
1929.] REMOVAL OF FOUR TERMS 73 

ON T H E REMOVAL OF FOUR T E R M S FROM AN 
EQUATION BY MEANS OF A TSCHIRNHAUS 

TRANSFORMATION* 

BY RAYMOND GARVER 

The removal of the second, third, and fourth terms from 
an equation ƒ(x) = 0 by means of a Tschirnhaus transforma­
tion is a matter which can be summarized in two statements. 
First, if f(x) = 0 is of higher than the fourth degree, the 
well known Jerrard process, which uses a fourth degree 
transformation, serves to remove the three terms without 
requiring the solution of any equation of degree greater than 
three. Second, if ƒ(:*;) = 0 is of the fourth degree, Lagrange 
first showed that a similar reduction is possible, employing 
a third-degree transformation.f Lagrange's transformation 
does not, however, apply to higher degree equations; the 
fact that the transformed quartic is a binomial equation is 
essential to its success. 

The removal of the second, third, fourth, and fifth terms 
leads to a larger number of different cases. In general, we 
can say that, since the equations of condition are of degree 
1, 2, 3, 4, we may be led to an equation of the 24th degree. 
But this maximum can almost always be substantially re­
duced. Thus Hamilton, in his report on the validity of 
Jerrard's work, was able to show that, if f(x) = 0 is of degree 
greater than ten, the transformation can be effected with the 
aid of a single quartic equation, and no equation of higher 
degree, while simply one additional quartic has to be in­
troduced if f(x) = 0 is of degree ten. J Sylvester later obtained 

* Presented to the Society, December 27, 1928. 
t See his Oeuvres, vol. I l l , Paris, 1869, pp. 284-295. The article, his 

well known Réflexions sur la résolution algébrique des équations, was first 
published in 1770-1771. 

{ Sixth Report of the British Association for the Advancement of 
Science, London, 1837, pp. 295-348. See, in particular, p. 318 ff. 
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these same results in a somewhat different manner.* Bohlin 
professed to show that the transformation for f(x) « 0 of 
degree ten required only one quartic equation,! but NettoJ 
and Heymann§ pointed out that his work was incorrect. 
Heymann also set up a very simple transformation for the 
removal of the first four intermediate terms which requires 
a single quartic, and no equation of higher degree, but it 
can be applied only if f(x) = 0 is of at least the twelfth degree. 
The only other work on the subject seems to be that of 
Lagrange in connection with the quintic;|| he showed that 
the four intermediate terms can be removed without re­
quiring the solution of any equation of higher than the sixth 
degree. But his method applies only to the quintic, since it 
makes use of the fact that the transformed equation is 
binomial. 

The purpose of the present paper is to consider the cases 
which do not seem to be covered in the literature, namely, 
those in which the equation f(x) =0 is of degree 6, 7, 8 or 9. 
The following theorem gives the principal result: 

THEOREM. The second, third, fourth, and fifth terms of a 
ninth degree equation can be removed by means of a Tschirnhaus 
transformation of the eighth degree, the determination of whose 
coefficients involves the solution of no equation of degree greater 
than five. 

The method used to obtain this result was suggested by an 
article of Hubert. H However, the theorem does not at all 
follow from his work, which leads to an equation of the twenty-
seventh degree. In fact the aim of Hubert's paper is simply 
to show that the general ninth degree equation is solvable 
in terms of algebraic functions of not more than four argu­
ments, in the same sense that the general quintic is solvable 

* Journal für Mathematik, vol. 100 (1887), pp. 465-486. 
t Arkiv för Matematik, Astronomi, och Fysik, vol. 3 (1906-7), No. 5. 
Î Grunert's Archiv, (3), vol. 14 (1909), pp. 125-126. 
§ Grunert's Archiv, (3) vol. 19 (1912), pp. 320-330. 
|| Pp. 314-317 of the above reference. 

