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Abstract

We construct fractional branes in Landau-Ginzburg orbifold cate-
gories and study their behavior under marginal closed string pertur-
bations. This approach is shown to be more general than the rational
boundary state construction. In particular we find new D-branes on
the quintic — such as a single DO-brane — which are not restrictions
of bundles on the ambient projective space. We also exhibit a fam-
ily of deformations of the DO-brane in the Landau-Ginzburg category
parameterized by points on the Fermat quintic.

1 Introduction

It is by now well established that D-branes in topological string theories
form a triangulated category [22,47] (see also [4, 15, 16, 21, 45, 46, 49, 50,
57].) This algebraic structure captures very important aspects of D-brane
dynamics such as brane/anti-brane annihilation and bound state formation.
For topological B-models on Calabi-Yau threefolds, it has been shown that
the D-brane category is the bounded derived category of the target manifold
[4,22,47,57].
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It is also well known that Calabi-Yau compactifications are continuously
connected to Landau-Ginzburg orbifolds (also called nongeometric phases)
by marginal closed string perturbations [60]. A central problem in this con-
text is concerned with the behavior of D-branes under such perturbations.
Answering this question requires a good control over D-brane dynamics in
nongeometric phases. One possible approach to this problem relies on bound-
ary states in Gepner models [33,54] and quiver gauge theories [27]. The main
idea is that one can represent all rational boundary states as composites of a
finite collection of elementary branes, called fractional branes. Many aspects
of bound state formation are remarkably captured by quiver gauge theory
dynamics. These methods have been successfully applied to D-branes on
Calabi-Yau hypersurfaces in a series of papers [9-14,16-32,48,51,55]. One
of the main outcomes of [11,17,18,26,30,51,59] is that fractional branes are
related by analytic continuation to an exceptional collection of bundles on
the ambient weighted projective space. From a mathematical point of view,
this can be understood as a derived McKay correspondence [8,46].

An alternative approach to D-branes in topological Landau-Ginzburg
models has been recently developed in [41-43,52]. The main result is that
topological Landau-Ginzburg D-branes form a category which admits an
abstract algebraic description based on the Landau-Ginzburg superpotential.
This has been shown to be a very effective approach to D-branes in minimal
models [43].

In this paper we consider D-brane categories associated to Landau-Ginzburg
orbifolds defined by quasihomogeneous superpotentials. Such models are
typically encountered in the context of gauged linear sigma models. We be-
gin with a discussion of Landau-Ginzburg boundary conditions and D-brane
categories in section two. In section three we give an explicit algebraic con-
struction of fractional branes which can be easily extended to more general
Gepner model rational boundary states.

In section four we construct more general objects in Landau-Ginzburg
orbifold categories — called new fractional branes — which do not have a
rational boundary state counterpart. In order to clarify their role in the
theory, in section five we determine their geometric interpretation in the
large radius limit using topological and algebraic techniques. The most
important point is that such objects correspond to bundles (or more general
derived objects) which are not restrictions from the ambient toric variety.
In particular we find that one of these objects corresponds to a single DO-
brane on the Fermat quintic. This is an important result since the DO-
brane on the quintic cannot be given a rational boundary state construction
at the Landau-Ginzburg point. However, rational boundary states with
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the quantum numbers of one DO-brane are known to exist in other models.
A systematic treatment can be found in [56]. Also, boundary states with
the quantum numbers of five DO-branes on the quintic have been recently
constructed in [53].

The algebraic constructions developed here can also be very effectively
applied to questions regarding deformations and moduli of D-branes in non-
geometric phases. In order to illustrate some of the main ideas, we discuss
two such applications in section six. First we prove a conjecture of [23]
regarding composites of fractional branes. Then we show that the Landau-
Ginzburg D0-brane admits a family of deformations parameterized by points
on the Fermat quintic. This is a remarkable confirmation of the construc-
tions employed in this paper. It also suggests that the Landau-Ginzburg
DO-brane may be the appropriate notion of point [1] in nongeometric phases.
It would be very interesting to explore this idea in more depth in connection
with [1,2].
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Sameer Murthy, Greg Moore, Tony Pantev and especially Mike Douglas for
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2 D-brane categories in Landau-Ginzburg Models

The starting point of our discussion is a brief review of supersymmetric
B-type boundary states in Landau Ginzburg models following [12, 36, 41].
We then present the construction of Landau-Ginzburg D-brane categories
following [41,52] and extend it to orbifolds. Orbifold categories have been
briefly discussed in [42], but here we need a more systematic treatment.

Consider a Landau-Ginzburg model with n + 1 chiral superfields X =
(Xa), a =0,...,n subject to a polynomial superpotential W (X). We as-
sume that W has only one isolated, possibly degenerate, critical point at
the origin. We would like to formulate this theory on the infinite strip
20 € [~00,0], 2! € [0,7] so that the full bulk-boundary action preserves
B-type supersymmetry with supercharge Q@ = Q ++ Q@ _. In addition to the
standard bulk action
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Shulk = /de d'o Z X, X, —|—/d2x 20 W (X,)
a=0

= / d2CC Z (—EJWZ@XQ + %@La(go + 31)71[)7(1 + %@EJra(gO - 31)¢+a>
% a=0

1 1 1
- Z Z|8(1VV|2 - Z (Qaaabw ¢+a¢—b + iaaabW Q;Z)Jraqzz)—b) (2'1)

a=0 a,b=0

(following the conventions of [12]), supersymmetry constraints require an
extra boundary term containing some number of boundary fermionic super-
fields II,, o = 1,...,s. These are nonchiral, i.e. DIl, = G,(X), where
G is a polynomial function of the superfields X = (X,) restricted to the
boundary. The boundary action is of the form

dery = i /6Z dxo Z [0_(177(1 - ﬁaea]g + SH ) (2'2)
a=0

where 1y = V_g + V1q, 0y = V_q — ¥y, and

1 0 52 S_ i 0
— = M, 10, — - M, Fo(X) + coc. .
S 2/azdxd9§jaa Q/dxdﬁaa( )+ cc

a=1

(2.3)

