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tetrahedron outside its edges each in a Caporali quartic, and con-
tains both the Gor and the Gse.
Fr=0129%3] 01421 (88 — 28 ) + 2425 (0F — 2 ) + @a5 (02 — 25%) }

+ x1x2x4{ a13%1 (%5 — 08 )+ a9sxa(wd — 22 )+ aaswa(@® — x4®) }

+ 010384 { G101 (%F — 08 ) + asew3(08 — )+ aswa(wf — 2f) }

+ o384 { @1 wa(0F — x8) +asis(xf — 0P) +agua(xd —ad) } =0.
It has the A;'s as triple points and the A4, as single lines.
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1. Introduction. An Einstein space is defined as a Riemann
space for which

R
(1) Raﬂ = — 88
n

We assume the first fundamental form
2) ds? = gupdxedxf

to be non-singular, but do not restrict ourselves to the positive
definite case. An n-+1 dimensional space is said to be flat when
its first fundamental form can be reduced to}

n+1
(3 ds? = 3 ci(dx?)?,

=1
where the c; are definitely plus one or minus one. An # dimen-
sional Riemann space which is not flat is said to be of class one
if it can be imbedded in an #+1 dimensional flat space. The
purpose of this paper is to determine necessary and sufficient
conditions that an Einstein space be of class one.

There is no problem when # =2, for then every space which

* Presented to the Society, September 3, 1936.
1 Throughout this paper Latin indices will have the range 1 ton+1; Greek
indices the range 1 to n.
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is not flat is of class one. Neither need we consider the case n = 3,
for then every Einstein space is a space of constant curvature
and consequently is of class one unless it is flat.* It has further
been shown that there can exist no Einstein space with a posi-
tive definite form (2) which is of class one and for which R=0.}
There may, however, exist spaces of class one with R=0 when
the form (2) is indefinite. Brinkmann} has shown that this prop-
erty is enjoyed for # =4 by a space with the first fundamental
form

ds? = 2dxdy + 2d¢pdd + 2f(x, ¢)dxde,

where f(x, ¢) is any function possessing continuous first and
second derivatives. In this paper we consider the case where
n>3 and R0, thus leaving open the case where R=0 and the
form (2) is indefinite. Our procedure will consist of reducing the
problem to a purely algebraic one by means of a recent theorem
of T. Y. Thomas;§ and then the algebraic problem is solved by
straightforward elimination methods.

2. Riemann Spaces of Class One. Before discussing Einstein
spaces, let us recall the general theory of a Riemann space of
class one. Let U be a simply connected neighborhood of the »
dimensional arithmetic number space. A Riemann space will
be called an R in U if the coefficients of the first fundamental
form (2) are functions of class C? for x ¢ U and the components
of the Riemann curvature tensor are of class C' for x € U. An R,
is said to be imbedded in the #+1 dimensional flat space whose
metric is given by (3) when there exist functions y*=¢%(x) of
class C? in U which satisfy the mixed system

* J. A. Schouten and D. J. Struik, On some properties of general manifolds
relating to Einstein's theory of gravitation, American Journal of Mathematics,
vol. 43 (1921), p. 214.

t E. Kasner, The impossibility of Einstein fields immersed in flat space of
five dimensions, American Journal of Mathematics, vol. 43 (1921), p. 126. See
also L. P. Eisenhart, Riemannian Geometry, 1926, for a discussion of Einstein
spaces and for the general theory of spaces of class one on which this discussion
is based.

1 H. W. Brinkmann, Conformal mapping of Einstein spaces, Mathematische
Annalen, vol. 94 (1925), pp. 140-141.

§ T.Y. Thomas, Riemann spaces of class one and their characterization, Acta
Mathematica, vol. 67 (1936), pp. 169-211.
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(5) 2 ciyiadls = gess 2 Ciyiaot = 0, 2 cidlet = e,
=1 i=1 =1

where ¢* is the unit normal to R,, bs are the coefficients of the

second fundamental form of R,, and e is definitely plus one or

minus one. The functions b,s(x) and ¢% are of class C*in U. This

system is completely integrable if and only if the Gauss equa-

tions

(6) Rapup = e(banbﬂp - bapbﬁﬂ);
and the Codazzi equations
(7) bau.p = bap,n

are satisfied for all x ¢ U. Under these circumstances the system
has a unique solution in U for every set of initial values (y%),,
(y,",,)o, and (o%), which satisfy (5) at the point P where x =x,.
A given R defined in a neighborhood U is of class one if and only
if its curvature tensor does not vanish and there can be found a
value of e and o set of functions b.g(x) of class C* which satisfy (6)
and (7) in U.

Suppose now that we are given a Riemann space whose first
fundamental form is of signature s, and the coefficients of whose
second fundamental form satisfy (6) and (7) for a particular
value of e. We seek to determine the signature of the flat space
in which it can be imbedded. So we choose a coordinate system
such that at the initial point, P, g =0 for a#p, gsa= 11 for
a=1,- - ,(s+n)/2,and gea= —1 for a=[(s+n)/2]+1, - - -, n.
An obvious set of ¢; and initial values of the variables
which satisfies (5) at P is obtained by putting ¢;= 41 for
i=1, -+, (s+n)/2, ci=—1 for i=[(s+n)/2]+1, -, n;

cnpr=e; and (¥a)o=084; (690=0 for i=1, - -, n; (6"),=1.
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The signature of the flat space so determined is thus s+e. The
usual argument® shows that this signature is the same for all
sets of solutions of (5).

