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Bayesian Bandwidth Test and Selection for
High-dimensional Banded Precision Matrices

Kyoungjae Lee* and Lizhen Linf

Abstract. Assuming a banded structure is one of the common practice in the
estimation of high-dimensional precision matrices. In this case, estimating the
bandwidth of the precision matrix is a crucial initial step for subsequent anal-
ysis. Although there exist some consistent frequentist tests for the bandwidth
parameter, bandwidth selection consistency for precision matrices has not been
established in a Bayesian framework. In this paper, we propose a prior distribution
tailored to the bandwidth estimation of high-dimensional precision matrices. The
banded structure is imposed via the Cholesky factor from the modified Cholesky
decomposition. We establish strong model selection consistency for the bandwidth
as well as consistency of the Bayes factor. The convergence rates for Bayes factors
under both the null and alternative hypotheses are derived which yield similar
order of rates. As a by-product, we also propose an estimation procedure for the
Cholesky factors yielding an almost optimal order of convergence rates. Two-
sample bandwidth test is also considered, and it turns out that our method is
able to consistently detect the equality of bandwidths between two precision ma-
trices. The simulation study confirms that our method in general outperforms the
existing frequentist and Bayesian methods.

MSC 2010 subject classifications: Primary 62H15, 62C10; secondary 62F05.

Keywords: precision matrix, bandwidth selection, Cholesky factor, convergence
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1 Introduction

Estimating a large covariance or precision matrix is a challenging task in both frequentist
and Bayesian frameworks. When the number of variables p is larger than the sample size
n, the traditional sample covariance matrix does not provide a consistent estimate of the
true covariance matrix (Johnstone and Lu, 2009), and the inverse Wishart prior leads
to the posterior inconsistency (Lee and Lee, 2018b). To overcome this issue, various
restricted classes of matrices have been investigated such as the bandable matrices
(Bickel and Levina, 2008; Cai et al., 2010; Hu and Negahban, 2017; Banerjee and Ghosal,
2014; Lee and Lee, 2018a), sparse matrices (Cai and Zhou, 2012a; Banerjee and Ghosal,
2015; Xiang et al., 2015; Cao et al., 2019) and low-dimensional structural matrices (Fan
et al., 2008; Cai et al., 2015; Pati et al., 2014; Gao and Zhou, 2015). In this paper,
we focus on banded precision matrices, where the banded structure is encoded via the
Cholesky factor of the precision matrix. We are in particular interested in the estimation
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of the bandwidth parameter and construction of Bayesian bandwidth tests for one or
two banded precision matrices. Inference of the bandwidth is of great importance for
detecting the dependence structure of ordered data. Moreover, it is a crucial initial step
for subsequent analysis such as linear or quadratic discriminant analysis.

Bandwidth selection of the high-dimensional precision matrices has received increas-
ing attention in recent years. An et al. (2014) proposed a test for bandwidth selection,
which is asymptotically normal under the null hypothesis and has a power tending to
one. Based on the proposed test statistics, they constructed a backward procedure to
detect the true bandwidth by controlling the familywise errors. Cheng et al. (2017) sug-
gested a bandwidth test without assuming any specific parametric distribution for the
data and obtained a result similar to that of An et al. (2014).

In the Bayesian literature, Banerjee and Ghosal (2014) studied the estimation of
bandable precision matrices which include the banded precision matrix as a special
case. They derived the posterior convergence rate of the precision matrix under the G-
Wishart prior (Roverato, 2000). Lee and Lee (2018a) considered a similar class to that of
Banerjee and Ghosal (2014), but assumed bandable Cholesky factors instead of bandable
precision matrices. They showed the posterior convergence rates of the precision matrix
as well as the minimax lower bounds. In both works, posterior convergence rates were
obtained for a given (fixed) bandwidth, and the posterior mode was suggested as a
bandwidth estimator in practice. However, no theoretical guarantee is provided for such
estimators. Further, no Bayesian bandwidth test exists for one- or two-sample problems.

This gap in the literature motivates us to investigate theoretical properties related
to the general problem of bandwidth test and selection, and propose estimators or tests
with theoretical guarantees. In this paper, we use the modified Cholesky decomposition
of the precision matrix and assume banded Cholesky factors. The induced precision
matrix also has banded structure. The key difference from Lee and Lee (2018a) is on
the choice of prior distributions which will be introduced in Section 2.3. In addition, we
focus on bandwidth selection and tests, while Lee and Lee (2018a) mainly studied the
convergence rates of the precision matrix for a given or fixed bandwidth.

There are two main contributions of this paper. First, we suggest a Bayesian pro-
cedure for banded precision matrices and prove the bandwidth selection consistency
(Theorem 3.1) and consistency of the Bayes factor (Theorem 3.2). To the best of our
knowledge, our work is the first that has established the bandwidth selection consistency
for precision matrices under a Bayesian framework, which implies that the marginal
posterior probability for the true bandwidth tends to one as n — co. Cao et al. (2019)
proved strong model selection consistency for the sparse directed acyclic graph (DAG)
models, but their method is not applicable to the bandwidth selection problem since it
is not adaptive to the unknown sparsity. Lee et al. (2018) also proved the strong model
selection consistency for the sparse DAG models, but they used the fractional likeli-
hood approach, which cannot be applicable to the Bayesian testing. Second, we also
prove the consistency of the Bayes factor for two-sample bandwidth testing problem
(Theorem 3.3) and derived the convergence rates of the Bayes factor under both the
null and alternative hypotheses. Our method is able to consistently detect the equality
of bandwidths between two different precision matrices. To the best of our knowledge,
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this is also the first consistent two-sample bandwidth test result in both frequentist and
Bayesian literature. The existing literature (frequentist) focused only on the one-sample
bandwidth testing (An et al., 2014; Cheng et al., 2017).

The rest of the paper is organized as follows. Section 2 introduces the notations,
model, priors and assumptions used. Section 3 describes main results of this paper:
bandwidth selection consistency and convergence rates of one- and two-sample band-
width tests. Simulation study and real data analysis are presented in Section 4 to show
the practical performance of the proposed method. In Section 5, concluding remarks
and topics for the future work are given. The supplementary material (Lee and Lin,
2019) includes a result on the nearly optimal estimation of the Cholesky factors, and
proofs of main results.

