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on the structure of the substitution group. Similarly Lie 
makes the integration of a system of partial differential equa­
tions which admits of a finite continuous group of transfor­
mations depend upon the integration of a series of auxiliary 
systems, and the number of these systems, their nature and 
the way in which they are related to one another depends 
on the structure of the continuous group. The importance 
of the structure of finite continuous groups is further illus­
trated in Pieard's theory of linear differential equations and 
more generally in the theory of differential equations which 
admit of a fundamental system of integrals. 

P E I N C E T O N , N. J., 
1 October, 1897. 

A GEOMETRICAL LOCUS CONNECTED W I T H A 
SYSTEM OF COAXIAL CIRCLES. 

BY PROFESSOR THOMAS F. HOLGATE. 

(Bead before the American Mathematical Society at its Fourth Summer 
Meeting, Toronto, Canada, August 16, 1897.) 

SUPPOSE there be given a sheaf or pencil of rays whose 
centre is P and a system of coaxial circles lying in the same 
plane. Two rays of the sheaf will be tangent to each cir­
cle of the system and two circles of the system will be 
touched by each ray of the sheaf. If we start with any one 
circle of the system \ and one of its tangent rays mv it is 
easy to determine the second circle k2 to which this ray is 
tangent, then the second ray m2 tangent to k2l then the sec­
ond circle \ to which m2 is tangent and so on indefinitely, 
the circles and rays forming a continuous chain. Whether 
or not this chain of circles and rays will return into itself 
depends upon the location of the centre P with respect to 
the system of coaxial circles and I undertake in the present 
paper to find the locus of the point P for which the chain of cir­
cles and rays will close with three circles and three rays. 

In other words, I undertake to find the locus of points 
through which three lines can be drawn tangent to three 
circles of a coaxial system in pairs. 

Any two circles and a pair of common tangents form such 
a closed circuit containing two elements of each kind and 
the point P may be any one of the six vertices of the com­
plete quadrilateral formed by the four tangents common to 
the two chosen circles. 
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The problem before us resolves itself largely into one 
of elimination and in order to make the elimination as 
simple as possible I shall confine myself to the consider­
ation of the case in which two of the circles are equal. 
This limitation upon the circles does not, however, particu­
larize the locus, since a point which admits one such trip­
let of lines through it admits also an infinite number of 
such triplets. In order, too, that the rays may all be real 
in a system of threes we shall assume that the circles have 
real intersections. 

Let the three circles of the closed circuit be represented 
by the equations : 

(1) x2 + y2-2k1x-ô2=:0J 

(2) x2 + y2 + 2k1x-ô2 = 0, 

(3) x2 + y*-2kzx-ô2 = 0-

and the three lines by 

(1) y — mxx — c x = 0 , 
(2) y — m2^ — c 2 = 0 , 

(3) y — mzx — cs = 0, 

the coordinate axes being the radical axis of the system of 
circles and the line of centres. 

The condition that line (1) may be tangent to circle (1) 
is 

m* Ô2 — 2m1 cx kx - c2 + k2 + à2 = 0, 

that line (1) may be tangent to circle (2) is, 

m2 Ô2 + 2m,Cl \ - c2 + k2 + Ô2 = 0, 

that line (2) may be tangent to circle (2) is 

m2d2 + 2m2 c2\ - e2 + k2 + ô2 = 0, 

that line (2) may be tangent to circle (3) is 

m2Ô2 - 2m2c2kz - c2 + k2 + Ô2 = 0, 

that line (3) may be tangent to circle (3) is 

m2d2 - 2m3c3&3 - c3
2 + V + <f = 0, 

that line (3) may be tangent to circle (1) is 

m2 Ô2 - 2m, c3 \ - c2 + k2 + Ô2 = 0. 
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If now we eliminate the m's, c's and ft's from the equations 
of the three lines and the six conditions of tangency we 
shall obtain the locus of the point of concurrence of the 
tangents. This elimination is clearly possible. 

Proceeding with the elimination we may substitute the 
values of cv c2 and cs, derived from the equations of the tan­
gents, into the six conditions of tangency and so obtain 

(1) m2(ô2 + 2k1x — x2) + 2y(x— k1)m1 + (Ô2 + k2 - y2) = 0 

(2) m2{d2 -2kxx- x2) + 2y{x + i l)m1 + (<52 + k2 - y2) = 0 

(3) m2
2(<52 — 2\x - x2) + 2y{x + k1)m2 + (Ô2 + k2 -y2)=0 

(4) m2
2(<52 + 2ft3 x — x2) + 2y(x - ft3)m2 + (Ô2 + k2 - y2) = 0 

(5) m3
2(<52 + 2\x - x2) + 2y(x - ft3)m3 + (<52 + ft3

2 - f) = 0 

(6) m3
2(<52 + 2ftx a — a;2) + 2y(a? — A1)m8 + (<52 + ftx

2 - y2) = 0 

six equations from which to eliminate the three m's and the 
two ft's. 

