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the graph and its asymptote would clearly give the value of ».
If, on the other hand, the graph in question shows no asymp-
tote, that fact signifies that u=1. In that case the left member
of (13) is to be plotted. Since » is now not equal to unity this
graph will show an asymptote, the slope and intercept of which
determine % and ».
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1. Introduction. A series of involutorial Cremona transforma-
tions of space were defined by Snydert by means of a corre-
spondence between the surfaces of a pencil of ruled surfaces and
the points of a rational curve, called the director curve. The di-
rector curve was a part of the basis of the pencil and two of the
chief characteristics of the transformation were: one of the prin-
cipal surfaces was a ruled surface R, all of whose generators were
parasitic lines; all the tangent planes of the surfaces of the homa-
loidal web along a certain curve were fixed, being determined by
the surface R.

In this paper we shall define a series of transformations by
means of a correspondence between the surfaces of a pencil of
ruled cubic surfaces and the points of certain rational curves.
The director curve is not part of the basis of the pencil; one of
the principal surfaces is a ruled surface R, all of whose genera-
tors are parasitic lines; all the surfaces of the homaloidal web
have fixed tangent planes along a certain curve, but none of the
fixed planes are determined by R.

2. Definition of the Transformation. Given a pencil of ruled
cubic surfaces ’ F3{ whose basis curve consists of a double line d

* Presented to the Society, September 13, 1935.

t Virgil Snyder, On a series of involutorial Cremona transformations of space
defined by a pencil of ruled surfaces, Transactions of this Society, vol. 35 (1933),
pp. 341-347.
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and a rational space quintic curve 8 which has d for a quad-
risecant; also, given a rational space curve 7, of order #, which
meets d and 8§ in m —1 and m-+1 points, respectively; then a
general surface F; of the pencil meets 7, in 3m —1 fixed points
and in just one general point O. Thus there is a (1, 1) corre-
spondence between the surfaces of | | and the points O of .
We define F3:0 and O as associated surface and point.

A point P(y) in space will determine a unique surface F;s of
the pencil, hence a unique point O(2) on #,. The line PO meets
F;in P, O, and one other point P’(x), which is defined as the im-
age of P. Then on each line of the complex of lines meeting 7,
lies a pair of points P, P’ in involution.

We shall discuss the case where m =2 in detail, and then in-
dicate results for m general.

3. Egquations of the Transformation. Let the equations of d and
72 be

(1) d: x3=0, x4 =0,
(2) ro:  X1%4 — XPE = 0, %y = 0.

Then D= [r,, d]=(1, 0, 0, 0), and any point on 7; can be repre-
sented by

3 O(z) = O(z1, 22, 23, 22) = (A2, 0, A, u?).
Let the pencil of surfaces | Fs| : d28; be
4) kF (%) — NF'(x) = 0,
where N\, u in (4) is the same as in (3). If F(0):0, then
F(%) = [af 1 + asxe + bl w5 + (b + af — b1)wi]as
+ [b1x1 + bawe + (b4' + 61’)903 + b4x4]x3x4
+ [c11 + cama + ci'ws]al,
F'(x) = [aa'22 + as'xs + ad'xi]as
+ [61/%1 + 05 2 + b %5 + bd xa]wsxs
+ [cf @1 4 of % 4 (1 + bo)ws + of wa]as?.
Denote by 4, B, C and A’, B’, C’ the coefficients (containing x;

and x, only) of x#, xsx4, x2 in F(x) and F’(x), respectively,
(that is, 4 =adx1+azx); and by «, B, v the determinants

(%)
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|BC'| =BC'-B'C, |AC'|, |AB'|;
and let
E=A'x? +B'xsxs+Clxd.
Any point on the line joining P(y) to O(z) has coordinates

(6) X: = pY; + 033, ('l = 1, 2, 3, 4).
The value of p/g for P’(x) is given by
(7 uF(py + 02) — NF'(py + 02) = 0.

Since P is on (4) and O is on 7, we find
(8) p[uF(z, y) — NF'(z, )] + o[uF(y, 5) — \F'(3, 2)] = 0,

where F(y, 2), F'(y, 2) are the first polars of F(y), F'(y) with
respect to (2), and F(z, v), F'(z, y) are the first polars of
F(z), F'(z) with respect to (y), and N/u=F(y)/F’'(y). Hence

P I
o Ky’
where
© Lis = F'(y)F(y, ) — F(9)F'(y, 2),

Ku = F'(y)F(2, y) — F(y)F'(z, 3).