The F,(X) are polynomial boundary interactions. It was shown in [12,41]
that the full action S = Spui + Spary Preserves B-type supersymmetry if
F,, G, satisfy the constraint

W = Z F,G, + const. (2.4)

a=1

If W has a single isolated critical point at the origin, the constant in the right
hand side of (2.4) can be taken zero without loss of generality. Therefore
B-branes will be classified by systems of polynomials (F,, G, ) so that W =
> o _1 FuGo. Physically, such a brane is realized as the end product of
open string tachyon condensation on a brane-antibrane pair of rank r = 2%.
The F, describe the tachyonic profile on the brane world volume. The
Chan-Paton factors associated to the brane-antibrane pair are realized as

the irreducible representation of the complex Clifford algebra

{Wa,ﬂﬁ} = {ﬁ'a,ﬁ'g} =0
{Wa,ﬁ/g} = 0ag-
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The boundary contribution to the supercharge is

D= (maFu(X) + TaGa(X)). (2.6)
a=1

More generally we can consider a string stretched between two branes
specified by boundary couplings (FS),GS)), (FO(?),GEVQ)). The boundary
action for the fermionic superfields is then

1 S i
Sp=—= [ dz°d%0 o, I, — - / dz%do 11, F\V (X
1 2/82 v azl 2|: rl=m v ¢ ( )

— / dz°do 1, FD(X)| + c.c.
z1=0
(2.7)

We study the spectrum of Ramond ground states in this sector. There is a
one-to-one correspondence between these states and the physical operators
in the twisted B-model. The BRST operator is

Qtot = Qlox + D. (2.8)

where the first term is the restriction to the boundary of the bulk super-
charge () and the second represents the contribution of the boundary fields.
The physical operators are classified by cohomology classes of Q¢ acting
on off-shell open string states. Since Qi - X = 0, any element of the
boundary chiral ring can be expanded as a linear combination of monomials

a7l =115, ﬁ}“’fri(“), where I(a), J(a) take values 0,1, with coefficients
in C[X,]:

=" fr,(Xa)r'7 (2.9)
I,J

There is a natural Z/2 grading on the space of boundary fields defined by
deg(®) = > _(I(er) — J(cv)) mod 2. Homogeneous elements of degree zero
will be called bosonic, or even, while homogeneous elements of degree one
will be called fermionic, or odd. The action of D on homogeneous elements

is given by
D & =DW.¢— (—1)de8@g. p@ (2.10)
where DM, D@ are the boundary BRST operators associated to the two D-

branes. Using this formula, one can find explicit representatives for BRST
cohomology, as discussed later in several examples.



466 FRACTIONAL BRANES IN LG ORBIFOLDS

2.1 D-Brane Categories

We have so far considered a particular class of boundary conditions associ-
ated to tachyon condensation on brane/anti-brane pairs of equal rank r = 25.
This is a restricted set of supersymmetric boundary conditions which can
be described in terms of additional boundary fermionic superfields. One
can obtain more general D-branes as end products of tachyon condensation
on brane/anti-brane pairs of arbitrary rank. Taking into account all such
boundary conditions, we obtain a triangulated additive category Cy which
admits the following presentation [41,52].

The objects of Cyy are given by matrix factorizations of W, that is pairs
p1

P Py of free C[Xy, ..., Xy]-modules so that pogp; = pipp = W. Fol-
o

lowing [52] we will denote this data by P. The massless open string states
between two D-branes P, @, form a 7Z/2 graded complex

H(P,Q) = Hom(P; & Py, Q1 ® Qo) = € Hom(FP;, Q) (2.11)
i,j=0,1

where the grading is given by (i — j) mod 2. This complex is equipped with
an odd differential D which represents the BRST operator of the boundary
topological field theory. The action of D on a homogeneous element ® of
degree k is given by

D ®d=q-®&—(-1)fd.p (2.12)

where p=p1 ©po: PL& Py = PL@® P, g =q S qo: Q18 Qo — Q19 Qo.
This data defines a DG-category Py [41,52]. The D-brane category Cyy is
the category associated to Py by taking the space of morphisms between
two objects (P, Q) to be the degree zero cohomology H°(H(P,Q)) of the
complex (2.11). We will use the shorthand notation H*(P,Q), i = 0,1 for
the cohomology groups. One can show that Cy is an additive triangulated
category [41,52]. Note that there is an obvious similarity between this formal
construction and the more physical approach explained in the previous sub-
section. In order to exhibit the matrix factorization associated to a boundary
condition of the form (2.3), let us choose the standard r = 2° dimensional
representation of the Clifford algebra (2.5). Then we can explicitly write the
boundary supercharge as a r x r matrix which squares to W. One of the
advantages of the algebraic approach is that the rank of brane/anti-brane
pairs is not restricted to powers of 2. Let us record the most important
properties of Cyy for applications to physics.
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i) Cw is equipped with a shift functor P — P[1]

—p1

Pll] = < Py :—i’ P ) : (2.13)

This is an autoequivalence of the category which maps branes to anti-branes.

i1) Every morphism Fﬂ@ in Cy can be completed to a distinguished
triangle of the form

PLQ R — P[] (2.14)

where R is a isomorphic to the cone C(¢) of ¢. The cone of a morphism
P20 is defined by

= Ny Q@ %o ] [ 9 o1 ]
R = ® P &P |, r= _ .
<Q1 (o Qo ® P ) | [ 0 —po | T 0 —p

(2.15)
In physical terms, distinguished triangles describe bound state formation
[22]. More precisely, the existence of a triangle (2.14) implies that any two
objects involved in the construction can form the third by tachyon conden-
sation. In particular the K-theory charges of the three objects add to zero.
In order to decide if a particular condensation process actually takes place or
not we need more data which takes the form of a stability condition [3,22,25].
We will not review this aspect in detail here.

For further reference, note that the Euler character
x(P,Q) = dimH°(P,Q) — dimH' (P, Q). (2.16)

defines an (asymmetric) intersection pairing on objects. Physically, this
is the Witten index of the open string Ramond sector defined by the two
branes.