1 Mathematische Annalen, vol. 97 (1926), pp. 243-250. 
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in terms of functions of a single argument. The point of 
view is thus quite different from that of the present paper. 

To remove the second, third, fourth, and fifth terms from 
an equation f(x) = 0 of the ninth degree by a Tschirnhaus 
transformation y = P(x), where P(x) is a polynomial of not 
higher than the eighth degree, we must show that the 
coefficients of P(x) can be chosen so as to make ^y =^y2 

~^2y3 —^y4 = 0, where ^y means ^2i=\P(xi). If we assume 
P(x) to be a simple eighth degree polynomial, and attempt 
to set up the equations of condition directly, the work be­
comes involved. Hence we proceed as follows. 

A theorem of Brioschi* states that, if ƒ(x) == 0 is of the nth 
degree, n odd, there exist (n —l)/2 polynomials in 
x, <{>u 02, • • • , 0<n~i)/2, such that (1) each <f>i is of lower 
degree than ƒ(#), (2) the <t>% are linearly independent, (3) the 
4>i possess the properties ]£0i = ot> 2 ^ - 0 , 5Z0«0/mO» 
(i,j~l, 2, • • • , (» —1)/2, *Vj)» (4) the determination of 
the coefficients of the <t>i requires the solution of linear and 
quadratic equations only. Thus for w = 9 there are 4 such 
functions, and if we set up the transformation 

(1) y = Cifa + C2<t>2 + ^303 + CA(t>i 

we have at once ^2ys=^y2=s0i independent of the Ci. The 
two remaining equations of condition, X);y3~0 and ^2yi — 01 

are clearly homogeneous equations of degree 3 and 4 re­
spectively in the ciy with coefficients which can be computed 
in terms of the coefficients oîf(x) = 0. If these two equations 
involved only two essential parameters their solution would, 
in general, require the solution of a 12th degree equation, 
but the presence of an additional parameter allows it to 
be carried out without introducing any equation of degree 
higher than the fifth. 

A well known theorem of Sylvester says that the general 
homogeneous cubic polynomial in four variables may, with 

* Rendiconti del Istituto Lombardo, (2), vol. 20 (1887), pp. 364-370. 
Also his Opere, vol. 3, Milan, 1904, pp. 293-299. 

t]C0* means St-i^'C**)» where the #* are the n roots of f(x) =0. 
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the aid of an equation of the fifth degree, be reduced to the 
canonical form Mi+Mi + Mz

z+Mi+Mi, where the Mi 
are the roots of a quintic whose coefficients are rational in 
those of the given cubic polynomial, the Mi are linear homo­
geneous functions of the four variables, and Ms can be ex­
pressed as a linear function of the other Mi, say as ^2isacïViMi. 
The condition ^2yz = 0 can then be put in the form 

(2) Mi + Mi + Mi + Mi 

+ (viMi + v2M2 + VsMs + vtMi)* = 0, 

where each M is a linear homogeneous function of ci, c2, Cz 
and c±. We wish to show that this equation can be satisfied 
in such a way as to leave one essential parameter unde­
termined. 

In the exceptional case in which v^, v2, Vz, Vt are all zero, (2) 
can be satisfied by setting M2= — Mu M±=—Mz. Thus 
only two linear conditions are imposed on the Ci, and one 
essential parameter (that is, the ratio of two c's) remains 
unfixed. 

In the general case, at least one v, say Vz, will be different 
from zero. We may also certainly rearrange subscripts so 
that the conditions fli = 0, vi ~vi do not hold simultaneously. 
Then make the following substitutions 

f Mi = s+ 1, 

( I M2 = a2s + b2, 

Mz = (— vi - v2a2)s/vz + bz, 

[ M 4 = #4-

Equation (2) then becomes a non-homogeneous cubic in s, 
which can be satisfied identically in s by proper choice of 
02, b2, b3l b4. First, the coefficient of sz is 

and a2 can be chosen so that this vanishes, under the re­
strictions on vh v2, Vz, stated at the beginning of this para­
graph. 
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The coefficients of s2 and 5 are found to be respectively 
three times the quantities 

