684 N. G. W. H. BEEGER [October

ON SOME NEW CONGRUENCES IN THE THEORY
OF BERNOULLI’'S NUMBERS

N. G. W. H. BEEGER
For Bernoulli’s numbers the following relations are known:
(h+D)n=h w>1, ;= —23%  By=(—1)"1hy;
hony1 = 0 for u > 0.
For the symbol k*=/4"+1/(n+1) Kummer proved the congruence
) Fe(1 — %) = 0 (mod (3%, $*)),

p being a prime, b=p"1(p—1)b1, a+1#0 (mod (p—1)). G. Fro-
benius* has given another proof of this congruence, without using
infinite series. I shall now prove the congruence

(2) (= 1)i-1fatmb = E (= 1) Cpme—1Coms,i_skoH(s=1Db (mod pi)’

s=1

b=p—1,
which is equivalent to
(— l)i—lm = i (= 1)s—t+(m—stiu
2n + 2mp o
(3) B
* Cm,s—lcm—s.i—s _____"“‘_(3__1)"__ (mOd Pi) ’
2n + 2(s — Du

Cmo=1,m=14,i<2n— 1,200 (mod (p — 1)), x = (p — 1)/2.
Take, in (1), b=p—1, c=4, a=2n—1; then (1) gives

(— 1)i1patdi = Z (= 1)*1C; o1 kot =D? (mod p?).

s=1

Hence (2) is proved for the case m =14. Now suppose that (2) is proved
for m=4,1+1, 24+2, - - -, m. From (1) it follows that
(= 1)mEetmtb = 3 (— 1)s71C,, ;o kot E=D0

s=1

4)

m+1

+ 20 (= 1) 'Coupr,o-1k=H D (mod p+Y).

s=1+4+1

* Sitzungsberichte der Preussischen Akademie, vol. 39 (1910), p. 809
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By substituting, for each term of the second sum in the right-hand
side of (4), the series from (2), we obtain

(— 1) mpotmtDbd = Z (= 1)s 1+ G=D8(Cpry oy

s=1
(5)
- Cm+l,tci,s—lci—s,i-s + Cm+l.i+1C1’+1,s—1Ci—s+1,i—s

— - £ Co1,nCmieiCosics) (mod p?).
Let the coefficient of k¢ be denoted by S,.. Then
S =1 = Cuyp1,:Ci1,i-1 + Cmip1,641Cs,i—1
— o (= D)™, Cnricn,
and, using the known relation

Cm-{-l,c - Cm,c = Cm,c—l,

(6)

we have
m—1
Su = Smr = 2, (— 1)+, i 1Cigics + (— )™ 1C01,mComot,ic1
i
m—1
= Cpyic1 2 (= DFHCo i1 mipr
(N =

+ (= D)™ 1C 04y mCrmet,ia
= (= D)™ H(Cpia + Cnr,i).
From (6) it follows that S;= —¢; hence from (7) we have
Sm—8i=Ciiz1— Cipria+ - + (= D™ Cpui i
4+ Citr,i-1 — Cigaimr + -+ - 4+ (= D)™ HIC, ),
(8) Sm = (= D)"H1Cp s 4.
Let further the coefficient of k%t in the second member of (5) be de-

noted by S,.”; then

!

Sn = Cni1,;i = Coug1,iCi,iCizjrricicr + -+ £ Cog1,mCm, iICmjm1,i- 1
= Cop1,i(1 = Coejpr,i-iCicimricjc1 + Conjyr,imiiCiniinj
=t Cosiprm iCmjt,inja);

hence

Srln = Cm-l—l,ism—j = C1n+l,jcm—j,i—j—-1(_ 1)m—i+l

by (8). From (5) the congruence (2) is now proved for (m-+1); hence
(2) is true in general for all numbers m =1, 1+1, - - - .



686 N. G. W. H. BEEGER [October

In order to get a congruence analogous to (2) and (3), but for a
modulus which is a higher power of p than p¢, take, in (2), a-+3jb in
place of a, and replace (m-+j) by m. We have

(= 1)i-1gatmb = Z (= 1) C e jrotiCon s iskOT GFIDP (mod pi),
(9) s=1
mzitjisa+jba+1#0@mod(p—1),

with the equivalent relation
(—1)i-1 Butma = i: (— 1)t (st D

In+2mu oy

(10) B

* Con—js—1Cm—is,is _‘”l_'fii:l.l— (mod %),

2n+2u(s+j7—1)

mZi+j, i<2n—1+j(p—1), 2n£0 (mod (p—1)).