The above construction can be reformulated in terms of Z/2 graded mod-
ules as follows. A Z/2 graded C[X]-module P = (P;, Py) can be thought
of as an ordinary module P = P, & P equipped with a C-linear involution
n: P — P, n? = 1. The homogeneous parts Pj, Py are the eigenspaces of 7
corresponding to the eigenvalues +1 and —1 respectively. A pair P can be
similarly thought of as a triple (P,np,p) where p: P — P is a C[X]-module
homomorphism satisfying

pnp+npp=0,  p*=W(X). (2.17)

The Z/2 graded complex (2.11) can be similarly regarded as the C[X]-module
Hom(P, Q) equipped with an endomorphism D and an involution npg sat-
isfying

npgD + Dnpg =0,  D*=0. (2.18)
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The involution is induced by np,ng. We will find this point of view very
useful later in the paper.

2.2 Orbifold Categories

We are interested in Landau-Ginzburg orbifolds obtained by gauging a dis-
crete symmetry group G of W. Typically, these models are realized as
infrared effective theories of gauged linear sigma models, in which case G
is a finite cyclic group G = Zg4 for some d > 0. The construction of the
D-brane category can be easily extended to this situation. [43]. The objects
are pairs P of G-equivariant free C[X]-modules subject to an equivariant
condition on the maps pg,p1. More concretely, regarding Py, P; as trivial
bundles P; = CN*1 x C", i = 0,1 of rank 79, 71, we have to specify represen-
tations R; of G on C", ¢ = 0,1. We can represent the object in the orbifold
category as

R1\ J\Ro
e

Do

Figure 1: Orbifolded Object

If we denote by p: G — GL(n + 1,C) the representation of G on C"*1,
the maps pg, p1 must satisfy the equivariance conditions

Ro(9)p1(p(g ) X)Ri(g~") = p1(X) (2.19)

for any group element g € G. This condition imposes certain restrictions on
the allowed representations Ry, R1, as explained later in examples. Given
two such objects P, Q, the action of G on P;,Q;, i = 0,1 induces an action
on the terms in the complex (2.11) which is compatible with D. Therefore
we obtain an equivariant Z/2 graded complex. The space of morphisms in
the orbifold category Cy,, is given by the G-fixed part of the cohomology
groups H*(P,@). In this way we obtain a triangulated category Cyy,,. The
shift functor and the distinguished triangles can be constructed by imposing
equivariance conditions on equations (2.13), (2.14), and (2.15).
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3 Fractional Branes

From now on we restrict ourselves to quasihomogeneous Landau-Ginzburg
potentials W (X) of the form

W(X) =X+ X0 4. X (3.1)

where all d, > 3, a = 0,...,n. The discrete symmetry group is G = Zg,
where d = l.c.m(dy, ..., d,), and the action p is specified by

p(w)(Xo, ..., Xn) = (W Xp,...,w""X,) (3.2)

with w, = %, a =0,...,n. This theory is equivalent to a Z/d orbifold of
a product of n + 1 (2,2) minimal models at levels k, = d, — 2, in which
D-branes can be explicitly described as rational boundary states satisfying
Cardy’s consistency condition [33,54]. In particular B-type boundary states
are classified by a vector L = (Lo,...,Ly) with integer entries 0 < L < d
and an extra quantum number M which takes even integer values M €
{0,2,4,...,2d — 2}. The orbifold theory has a quantum Z/d symmetry
which leaves L invariant and shifts M by two units M — M +2. The L =0
boundary states are known as fractional branes and play a special role in the
context of Calabi-Yau compactifications, as discussed in the next section.

The goal of the present section is to find a relation between the algebraic
approach explained above and the boundary state construction. In partic-
ular, we would like to know if there is a natural algebraic construction of
the fractional boundary states described in the last paragraph. In order to
answer this question, let us start with the algebraic realization of B-type
boundary states in the one variable case.

3.1 One variable models

Consider a LG potential W = X% d > 3. In the absence of the orbifold
projection, the D-brane category Cy has a very simple description [43,52].
The objects are pairs M; of rank one C[X]-modules labeled by an integer
le{l,...,d—1} with m; = X!, mg = X! Factorizations that correspond
to m; = 1 or m; = X are trivial objects in the category. By construction,
Mg_; is isomorphic to M;[1], therefore M; and My_; form a brane/anti-
brane pair. Therefore we can restrict our attention to the range I < [%]

Let us study the morphisms between any pair of objects in Cyy. Picking
the standard two dimensional representation of (2.5), the generic morphism
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Xl
My M
Y \ / Y
t to
fl fO
Xl

{1 -l \ /RO/

Figure 2: Endomorphisms of the object M;

® in (2.9) is written as

_( fo
(I)_<to f1>’

where we follow the conventions of [12]. A straightforward analysis of the
Z/2 graded complex (2.11) shows that

ClX]/(X min{kd=1}y " jf | < |
HO(M}, My) = ' (3.3)
C[X]/(XMn{bd=k}) - if | < k.

Moreover in the first case we can choose cohomology representatives of
the form fo = X fi = X'"%fy, a = 1,... min{k,d — [}, while in the

second case we can choose representatives f; = X% fo(X) = XFlfy,
a=1,...,min{l,d — k}. For fermionic morphisms we find similarly
C[X]/(xmin{k}), ifk<d—I
H'(M,, M},) = (3.4)
C[X]/ (X {d=kd=l}) " §f | > d — [
In the first case, we can choose representatives t; = X?, tog = — X4 =k,
a =1,...,min{k,l} and in the second case tg = X%, t; = —X!Tk=d 4 =

1,...,min{d — k,d — l}.

Now we move to the orbifold category Cw,,. As discussed above, the
objects are given by equivariant triples (P, Ry, R1). The Z/d action on C



S.K. ASHOK, E. DELL’AQUILA AND D.-E. DIACONESCU 471

2mi

is given by p(w)(X) = wX, where w = e"@ . It suffices to consider the
rank one objects P; which generate the unorbifolded category. Then the
representations Ry, Ry are specified by two integers ag,a; € {0,...,d — 1}.
The equivariance condition (2.19) yields ap = a3 +{. Thus the rank one
objects of Cy,, are given by a pair of integers ([, ) so that [ € {1...d — 1}
and a € {0...d — 1}. We will denote such an object by M,;,. Since the
rank one objects generate Cyy, the same will be true for Cyy,,.

