 400407, For a brief
history of this problem, read Mordell, Fermat's Last Theorem, Cambridge Press, 1921.

¢ Transformations of the Kummer criteria in connection with Fermat's Last Theorem,
Ann. of Math. vol. 27 (1926) pp. 171-176.

8 L'Equation indeterminée x'--y'~+2'=0 et le criterium de Kummer, J. Reine
Angew. Math. vol. 128 (1905) pp. 45-68.

8 Note on some results concerning Fermat's Last Theorem, Bull. Amer. Math. Soc.
vol. 28 (1922) pp. 258-260.

¥ Zur Theorie der elliptischen Funktionen, Math. Ann. vol. 104 (1931) pp. 745-769.

8 The choice of the function f(x, %), which can be thought of as a generating func-
tion for the Bernoulli polynomials, or a function related to it, appears reasonable
when we recall the intimate connection between the Bernoulli numbers and many
of the congruences connected with the attempted solutions of Fermat’s Last Theorem.
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00 e2rizk

2.1) f(x,u)=k§°u+k’

for 0<x<1, and ##0 (mod 1). Further, it has been shown, by con-
sidering a special contour integral,? that

e—2rizu

(2.2) f(x, w) = 27 ————,
1 — e—2ww.
#5%0 (mod 1). In this form the function f(x, #) is defined for all values
of x. One of the addition-laws obtained by Maier for f(x, u) is:
f(x, w)f(E v) = f(& u+ 0)f(x — & u)

- f(xr u + v)f(x — & — '0),
0<éi<x<1;u,v, (u+v)£0 (mod 1).

It was necessary, for this work, to introduce a new function, de-
noted by f,(x, #), and defined as

(2'4) fp(x’ u) =f(x+ b u) —f(x; u)v I’EO(mOd 1)°

Now, on using (2.2), we obtain the following relations for the func-

tions f(x, #) and f,(x, #), which will prove useful for our immediate
purpose.

(2.3)

(2.5) f(x’ u)+f(1_x’_u) = 0.

Jo(%, %)
(2.6) Sz, u) piprer—
@2.7) o 4) = — 2miS ereicsthe,

k=0

(2.8) fp(xy u) +f-—11(1 —x, —u) = 0.
(2.9) oz + p, u) = emirvf (%, u).
(210) f—p(xs u) = - fp(x - pr u) = - ezﬂpufp(xv u)'

Next, from the definition (2.4) and the above relations, we derive
an addition-theorem for the function f,(x, %), which for our needs
takes the form:

® Namely, the integral I,=/c,(e®*Veri/sin nz)-(dz/(z+u)), where 0<u<ly
#%#0 (mod 1) and where C, is a rectangle with sides x= + (2z+1/2) and y= +m>
where m is an arbitrarily large positive number and # an arbitrarily large positive
integer so chosen that 2= —u lies in the interior of the rectangle C,. Finally it is shown
that limm,n.els =0.
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fo(x+ p, 8+ a)fp(§ + £, v+ B) — folw, u+ a)fp(§ v+ B)
=fk+putotat+pBf(e—t—p u+a)
(2.11) =t utovtatB)fp(x—&u+t
+ ozt putv+adB)f(e—§ —ov—B)
—fomutot+at B)fo(ex—t—p, —v—B),
where u+a, v+8, u+v+a+B#0 (mod 1) and p=0 (mod 1).

Next, in the analytical development, we consider some special con-
tour integrals involving the function f,(x, #). In order to illustrate
our procedure, let us consider some sample integrals. First,

du
[ Zhwuta.
cUu

Using (2.7) and the calculus of residues, this integral becomes

(— 1)*(2ws)*+1 2=
—_— e—Zﬂ'i(x-l-h)a(x + h) k—l'
(k— 1! ;._Eo

where k=1, 2, .-, p—1; p=0 (mod 1); (u+a)#0 (mod 1), the
path of integration C being a simple closed curve about the origin.
Similarly, we obtain the expansion

d
(2.12) L;;Sf,,(x,u+a)=

d
f v—ffp(£+p,u+v+a+ﬁ)
c
(— 1)s@2mi)+t 2=t

(2.13) = — E(E.}_r_*_p)a—l
(S - 1)' =0
X (e-Zriﬂ)E-}-r-f-p(e—2ri(u+a))E+r+p’
where s=1,2, ..., p—1; p=0 (mod 1); u+c, v+8, u+v+a+B£0

(mod 1), the path of integration being similar to that used in (2.12).
Finally we obtain

du dv
ff 2D == put A+ b ut ot atp)
C

Iuk

dv
- [ Zhe—t-puta [ Shetputotats
cu cr v

(.__ 1) k+a(27ri) k+s+2 p—1

(s — DUk — 1)! ' ,{:0{(5 + 74 p)ei(e 2Bt

(2.14)

p—1
X 2 (x+r+ k) k—l(e—21r€a)z+r+h} ,

h=0
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where k, s<p; k, 5, p=0 (mod 1); (u+a), (v+8), (u+v+a+p)#0
(mod 1).