2 Preliminaries

2.1 Notations

For any real numbers a and b, we denote aAb and aVb as the minimum and maximum of
a and b, respectively. For any sequences a,, and b, we denote a,, = o(by,) if a,, /b, — 0
as n — oo. We write a, < by, or a, = O(by), if there exists an universal constant
C > 0 such that a, < Cb,, for any n. We define vector ¢5- and f,.-norms as |ja|s =
( ?:1 af)l/2 and [|a||cc = maxi<;<p|a;| for any a = (a1,...,a,)T € RP. For a matrix
A, the matrix fo-norm is defined as [|Afloc = sup, =1 [[Az[|c. We denote Amin(A)
and Amax(A) as the minimum and maximum eigenvalues of A, respectively.

2.2 Gaussian Models

We consider a Gaussian model
Xi, o X, | Q0 RYONL(0,951), (1)

where ,, = X1 is a p x p precision matrix and X; = (X;1,.. .,Xip)T € RP for all
i =1,...,n. For any positive definite matrix €2,,, there exist unique lower triangular
matrix A, = (a;;) and diagonal matrix D,, = diag(d;) such that

Qu = (I, = An)" D (I, = An), (2)

where a;; =0 and d; > 0 for all j = 1,...,p, by the modified Cholesky decomposition
(MCD). We call A,, the Cholesky factor. Define k as the bandwidth of a matrix if the
off-diagonal elements of the matrix farther than k from the diagonal are all zero. If the
bandwidth of the Cholesky factor is k, model (1) can be represented as

Xi1 | di R N(0, dv),

j—1
Z Xila/jladj)7 j:2aap
I=(G—k)h

Xij | o, dj b N

/N
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for all i = 1,...,n, where a\") = (a;1)(j_r),<i<j—1 € R¥, (j —k)1 = 1V (j — k) and
k; = kA (j —1). The above representation enables us to adopt priors and techniques in
the linear regression literature.

We are interested in the consistent estimation and hypothesis test of the bandwidth
k of the precision matrix. From the decomposition (2), the bandwidth of Ay, is k if and
only if the bandwidth of €, is k. Thus, we can infer the bandwidth of the precision
matrix by inferring that of the Cholesky factor.

2.3 Prior Distribution
Let )~(j € R" and X, € R™**i be sub-matrices consisting of jth and (j —k)y,..., (j —

1)th columns of X,, = (XT,...,XI)T € R"*P, respectively. We suggest the following
prior distribution

ind ~ d; -1 .
a |dj kN, (a§k)7 > (X" Xy00) ) c J=2p, (4)
n(d) & AT j=1..p, (5)
ko~ w(k), k=0,1,..., R, (6)
for some positive constants -, 7 and positive sequence R,,, where Egk) = (Xj(k)T X

Xj(k))_lXj(k)Tf(j. The conditional prior distribution for agk) is a version of the Zellner’s

g-prior (Zellner, 1986; Martin et al., 2017) in the linear regression literature. Note that
model (3) is equivalent to Xj | a§k), dj k ~ Ny (Xj(k)agk), den). Due to the conjugacy, it
enables us to calculate the posterior distribution in a closed form up to some normalizing
constant. The prior for d; is carefully chosen to reduce the posterior mass towards large
bandwidth k. We emphasize here that one can use the usual non-informative prior
m(dj) o d;l, but necessary conditions for the main results in Section 3 should be
changed. This issue will be discussed in more details in the next paragraph. We assume
the prior m(k) to have the support on 0,1,..., R,,. We will introduce condition (A4)
for (k) and the hyperparameters in Section 2.4, and show that 7(k) < 1 is enough to
establish the main results in Section 3.

The priors (4)—(6) lead to the following joint posterior distribution,

ind ~ d; —1 .
ag‘k)|dj,/€,xn ~" Ng; (aﬁk)7 ﬁ(xj(k)TXj(k)) )» J=2p;
Y
ind (I —=7)n n-u .
di | kX, ™ po (ST R 1,
J‘ ’ G< 2 27 J p (7)

p N
1\ 2 —m
7T(]€|Xn) X Tr(k)H(l—i__) (&\(jk)>_(12) ) kZOvla'-'7Rn7

provided that 7 < 1, where @k) = ]T(I—ﬁjk)f(j/n and Py, = Xj(k)(Xj(k)TXj(k))_l X

Xj(k)T. The marginal posterior (k | X,,) consists of two parts: the penalty on the model



K. Lee and L. Lin 741

size, (k) [_y(141/7)7%/2, and the estimated residual variances, [T%_, (c’l\gk))’“*””/?
Thus, priors (4) and (5) naturally impose the penalty term ]_[?:2(1 +1/~)7ki/2 for the

marginal posterior w(k | X,,).

The effect of prior 7(d;) o d;"/ >l appears in marginal posterior for k. Compared
(k) —(1— 2 F(k)\—n/2
dj)( \n/ d])n/
It reduces the posterior ratio m(k+1 | X,,) /7 (k | X,,) since &;k) decreases as k grows, so
it reduces the relative posterior mass towards large bandwidth k. We conjecture that, at

with the prior 7(d;) dj_l, it produces the term ( instead of (

least for our prior choice of w(ag-k) | dj, k) with a constant v > 0, this power adjustment

of c%k) is essential to prove the selection consistency for k. Suppose we use the prior

m(d;) dj_l. Similar to the proof of Theorem 3.1, to obtain the selection consistency,
we will use the inequality

alk| X)) wk) £ N G
mk1Xn) = T woco)H(”%) (W - ®

=2

and show that the expectation of the right hand side term converges to zero for any
k # ko as n — oo, where ko is the true bandwidth. Note that unless 7 (ko | X,,) shrinks
to zero, the inequality causes only a constant multiplication. The most important task
is dealing with the last term in (8), (c/lgk) / &Eko))*"/ 2. Concentration inequalities for chi-
square random variables (for examples, see Lemma 3 in Yang et al. (2016) and Lemma
4 in Shin et al. (2018)) suggest an upper bound p®(*i=*03) with high probability for
any 2 < j < p, k > kg and some constant « > 0. In this case, the hyperparameter
~ should be of order p*"‘/ for some constant o/ > 2« to make the right hand side in
(8) converge to zero. Then, with the choice v =< p~®', condition (A2), which will be
introduced in Section 2.4, should be modified by replacing 1/n with (log p)/n to achieve
the selection consistency. In summary, the main results in this paper still hold for the
prior m(d;) d;l, but it requires stronger conditions due to technical reasons. We state
the results using prior (5) to emphasize that the bandwidth selection problem essentially
requires weaker condition than the usual model selection problem.