Let us determine the bosonic and fermionic morphisms between any two
objects Ml,a,ﬁkﬁ. We have to take the G-fixed part of the cohomology of
(2.11). In the present case, this implies that the space of bosonic morphisms
is generated by polynomial maps fy, f1 satisfying the equivariance conditions

fO(X)wO‘+l = wﬁ+kf0(w_1X)
AXw® =P filw'X). (3.5)

For maps of the form fy = X® and f; = X°, the equations (3.5), lead to the
following conditions

a=k—-Il+b=Q0—-a)+ (k-1 for  0<a<min{k-1,d—1-1}

(3.6)
We can repeat the above analysis for fermionic morphisms, taking tg = X o
and ¢t = —X". In this case, we find the conditions
ad=d—(l+k)+V =1+(8—-0q) for 0<d <min{d—1-1,d—k—1}.

(3.7)
Therefore we find the following spaces of bosonic and respectively fermionic
morphisms

C, ifk<landl—-k<pf—a<min{l-1,d—k—1}

HO(Mla,Mkﬁ): C, ifk>land0<pf—a<min{l-1,d—Fk—1}

) )

0, otherwise.
(3.8)

C, ifk>d—-landl<pf—-—a<min{d+!—k—-1,d—1}
Hl(Ml,a,Mkﬁ): C, ifk<d-landd—k<f—-a<min{d+!—-k—-1,d—1}

0, otherwise.
(3.9)
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f

Figure 3: Quiver for the Z, orbit of [ = 1 states

where [ < [4]. Note that the transformation (I,) — (d— I, a+1) exchanges
the bosonic and fermionic spectrum. Therefore M ;_; o4 is again isomorphic
to the antibrane Mm[l] of M. For future reference, let us also note that
the intersection matrix of [ = 1 states x(M1,, M1,4) is (1 — G™!), where G
is the shift matrix defined by the linear transformation G : MLQ — Ml,oki,l.

This is summarized in the quiver diagram of Figure 3 . One can extend
the results found here to more general models of the form W = X wd where w
is an arbitrary integer, subject to the orbifold action X — T X. Although
we will not give the full details, note that the intersection matrix of [ = 1
objects becomes (1 — G™") in this case.

3.2 Comparison with Minimal Models

Let us compare the above results to the rational boundary state construc-
tion in the Z/d orbifold of the A; o minimal model. The boundary states
are labeled by three quantum numbers L € {0,...,d — 2}, M € {—(d —
1),...,d} mod 2d, and S € {—1,0,1,2} mod 4 subject to the constraint

L+M+5S=0 mod 2. (3.10)
and the field identification

(L,M,8) ~ (d—2—L,M+d,S+2). (3.11)



S.K. ASHOK, E. DELL’AQUILA AND D.-E. DIACONESCU 473

Topologically twisted B-branes correspond to Ramond sector boundary states,
which are characterized by S € {—1,1}. Moreover, the transformation
(L,M,S) — (L,M,S + 2) maps a brane to its antibrane. Therefore, us-
ing the equivalence relations (3.11), we can label rational boundary states
by |L, M), adopting the convention that |L, M) and |d — 2 — L, M + d) form
a brane/anti-brane pair for any (L, M).

We have an intersection pairing on the set of boundary states defined
by the open string Witten index, which counts open string Ramond ground
states with sign [24]. This pairing can be evaluated using CFT techniques,
obtaining [38]

(S2—-51) Mo—M,
I(|Ly, My, S1) 5 |La, M2, S2)) = (1) 2 N %[
Mo—M; __ 1, if ’Ll — LQ‘ < My —M; < min{L1 4+ Lo, 2d —4— L1 — LQ}
Li.La 7 0, otherwise .

(3.12)

Using the equivalence relation (3.11) as explained in the previous paragraph,
we can rewrite this formula as follows

1, if |1 — Lo| < My — My <
min{L1 + Lo, 2d —4— L1 — LQ}

I(|L1, M), |Lg, Ma)) = q —1, if [L1+ Lo —d+2| < My — My —d <
min{Ll—L2+d—2,L2—L1+d—2}

L 0, otherwise .

(3.13)

In order to find a map between these boundary states and the objects
constructed earlier, recall that the Z/d orbifold has a Z/d quantum symme-
try which acts on boundary states by shifting M — M + 2, leaving (L, S)
fixed. In the D-brane category, the same quantum symmetry maps a brane
Ml,a to Ml,aﬂ' Given the range of L € {0,...,d — 2} and respectively
le{l,...,d— 1}, we are lead to the following identifications

L=1-1 and M =2a+1. (3.14)

As a first check, note that this identification maps brane/anti-brane pairs to
brane/anti-brane pairs. Furthermore, one can check by simple computations
that the intersection pairing (3.13) agrees with the previous results (3.8),
(3.9) under the map (3.14). In particular the intersection matrix of the L = 0
boundary states agrees with the result found before for Ml,a, namely (1 —
G~1). This correspondence can be easily extended to Z/d orbifolds of Agy,_2
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minimal models, where w > 1. In this case, the intersection matrix is (1 —
G™"), in agreement with LG results. In order to extend this correspondence
to more general LG orbifolds, we need an algebraic construction which will
be described next.

3.3 Tensor Product

In more general situations we have to construct matrix factorizations for
LG superpotentials depending on several variables X,, a = 1,...,n. This
is a more difficult task than the one variable case. In the following we will
describe a systematic approach to this problem based on a tensor product
construction. This is the algebraic counterpart of tensoring boundary states
in products of minimal models.