The method applied to the special contour integrals gives a device
for expressing these and similar integrals as finite sums of terms in-
volving all of the variables and parameters %, £, p, «, and 8. The in-
tegral (like (2.14)) of both members of the equation (2.1) can be writ-
ten in the form:

p—1

p—1
S (54 p+ D)o T (6 4 p o 1) et
hee0

r=0

p—1 p—1
— > (% + h)k(etrie)eh. 3 (£ A p)sm1(gm2miB)btr
h=0 70

—1

=, {(E + p + r)ei(ermiB) bratr

re=0

. pi (x+ 7+ k) h-l(e—zxia)z+r+h}
= S+ e
(2.15) =

. E (x4 r+ k) k~1(g—ma)z+r+h}

R0

r—1
+ > {(x + p + h)F1(tria)sHoth
R0
p—1
>+ p+ - r)c—-l(e—h'iﬁ)£+p+h—r}
ra=0
p—1
- {(x + h)r-i(g2wia)ath
he=0

p—1
> EFp+ - r)a—l(e—inﬂ)£+ﬂ+h—r} .

r=0

In order to write this equation, (2.15), in a more symmetric form
we shall put A\=7+% in the first two terms on the right side of (2.15),
while in the last two terms on the right-hand side we shall put
uw=h—r. Next, we shall interchange the summation indices # and 7
in the first two terms on the right-hand side, and in the last two terms
on the right we replace u by \, thus obtaining the expression:
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p—1 p—1
S (x4 p 4 B)Fi(erriysterh 3 (E 4 p 4 p)eI(e i) brptr
he =0

— pi (x + h)k—l(e—zria)z‘l-h Pi (E + 1’)‘”1(6“2‘"'5)5“'1‘
= ’i [{ (4 p + B)r=1(e-2mb)e+pih(—f 4 h)c——l(e—-ﬂriﬂ)5+h}
2.169 " o
DIRCERY k—l(e—zn-«)m]
A=h
+ i [{ (x + p + h)k1(e-2ric)atpth— (g 4 f)k-1(g-2ria)s+h}
B0

p—14h
2 G+t x)'—l(e-"‘ﬂ)fﬂﬂ]
A=h

From the equation (2.16) we shall obtain congruences connected with
the solution of the diophantine equation (1.1).

3. Vandiver polynomial. A generalized polynomial. In the previous
section we developed a rather complicated equality involving finite
sums. We shall now connect our work with some of the attempts that
have been made to solve or extend the known range of validity of
“Fermat’s Last Theorem.” Vandiver, in order to obtain a transforma-
tion of the Kummer criteria (1.2), introduced a polynomial, (1.3).
These polynomials, (1.3), shall be referred to as the Vandiver poly-
nomials. Then, following the successful lead of Vandiver, we shall
introduce the polynomial

p—1—r

3.1) 3 (s + @)l = h(— r; 2, 8),
for p, n, r=0 (mod 1); r <p; and any ¢ and 2. We shall refer to these
as the generalized polynomials of Vandiver or for brevity as the gen-
eralized polynomials.

These new polynomials (3.1) are related to the polynomials of
Vandiver (1.3) in the following manner:

p—1

Ra0; o/d, 8) = 3 (s + ¢/d)" "

8=0

—(n—1) ¢/d
=d ¢

(3. 2) pi:l (ds + C)n—lt 8

—(n-1) ¢/d_ (d,
=d "R,
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where p, n, ¢, d=0 (mod 1); ¢c<d; and ¢ arbitrary.
Before making use of the generalized polynomials we shall list some
of the special forms:

bl n—1 8
(3.3) 1a(0;0,8) = 205 ¢ = fuld),
8=0
(3.4) Ba(0; 1/2,8) = 272808 ),
(3.5) 103 (@ — 9/d, §) = &~ T 0,

where p, n, ¢, d=0 (mod 1); c<d; n<p; t arbitrary. The function
fa(#), in (3.3), was used by Mirimanoff in his transformation (1.5) of
the Kummer criteria. The function 2% (¢) in (3.4) was used by Van-
diver in obtaining a transformation of the Kummer criteria, namely
(1.6). Finally the functions A% 9(t) from (3.5) and A®9(t) from
(3.2) were used by Vandiver in his general transformation, (1.4), of
the Kummer criteria.
Next, let us consider the sum

h—p+1 htp—1

(3.6) Azh (E+ p Wrirbort = Z 4+ v+ 1)r1peri1
' = ve=h
= ha(h; £+ 1, 7).