Remark. If we adopt the fractional likelihood (Martin et al., 2017), we can achieve
the selection consistency (Theorem 3.1) with the prior m(d;) o< d;' instead of (5)
under similar conditions in Theorem 3.1. However, with the fractional likelihood, we
cannot calculate the Bayes factor which is crucial to describe the Bayesian test results
in Sections 3.2 and 3.3.

Remark. There are two consequences by using the data-dependent mean 6§-k). First,

; i " (ko) (ko)
we can avoid assuming an upper bound condition for || X;xy)ag ;|2 or [|ag ;" [|l2, where

agf;) = (@o,j1) (j—ko)1 <i<j—1 denotes the sub-vector of the true Cholesky factor. An upper

bound condition is required if we adopt the Zellner’s g-prior with zero mean (Shang and
Clayton, 2011), e.g., Yang et al. (2016) assumed ||Xj(k0)agfj9)||§ <y~ dy;logp in order
to prove selection consistency for the regression coefficient vector. Second, we do not
need to assume the so-called information paradox of Zellner’s g-prior (Liang et al.,
2008), which corresponds to v = p~2¢ for some ¢ > 1/2 in our notation. In this paper,
we assume 7 is a constant satisfying some conditions in Section 2.4.
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2.4 Assumptions

We denote €, as the true precision matrix whose MCD is given by Qo, = (I, —
AOn)TDO*n1 (Ip — Aop). Let Py and Eg be the probability measure and expectation corre-
sponding to model (1) with €Qq,. For the true Cholesky factor Ay, = (ao, i), we denote
ko as the true bandwidth. We introduce conditions (A1)—(A4) for the true precision
matrix and priors (4)—(6):

(A1). Assume that p increases to the infinity as n — oco. Furthermore, there exist
positive sequences €p, < 1 and (o, > 1 such that g < Amin(Qon) < Amax(Qon) < Con
for every n > 1 and (o, logp/eon = o(n).

(A2). For a given positive constant 7 € (0,0.4] in prior (5), there exists a positive
constant My, such that for every n > 1,

. 2 1OJ\Ibm COn
. min |a07jl| 2 —_— —.
dliag 170 T(1=7)n €

(A3). The sequence R, in prior (6) satisfies ko < R,, < min {n7e;(1+ €)1, (1 —
62)])} for some small 0 < €7, < 1 and all sufficiently large n.

(A4). For given positive constants v and 7 € (0,0.4] in priors (4) and (5), assume
that

> I (o i BE o, ©)
k>ko Tr(kO)
5 (k) (C oy, YF0mR =S5y (10)
k<ko Tr(kO)

where C, ; = {(1+~71) - 7(1 + 61)_1}1/2 and Oy pr, = 2 (1 4+~ H)Y2 exp(— M)

Now, let us describe the above conditions in more detail. The bounded eigenvalue
condition for the true precision matrix is common in the high-dimensional precision
matrix literature (Banerjee and Ghosal, 2014, 2015; Xiang et al., 2015; Ren et al., 2015;
Lee et al., 2018). We allow that €y, — 0 and (p,, — 00 as n — 0o, so condition (A1) is
much weaker than the condition in the above literature, which assumes ¢g,, = anl =€
for some small constant ¢y > 0. Cao et al. (2019) also allowed diverging bounds, but
assumed that (o, = €57 and (logp/n)/2=1/H+0) = o(ed ) for some t > 0. If we assume
that (o, = €5, , then condition (A1) implies that log p/n = o(e3,,), which is much weaker
than the condition used in Cao et al. (2019).

Condition (A2) is called the beta-min condition. If we assume that €, = O(1) and
Con = O(1), in our model it only requires the lower bound of the nonzero elements to be
of order O(1/4/n). In the sparse regression coefficient literature, the lower bound of the
nonzero coefficients is usually assumed to be \/logp/n up to some constant (Castillo
et al., 2015; Yang et al., 2016; Martin et al., 2017; Lee et al., 2018). Here, the y/logp
term can be interpreted as a price coming from the absence of information on the zero-
pattern. Condition (A2) reveals the fact that, under the banded assumption, we do not
need to pay this price anymore.
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Condition (A3) ensures that the true bandwidth kg lies in the support of w(k). Note
that kg < (1 — e2)p is not an additional condition because the support of bandwidth
should be smaller than p. The condition kg < n7e;(1+€1)~! is needed for the selection
consistency, which holds if we choose R,, = C'V{nte1(1+¢€1) !} for some large constant
C > 0. Although this is slightly stronger than the condition ky < n — 4 in An et al.
(2014), it is much weaker than those in other works. For examples, Banerjee and Ghosal
(2014) assumed k§ = o(n/logp) for the consistent estimation of precision matrix, and
Cheng et al. (2017) assumed ko = O([n/ log p]'/?) for theoretical properties.

The equations (9) and (10) in condition (A4) guarantee Eo[m(k > ko | X,)] = o(1)
and Eg[m(k < ko | X,)] = o(1), respectively. Here we give some examples for (k)
satisfying conditions (9) and (10): if we choose

k+1)

m(k) o R (11)

with Cv_l <€< C;}\/Ibm’ it satisfies the conditions. Furthermore, if we choose £ = 1,
which leads to

1

(k) = mo (12)

the conditions are met if 7 > (1 +¢;1)(1+771) ! and exp(Mypy) > 2(1 +~1)1/2.