Let us start with a simple example, namely a superpotential W (X7, Xs) =
W1 (X1) + Wa(X2) depending on two variables. We first present the con-
struction in terms of boundary couplings using the formalism of section 2.
Consider two separate B-type boundary conditions for Wy, Wy specified by
boundary couplings of the form IT; F; (X7) and respectively o Fo(X2) satis-

fying
Fi(X1)G1(X71) = Wi (Xy), Fr(X9)Ga(X2) = Wa(Xa). (3.15)

These boundary conditions correspond to rank one factorizations P,Q of
W1, Ws. The sum [ dz® df [T Fy (X1) + Mo Fy(X2)] determines a supersym-
metric boundary condition for W, as explained in section 2. In order to
translate this construction in algebraic language, pick the standard four di-
mensional representation of the Clifford algebra generated by 7y, ms, 71, .
Then the boundary supercharge takes the form

0 0 Fl(Xl) FQ(XQ)
o 0 Ga(Xa) —Gi(X))
D=1 qxy mx) o 0 (3.16)
Co(Xs) —Fi(X1) 0 0

The corresponding object in the category Cy is of the form

T1
C[Xy, Xo]®? <T—C[X1,X2]@2
0

Fi(X1) F(Xy) } i { Gi1(X1) Fy(Xo)
Ga(Xy) —Gi(Xy) |7 ° Ga(X2) —Fi(Xy) |-

(3.17)

T =
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We will denote it by P ® Q. Consider two such tensored objects P; ® Q,
and Py ® @y, where P; are objects in Cy, and Q; in Cy, . The spaces of
morphisms between them can be found by analyzing the boundary chiral
ring in the associated open string sector. From the form of (2.6) we see that
any element in the cohomology of D must have the form

d = d, (3.18)
a=1,2

where @, is a physical operator in the LG theory with superpotential W, (X,).
It follows that

H"(Py®Q,,Pa®Q,) = GB H'(P1,Py) @ H'(Q1,Q,) - (3.19)
i,j=0,1
i—j=k(2)

This is in fact a special case of a more general construction, which is best
described in the algebraic framework.

Let us now consider a superpotential W = W(X,,Y;), a = 0,...,n,
b=0,...,m which can be written as a sum

W(Xa,Ys) = Wi (Xa) + Wa(Y5) . (3.20)

For simplicity we will use the notation X = (Xg)a=1,..n, ¥ = (Yo)p=1,...m-
Let P, Q be two arbitrary matrix factorizations of W1 (X) and respectively
Wo(Y). We claim that one can form a canonical matrix factorization P ®
Q of W(X,,Y}) as follows. Recall that Py, P, are free C[X]-modules of
arbitrary rank, and, similarly,Q,, Q; are free C[Y]-modules. Note that we
have standard ring morphisms C[X],C[Y] — C[X, Y] corresponding to the
projections 71 : C"t™ = C" x C™ — C" and respectively mp : C"T™ =
C" x C™ — C™. For any C[X]-module A, we have a pull-back C[X,Y]-
module 77 A = A ®¢|x] C[X,Y]. Similarly, any C[Y]-module B gives rise to
a C[X,Y]-module 73 B = B ®c[y] C[X,Y]. We take

(P® Q)1 = m P1 ®cpx,y] Q0 ® 1 Py Ocix,y] Q1

(P® Q) =P Oclx,y] T5Qo ® ™ P1 ®C[x,Y] T Q1.
(3.21)

The maps (P ® Q)1 (P ®Q)o are given by
To
el 1®q po®l 1®aq

= = . 3.22
" 1 ®qo —p0®1] ' |:1®QO 1 ®1 (3.22)
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It is straightforward to check that this is a matrix factorization of W (X,Y) =
Wi (X) + Wa(Y).

Next, we would like to determine the spaces of morphisms between two
tensor product objects P; ® Qy, P2 ® Q5. The most efficient way to pro-
ceed is by reformulating the above construction in terms of differential Z/2
graded modules, as explained below (2.16). The objects P, @ considered in
the previous paragraph can be regarded as differential Z/2 graded modules
(P,np,p), (Q,nq, q) satisfying the conditions

npp+pnp =0, pPP=Wi(X), nh=1
nga+ang =0, @F=Wa(Y), np=L
(3.23)

The tensor product P ® @ corresponds to the triple

(TP @ mQ,np @19, p@ng +1®q) . (3.24)

Now, the spaces of morphisms H 0’1(?1,F2) and respectivell H_O’l(al,QQ)
are determined by the differential Z /2 graded modules (Hom(P1, P2),np,,p,, D1)
and respectively (Hom(@l,QQ),nQLQQ,Dg) where

77P17P2D1 + Dlnpl,Pg - 07 D% = 07 772P1,P2 =1

NQ1,Q2 D2 + Dang,,q, = 0, Dg =0, 773217622 =L
(3.25)

The differential Z/2 graded C[X, Y]-module which determines the morphism
spaces between P; ® Q;, P2 ® (), is then given by

(Hom(PhP?) ®(C[ac,y} Hom(le Q2)777P1,P2 ®NQ1,Q2> Dy ® NQ1,Q2 T+ 1 ®(D2) )

3.26
It is straightforward to check that the data (3.26) forms a differential Z/2-
graded module, using (3.25). This is in fact a familiar construction in ho-
mological algebra, namely the tensor product of two Z/2 graded differential
complexes. Then we can use the algebraic Kiinneth formula to relate the co-
homology of (3.26) to that of the individual complexes (P,np,p), (Q,nqQ,q)-
This yields an exact sequence of C[X,Y]-modules

0— P H(P, P H(Q,Q) — H(P12Q;, P2®Qy)
Byt
— P T H (P, Po), H (). Q,)) — 0. (3.27)
)
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In order to compute the Tor; group in the third term of (3.27), we have to
pick a locally free resolution F* — H’(Q1, Q) and construct the complex

0— 7r>2k‘7: ®(C[:v,y] WTHi(F17F2) . (328)

The group Tor(lc[ x,v)(H {(P1,Py), H (Qq,Q,)) is the first cohomology group
of this complex. We claim that this is always zero because the complex (3.28)
is exact. To justify this claim, note that 73F is always exact since C[X,Y]
is a flat C[Y]-module. Moreover, the differentials of 73 F are pulled back
from F. Then one can check by direct computations that such a complex
will remain exact after tensoring by the pull-back module 7% H' (P, P3).
Therefore we obtain the following simple formula

Hk(?l ®Q1, P2 ®Qy) = @ Hi(ﬁlvﬁﬂ ® H(Q,,Q,) . (3.29)
4,5=0,1
i—j=k(2)

The tensor product can be easily extended to orbifold categories. Con-
sider a finite cyclic group G and representations p; : G — GL(n + 1,C),
p2 + G — GL(m + 1,C). There is an obvious induced representation
(p1,p2) : G — GL(n 4+ m 4+ 2,C). In the orbifold categories Cw, ,,, Cwy,po
we have to specify representations of G on the pairs P,Q as described in
section 3.2. The objects are triples (P, R, Ry), (Q,S1,So) satisfying the
equivariance condition (2.19). In order to produce objects of Cyy, 11, (p1,ps)s
it suffices to specify a group action and impose equivariance conditions on
tensor products of the form P ® Q.

