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ON ALGEBRAIC SURFACES WHICH ARE
INVARIANT IN A CERTAIN CLASS OF
FINITE COLLINEATION GROUPS*

BY ARNOLD EMCH

1. Introduction. Among the algebraic varieties in projective
space of 5 dimensions, S;, and its sub-spaces and projections,
there exist examples with notable properties and historic
interest.

There is the Veronese surface of order 4 in S5 obtained by a
mapping process based on the «?% conics of a plane. The pro-
jection of this surface from an S; which has no point in common
with the surface upon an S; is a Steiner surface, as is well
known. Again we have Segre’s cubic variety cut out from the
hypersurface

x13+x23+...+x63=0
by the hyperplane
1+ x4+ w6 =0

in S;. The tangent hypercone from a generic point of this
variety to the variety itself cuts a generic S; in a Kummer
surface.

In what follows I shall consider a V; in S; defined as the
intersection of two hyperquadrics in Ss. In coordinate represen-
tation this space shall be given by Ss= (y1, s, - -, ¥6) and the
two hyperquadrics by

)] Y1¥s — y2¥5 = 0,
(2) Y25 — ¥3¥s = 0.

Obviously the V; determined by (1) and (2) is also contained
in the hyperquadric y1ys—y3y6=0.
If to (1) and (2) the hyper %-ic

(3 oyttt =

* Presented to the Society, April 18, 1930.
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is adjoined, then the three intersect in a surface which is of
order 3n and may be represented by

(4) 2 32y + ¥ + y8 + ¥ + Py (v2 4+ y8) = 0.

The problem arises whether it is possible to reduce this surface
birationally to a simpler form. This may indeed be accomp-
lished by the following transformation of the space Ss(y)
into an ordinary space Si(x):

(s) pPY1L = X1%4,  pY2 = Xaks, PY3 = Xzdy,
PYs = XXz, pPYs = X3X1, pYe = X1¥3.
Clearly (1) and (2) are satisfied by (5). From this we find

inversely

oX1 = 1/y4, oXy = 1/y5, ogX3 = l/ye,
(y1 4 y2 + ¥3)/(3ays + ys536 + yoya),

with the adjunction of (1) and (2), so that the correspondence
is of the Cremona type.

Since (5) is a Cremona transformation satisfying (1) and
(2), and since the hyper n-ic (3) is transformed by (5) into the
surface

(N ared + afad + af o + 2P ol + xf 2l + afxd =0,

an F,, of S;, the surface (4) defined by (1), (2) and (3) in S;
is transformed birationally by (5) into the surface (7).

The problem is now resolved into an investigation of these
surfaces F, of order 2z in three dimensions.

(6)

oX4

2. Group Properties of Surface Fa,. As (7) is symmetric in
the x’s, the surface is obviously invariant under the symmetric
Ga4 on four letters. But there exists a larger group of collinea-
tions containing the symmetric group as a subgroup. Denote
the 7 roots of unity by 1, re, 73, - - -, 7,. Then as (rxx:)"=x;",
it is clear that

( X1 X2 X3 X4 ) < X1 Xo X3 X4 )
X1r, x27‘5 x3r7 Xarg X1 Xor; X3ry, Xar,

a substitution which leaves Fs, invariant. There are as many

such substitutions as there are dispositions of # elements with
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repetitions in 3 places, that is, #3. Each of these can be per-
muted in 24 different ways, so that there exists a collineation
group of order 24-#* under which the surface is invariant.
When # is even, the octavic group

( X1 X2 X3 X4 )
+ X1 + X2 i X3 i X4

may be adjoined, so that in this case the surface is invariant
under a group of order 8 - 24 - n3. The group of 7#° collineations
is Abelian and is invariant in the entire group, since the trans-
form of any of its substitutions

X1 X2 X3 X4 X1 X2 X3 X4
by
X1 x2r,* X3ry Xary Xa Xb Xe Xad

<xa Xy X  Xa )
Xa Xbr; Xerp Xan

The entire group is the direct product of the symmetric group
on four elements and this Abelian invariant subgroup. The
result may be stated as follows:

is

THEOREM 1. The symmetric surface Y xtx, =0, ik, is in-
variant under o collineation group of order 24-n® or 8-24-nd,
according as n is odd or even. The group is the direct product of the
symmetric group Gy, or a group Guos tn case of an even n, with an
tnvariant Abelian subgroup of order nd.