I t will be observed that the values of m5 derived from 
equation (2) are the same as the values of m2 derived from 
equation (3); that the values of m2 derived from equation 
(4) are the same as the values of m3 derived from equation 
(5); and that the values of m3 derived from equation (6) 
are the same as the values of m1 derived from equation (1). 
This is accounted for, of course, by the cyclic arrangement 
of the tangents. 

From equations (1) and (2), kx being assumed different 
from zero and y — mx x or e± also different from zero (since 
a zero value of e1 is inadmissible for real intersections) we 
derive m1 = 0 and hence d2 + k2 — y2 = 0, as is also easily 
seen geometrically. 

The three tangents being distinct m2 and m3 must be dif­
ferent from zero, since m1 = 0, and hence : 

From equation (3), m2 = - ^ l \ k x 1 x2 

and from equation (6), m3 = - —^—^—. 

These then must be the roots of equations (4) and (5). 
Therefore, 

2y(s + ft1) 2y ( s - f t 1 ) 2y(x - ft,) 
Ô2 — 2k1x — x2~t'ô2 + 2kxx — x2 Ô2 + 2k,x — x2 
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and 2y(x + ^ - 2y(x~ /{5l) » + V-jf 
-2*!» — a;2 a » + 2 ^ a — a;2 <52 + 2\ x - a2 ' 

Making use of the relation d2 + V — y% = 0 previously 
obtained, these equations reduce to 

2 s ( 2 y » - * - a Q x - kz . 
(^a + a?a)a — 4 ^ ^ <52-2&3 a - a2 ' 

^ 4^0*-y> + ») _ y + V - y * ^ 
(<*2 + *2)2 - 4 * Y "" Ô2 - 2\x - a2 

The result of eliminating \ from equations A and B is : 

(x2 — y2 + ô2) (Ô2 + x2 + 2xy) (<52 + x2 - 2sy) (<52 + x2 - 2<ty) 
(*» + a;2 + 2<fy) (<54 + 2d2x2 + x* + 4,x2y2) = 0, 

the locus sought. 
If, however, we eliminate x and y from 

(1) either x2 - f + <52 = 0 or Ô2 + x2 ± 2xy = 0, 
(2) ^ + ^ ^ 2 / 2 = 0 , 
and 

(3) either equation A or equation B, 
we find that these can only be satisfied in case hs =F= àzhv 
that is, in case the third circle coincides with either one 
or the other of the first two. Hence, 

neither x2 — y2 + d2 = 0 
nor à2 + x2 d= 2xy = 0 

constitutes a part of the proper locus. Moreover, the last 
factor in the complete locus vanishes only for imaginary 
values of x and y, so that the proper locus of P for which 
real constructions are possible is 

ô2 + x2±2dy = 0, 

namely, a pair of parabolas symmetrically situated with re­
spect to both coordinate axes, each having a point of inter­
section of the circles for focus and the line of centres for 
directrix. 

Also, eliminating x and y from 

(1) <52 + £2±2<fy = 0, 
(2) ^ + ^ - ^ = 0, 
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and 
(3) either equation A or equation B, 
we find the following relation to exist among the circles 
when the circuit of threes is complete, viz : 

k*kf - 4 a6 h2 - 6 d'k2 h2 - 4 <56ft8
2 — 3 <58 = 0 

an equation, in which two of the values of fts in terms of \ 
and à are imaginary and the other two equal and of oppo­
site signs. 

The magnitude ft3, and so the centre of the third circle, 
can, however, be more easily obtained geometrically, as is 
seen from the following : 

The equation of the proper locus is 

a2+<52dz2<ty=:0 

while y = */à2 + h2 = rv the radius of one of the equal ch> 
cles, so that x2 = 2 Sr± — <52. 

A h* xi + éô2y2 — 3ôi — 2o2x2 

From equation A, - = 8 ^ + 2 ^ - » - 4 « Y 

which, after substituting the above values for x2 and y2 in 
the right hand member, becomes 

ft8_ à 

r — ô 

That is, the straight line joining any chosen point of the proper 
locus with the corresponding point of intersection of the system of 
circles intersects the line of centres in the centre of the required third 
circle which, together with the two equal circles pertaining to the 
chosen point, completes the circuit. 

The locus of points, whose period in the proposed sequence 
of rays and circles is three, is thus seen to resolve itself into 
a pair of parabolas, while the invariance of the anharmonic 
ratio of four rays under projection yields immediately other 
such triplets of rays through a point of the locus. The pro­
jective extension of this result is sufficiently interesting to 
invite further investigation of a more purely geometric sort, 
and perhaps it is even more desirable to study and tabulate 
corresponding loci for periods four, five, etc., and to this sub­
ject I hope to return in a subsequent essay. 

NORTHWESTERN UNIVERSITY, EVANSTON, 
August, 1897. 