1 + a2
2b2 + a£bz> 

i + a2b2
2 + azb£ , 

where a3 stands for — (vi+v2a2)/vz. Now a2 can be chosen 
different from zero unless z>i8=z>3

8, z>2 = 0. In this case, 
Uz— —Vi/vz, and the coefficients of s2 and 5 can both be made 
to vanish by taking bz~ — Vi/vs. Secondly, a3 will be zero 
if a 2 = — Vi/v2\ further, l+a 2

8 must equal zero, or v?=v<?. 
In this case both the above coefficients will vanish if 
&2= — Vi/v2. Otherwise az cannot equal zero unless Z>I = ZJ2 = 0 ; 
then for a2 = & 2 =-- l the coefficients of s3, s2, s will all 
vanish. In the general case, both a2 and a3 will be different 
from zero, and b2 and bz can obviously be determined so 
that the coefficients of s2 and s will vanish. 

Finally, the term free of 5 becomes 

1 + V + bz' + V + (vi + v2b2 + vzbz + VtbtY. 

To make this vanish requires simply the solution of a cubic 
in &4, unless \+v£ = 0 . If this condition holds, there remains 
a quadratic to solve unless Vi+v^+Vzbz^O. However, if 
this last equation is satisfied, it may be combined with condi­
tions already set up to show that l+ô 2

3 +&3
3 must also equal 

zero. Thus the term free of 5 still vanishes, and the coeffi­
cients of (3) have now been determined so that (2) vanishes 
identically in s. 

Now since the Mi are linear homogeneous functions of 
Cu • - • , c4, the Ci may be determined linearly in terms of 
M\y • • • , Mi. In general, this determination will be unique, 
but this will not be so if there is a linear relation between the 
M^ By (3), the Ci are given as linear, non-homogeneous 
functions of 5. If now we substitute these values into the 
expression for]T);y4, the final equation of condition, ^2yA=s0y 

becomes a non-homogeneous quartic equation in s, which can 
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be solved for s.* This completes the proof of the theorem. 
If f(x) =0 is of degree 7 or 8,f there exist three #-functions 

having the properties of Brioschi's theorem. We then set 
up a transformation similar to (1), and the equations 

are homogeneous equations in three 
parameters. The determination of c%, c^ cz will, in general, 
lead to an equation of the 12th degree, as was pointed out 
above. 

If f(x) = 0 is of degree 6 it does not seem possible to lower 
materially the maximum 24 which was obtained in the second 
paragraph. 

THE UNIVERSITY OF CALIFORNIA AT LOS ANGELES 

SOME PROPERTIES OF MULTI-COHERENT 
CONTINUA* 

BY W. A. WILSON 

1. In a recent paper§ C. Kuratowski gives the following 
definitions : 

A continuum C is called uni-coherent (or n-coherent) if for 
every decomposition of C into two continua K and L, where 
Cy^Ky^Ly KL has one (or n) components. A continuum C 
is called tnulti-coherent, if KL is not connected. 

The properties of such continua are later developed in 
some detail. Among the theorems proved are the following. 

* The very exceptional case in which the coefficients of si, s*, s2, s all 
vanish, while the term free of s does not vanish, may be handled by intro­
ducing homogeneous parameters in (3), that is, by putting M**s+t, 
Mi^OiS+bitt etc. For the present case, / must be zero. 

t Although Brioschi's theorem does not mention equations of even de­
gree, (w—l)/2 0-functions can be set up for an equation of even degree 
» + l just as they can for an equation of odd degree n, and in different ways 
as well. 

Î Presented to the Society, October 27, 1928. 
§ C. Kuratowski, Sur la structure des frontières communes à deux ré* 

gions, Fundamenta Mathematicae, vol. 12, pp. 20-42. 