3. Conics on the Surface. The surface may be written in the

form

or (2" + 2f) (2 + 24) + af 2l + xad =0

(% — eQ+2RYin/n. x) T[(x, — e(+2MVin/n. g
+ (%124 — eOF2RiTIn. g050) = 0; k=0,1, - - -, n—1.

The first product, set equal to zero, represents # planes through
the side 414, of the coordinate tetrahedron. The third product
represents # quadrics on the skew quadrilateral 4:4,, As4,,
AsA5, A3A,. Hence there are n planes through the side 4,4,
which cut these quadrics in #? conics which lie on the surface
F,,. The same is, of course, true for every other side of the
coordinate tetrahedron. In each of these planes there are n
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of these conics. When # is odd, n=2m+1, then for k=m the
corresponding plane through A4, becomes x;+x;=0, which
cuts the quadric xxs+x223=0 in a real conic. Hence, whenn
is odd, the surface contains 6 real conics which lie on the quad-
ric X _x, =0, i7k. In this case the surface also passes through
thepoints (—1,1,1,1); (1, -1, 1, 1); (1,1, —-1,1); (1,1, 1, —1)
which form a desmic tetratredron with respect to the coor-
dinate tetrahedron. The four centers of perspective of these
form the third desmic tetrahedron (1, 1,1, 1); (-1, —1,1, 1);
(-1,1, —1,1); (1, —1, —1, 1), which is not on the surface.
The points A4, 4, As, A4 are obviously #n-fold points of the
surface. Hence we have the following theorem.

THEOREM 2. The surface Fon has Ay, A2, Az, As as n-fold
points and coniains 6n? conics which lie 6 times on n* planes
through the joins A ;Ayx. On each of these planes lie n of the conics.
When n is odd, then 6 of these conics are real and lie on the sym-
metric quadric through the four multiple points.

4. Lines on the Surface. If the equation of Fy, is written in

the form
afat + afad + xfal + af (o + a8 + a) =0

it is clear that the 2#2 lines of intersection of the two cones x;"x,"
+oxmxs™ F a1 =0, x1"+x"+x37 =0 lie on the surface. Thus
is established the existence of 8%2 lines, 2xn? through each mul-
tiple point, on the surface. The equations of these lines may
easily be established. Setting x1" =21, %" = 25, x3™ =23, the traces
of the lines through 4, for example are obtained as the solutions
of 2120+ 2023+ 2321=0 and z1+2:+2:=0 or of x"=1, x"=w,
xs"=w?, where 1, w, w? are the cube roots of unity. These
solutions may be written in the form

Xy = e2ki1r/n’ X = e2i1r/(3n)+2ki1r/n , X3 = e4i1rl(3n)+2ki1r/n’
or

X =1, @y = eTBAEG—kDHI/GBn) | g0 = o2ir[8n+3(k—kD+2k]/Bn)
k,k1=0, 1,-- -, n—1, hencealso k—%;=0, +1,---, +(n—1).

Now we may distinguish three cases, according as n=0, 1, 2
(mod 3), or n=3m, n=3m~+1, n=3m+2. When n=23m, then
it is impossible for x, or x; to become either w, or w?, since
6m+3(k—ki1)+15#0 and also 6m+3(k—k1)+20. This how-
ever is possible when n=3m+1, by choosing ky=k=2m+1, to
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get xe=w, and ki—k=m-+1 to get x3=w? Likewise when
n=3m-+2, for ky—k=m+1, we have x;=w? and for k;—%
=2(m+1), x3=w. Now (1, w, w?) and (1, w?, w) are the inter-
sections of the unit line x;+4x2-4x3=0 with the conic xxs+xsx3
+x3x;=0, so that when #=3m+1, or 3m+2, two of the 2n?
lines through A4, pass through these points in x,=0. Two such
lines pass through each of the remaining three vertices. The
six traces of these lines lie on the unit-plane x;+xs+x3+x,=0
and are the intersections of the quadric Zx,-xk=0, 1#k, with
the quadrilateral cut out on the unit-plane by the faces of the
coordinate tetrahedron. But when #n =3m, there are 18m? lines
through each vertex whose traces on the opposite face lie by
sixes on 3m? conics; i.e., the lines lie by sextuples on 3m? quadric
cones with the same vertex.