Alternatively, one can easily construct such objects by taking tensor
products of equivariant triples (P, Ry, Rg), (Q, S1,So). The representations
R1, Ry, S1,Sp induce canonical representations of G on the tensor prod-
uct modules (3.21) so that the morphisms (3.22) satisfy the equivariance
condition (2.19). Therefore we obtain an object (P, R1, Ro) ® (Q, S1,S0) of
CW,(p1,p2)- The morphisms between two such objects can be determined by
imposing G-invariance in the formula (3.29). Note that for fixed P, Q, the
tensor products (P, Ry, Ry)®(Q, S1, Sp) are not in 1—1 correspondence with
the quadruples (Ro, R1,S1,S0). Two different quadruples (R, R1,S1,S0)
may result in isomorphic tensor products. In order to clarify the details, we
return to the construction of fractional branes.
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3.4 Fractional Branes

We consider an orbifolded LG model with a quasihomogeneous superpoten-
tial
W(X) =X+ X0 4 . 4 X (3.30)

with d, > 3, a = 0,...,n that corresponds to a Z/d orbifold of a product
of minimal models at levels k, = d, — 2. We will focus on the Z/d orbit
of rational boundary states with L = 0. These are essentially constructed
by tensoring rational boundary states with L, = 0 and arbitrary values
of M,. One can show that two boundary states with the same L and total
quantum number M = »""_ M, are isomorphic. We will show here that the
algebraic counterpart of this construction is the tensor product introduced
in the previous subsection.

Let us start again with a two variable example of the form
W(X) =X+ x5 (3.31)

Let Wi(X1) = X%, Wy(Xy) = X§2. The Z/d-orbifold action is given by
X1 — w1 Xy, Xo — w2 Xy, where d = l.cm{d,} and w, = d/d,, a = 1,2.
To each pair M;,, M, of rank one factorizations of W1 (X7),Wo(Xz2) we can
associate the tensor product M,,;, = M;, ® M,, which is a rank two matrix
factorization of W (X). To define fractional branes in the orbifold theory,
we have to specify a two dimensional representation of the orbifold group
Z/d on Mj,,. After imposing the equivariance conditions (2.19) we find
a collection of d objects labeled by an integer p € {0,...,d — 1} which are
cyclicly permuted by the quantum Z/d symmetry of the orbifold theory. The
corresponding representations on (M;, ® My,)o and (M;, ® M,,); are

wH 0 whth 0
RO(W) = < 0 wﬂ+l1+12 > Rl(bd) = ( 0 wu+12 ) . (332)

The same result can be obtained by directly tensoring the objects Mll,al
MZ%OQ of the one variable orbifold theories provided that 4 = a3 + ag. As
noted in the last paragraph of the previous subsection, the tensor product
depends only on the sum p = a3 + ag, not on the individual values a;, as.

In order to find the morphisms between Mhlz,m Mklkg#/ we have to take
the G-invariant part of

Hk(Mhlvakle) = @ Hi(thMlﬁ) ® Hj(leMkQ) (3'33)
4,j=0,1
i—j=k(2)
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under the G-action determined by (p1, p2), i, ' More precisely, we have to
identify the trivial G-module in the direct sum decomposition of H*(M,1,, M, 1,)
into irreducible G-modules. Equivalently, we can consider the G-action on
H¥(M,1,, M,1,) induced by p and the trivial representations on Mj,,, My, .,
and identify the /' — p block in its decomposition into irreducible G-modules.
Taking this point of view, consider the G-action on the right hand side of
(3.33) induced by p1, p2 and the trivial representations on M, ..., My,. An
important observation is that the irreducible G-modules in the decomposi-
tion of H*(M,, M, ) are isomorphic to the morphism spaces H*(Mj, o, Mkl,a)

in the orbifold category Cw, ,,. Therefore we have

Hi(Mh’Mh H Mh,Oaﬁkl,a)

(
Hj(leMkz Hj(ﬁl%O?sz,ﬁ)'

d
=D
a=0

d
=D
B=0
(3.34)

The u/ — p block in the decomposition of the right hand side of (3.33) is
therefore

Hk(Mth,u? Mkle,,U/) =
d

@ @ [Hi(Mh,Oaﬁkl,Q) ® Hj(Mlz,Ovﬁkzﬁ)] ’ 5#'—H—(a+,@)‘

i,j=0,1 ,8=0
i—j=0(2)

(3.35)

This is a very useful formula expressing the morphism spaces in Cyy, {117, (py,p2)
in terms of morphism spaces in Cy, ,,, Ciw,,p,. A direct consequence of (3.35)
is a similar relation between intersection numbers

d
XMty s Mgy ) = > XMy 0o My )X (M0, My 8) - S0t ) -
a,3=0
(3.36)

Our goal is to show that there is a one to one correspondence between the
L = 0 boundary states in the minimal model theory and the tensor product
objects MLL - Obviously, they have the same transformation properties un-
der the orbifold quantum symmetry. Moreover, one can check as in the one
variable case that such an identification is consistent with mapping branes
to anti-branes. The main test of this proposal is the comparison of inter-
section matrices. The expected CFT answer for rational boundary states is
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[1,_o(I — G¥). Equation (3.36) gives

d
XM, M) = Z X(M1,0, M1,0)x(M1,0, M1,8) - 80— py—(a43) -

a,3=0

(3.37)

Note that the intersection numbers X (M1 a,, M1,4,) are invariant under a

simultaneous shift oy — ay + 7, @e — a9 + . Then, using (3.35), we find

that the intersection matrix of {My 1} is simply the product of the one
variable intersection matrices

N1y M) = (DG A -G, (338)

o

which is in exact agreement with the CFT result. This is very strong evidence
for our proposal.