However Lis and Ky are factorable, and
(10) K = R4Kq, Lis = R,F'Ly,
where F/ = F’'(y) and

Ry = yiF — y3F', K7 = a(yysd + 2Bysys + ayéd) + Fi(y),
(11) Ly = uLs + Fo(y),

Lo = (Ay + A’B)y# + (48 + A’a + By + B'B)yf y.

+ (BB + B'a+ Cy + C'B)ysys + (CB + C'a)yé,

and where F(y), Fo(y) are terms containing vs, y4 to higher de-
gree than 4 and 5, respectively. On removing the factor Ry, the
involutorial transformation is therefore expressed by

(12) T30 x; = yiF’Lg - K7Zi, (’L = 1, 2, 3, 4).

It is evident from equations (12) that K;=0 is the surface
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of invariant points, that Ly =0 is the image of 7,, and that F/ =0
is the image of D.

4. Images of the Fundamenial Elements. Through a general
point O of 7, passes a generator g of F(0O). If P is any point on
g, since PO lies on F(0), then P’ is indeterminate, and the line g
is parasitic. As O traces 72, the line g generates the surface R4=0.
Since all the generators of R, are parasitic lines, the surface
should appear as a factor of the transformation, as we have seen
from (10).

Consider a general point P on d. It remains invariant on
every F(O) of the pencil, except when PO is a generator go on
F(0), hence a generator of R,. Thus the total image of d is R,.

Since D is a double point on F(D)=F’, every point of F’ is
transformed into D, hence D~F’.

The tangent plane of F(O) at O intersects F(O) in a generator
go and a conic ¢::0. Every point of ¢, is transformed into O,
hence O~c,. As O traces 72, the ¢, generates the surface Ly=0.
The point O is invariant in the direction of the tangent of ¢,
hence Ly and K7 are tangent along 7.

On every generator of the rational cone with vertex P on &
and standing on 7, is one point P’, the image of P. The locus of
P’ is a curve ¢ of order two increased by the number of times
PO is tangent to F(O) at P. Given an arbitrary point O on 7,
the tangent plane of F(O) at P cuts 7, in two points M. Given
a point M, there is a unique surface for which MP is a tangent
at P, thus one point O. This (1, 2) correspondence on 7, has
three coincidences, hence P~c;: P3. However, through P passes
one generator go of F(O). Hence ¢5 is composite and consists of
go and a ¢,: P% As P traces 05 the go generates Ry, and ¢, gen-
erates a surface Ay =0. Since Ry factors out of the transforma-
tion, the total image of 85 is Ag. The equations of Az are found
by finding the image of F(x). We see that

F(x) :d2D255 ~ FR42F’2A22,
where
(13) A = E*Le(8? — ) + Fae(y),

and Fa(y) contains s, v, to degree higher than eleven. The point
P is invariant in the directions of the two tangents of c¢;: P?,
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hence two sheets of Aj are tangent to the two sheets of Ky
along 8s.

5. Contact Along d. The two tangent planes of F/=0 at any
point on d are identical with those of g=0. It is evident from
equations (11), (12), and (13) that each tangent plane of &
(hence of F') is the tangent plane of one sheet of K;=0, one
sheet of Ly=0, two sheets of a general homaloid Si;3=0, and
four sheets of A»x=0 at every point on d. Also the remaining
three sheets of Ly, Si3, and Ay have fixed tangent planes along d,
the three planes being identical with the tangent planes of L,
along d. The image due to the former contact is F’ and the latter
iS R4.

Although every tangent plane of Ly, Si3, and Ag is fixed at
any point on d, they are all distinct from the tangent planes
of R, at the point. The tangent planes of F’ at D are

y4=0, w=>b{ys+ci{ys=0.

At D, one of the three tangent planes of Ly, Si3, A2s coincides
with .

6. Determination of the Parasitic Lines. We have seen that
every generator of R, is a parasitic line. In general none of these
generators lies on any other surface of the transformation. We
wish to find which of these lines do lie on other surfaces, and
any other parasitic lines which may arise.