We shall develop, in the following, other properties of the generalized
polynomials (2.12).

The equation (2.16), which we obtained as an expansion of certain
contour integrals similar to (2.14), on replacing e~27i* by ¢ and e~*7%
by 7, can be written in terms of the generalized Vandiver polynomials,

hn(—r; 2, t). This equation, (2.16), after applying (3.6), can be writ-
ten as

hk(O; x + Pv t)h’a(o; 5 + ?, T) - hk(O; X, t)ha(o; Sy T)

oy = 5 s D[+ g e — (e Byieen] ]

—1
+ 2 [hh g+ 1, D {(x+ p + Byst=tots
h=0 —(x+ &) k—lta:-{-h} ]
This equation will be used to obtain a variety of congruences con-
nected with the solution of equation (1.1).

4. Some special congruences. In this section we shall derive some
special congruences which are necessary for the final derivation of our
general congruences.
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The definition of the generalized polynomials gives us
1 (0; ap, O hpn(0; b, £)

p—1 p—1
= Z (h + a?)n—ltHw) Z (s + bﬁ)”“”“lt‘“")

h=0 8=0

= s (5 (it apyen) (B 6+ o)

h=0 8=0

=1 =1

= t(a+b>z»( > h"‘%!”) ( 2 Sp_"_lt') (mod p)
h=0 &=0

= t(a+b)ph,n(0; 0, t)hp-n(o; 0, t)

= $@tOPf, (1) fpn(F).

Hence we obtain the following variation of the Mirimanoff congru-
ences (1.5), namely1®

(4.1) = (@t02h,(0; ap, ) hp—n(0; bp, £) = 0 (mod p),

where @, b=0, +1, +2, - ... A particularly simple congruence oc-
curs when a = —b, namely

4.2) ha(0; ap, D) hpn(0; — ap,t) = 0 (mod p).
If we put a=b=0 in (4.1) this reduces to the original Mirimanoff
congruences (1.5).

Let us next consider the product %,(0; 1/2, £)k,-.(0; 1/2, ) which

reduces to 2= @=2hZV (£)h&(£). Thus from the special congruences
of Vandiver, (1.6), we have

4.3) £ 1272h,(0; 1/2, ) hp—n(0; 1/2, £) = 0 (mod p).
In the same manner we obtain the congruences

(4.4) 273 @02p,(0;1/24 ap, hp—n(0; 1/2 + bp, #) = 0 (mod p),

where a, b=0, +1, +2, -« ..
Following much the same procedure as before we shall derive some

transformations of the general congruences of Vandiver, (1.4). For
this purpose let us consider first

d—1

Z 7 (05 ¢/d, ) hpn(0; (& — 0)/d, 1),

c=0

10 In all the congruences given in this paper the following statements are under-
stood. If the equation x?+4y?-+2?7=0, p=odd prime, is satisfied by integers «, v, z
prime to p, where —¢ may be any of the quantities x/y, y/x, x/2, 2/x, ¥/2, 2/y (mod p),
then the congruences are satisfied.



1945] THE SOLUTION OF A CERTAIN DIOPHANTINE EQUATION 145

where p, 1, ¢, d=0 (mod 1); ¢ <d. This sum can be written in the form

E [( Iil (h+ ¢/d) n—lth+c/") ( P}:;‘ (s+ (@ —¢)/d) p—nnlm(d_c)/d)]

c=0 h=0 8=0
d—1 p—1 —1
= td— Y [( > (hd + ©) "‘lt") ( > (sd+d—c) P‘"“t‘)]
c=0 he==0 8==0
! (d,e) (d,d—c)
=703 by Dhpn ().

c=0

Hence the general congruences of Vandiver, (1.4), are replaced by the
relation

(4.5) d“’*z)t‘lﬂi1 ha(0; ¢/d, ) hpn(0; (@ — ¢)/d, £) = 0 (mod 7).

c=0

Next, if we consider the sum

d—1
> ha(0; ¢/d + ap, ) hypn(0; (d — ©)/d + bp, 1)

c=0

we obtain another transformation of (1.4), namely
a1
D=2 3" | (0; ¢/d + ap, ) hy_n(0; (d — ¢)/d + bp, 1)
(4'6) =0
= 0 (mod p),

where p, 1, ¢, d=0 (mod 1); c<d;and a, b=0, +1, +2, - - ..