Since the above discussion is somewhat abstract, let us construct the
endomorphisms of M7; explicitly. Using (3.3) and (3.4), we know that for
the W = X9 theory, the object M; has one bosonic and one fermionic
endomorphism. It follows from (3.19) that Mj; has two bosonic and two
fermionic endomorphisms, independent of the value of d. The fermionic
ones have the form

0 0 1 0
0 0 0 xZ2
7 = (+© (0) - M=\ _ 0
(ty” To + 13" mo) (fo ' m@L + f1 7 7amy) X2 0 0 0
0 —-10 0
0o 0 0 1
_ _ _ 0 0 —X¥2 0
Tu = (£ momo + £ Fomo) (¢ 71+ 1)m1) = 0 1 0 0
X2 0 0 0
(3.39)

where we have used the results of the one variable case. Similarly, the bosonic
morphisms have the form

Iy = (£ momo + £ 7omo) (F mms + f 71m1)

0 1 0 0

—XI72xd=2 0 0 0
To-T1 = (¢ 7o + 1 m0) (157 71 + 17 my) = 0 i
0 0 0 -—Xx5?

0 0 X2 0

We know from our earlier discussion that in the orbifold theory, the inter-
section matrix for the fractional branes has the form

@M-G N =01-2G"'+G2, (3.40)
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where G is the shift matrix that corresponds to moving forward in the Z, or-
bit by one unit. We can see this from the explicit form of the endomorphisms
of Mm. After taking the orbifold these become morphisms between differ-
ent objects in the orbit MLLIL? according to their Z; charge. The charges
are determined by the group action on the objects, as in (3.32). For tensor
products of [ = 1 objects, it is possible to see that each fermionic constituent
contributes charge -1 to the total charge of the morphism obtained by tensor
product. Thus, Ty and 77 have charges —1, while Ty - T1 has charge —2, in
agreement with (3.40).

We can generalize this construction to arbitrary numbers of variables. By
taking successive tensor products we find objects of the form Mlo,...,ln, u Where
uw=0,...,d—1. The morphism spaces and intersection numbers of two such
objects can be computed by induction. For unorbifolded objects, we have
Mg, o1l = Mlo,---,ln—l & Mln and similarly Mk07~~~7kn—17kn = Mk07~~~7kn—1 &
My, . Repeating the steps between (3.33) and (3.34) we find the following
recursion formula for morphisms

Hk(MlOv"wlnhu" Mk()v"'vk’fhu/) =

d
@ @ [HZ(MIO,...,ln_l,OaMko,...,kn_ha) ® H’ (Hln,OaMkn,ﬁ)] Op! (o)

i,j=0,1 ,8=0
i—j=0(2)

(3.41)

This yields a similar recursion formula for intersection numbers

X(Mlo,...,ln,m Mk:o ..... kn,u’) =

> XMoo ty.00 Mig,.in1,0)X (M1, 0, M, 3) - S (as.5):

a,3=0

(3.42)

By specializing (3.42) to the fractional branes M
the intersection matrix can be written as a product

1,4, we find again that

-----

n

X (Ml,...,l,u,Ml,...,Lu/) = [H(II — G

a=0

, (3.43)

/

T

which is the expected CFT result.
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4 New Fractional Branes and Geometric Interpre-
tation

So far we have reproduced the known boundary state results from an alge-
braic point of view. In this section we construct a new class of fractional
branes in homogeneous Landau-Ginzburg models which do not have a ratio-
nal boundary state counterpart. We also find their geometric interpretation
in some Calabi-Yau examples and show that they are not restrictions of
bundles (or sheaves) on the ambient toric variety. It is worth noting that a
special case of this construction yields a single DO-brane on the Fermat quin-
tic. Landau-Ginzburg boundary conditions corresponding to non-rational
boundary states have been previously considered in [28]. Although that con-
struction is also based on factorization of the superpotential, it is not clear
how it is related to the present approach. Let us start with the building
blocks of our construction.

4.1 Rank One Factorizations for Two Variable Models

The basic idea is quite straightforward. The fractional branes were con-
structed by taking tensor products of one variable rank one factorizations.
However, in certain cases one can use alternative building blocks consisting
of rank one factorizations of two variable models. Consider a homogeneous
superpotential of the form

W (Xo,X1) = X+ X¢. (4.1)
It is clear that one can construct rank one factorizations of the form
- P1 n—1
Pn:<P1<_P0>, p1 = Xo —nXu, pOZH(XO_n/Xl)u
PO
n'#n

(4.2)
where {1} is a complete set of d-th roots of —1. Given two such factorizations
Py, P,/ one can easily determine the morphism spaces

= -5 Cly)/(vet), ifn=o
HO(PTHPT)/) = { 07[ ]/( ) 1f’)7 # 77/
> - 0, ifn=1n
HE P ={ ¢ gioh (4.3

In the orbifold category, we obtain rank one objects of the form P a,
a = 0,...,d — 1, where a specifies the action of Z/d on (P,);. The ac-
tion of the orbifold group on (P,)o follows from equivariance constraints.
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The morphism spaces can be found by imposing an equivariance condition
on the morphisms (4.3). The result is

o C, ifp=7nand B#a—1
0 ’ =

HY(P, aaPn’ﬁ) = { 0, otherwise

C, ifn#n anda=p+1

otherwise .