These lines intersect by pairs in the following manner: Let
S=(1, s1, s2) be one of the 2n? solutions as represented above
by (x1, x2, x3) in terms of exponentials. Then (1, si, 2, §3) is
a point on the line 44S which lies on the surface. If we now let
s3 take on the 3n values 1, 75, - - -, 7a; sit, 812, -« -, 1"} S,
s22, -+ - -, s2™ corresponding to the 3z solutions for x"=1,
X" =w, x3" =w? separately, we obtain 3» points on 44S through
each of which pass two lines of the surface. For example
through (1, s1, s2, s1°) pass the lines joining 44 to (1, s1, se, 0)
and 4, to (1, 0, s, s1%). Thus there exist 3n lines of the surface
which intersect a line A4S of the surface, such that through
each vertex 4,, A, A3 pass n of the 3 lines. Hence on account
of the symmetry there exist 3 -3n -2n?-4=12%% points on the
surface through each of which pass two lines of the surface.
This may be summed up as follows.

THEOREM 3. There exist 8n®lines on the surface, 2n? through
each multiple point. These lines intersect by pairs in 12n® points
of which 3n lie on each line. In case n=3m, the lines through
each point A; lie by sixes on 3m? cones with the common vertex
A In case n=3m-+1 there are 3m?—2m, in case n=3m+2,
there are 3m?+-4m-+2 such cones. The configuration of 12nd
points is, of course, invariant under the finite collineation group
of the surface.

The surface Fs, is also invariant under the involutorial cubic
transformation
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| I J A | —
pPX1 = XoX3X4, pXe = X1X3X4, pxX3 = X1X2%4, pPXs = X1X2X3.

From this it follows that Fs, is invariant in a group of Cremona
transformations whose order is twice the order of the correspond-
ing collineation group.

5. Example. The Sextic Surface D x2x2 =0, i=k. This
surface assumes a particularly attractive form by the fol-
lowing transformation from projective into Cartesian co-
ordinates. Choose a cube A4:(—1, 1, 1); 4. (1, —1, 1);
Aa(l, 1,—1);A4(—'1,—1,—1);A1/ (1,—1,—1);142’ (—1,1,—1);
45’ (—1, —1, 1); A/, 1, 1), so that the Cartesian axes 0X,
OY, OZ are the lines joining the centers of opposite faces of
the cube. Now let the coordinate tetrahedron of the projective
space (%1, %3, X3, x4) coincide with 414.4344; then

pri=—x+y+z+1, pre=2x—y+z+1,
ps=x+y—z+1, pxs = —x —y—2z+4+ 1.
The surface Fg reduces to
(—xt+y+z+1)(x—y+z+ 1)+ (x—y+z+1)(a+y—2+1)°
+@t+y—z2+D(—a+y+z+1)°
+(—x—y—z+ D (—ax+y+z+1)3
+@E—y+z+ 1)+ (e+y—z+1)} =0

The quadric )_xx; =0, i %k, reduces to the sphere x2+y2 422 —3
=0, so that the six real conics on the sextic surface become
circles which lie in the faces of the cube and which in each case
pass through the four vertices of the cube in this face. The unit
plane is transformed into the plane at infinity and the three
desmic tetrahedra become the two regular tetrahedra inscribed
in the cube and the tetrahedron formed by the origin and the
infinite points of the x-, y-, and z-axis. There are 72 lines on
the sextic. The 18 lines through each vertex lie by sixes on 3
coaxial right circular cones with the principal diagonals of the
cube as axes. The collineation group under which the surface is
invariant is of order 24-27=648. It also permutes the points of
the configuration of 324 points through each of which pass 2 of
the 72 lines. On each line there are 9 of these points.
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