Remark. In the sparse linear regression literature, a common choice for the prior on the
unknown sparsity k is 7(k) oc p~°¥ for some constant ¢ > 0. See Castillo et al. (2015),
Yang et al. (2016) and Martin et al. (2017). If we adopt this type of the prior into the
bandwidth selection problem, a naive approach is using m(k) oc p~°* for each row of
the Cholesky factor: it results in m(k) o p~k(P=k) To obtain strong model selection
consistency, in this case, My, in condition (A2) has to be My, = M|, logp for some
constant M{ > 0. Thus, it unnecessarily requires stronger beta-min condition, which
can be avoided by using 7 (k) like (11) or (12).

3 Main Results

3.1 Bandwidth Selection Consistency

When there is a natural ordering in the data set, estimating the bandwidth of the
precision matrix is important for detecting the dependence structure. It is a crucial first
step for the subsequent analysis. In this subsection, we show the bandwidth selection
consistency of the proposed prior. Theorem 3.1 states that the posterior distribution
puts a mass tending to one at the true bandwidth ky. Thus, we can detect the true
bandwidth using the marginal posterior distribution for the bandwidth k. We call this
property the bandwidth selection consistency.

Theorem 3.1. Consider model (1) and priors (4)—(6). If conditions (A1)-(A4) are
satisfied, then we have

Eo|m(k # ko | Xa)| = o(1).
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Informed readers might be aware of the recent work of Cao et al. (2019) considering
the selection of sparse Cholesky factors. It should be noted that their method is not
applicable to the bandwidth selection problem. The key issue is that their method is
not adaptive to the unknown sparsity corresponding to the true bandwidth kg in this
paper: to obtain the selection consistency, the choice of hyperparameter should depend
on kg, which is unknown and of interest. Furthermore, they required stronger conditions
in terms of dimensionality p, true sparsity kg, eigenvalues of the true precision matrix
and beta-min for the strong model selection consistency.

Remark. The bandwidth selection result does not necessarily imply the consistency of
the Bayes factor. Note that prior (4), m(d;) o< d;l and

™n
bl

m(k) o ﬁ(@.’“))? (13)
j=2

and priors (4), (5) and 7(k) 1 lead to the same marginal posterior for k. Thus, the
above priors also achieve the bandwidth selection consistency in Theorem 3.1. However,
(13) might be inappropriate when the Bayes factor is of interest, because the ratio of
normalizing terms induced by prior (13) (Cp and Cj in (14)) have a non-ignorable effect
on the Bayes factor.

3.2 Consistency of One-Sample Bandwidth Test

In this subsection, we focus on constructing a Bayesian bandwidth test for the testing
problem Hj : k < k* versus H; : k > k* for some given k*. A Bayesian hypothesis test
is based on the Bayes factor Byo(X,,) defined by the ratio of marginal likelihoods,

p(Xn | Hi)
p(Xn | HO).

We are interested in the consistency of the Bayes factor which is one of the most impor-
tant asymptotic properties of the Bayes factor (Dass and Lee, 2004). A Bayes factor is
said to be consistent if B19(X,,) converges to zero in probability under the true null hy-
pothesis Hy and Bi1o(X,,)~! converges to zero in probability under the true alternative
hypothesis H;.

BIO(Xn) =

Although the Bayes factor plays a crucial role in the Bayesian variable selection, its
asymptotic behaviors in the high-dimensional setting are not well-understood (Moreno
et al., 2010). Few works studied the consistency of the Bayes factor in the high-dimensional
settings (Moreno et al., 2010; Wang and Sun, 2014; Wang et al., 2016), which only fo-
cused on the pairwise consistency of the Bayes factor. They considered the testing
problem Hy : k = k© versus Hy : k = k(M for any k(9 < k™) where k is the number of
nonzero elements of the linear regression coefficient. Note that a Bayes factor is said to
be pairwise consistent if the Bayes factor B1o(X,,) is consistent for any pair of simple
hypotheses Hy and H;.

We focus on the composite hypotheses Hy : k < k* and Hy; : k > k* rather
than simple hypotheses. To conduct a Bayesian hypothesis test, prior distributions for
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both hypotheses should be determined. Denote the prior under the hypothesis H; as
7i(An, Dy, k) for i = 0,1. Since the difference between two hypotheses comes only from
the bandwidth, we will use the same conditional priors for A, and D, given k, i.e.
mi(An, Dy, k) = mi(k)n(Ay, Dy | k) for ¢ = 0,1, where w(A,, D, | k) is chosen as (4)
and (5). We suggest using priors mo(k) and 7 (k) such that

mo(k) = Cytn(k), k=0,1,..., k%,

14
Tir(k), k=Kk*41,...,R,, (14)

where Cy = ZZ;O (k) and C; = Zf;k*_H 7 (k). Then, the Bayes factor has the follow-
ing analytic form,

Zk>k* fp(Xn | Qp, k) (Qp | k)my (K)dQ
S here J 2K | Qs )T (2 | K)o (R)AD,
rlk >k | X)) Co
rk <k [ X, Gy

BlO(XTL)

where the marginal posterior w(k | X,,) is given in (7) up to some normalizing constant.
Note that, the Bayes factor can be defined because both hypotheses have the same im-
proper priors on D,,. We will show that the Bayes factor is consistent for any composite
hypotheses Hy : k < k* and H; : k > k*, which is generally stronger than the pairwise
consistency of the Bayes factor. If we assume that 71 (k)/mo(k') = O(1) for any k and
k', then one can see that the consistency of the Bayes factor for hypotheses Hy : k < k*
and Hy : k > k* for any k* implies the pairwise consistency of the Bayes factor for any
pair of simple hypotheses Hy : k = k() and H; : k = kM) for k) < k().

For given positive constants My, v and 7 € (0,0.4] and integers R,,, ko and k*,
define

(B 4 1—ky)-(p— Bntkot1
Tn,Ho,kO,k* = k* . {C,Yﬂl_ ( 0)-(p 2 ) 5
ko —k*)- (p— Bkl
T Hy ko ke = (R — k%) - {C’Y,Mbm}( ’ S z ) )
where C, ; and Cy s, are defined in condition (A4). Theorem 3.2 shows the conver-
gence rates of Bayes factors under each hypothesis. It turns out that 7(k) = 1/(R, +1)
is sufficient for the consistency of the Bayes factor.

