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permanent bureau. Some questions are better left unde­
cided. International agreement is not wanted on all points ; 
international rivalry and emulation still have their part to 
play, helped by the international friendships that are pro­
moted by such gatherings as these international congresses. 

In conclusion, I must express my thanks to many of 
those whose names appear in this report for the assistance 
I have received from them in its preparation. 

CHARLOTTE ANGAS SCOTT. 
B E Y N M A W R COLLEGE, 

October, 1900. 

T H E FORTY-NINTH ANNUAL MEETING OF THE 
AMERICAN ASSOCIATION FOR THE AD­

VANCEMENT OF SCIENCE. 

T H E forty-ninth annual meeting of the American Asso­
ciation for the Advancement of Science, which was held at 
Columbia University June 23-30, was from the point of view 
of scientific work one of the most successful in the history 
of the Association. Sixteen affiliated societies met with the 
Association and contributed greatly to the importance and 
interest of the meeting. Two of these, the American Math­
ematical Society and the Astronomical and Astrophysical 
Society, held joint sessions with Section A. 

The next meeting of the Association will be held in Den­
ver during the last week of August, 1901, under the 
presidency of Professor Minot of the Harvard Medical 
School. Professor James McMahon, Cornell University, 
will be vice-president of Section A, and Professor H. C. 
Lorcl, Ohio State University, will be secretary. Forty-one 
out of the total number of forty-nine annual meetings of the 
Association have been held during the month of August, 
while the recent New York meeting was the first that was 
held in June. The next meeting will be farther west than 
hitherto, but it seemed to be the general opinion that this 
was desirable in order to extend the influence of the Asso­
ciation. Pittsburg was recommended as the place of meet­
ing in 1902. 

The meetings of the section of mathematics and astronomy 
were well attended. The officers of this section were : vice-
president, Asaph Hall, Jr . ; secretary, W. M. Strong ; coun-
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cilor, Ormond Stone ; sectional committee, Alexander Mac-
Farlane, J . F. Hayford, C. L. Doolittle, W. M. Strong, 
Harold Jacoby, Edgar Frisby, W. S. Eichelberger. The 
Council elected the following mathematicians and astrono­
mers to fellowship in the Association : E. S. Crawley, G-. 
A. Hill, W. J. Humphreys, H. C. Lord, L. H. Orleman, 
Mary W. Whitney, P. S. Yendell. 

The opening address of the Vice-President of Section A, 
" On the teaching of astronomy in the United States," has 
been published in Science, July 6, 1900, pp. 15-20. In the 
absence of the Vice-President, Simon ISTewcomb, C. L. Doo-
little and Ormond Stone presided at the meetings of this 
Section. The following list of papers read before the Section 
does not include those of the American Mathematical So­
ciety and of the Astronomical Society which were read at the 
joint sessions of these societies and Section A. 

(1) President H. S. PRITCHETT: " The functions, organ­
ization, and future work of the U. S. Coast and geodetic 
survey. ' ' 

(2) Mr. J. F. HAYFORD : " The precise level net of the 
U. S. and a new levelling instrument. " 

(3) Professor T. J. J. S E E : " T h e propagation of the 
tide wave.? ' 

(4) Professor T. J. J. S E E : " T h e dimensions and 
density of Neptune. " 

(5) Professor E. FRISBY : " Some remarkable properties 
of recurring decimals. " 

(6) Professor G. T. SELLEW : "History of the complex 
number." 

(7) Professor JAMES MCMAHON : " T h e expression of a 
rational polynomial in a series of Bessel Functions of the 
nth order." 

(8) Dr. G. A. MILLER : "Report on the groups of an 
infinite order." 

(9) Professor L. E. DICKSON: " Definition and example» 
of Galois fields." 

(10) Mr. W. B. F ITE : " On the metabelian groups whose 
invariant operators form a cyclical subgroup." 

(11) Mr. H. E. HAWKES : " Note on Benjamin Pierce's 
linear associative algebra." 

(12) Mr. F. Ho LOUD : "Sundry metrical theorems con­
nected with a special curve of the fourth class." 

(13) Mr. G. A. H I L L : " Variations of latitude." 
(14) Mr. G A. HELL : " The comparative accuracy of the 

transit circle and the vertical circle." 
(15) Professor J. IS". STOCKWELL : " ISTew light on ancient 

eclipses. ' ' 
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(16) Professor J. N. STOCKWELL : " Secular variations of 
the motions of the planets.'' 