A prime p >3 is said to be irregular if it divides one of the numbers

B, By, - - -, B,_1, say B,. It is known by (1) that in this case each
number B, ., is divisible by .

THEOREM. If p is an irregular prime, and iof k*=0 (mod p), then for
each number 1 the positive integers my, ma, - - -, mi_1 <P, can be deter-
mined uniquely by the chain of congruences

k* = m P (mod p?),
kotmb = ypyp P (mod p°),
kot Gmtmap)d = 492 P (mod p),
bot Cngtmapt+ o mim2pt THY = mi_1p2P (mod p%),
provided that
P = k* — kott £ 0 (mod p?);
consequently

fpat (mitmapt- - Ami1p' b = 0 (mod Pz)

In the above k is defined as at the beginning of the article, and b=p—1.
PRrOOF. In the congruence (2) take 7=2; this gives
— ka+mb = (m — l)ka, —_ mka+b (mod 152)7

(11)
katmb = po — (ke — kot?) (mod 52).
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The congruence
ke — m(k* — k*t?) = 0 (mod p?),

wherein k¢ and k*t® are divisible by p, has one solution m; <p if and
only if P=ke—kstv=£0 (mod p?), and it follows from (11) that

kotmd = (0 (mod p?).

Hence the theorem is proved for ¢=2. Suppose that it is proved for
2,3,4, - ,14,and put

my+ mop + - -+ miapTS =m';

then k¢t”?'*=0 (mod p?). Now take the congruence (9) for (z+1) in
place of 7, which gives

(= Dm0 = 3% (= D5 ICy s Corepoa ek HD (mod pH).
s=1
Let the polynomial in the right-hand side be denoted by G(m). Then
(11a) Gm' + pi—'x) = Gm') + p—wG' (m') (mod pi+1);
also
G(m') = (= 1%kt (mod p*)
from the definition of G, and (2) gives, for 1=2,
G(m) = (— 1)iketmd = (— 1)1 (m — 1)k* — mket?} (mod p?);
hence
G'(m) = (— D)= {ke — kete} (mod p?),
and setting m =m’ in this relation, we get from (11a)
GO + p1a) = (= Dikerns 4 (= Dipita(le — kot?) (mod pi+),
and hence
(= st adbm (= 1)t oo (= 1)1 it — ket) (mod 1)
Now ketm'?=( (mod p*). The congruence
kotm'd — pi-lg(ke — kotd) = O (mod pitl)

has therefore one solution x=m;<p if and only if k*—k**?5£0
(mod p?), and then ket(w+5" 'mdd=( (mod p*1). The theorem is
proved for (¢41) and hence is true for all values of <.

It follows immediately from this theorem that for each number 7,
as large as we please, the numbers my, ms, - - -, m;_; can be deter-
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mined so that if B,=0 (mod p), n<p, p an irregular prime, then
Boi (mpmapt - - ~4micipi-ty = 0 (mod p?),
if

n

£ (= 1o Bui-v2
2n m+p—1

Pollaczek* calculated, in the cases =16, p=37; n=22, p=159; and
n=29, p=67, the number m; for which B, yn,,=0 (mod $?). His cal-
culations gave me the idea to construct my congruences (3) and (10)
and to formulate the theorem.

The substitution of m =2#x in (3) gives the result

B, i
(_ l)i—l n 4 = Z ('— 1) (6_1)(#+1)C2n,3—1C2n—a,i—a
(12) =t
o Brretn o b9, 2m % 0 (mod (p — 1))
2+ 2(s — Du ’ )

The case 1=2 is of special interest. H. S. Vandiver and his collabora-
tors, in their researches about the second case of Fermat’s last theo-
rem,T have made very extensive calculations to find the residues of
B, modulo p3, p being an irregular prime less than 211, not knowing
the congruence (12). For B,=0 (mod ), we have #n <u; then B,,=0
(mod p?), and (12) gives, for =2,

b4
2n — 1

B,, = — {(2n — 1)2B, — (— 1)@D/2(2n)2B,;,; (mod p?).
Using the existing tables of Bernoulli’s numbers we can obtain from
this congruence the residue of B,,, modulo p?, after a simple calcula-
tion. Thus I have checked the results of Vandiver (except for p =157
and 149; Bis; and B not being in the tables) and have found them
all correct.

AMSTERDAM, HOLLAND

* Mathematische Zeitschrift, vol. 21 (1924), pp. 28-31. Some of his results are
wrong. They should be B2»=50-59, Bsx=42-59 (mod 592), Bs2=37-67 (mod 672).
t Transactions of this Society, vol. 31 (1929), pp. 613, 639-642.