Theorem 3.2. Consider model (1) and hypothesis testing problem Hy : k < k* versus
Hy : k> k*. Assume priors (4) and (5) for w(An, Dy | k) and the bandwidth priors in
(14) with w(k) = 1/(Ry + 1). If conditions (A1)-(A83) hold, 7 > v(1 4+ €1)/(1 +7) and
exp(Mpm) > 2{(1 +7)/v}'/?, then the Bayes factor Bio(X,) is consistent under Pg.
Moreover, under Hy : k < k*, we have

BIO(Xn) = Op (Tn,Ho,ko,k*>7
and under Hy : k > k*,

Bio(Xn)™' = Op(To iy o kv )-
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Remark. By choosing the prior (k) = 1/(R,, + 1), it implies that CJ} and C, s,
are strictly smaller than 1 by (11). Since we assume that p — oo as n — oo, one can
easily check that T}, g, ko kx and 1o, m, ko, 80 to zero as n — oo under Hy : k < k*

and H; : k > k*, respectively.

Remark. Note that if we use prior (11) with £ # 1, the effect of the prior, Cy/Ch,
can dominate the posterior ratio, m(k > k* | X,,)/7(k < k* | X,,) in the Bayes factor.
Because the prior knowledge on the bandwidth is usually not sufficient, it is clearly
undesirable. Moreover, the direction of effect is the opposite of the prior knowledge.

An et al. (2014) and Cheng et al. (2017) developed frequentist bandwidth tests for
the hypotheses Hy : k < k* versus Hy : k > k* and showed that their test statistic is
asymptotically normal under the null and has a power converging to one as n Ap — oco.
Compared with the result in Theorem 3.2, Cheng et al. (2017) required the upper
bound kg = O([n/logp]*/?) for the true bandwidth kg, which is much stronger than
our condition (A3). An et al. (2014) allowed ko < n — 4, but assumed that the partial
correlation coefficient between X;; and X; j_x, given X; j_p,41,-..,X; j—1 is of order
o(n™'). It implies that max; |ag, j;j—k,| converges to zero at some rate. Thus, the nonzero
elements ag jj—ry, J = ko +1,...,p are required to converge to zero. This is different
from our condition (A2), which does not require the nonzero elements including ag_j;—,
j=ko+1,...,p to converge to zero, also they can.

Johnson and Rossell (2010, 2012) and Rossell and Rubio (2018) pointed out that
the use of local alternative prior leads to imbalanced convergence rates for the Bayes
factors, and showed that this issue can be avoided by using non-local alternative priors.
However, interestingly, convergence rates for the Bayes factors in Theorem 3.2 yield
similar order of rates under both hypotheses without using a non-local prior. Roughly
speaking, the imbalance issue can be ameliorated by introducing the beta-min condition
(Condition (A2)). To simplify the situation, consider the model

Y = XBW 4

where Y = (Y1,...,Y,)T, X e R™P, 8F) = (B1,...,B1,0,...,00T € RP, € = (ey,...,

en)? and ¢; Ak N(0,0?). Suppose priors (4) and (5) are imposed on (84, ...,Bx)T and

o? given k. Consider hypotheses Hy : k = k; and Hy : k = ko, where k; < ko, and
assume that the eigenvalues of X(;.;,) are bounded and ky — k1 — 0o as n — oo for
simplicity. Note that the prior for 32) is a local alternative prior because ﬂ'(ﬁ(kz) |
02) > con {f*2) € R*2 : gk2) — (By,... Bk,,0,...,0)T} for some constant ¢ >
0. If Hy is true, Byo(Y) decreases at rate O,(e~°*2=51)) for some constant ¢y > 0
based on techniques in the proof of Theorem 3.1. On the other hand, if Hy is true,
Bio(Y) ™! decreases exponentially with n(ky — k1)32,,, where By is the lower bound
for the absolute of nonzero elements of ﬁékz). Johnson and Rossell (2010, 2012) and
Rossell and Rubio (2018) assumed that 52, > ¢; for some constant ¢; > 0. In that
case, Byo(Y) ! decreases exponentially with n(ks — k1 )c1, which causes the imbalanced
convergence rates. However, if we assume 5fnin > con~ ! similar to condition (A2),
Bio(Y) ™! decreases at rate O, (e~2(*27k1)) for some constant ¢, > 0. Thus, convergence
rates for the Bayes factors have similar order under the both hypotheses.
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The above argument does not mean that the non-local priors are not useful for our
problem. We note that the balanced convergence rates by using the beta-min condition is
different from those by using the non-local prior. The former makes the rate of Byg(Y) ™
slower under Hy, while the latter makes the rate of Bo(Y) faster under Hy. Thus, the
use of non-local priors might improve the rates of convergence for B1o(Y) under Hy in
Theorem 3.2. However, it will increase the computational burden and is unclear which
rate one can achieve using the non-local prior under condition (A2), so we leave it as a
future work.

3.3 Consistency of Two-Sample Bandwidth Test

Suppose we have two data sets from the models

X17 s aXTL1 | anl ilfi\.Jd. NP(O7 Sll_nll)7 (15)
Yiyeooy Yoy | Qany "5 NL(0,95,0),

where Q1,,, = (I, — Alm)TD;nII (Ip = A1p,) and Qo = (Ip — A2n2)TD5732 (Ip — A2n,)
are the MCDs. Denote the bandwidth of €;,, as k; for ¢ = 1,2. In this subsection,
our interest is the test of equality between two bandwidths k1 and ks, the two-sample
bandwidth test. We consider the hypothesis testing problem Hy : k1 = ko versus Hi :

k1 # ko and investigate the asymptotic behavior of the Bayes factor,

p(anvYnz | Hl)
p(Xn17Y7L2 | }IO)7

BIO (X’I’L17 Ynz) =

where X,,, = (X{,... 7X,fl)T € RM>*P and Y, = (YT, ... ,Y,z;)T € R"*P_ Suppose
that multivariate observations are collected from two populations, and a test of the
equality of dependence structure is the main interest. When the dependence structure
is directly related to how many previous variables influencing the current variable, two-
sample bandwidth test provides a suitable answer.