(17) Professor J . JN". STOCKWELL: " A new method of 
computing the Laplace coefficients of planetary pertuba-
tion." 

(18) Miss MARY PROCTOR: " Miss Catharine Wolf 
Bruce." 

(19) Miss M. E. TRUEBLOOD : " The directive force of 
philosophy upon mathematics." 

(20) Mr. W. G. LEVISON : " O n a method of photograph­
ing the entire corona, employed at Newberry, S. C., for the 
total solar eclipse, May 28,1900." 

Two of the titles that appeared on the programme are not 
reproduced here since these papers did not reach the secre­
tary in time to be presented at the meeting. In the absence 
of their authors the papers by Professor McMahon and Mr. 
Fite were presented by Professor Crawley and Dr. Miller 
respectively. Mr. Hawkes' paper was read by title. The 
two papers by Mr. Hill will be published in the American 
Journal of Science and in Science respectively. Dr. Miller's 
report will appear in the BULLETIN. Abstracts of the other 
papers, with the exception of the last three, are given 
below. 

President H. S. Pritchett, lately Superintendent of the XL 
S. Coast and geodetic survey, considered the three questions: 
' l What is the purpose of this service ? Is it properly or­
ganized to carry out this purpose? What lines of work 
should be followed to accomplish the purpose in view ? ' ' 
The first and principal work of the Coast and geodetic 
survey is the hydrographie survey of the coasts of the 
United States and the islands under her jurisdiction. In 
hydrography and topography a part of the energy of the 
service will go to the resurvey of parts of the mainland of 
the United States; but by far the greater effort will go to the 
hydrographie surveys of Porto Rico, Hawaii, the Philippine 
Islands, and Alaska. In geodesy, the most interesting work 
of the next eight years will be the completion of an arc ex­
tending along the ninety-eighth meridian from the Bio 
Grande to the Canadian border. By the cooperation of 
Mexico and of Canada it is expected that this arc will ulti­
mately have for its southern limit a latitude of about 19 
degrees and for its northern terminus the latitude of nearly 
70 degrees. The completion of the precise level net for the 
United States, and the differential gravity determinations 
now being carried out in connection with similar work by 
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other nations, are the most important other objects of this 
service. The work of the Division of terrestrial magnetism 
contemplates a general magnetic survey of the country and 
of the waters adjacent within the next ten years. 

Mr. Hayford's paper is in abstract as follows : The net of 
precise level lines recently adjusted in the Computing Di­
vision of the Coast and geodetic survey comprises over 
12,000 miles of spirit leveling, and 1,400 miles of water 
leveling, run by the Coast and Geodetic Survey and other 
organizations. The manner of making several preliminary 
" s tud ies" before making the final least square adjustment 
was explained. The points requiring especial attention 
were, the assignment of relative weights to different classes 
of leveling, the attempt to detect systematic errors, and the 
assignment of the relation of weight to length of line. The 
least square method of computation was used throughout 
and the assumptions upon which it is based were checked, 
as far as possible, by direct appeals to the facts. The only 
well-marked form of a systematic error found, is one which 
is due to changes of temperature in the instrument during 
the period of observation at a station. The instrument 
shown was one which is about to be put into use in the 
Coast and geodetic survey; it is designed with special ref­
erence to eliminating the systematic error just referred 
too, and to furnish rapid observations of the highest degree 
of accuracy. 

The object of the first paper by Professor See, was to 
direct attention to certain points in the theory of the prop­
agation of the tide wave. After defining the tide wave by 
the general relations for horizontal and vertical motion, 

x' = x + (fix.t), y' = y+ <P( x 0, 

which are transformed into 
/ 2iry 2iry \ 

3 == Al e ~*~+ e~~* ) cos (nt — vx), 

H= - if e A - e ~*~J sin (nt — vx), 

y being the depth of the sea, A the wave length, and v any 
integral number, the author shows that in case of the tides, 
where A is large compared to y, the path of any particle is 
an elongated ellipse, giving a horizontal motion about 1,000 
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times greater than the vertical motion. He then gives the 
tide-generating potential in the usual form 

xr 3mv2/ 9 1 \ 
y= —8-( cos2 o) — - ), 

2 P \ 3 / ' 

and shows by derivation the lengths of the four arcs into 
which the circumference is divided, two being each 109°.5 
in length, the other two 70°.5. A figure showing the mo­
tion of the water in every part of an equatorial canal at any 
instant, indicates clearly why the wave advances when once 
started, as the flow is forward in the two long arcs, and 
backward in the short arcs. The author states that the 
tide wave is at first a forced wave, afterwards acting as a 
free wrave ; but this view of the propagation holds for both 
classes of oscillations, when treated separately, and is ap­
proximately true when the two classes of waves are com­
pounded. 