3. Einstein Spaces of Class One. We now pass to the consid-
eration of Einstein spaces and suppose that we are given an
Einstein space of class one which is furthermore an R, in U.
Then there exist real functions b,5(x) of class C* and a value of e
which satisfy (6). In order to solve (6) for the b.s(x), we observe
that from (6) we have

ze(b‘yrbﬁnRaﬁn 'I" b“rpbﬂuRaﬁm + b‘wbﬂuRaépr)
= Raﬂuak'yspr + RaﬂﬂfR'yﬁap + RaﬂnpR'an - R&ﬂ;wR'yupr

— Raﬂ,“-R‘yowp - R&ﬁup-R'ya‘m - RaﬁmR‘Yﬁ/w
- RaﬁppRvﬂw - RaﬁMvR‘rﬂfp'

(8)

Multiplying (8) by g*?g%, summing, and using (1), we find that
(9) bwbﬂu

R n
el —— T - 1 7gdp 2Ra R To‘+Ra 7R a]
[n(Z — n)g*r £8u 2R(2 — n) ggbe( Bupdlsy sur R 4800

= € Dyripy,
where the D, are thus defined. It follows at once that
(10) byr = & (eDyr1ye) /2.
Since b,. are real, the matrix
M= HvalﬂMH

is semi-definite of rank one in U, where (y1) indicates the row and
(Bu) the column. We call this property condition A.

Interchanging 7 and u in (9), subtracting the result from (9),
and using (6), we find that, for every point in U,

R
Rygey = —— (gye88 — .
VBrp (2 ) (gv-g8u gvugsr)

(11)

- m gwgsp(RaﬁﬂpRMW - Rawwkﬁﬂfa + RaﬁmR*/Bpw) .

* See, for example, Duschek-Mayer, Lehrbuch der Differentialgeometrie,
1930, vol. 2, p. 26.
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We call this condition B, thus having proved that conditions A
and B are necessary that the given space be of class one.

To show that they are sufficient, suppose an Einstein space
(R0) is given which satisfies A and B and which is also an
Ry in U. Since M is semi-definite of rank one in U, we know that
at any point P ¢ U there exist a unique determination of ¢ and
real values of b,s which are unique to within algebraic sign, such
that (9) is satisfied. At least one of these, say b, is not zero at
P, and its value is given by

(12) by = £ (6D2ﬂ|$n>1/2’

where Dg,,%0 at P and e is chosen such that b, is real. The
values of the bg, for other sets of indices may be obtained from

eDﬂ#IEﬂ .

13 b, =
( ) Bu bEn

Since Dy, gy is of class C*in U, there exists a neighborhood V(P)
such that P ¢ V(P) ¢ U within which Dy, 70 and bg,£0. Since
the other Dg,;, are also of class C!in U, it follows that for each
choice of the sign in (12), equations (12) and (13) define a con-
stant value of ¢ and a set of real b,5(x) which are of class C! in
V(P). It is clear that the choice of sign throughout V(P) is de-
termined by its value at any point. These bqs(x) and e satisfy (9)
by their very definition, and since (11) is satisfied in U by hy-
pothesis, they also satisfy (6) in V(P).

Now consider a point Q € V(P) € V(P’), where P and P’ are
distinct points. By the above procedure define a definite set of
b.(Q) and a value of e, say ¢(Q), at Q, when Q is considered as
an element of V(P). Another set, bas(Q) and e’(Q), are defined
when Q is considered as an element of V(P’). But since the
value of e is unique at any point and is constant in any V neigh-
borhood, it follows that e is constant throughout V(P)+ V(P’).
And since the possible values of b, at any point are unique to
within algebraic sign, it is clear that the sign to be chosen in (12)
for V(P’) can be taken such that b.s(Q) =bas(Q). Since bag(x)
and bag(x) are of class C! in V(P) and V(P’), respectively, it
follows that bas(x) =big(x) throughout V(P)n V(P’). Thus we
have defined a solution of (6) which isof class Ctin V(P)+ V(P').



270 C. B. ALLENDOERFER [April,

Now T. Y. Thomas* has shown that this method can be used
to extend this solution to the entire neighborhood U. The result
is that A and B are sufficient conditions for the existence of a set
of bag(x) of class C* and a constant value of e which satisfy (6) in U.

From this we can show at once that the b.s(x) also satisfy (7)
in U. For, first, the matrix ||bag| is of rank # in U. Multiply (6)
by g*, sum, and make use of (1). There results

R
(14) 8bu ‘n— = €g%baubs, — bapg®bpu-

Now if ”baﬁH were of rank <z at any point P c U, the system
bauM =0 would have at least one non-zero solution at P. But if
this were the case, (14) would show that g, =0 has at least
one non-zero solution at P, but this is impossible, since we have
assumed that |gss| #0 in U. Since T. Y. Thomas has shown in
the paper mentioned above that if the rank of ||be|| is >3, the
Codazzi equations are satisfied as consequences of the Gauss
equations, it follows that our b.g(x) satisfy (7) in U.

THEOREM. An Einstein space with n>3 and R0 which is an
Ry in a simply connected neighborhood U is a space of class one if
and only if ”leﬂn” is semi-definite of rank one in U, and equa-
tions (11) are satisfied in U. If s is the signature of the first funda-
mental form of an Einstein space which satisfies the above condi-
tions, the space can be imbedded in any of the flat spaces whose
first fundamental forms are of signature s-+e, where e is determined
as in (12).

PRINCETON UNIVERSITY

* T.Y. Thomas, Riemann spaces of class one and their characterization, Acta
Mathematica, vol. 67 (1936), p. 205.