Given a point O on 7, the generator go on F(O) intersects d
in a point L. The surface F(0) has two pinch points M ond. If a
point L and a point M coincide, then a generator go on F(O)
passes through a pinch point of F(0). In this case go is not only
parasitic but is a line of contact for Sis, Ly, K1, Ry, Ase.

Given a point L there are two points M. Given a point M,
there are two surfaces for which M is a pinch point, hence two
points L. This (2, 2) symmetric correspondence on d has two
coincidences, hence there are two such parasitic lines. Denote
them by 2g.

The surface F’ has two generators passing through D, its as-
sociated point. Each is a parasitic line. One lies in the plane
y4=0, hence lies on R4, and factors out of the transformation.
The other lies in the plane 7 and is a parasitic line for the trans-
formation. This line g’ is simple on Si, K7, F/, and As.
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Since 85 is rational and has d for quadrisecant, the surface of
trisecants is a ruled surface of order eight, Rs: 8:8d¢. Since 7,
meets d once and §; three times there are three trisecants of 85
which meet 7,. If O, is a point on 7, through which passes a
trisecant of s, then the trisecant lies on F(0;) and is parasitic.
Thus there are three such parasitic lines, 3g’’. They are simple
on Sy, Ly, K7 and triple on As..

7. Table of Characteristics. The images of planes and of funda-
mental elements can now be expressed by the following table:
S1~ SigirddT e DIsAde o' 30"
re ~ Loirzd5+‘+‘+3"055532g3g",
d~ R4:1’2d3D8552g,
D~ F':@*t+D%g’
05 ~ An:r24d11+4t+4t+3t'D115572g g/3gf/3’
Krirad*ttHtD42 2g ¢'3g",
Jis = LoyRZF'3 g,
where the ¢ and ¢’ in the multiplicity of d stands for the contact
as given in §35.

Thus the complete intersection of two surfaces of the web
may be written

[S1s, S1d ] = Cuarat d4o+4+44350162(2g) g’ 3"

8. The Transformation for m General. We replace 7, by a ra-
tional curve 7,, which meets d and 5 in  —1 and m+1 points,
respectively, with parametric representation

(14) 2y = Zi()" /-")7 (1 = 1, 2, 3) 4))

where the 2; are homogeneous functions of degree m in A, u. De-
note the m — 1 points of intersection of 7,, with d by D;, and the
associated surfaces by F(. The transformation has the form

(15) Temp1i®i = yFOF® oo . Fn=DLg s — Kgm12:(F, F'),
(7: =1,2,3, 4);
where K31 =0 is the surface of invariant points, L3 =0 is the

image of 7,, and F(9» =0 is the image of D;. The image of d is
R,=0, as before. The image of a general point P on §; is a curve
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Com: P™ As P traces 0, the ¢, generates a surface Aizm_z, the
total image of ds.

Each of the two tangent planes of each of the m —1 surfaces
F( at each point of d is the tangent plane of one sheet of L3,
one sheet of Ksni1, two sheets of a general Sem.1, and four sheets
of Aigm—g. Also the remaining three sheets of Lsnys, Sems1, and
Am_2 have fixed tangent planes along d.

The parasitic lines are as follows: 2g, two generators of R,
which are simple lines of contact for L, K, S, R, A; (m—1)g’,
m —1 lines, one on each F(?, and simple on S, K, A; (m+1)g"’,
trisecants of §; meeting 7., simple on S, L, K and triple on A.

The results can be expressed by the following table:

S1~ Semp1its dimmitpAI D Am=15Em9e(m — 1)g'(m + 1)g”,
¥m = Lgmygitpd?mtittittct3t’ D amtigmt1do(yy + 1)g"!,
d~ Ry:rnd®D3652g,
D;~ F(j):d2+t,‘+¢jD’.265g’f ,
85 ~ Asgmoi 7y dSmSHitiT Y D Bnb5am=12g (m — 1)¢'(m + 1)g""®
Ksmy1irmd?mttittiD2mg2e(m — 1)g'(m 4+ 1)g",
Joim = LgmpsREF M -  F=DA o
where the #; and ¢’ represent the contact along d, and

1=1,2,:-:-- ,m—1,
The complete intersection of two surfaces of the web is

[Sem+1s Soms1]

= Compard dmD (nb G40435,6m2 (2g) (m — 1)g/(m +1)g"
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