In his second paper Professor See treats historically the 
question of the diameter of Neptune, showing that the 
earliest measures, made in 1846, place it at about 3", and 
that subsequent measures range from 4". 3 to 2".00. With 
every improvement in the definition of telescopes, the diam­
eter has shrunk. He then showed, from observations made 
in 1899-1900 with the great equatorial of the ISTaval Obser­
vatory under better conditions than have been enjoyed by 
previous observers, that the true diameter of the planet is 
about2".00, or27,190 miles. Thediameter hitherto accepted 
in standard works on astronomy is 34,000 miles. The 
former density was 1.11 that of water, but this is now 
doubled and put at 2.26. 

Professor Frisby gave some brief special methods of com­
bining numbers, and especially of finding the recurring deci­
mals which represent rational fractions. 

Professor Sellew traced the history of the complex num­
ber from the first appearance of the imaginary in the 
Stereometrica of Hero of Alexandria in the second cen­
tury B. C. The idea that the imaginary must be in the 
plane without the line of real numbers was first given by 
Wallis (1685). Kühn's construction (1753) introduced the 
idea of direction. Wessel (1797) was the real inventor of 
the modern representation of the complex number. His 
analytic representation of direction was the best before the 
time of Hamilton. 
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I t is known that in certain cylindrical boundary problems 
it is necessary to expand f(r, 0) in a Fourier series of the 
form 

and then to expand <pn(r) in an nth. order Bessel series of 
the form 

AxJn{XlT) + A2Jn(X2r) + -.., 

in which Xv A2, ••• are determined from the roots of a certain 
equation to be satisfied on the boundary r = a, and the co­
efficients are given by 

r<Pn{r)^Jn{Xsr)dr 
A = *?± 

The value of the definite integral in the denominator is 
given in the text-books, but no method of evaluating the 
integral in the numerator has been given. The object of 
the paper by Professor McMahon is to reduce this integral 
in the commonest case, viz., that in which <pn(r) is expres­
sible in a series of powers of r with integer exponents 
(positive or negative). For this purpose formulae are 
given by means of which CxmJn(x)dx is made to depend 
on CxJn(x)dx and fJn(

x)^x9 an (^ ultimately on CJQ(x)dx 
alone. 

Thus the complex numerical treatment of a large class of 
cylindrical harmonic problems requires the introduction 
and tabulation of a new fundamental transcendent, which 
may be defined by the equation 

H0(x) = £j0(x)dx. 

This function may be tabulated either from the power-
series, or from the relation 

fliOO - 2[Ji(*) + J3(x) + J - 6 0 ) + •••]. 

Professor Dickson developed the definition of Galois field 
as follows : Let p be a prime number and P(x) a polynomial 
of degree n in x having integral coefficients, and suppose P(x) 
to be irreducible modulo p, i. e., suppose it to be impossible to 
give P(x) the form 

P(x)=P1(x)-P2(x)+p-Ps(x), 
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where theP^O) are polynomials having integral coefficients, 
the degrees of P , 0 ) and P 2 0 ) being < n . If we divide any 
polynomial F(x) having integral coefficients, by the function 
PO)> we obtain a quotient QO)> and a remainder which can 
be written 

ƒ 0 ) + p ' q(x), ƒ ( » ss a0+ axx + a2x
2 + - + a^x"-2, 

where every aj is a positive integer <^p. Hence 

F{x) - ƒ 0 ) + P O ) « 0 ) + *•? (* ) . 

We say f(x) is the residue of F(x) modulo p and P(x) and 
write 

F(x)~f{x) [ m o d ^ P O ) ] . 

The totality of functions F(x) obtained by giving to the 
polynomials Q(x) and q(x) all possible forms is said to 
constitute a class of residues. Two polynomials 

^•0) = ƒ0) + W G(*) + M*0) (*' = h 2) 
belong to the same or different classes according as ƒ and f2 
are identical or not. Each aj in ƒ 0 ) having jp values, there 
are evidently pn distinct classes of residues. The class to 
which Fx ± F2 or Fx • F2 belongs depend merely upon the 
functions ƒ ±f2 or ƒ -fv being independent of the Q. and q.. 
Hence classes of residues combine unambiguously under ad­
dition, substraction and multiplication. Furthermore, an 
arbitrary class CF may be divided by any class CF , not the 
class zero, yielding as quotient a unique third class. In 
fact, p being prime and P(x) irreducible modulo p, and 
P , 0 ) being not divisible by P(a?) modulo p, we can deter­
mine, by a process analogous to that for finding the great­
est common divisor, integral functions P / 0 ) and P'(x) such 
that 

P / O ) • - ^ I O ) - J?0) ' -F'O) ss 1 (mod p). 