5. Some general congruences. In §3 we derived an addition-theo-
rem (3.7) for the generalized polynomials of Vandiver, (3.1). Since
(3.7) is an identity in x, &, ¢, 7, B, and s we can substitute particular
values for the variables and parameters without destroying the equal-

ity. Among a variety of possible substitutions we shall introduce the
following:

(A) x=£=0,

(B) x=mp, &= qp,

©) x=1/2+mp, £=1/2+ gp,

(D) x=c/d+mp, &= (d—)/d+ qp,

and in each case we put
T = {, k= n, s=p— mn,

where p, n, ¢, d=0 (mod 1); ¢c<d; and m, ¢=0, +1, +2, - - -
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Now, on applying, successively, these substitutions to the equation
(3.7) we shall obtain several different quadratic functional equations
for hn(—7; x, t).

The congruences resulting from applying (A) to the equation (3.7)
and by using a proper choice of @ and b in (4.1) give us a direct
transformation of the Mirimanoff congruences, (1.5).

On applying (B) to (3.7) and using (4.1) we obtain the congruence

1
fi (Ba(l; mp, ) {((q + 1)p + h)r—r—1g—(m+D
= — (g9 + h)?-n—lt—(m+2)p+h}]
(5.1) p—1
+ 2 [hpnll; gp + 1, D {((m + 1)p + B)r—Y-@tDr+n
= — (mp + h)n—l;—(q+2)p+h}]

+ ¢ (mtat2)2f (05 mp, £) hp—n(0; gp, £ = 0 (mod p).

If we put m=¢=0 in (5.1) we obtain the same congruence which re-
sulted from applying (A) to (3.7).

Next on applying (C) and (D) respectively to (3.7) and using ap-
propriate forms of (4.4), (4.5) and (4.6) we obtain the following con-

gruences
p—1

2023, [ha(h; 1/2 + mp, {(1/2 + (@ + Vp + B>
h=0 £12=miDpth — (1/2 4 gp 4+ B)yr-r—ipl2=(minpth) ]
—1
oy T 20237 [pn(h; 3/2 4 qp, ){(1/2 + (m + 1)p + k)"
. h=0
U@t — (1/2 4 mp + k) n—lg-lIZ—(q+2)p+h}]
+ 2721 Ombat D2, (0, 1/2 + mp, O hpn(0; 1/2 + gp, 0)

= 0 (mod p),
d7237 37 [ha(h; o/d + mp, ) {((d — ©)/d + (g + 1)p + B)>—!
c=0 h=0

cpeli—(miDrth — ((d — ¢)/d + qp + B) p=n—tg=old—(mi2)p+h} |
d—1 p—1

5.3 T 22 2 [hpn(h; (2d—c)/d+gp, D) { (c/d+ (m+ 1) p+ B)"
. c=0 h=0

o (d—c) ld—(g+1) p+h — (c/d + mp + h) n—1—(d—c) /d—(q+2)p+h}]

d—1
+ v tmkat D2 3 (0 ¢/d + mp, 1)

=0

“hpn(0; (d—c)/d+ qp, ) =0 (mod 2),
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where p, #, d=0 (mod 1); n<p;¢=0,1,2, - - -,d—1; and m, ¢=0,
+1, +2,---.

Thus we have obtained transformations of the Mirimanoff and
Vandiver congruences connected with the solution of equation (1.1).
Other, and in some cases more symmetric, transformations of these
congruences are possible by using one of the other permissible forms
for the quadratic functional equation (2.11).
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1. Introduction. In some work devoted to the derivation of certain
congruences connected with the solution of Fermat's Last Theorem,
it was found necessary to develop several quadratic functional equa-
tions of a particular function which we shall define later. This note
will deal with the derivation of these functional equations. Maier?
derived two such quadratic functional equations for a generating
function of the Bernoulli polynomials. This work of Maier serves as
the basis for our developments.

2. The Maier results. The function, f(x, #), used by Maier was
defined by the infinite series

+o0 ezrizr

(2.1) >

—_— Ut

b

where x is a real variable satisfying the inequality 0 <x <1, and where
u is a real variable subject to the restriction ##0 (mod 1). Maier,
then, showed that if «, v, x, £ are such that %, v, (#+9)0 (mod 1)
and 0<£<x<1, that the function f(x, #) is a solution of the func-
tional equation

f(xv u)f(E, U) = f(f) u + 7))f(x - & u)

(2.2)
— flx, u + v)f(x — & — v).
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