Denote the priors under Hy and H; as, respectively

o (AlnluDlnlaAanaDQ’nz | k’)
= 7T(A1n1aD1n1 | k) 77(142712,D2n2 ‘ k) ﬂ'o(k), k=0,1,..., Ry,

and

1 (A1n17D1n17A2n27D2n2 | klka)
= 7(Ain,, Din, | k1) 7(A2ng, Don, | k2) mi(k1,k2), 0 < ki # ky < R.

We suggest the following conditional priors w(A1n, , Din, | k1) and 7(Azn,, Dan, | k2)
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for any given ky and ko,

1,5

k ind (k1) dij -1
agj) | dij, k1~ Nklj( e (XJ(kI)X (k1)) >7

w(dyy) & A

k ind ~(k d27 -1
ay ) |y ke Nkzj( s 2 (Y ) Yiha) )’
n(dyy) & dyeT

where k;; = ki A (j—1), a (ki) ¢ Rkis is the nonzero elements in the jth row of A;p,

@i
and D;,, = diag(d; ;) for i = 1,2. Similar to the previous notations, we denote ag’f;) =

— % ~(k2) _ — \/ n
(Xf(kl)xj(kl)) 1X]T(k1)Xj and an = (Y]T(kz)Yj(kz)) 1Y]T(k2)}/j’ where Yj(kz) eR X k2
is the sub-matrix consisting of (j — k2)1,...,(j — 1)th columns of Y,,. The priors on
bandwidths are chosen as

1
Wo(k): ) I{JZO,I,...,Rn,
R,+1
| (17)
71'1(14317]@) = m7 0<k 7’5 ko < R,.

This choice of priors leads to an analytic form of the Bayes factor,

Zkﬁs}@ m(k1 | Xny)m(k2 | Yo,)
Zk’l:kg W(kl | an)ﬂ'(kg | Yn2)

where the marginal posterior distributions w(k; | X,,) and w(k2 | Y,,) are known up
to some normalizing constants similar to (7). We denote g ;n, as the true precision
matrix with bandwidth kg; for ¢ = 1,2 and assume that p tends to infinity as n =
n1 A ng — co. Theorem 3.3 gives a sufficient condition for the consistency of the Bayes
factor B1o(Xy,, Yn,) by calculating the convergence rates.

Theorem 3.3. Consider model (15) and hypotheses Hy : k1 = ko and Hy : k1 # k.
Assume the conditional priors given bandwidths (16) and the bandwidth priors (17). If
conditions (A1)-(A3) for Qo.1n,, Qo,2n, and priors are satisfied, T > v(1+€1)/(1 + )
and exp(Mpm) > 2{(1 + ~)/v}'/2, then the Bayes factor Bio(Xpn,,Yn,) is consistent
under Po. Moreover, under Hy : k1 = ko, we have

BIO(Xn17Yn2) = X R,;l,

ko Rn - kO

Tn,Hl,ko,kO*l + Tn,Ho,ko,ko y
% o

BlO(XnNYnz) = OP (ﬁ
n

and under Hy : ki # ko,

_ Rn kmin Rn Rn - kmin
B1o(Xn,, Yn,) T =0y (HTn,Hl,kmin,kmm—1 1 BnlBEn — inin)

kmin

Tn7H07kmin7kmin> >

where kmin = ko1 N ko2.
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As mentioned earlier, to the best of our knowledge, this is the first consistent two-
sample bandwidth test result in high-dimensional settings. Frequentist testing proce-
dures in An et al. (2014) and Cheng et al. (2017) focused only on the one-sample band-
width test, and it is unclear whether these methods can be extended to the two-sample
testing problem.

Note that the hypothesis testing problem Hy : k1 = kg versus Hy : ki # ko is different
from the hypothesis testing Hy : Q1,, = Qop, versus Hy : Q,, # Qap, in Cai et al.
(2013). The latter testing problem is called the two-sample precision (or covariance)
test. The two-sample bandwidth test is weaker than the two-sample precision test, i.e.
if the two-sample bandwidth test supports the null hypothesis, then one can further
conduct the two-sample precision test.

4 Numerical Results

We have proved the bandwidth selection consistency and convergence rates of Bayes
factors based on priors (4)—(6). In this section, we conduct simulation studies to describe
the practical performance of the proposed method. Throughout the section, we use the
prior w(k) =1/(R,, + 1).

4.1 Comparison with Other Bandwidth Tests

In this subsection, we compared the performance of our method with those of other
bandwidth selection procedures. Since we have bandwidth selection consistency (Theo-
rem 3.1), we suggest using the posterior mode to estimate the true bandwidth ky. We
chose the bandwidth test of An et al. (2014) as a frequentist competitor and the band-
width selection procedures of Banerjee and Ghosal (2014) and Lee and Lee (2018a) as
Bayesian competitors. Significance levels for bandwidth tests in An et al. (2014) were
varied a = 0.001,0.005,0.01, but only the result with e = 0.01 are reported since they
gave similar results. For Banerjee and Ghosal (2014) and Lee and Lee (2018a), we used
the prior 7(k) o exp(—k?*) as they suggested. Note that these Bayesian procedures do
not guarantee the bandwidth selection consistency.

To calculate the marginal posterior in (7), the hyperparameters v, 7 and R,, should
be determined. As a pragmatic approach, we incorporated cross-validation (CV) to
select v, and fixed 7 = 0.01 and R, = |n/4]; in our experiments, we also tried 7 =
0.01,0.02,...,0.30 and selected T via CV, but found that 7 = 0.01 is selected in most
cases. Since condition (A3) requires R, < n7e;(1+ ¢;)~ ! for some small ¢; and 7 > 0
for asymptotic results, the choice R,, = |n/4] seems reasonable in finite samples. We
randomly divided the data X,, into two subsamples7 the test set Xﬁfl and training set
X!, where ny = [n/3] and ng = n—n;. Let k( ) be the posterior mode based on X!,
and a given +, and define the mean squared error (MSE)

p
% te k(’v)) 2
MSE(y Z Xj(k )) I2-
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Po, ko
(n=70,p=100) (n=70,p— zoé) (n ): 200,p = 100)  (n = 200, p = 200)
BBS  (0.96, 4.94) (0.98, 4.98) (1.00, 5.00) (1.00, 5.00)
BAI  (0.78, 4.84) (0.96, 5.16) (0.96, 5.06) (1.00, 5.00)
BA2  (0.78, 4.84) (0.98, 5.18) (0.96, 5.06) (1.00, 5.00)
LL (0.00, 1.00) (0.00, 1.00) (0.00, 1.02) (0.00,1.04)
BG  (0.00, 1.00) (0.00, 1.00) (0.00, 1.00) (0.00,1.00)