Hence the function F1
fF1 belongs to the class unity. I t 

follows that 

C CFI via 

Thep* classes of residues modulisp and P O ) therefore forma field, 
called a Galois field of order pn. 
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The main object of Mr. Fite's paper was to demonstrate 
the following theorems : 

THEOREM I. If the commutators of a metabelian* group 
G of order pm, p being a prime, form a cylical group of order 

pa , then the number of independent generators of any given 
order of the group of cogredient isomorphisms (?' must be 
even. 

THEOREM I I . There are exactly /5 + 1 groups of order 
j9a+2^s, p being an odd prime, s being any positive integer, 
and /3^§ «, such that their invariant operators form a cylical 
group of order pa and that their groups of cogredient isomor­
phisms are abelian of the type (/?, p, ••• to 2s terms). 

THEOREM I I I . The number of metabelian groups whose 
invariant operators form a cyclical group of order pa and 
whose groups of cogredient isomorphisms are of the type 
(av ax,... , to 2s1 terms ; «2, a2... to 2s2 terms ; ••• ; «w, an ,... to 
2sn terms), where sv s2, • ••, snare positive integers and 

«l<«a<»8<-<a»-l<a«> 1 S (Öti + 1)(Ö C2~"l+1)(Ö C8--U t2+1) 

•»(«tt— ««-1+1). 
The curve studied by Mr. Loud is the parallel to the hy-

pocycloid of four cusps, and is briefly noticed by Salmon in 
his Higher plane curves, §§ 118 and 119. The present pa­
per gives a simple method of construction by points and 
establishes several theorems connecting the curve with the 
metric geometry of n lines in a plane. The treatment 
adopted employs the circular coordinates x and y, equal re­
spectively to x + iy and x — iy in the Cartesian system. Some 
of the more obvious properties of the curve, as well as its 
varieties of form, are deduced. The methods and results 
given by Professor Morley in the second number of the 
Transactions have been extensively employed. 

In his first paper Professor Stockwell argues that ancient 
eclipses throw much more light on ancient chronology than 
might be inferred from the paper by Professor McFarland 
which was read before this Section at the Columbus meeting. 
The second paper is intended to show that there are secular 
equations of the mean distances of the planets from the sun. 
The third paper is in abstract as follows : 

The Laplace coefficients of planetary perturbation arise 
from the development of the function 

*If the commutators of a group are self-conjugate the group is called 
metabelian. The group of cogredient isomorphisms of such a group is 
abelian, and conversely. 
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{1 + a 2— 2aCOS/5f-s 

in an infinite series depending on the cosines of j3 and its 
multiples. If we assume that 

51 + a2 - 2« COS P\~s = |6S
(0) + &a

(1) COS P + bsW COS 2 /5 
+ 6S

(8J cos 3/5 + - + &.(0 cos #,, ^ ' 

the coefficients 6,w are the Laplace coefficients required. 

2a 
If we put r + V 2 = r / ? ( 2 ) 

we shall have 

{1 + a2 — 2a COS P\-s = ( 1 + < T S {1 - a' C0S/3}~S; (3) 

and if we now assume that 

{1 - a' cos p\-s = J 6S
(0) + 6S

(1) cos/9 + b™ cos 2/9 
+ 6S

(3)' cos 3/5 + - + 6s
(i) cos i/5, (4) 

we shall have 
&.<«>= £,«>. {1 + a2}-8. (5) 

If we now develop the first member of equation (4) by 
the binomial theorem, we shall have an infinite series of 
terms which may readily be computed by means of a table 
of logarithms of the coefficients of the different powers of 
cos /5, together with a similar table of logarithms of the 
coefficients cosw/5 when it is developed in terms of the co­
sines of /5 and its multiples. 

Tables containing the logarithms of the coefficients of 
these functions have been computed, so that we may easily 
compute all values of 6S

W for all values of i = 0, to i = 35. 
And when bs

(i) has been found b^ may be found by equation 
(5). 

G. A. MILLER. 
CORNELL UNIVERSITY. 