Table 1: The summary statistics for each setting are represented, where kg = 5 and
[Ao min, A0,max] = [0.1,0.1]. BBS: the proposed method in this paper. LL: bandwidth
selection procedure of Lee and Lee (2018a). BG: bandwidth selection procedure of
Banerjee and Ghosal (2014). BA1 and BA2: algorithms 1 and 2 in An et al. (2014),
respectively.

]/7\07 kO
(n=70,p=100) (n=70,p= 20(%) (n ): 200,p = 100)  (n = 200, p = 200)
BBS  (0.94, 10.02) (0.96, 10.06) (1.00, 10.00) (1.00, 10.00)
BAL  (0.72, 9.66) (0.98, 10.14) (1.00, 10.00) (0.98, 10.06)
BA2  (0.74, 9.72) (0.98, 10.14) (1.00, 10.00) (0.96, 10.08)
LL (0.00, 2.12) (0.00, 2.86) (0.00, 3.36) (0.00,4.00)
BG (0.00, 1.00) (0.00, 1.00) (0.00, 1.00) (0.00, 1.00)

Table 2: The summary statistics for each setting are represented, where kg = 10 and
[AO,mina AOJnax] = [01, 02]

We divided the data 20 times and selected  which minimizes 207! 2121021 MSE,(v)
among 0.01,0.02,...,0.40, where M SE, () is the MSE from the vth subsampling. De-
pending on the purpose of the analysis, other criteria besides MSE can be adopted.

The data sets were generated from N,(0,Q,1), where Qq,, = (I, — Aon) Do, (I, —
Apn). For each j = ko + 1,...,p, nonzero elements in the jth row of the true Cholesky
factor Ag,, were sampled from Uni f (Ao min, Ao,max) and ordered to satisty ag j; < ao jir
for any [ < I’. The diagonal elements of Dy, were generated from Unif(5,10). To
investigate performance in various settings, the values of n, p, ko, Ao min and Ao max
were varied. The simulation results, based on 50 simulated data sets for each setting,
are reported in Table 1 and Figure 1. We denoted the proposed method in this paper
as BBS, the Bayesian Bandwidth Selector.

Performance of each method were evaluated by the proportion of correct detections of
ko, Po = Ziil I(l%(()s) = kp)/50, and averaged bandwidth estimate, /150 = Ziil l%(()s)/50,
where l%és) is the estimated bandwidth for the sth data set. Our method, the BBS,
consistently outperformed other competitors in most settings. The bandwidth selection
procedures of An et al. (2014) worked reasonably well for large n and large p cases, but
it seems somewhat unstable when (n = 70,p = 100). Although Lee and Lee (2018a)
is slightly better than Banerjee and Ghosal (2014), both of them consistently under-
estimated the true bandwidth ko. The proposed prior m(k) o exp(—k*) seems to be
too strong to put sufficient masses near the true bandwidth ko especially when kg is
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Figure 1: The summary plots for estimated bandwidth in various settings. The mid-
dle dot and bar represent the mean and standard error of the mean, respectively,
based on 50 simulations. [Ag min, A0.max] = [0.1,0.1] was used for the top row, while
[Ao min, A0,max] = [0.1,0.2] was used for the bottom row. The red dashed line is the true
bandwidth.

not small. Figure 1 shows the bandwidth selection results of BBS and the test in An
et al. (2014) to compare the performance of the two methods at a glance. As shown in
Tables 1 and 2, the BBS outperformed the bandwidth tests in An et al. (2014) in most
cases.

4.2 Simulation Study for Two-Sample Bandwidth Test

In this section, we demonstrate the performance of the proposed two-sample band-
width test in various simulation cases. We generated Xi,..., X, vrb Np(O,Qa&nl)
iid. _ _
and Yi,...,Y,, "X N,(0,93,,), where Qo1n, = (I, — Ao,1n,) Dy 1, (Ip — Ao.1ny)
and Qo on, = (I, — A0,2n2)TD()7,én2 (Ip — Ao 2n,). Nonzero elements in each row of two
true Cholesky factors were generated from Unif(Ao1,min, A01,max) and Unif(Ao2 min,
Ap2,max), respectively. The diagonal elements of Dy 15, and Dg 2p, were generated from



752 Bayesian Bandwidth Test and Selection

Setting 1 Setting 2 Setting 3
o L e — o
.r'"
o |
«© ®© | T @ |
=] =] \ =]
i
© © | & ©
w © w | w ©
o o i o
o ool [
S sl S
|
i
o o o
P s1i P
i
) o ! )
3 s, : 3
0.0 0.2 04 06 08 10 0.0 0.2 04 06 08 10 0.0 0.2 04 06 08 10
FPR FPR FPR

Figure 2: ROC curves for the proposed two-sample test in this paper under various
settings.

Unif(2,5). Throughout the simulations, the hyperparameters 7 and R,, were set at
7 =0.01 and R, = |min(ny,n2)/4], and the values of v for two groups were chosen by
CV method described in Section 4.1.

As the first setting, we chose n1 = ng = 50, p = 100, Api,min = 0.1, Ao max =
0.2, Ag2,min = 0.2 and Apz max = 0.4. The true bandwidths ko1 and kg2 were set at
ko1 = ko2 = 2 under the true null setting, and set at kg1 = 2 and koo = 3 under the
true alternative setting. Simulated data X,,, and Y,, were generated 50 times under
both true null and alternative settings. To illustrate the performance of the two-sample
bandwidth test, receiver operating characteristic (ROC) curve is given at Figure 2 with
the label “Setting 1”. The points of the curve were obtained based on various choices of
thresholds for the log Bayes factor. The ROC curve shows almost perfect performance.
We also tried ny = 50, Ng = 1007 p = 1507 AOl,min = 01, AOl,max = 02, AOQ,min =0.2
and A2 max = 0.4. The true bandwidths ko1 and kg2 were set at ko1 = ko2 = 10 under
the true null setting, and set at kg; = 10 and kg2 = 11 under the true alternative setting.
The ROC curve based on 50 simulated data from each setting is given at Figure 2 with
the label “Setting 2”. The performance is slightly worse than the first setting because
of the large dimensionality and relatively small nq, but still seems reasonable. In fact,
as the third setting, we tried the same setting with “Setting 2” except n; = 100. The
ROC curve is given at Figure 2 with the label “Setting 3”7, which shows almost perfect
performance.

4.3 Telephone Call Center Data

We illustrate the performance of the proposed method using the telephone call center
data previously analyzed by Huang et al. (2006), Bickel and Levina (2008) and An et al.
(2014). The phone calls were recorded from 7:00 am until midnight from a call center
of a major U.S. financial organization. The data were collected for 239 days in 2002
except holidays, weekends and days when the recording system did not work properly.
The number of calls were counted for every 10 minutes, and a total of 102 intervals were
obtained on each day. We denote the number of calls on the jth time interval of the
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ith day as N;; for each ¢ = 1,...,239 and j = 1,...,102. As in Huang et al. (2006),
Bickel and Levina (2008) and An et al. (2014), a transformation X;; = /N;; + 1/4 was
applied to make the data close to the random sample from normal distribution. The
transformed data set was centered. For more details about the data set, see Huang et al.

(2006).

We are interested in predicting the number of phone calls from the 52nd to 102nd
time intervals using the previous counts on each day. The best linear predictor of Xj;
from Xf = (Xih e ,Xiyjfl)T,

~

Xij = pj+3G1G-1) [Bag-n.1G-1))]

(X7 =), (18)

was used to predict X;; for each j = 52,...,102, where u; = E(X1;), @/ = (p1,...,
,U,j_l)T and g, g, is a sub-matrix of X consisting of the S;th rows and the Sath columns
for given index sets S and S3. We used the first 205 days (i = 1,...,205) as a training
set and the last 34 days (i = 206,...,239) as a test set. To calculate the best linear
predictor (18), the unknown parameters are need to be estimated. Because it is reason-
able to assume the existence of the natural (time) ordering, we plugged the estimators
W= 23251 X7 /205 and Sy = {1, —ﬁnk)Tf);kl(Ip - A\nk)}_l into (18), where A, and
ﬁnk are estimators based on the training set.

We applied the proposed methods in this paper, An et al. (2014) and Bickel and
Levina (2008) to estimate the bandwidth k& using the training set, and compared the
prediction errors PE; = 22229206 | X;; — Xj]/34 for each j = 52,...,102. We defined the

average of prediction errors, 2;2252 PE,; /51 to illustrate the performance of estimated

bandwidths. For a fair comparison, we used the same estimator f)k and only chose
different bandwidths depending on the selection procedure. Since the goal of the analysis
is prediction, the average of prediction errors using training set was used as the criterion
for CV. The hyperparameters v and 7 minimizing the average of prediction errors were
chosen among v = 0.01,0.02,...,0.40 and 7 = 0.01,0.02, ...,0.30. We used R,, = [n/4]
where n = 205 since the number of training set is 205, but the larger values of R,, gave
the same result. Based on the selected hyperparameters, our method, the BBS, gave
the estimated bandwidth % = 5. Algorithms 1 and 2 with a = 0.01 in An et al. (2014)
determined the bandwidth as 8 and 10, respectively, and Bickel and Levina (2008)
selected the bandwidth as 19 based on a resampling scheme proposed in their paper.
The average of prediction errors were 0.5347, 0.5474, 0.5568 and 0.5609 at bandwidth
k =5, 8, 10 and 19, respectively. Note that if we use the sample covariance matrix
instead of the banded estimator ik, it gives the average prediction error 0.7008. Thus,
the banded estimator of ¥ benefits in this case, and our bandwidth estimate yields
smaller average prediction error compared with other procedures. Figure 3 represents
the averages of prediction errors for various bandwidth values k. The minimum error is
attained at k£ = 4. None of the above methods achieves the optimal bandwidth k& = 4,
but the bandwidth obtained from our method is closest to 4.



754 Bayesian Bandwidth Test and Selection

0.58

0.57

*//f*—ﬂ
x «,;e//}ue/})‘oiﬂyxiri
“\ //e»'*’/&%\‘ﬂ ”Q"'ﬂ/a
—e—
| 7

0.56

Average of prediction errors

0.53 0.54
o
v

20 25 30

Figure 3: The

averages of prediction errors are represented for various bandwidth val-
ues k.

5 Discussion

Throughout the paper, we assumed that each row of the Cholesky factor has the same
bandwidth for simplicity. It can be extended to more general setting allowing different
bandwidth for each row. If we denote the bandwidth for the jth row as k(()j ) and ko, max =
maxi<;<p k(()j ), then one can conduct the bandwidth test for kg max. Theoretical results
in this paper also hold for the maximum bandwidth k¢ max Selection problem with
possibly some additional conditions. For example, if k(()j ) = ko max except only finite j’s,
then the proposed priors still achieve the theoretical properties in Section 3.

The bandwidth selection problem for the class of bandable matrices considered in
Banerjee and Ghosal (2014) can serve as one of the interesting future research directions.
Note that it has very different characteristics from these for banded matrices since it
may not have the true bandwidth. In the bandable case, bandwidth selection aims to
find the optimal bandwidth by minimizing the estimation error with respect to some
loss function, and it is well known that the optimal bandwidth depends on the choice
of loss function (Cai et al., 2010). Thus, if bandwidth selection of a bandable matrix is

of primary interest, the prior distribution should be chosen carefully depending on the
loss function.

Supplementary Material

Supplementary to “Bayesian Bandwidth Test and Selection for High-dimensional Banded
Precision Matrices” (DOI: 10.1214/19-BA1167SUPP; .pdf).
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