(4.4)

We can write the intersection matrix of two objects in any given Z4 orbit as

X(Pna s Pyp) = []HGJFG2 +.. 4G y (4.5)

We have shown in the previous section that the superpotential (4.1) ad-
mits tensor product rank two matrix factorizations Mhh' For later appli-
cations, we need to determine the morphism spaces between the fractional
branes Ml,l and the rank one objects P,. This analysis is performed in
appendix A where we find

HO(M,,,P,) =C,
HY(Mi,,P,) =C. (4.6)

The morphisms spaces between orbifold objects are given by

0 ’ ren
H (M 1,0, Pyy) = { 0, otherwise

C, ity =p-1

15 37 _
H (P, M) = { 0, otherwise . (4.7)
The intersection matrix is thus
X(Ml,lwﬁwﬂ) = (G72 - Gil)uu’ ) (4.8)

where G is the shift matrix introduced in section 3.2. This result holds for
any value of 7.

4.2 New Fractional Branes

Using the above rank one factorizations, we can construct new D-branes in
LG orbifold models defined by homogeneous superpotentials

W(X)=X{+...+ X2 (4.9)
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as follows. Recall that the fractional branes were constructed by taking
tensor products of rank one factorizations associated to the monomials X
in (4.9). In order to obtain more general objects we can decompose W (X)
as a sum of monomials W, = Xfll and two variable superpotentials Wy, =
X2+ X To each summand of the form W,, we associate a fractional brane
M;a while to each summand W, we associate a rank one factorization ?nab‘
Using these building blocks, we can construct new objects by taking tensor
products. More precisely, let us decompose W (X) as

W =Wo1 +Waz + ... + Waopm omy1 + Wopga + ... + W, (4.10)
for some m < n/2 — 1. Then we obtain an object

Anm,---,nzm,2m+1;12m+2,---,ln = PT]01 ®P7723 .. '®P772m,2m+1 ®Ml2m+2 ®...0M,

(4.11)
in the category Cys. Objects in the orbifold category can be obtained by
making this construction equivariant with respect to the Z/d action, as ex-
plained in the previous section. In this case it turns out that the Z/d ac-
tion on an7...7n2m,2m+1;12m+27m71n is completely determined by a single integer
wed{0,...,d—1}.

For geometric applications, we need to determine the morphism spaces

Hi(MIOV--vln’An017~~~7n2m,2m+1;l2m+27~~~7ln)

between the fractional branes and the new objects (4.11). These spaces can
be determined inductively, as explained in section 3.5. Following the steps
detailed between (3.33) and (3.35) we first find

Hk (Hl07"'7l37l‘“Z
d

@ @ H’ (Hlo,lha’?noho) ® HI (Hl2,13ﬁ’?n2370) 5u/fuf(a+ﬂ)

4,j=0,1 «,8=0
i—j=k(2)

M01 ,7723#') =

(4.12)

for a single tensor product. This formula must be iterated each time we
add an extra factor, which can be either ﬁnm 41 OT Mlb for some a,b as in
equation (3.41). Applying this algorithm, one can show that the intersection
matrix can be obtained by multiplying the individual intersection matrices
of the building blocks. From now on, we will restrict ourselves to objects
with [, = 1 and denote the branes obtained by tensoring k such objects by

M". The fractional branes will be denoted by MZ—H and the new objects
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4.11) will be denoted by am — (Pt g Then, using (4.8
"
we find l
Y (MZJrl’ZI(;n)) — (GfQ _ G*l)erl(]I _ Gfl)n72mfl ) (4'13)

independently of the values of 74 q+1 in the tensor product (4.11). We will
make use of this result in order to find the geometric interpretation of these
objects in the large radius limit of the linear sigma model associated to (4.9).

5 Geometric Interpretation in Linear Sigma Mod-
els

The Landau-Ginzburg orbifolds considered in this section are special points
in the SCFT moduli space associated to gauged linear sigma models. More
specifically, the linear sigma model in question has a single U (1) gauge field
and n + 2 chiral multiplets Xo, ..., X, ® with charges (1,...,1,—d). For
d = n+1 the U(1)g symmetry of the linear sigma model is anomaly free,
and the infrared limit of the theory consists of a moduli space of SCFT’s
parametrized by complexified FI terms. Typically, this moduli space con-
tains certain special points, where the SCFT exhibits a special behavior.
The special points of interest here are the Gepner point, where the SCFT
admits the LG orbifold description, and the large radius point, where we
have a nonlinear sigma model realization. In the last case, the target space
of the nonlinear sigma model is given by the Fermat hypersurface S

X¢+... +Xx4=0 (5.1)

in P*. For d = n + 1, this is a Calabi-Yau variety. These two limiting
points are also called the Landau-Ginzburg and geometric phase respec-
tively, although they are not separated by a sharp phase transition. In
the previous sections we have discussed the construction of D-branes in the
Landau-Ginzburg phase from an algebraic point of view. We have recovered
the expected rational boundary states and also obtained new branes which
do not seem to have a boundary state realization. On the other hand, D-
branes also have a fairly explicit description in the geometric phase, where
they should be thought of as complexes of coherent sheaves, or more pre-
cisely, objects in the bounded derived category D(S) [4,22,47]. Moreover,
it is known that the Landau-Ginzburg fractional branes can be analytically
continued as BPS states to the large radius limit point, and reinterpreted as
holomorphic bundles on S. In particular, the fractional branes MZH corre-
spond to the one term complexes Q*(p)[u] p=0,...,d—1 [11,26]. Here Q¥
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denotes the bundle of holomorhic u-forms on the ambient projective space,
and Q#(p) = Q* ® O(p). The notation Q* () means that Q#(u) should be
thought of as a one term complex concentrated in degree 0, and [u] denotes
the shift functor of D°(S). Therefore Q*(u)[u] represents a one term com-
plex concentrated in degree —u. Note that all these bundles are restricted
to S from the ambient projective space. For simplicity, we will denote these
objects by €2,,.

In the following we would like to address a similar question for the new

fractional branes XLm) constructed in the previous section. For concreteness,
we will consider the orbit m = 0 for n = 4, although similar methods can be
applied to any values of m,n. The large radius hypersurface S is the Fermat
quintic in P*.

5.1 Intersection Numbers and Topological Charges

The objects A,(P) correspond by analytic continuation to certain objects F,
in the derived category D?(S). Our goal is to identify these objects using the
algebraic structure developed so far at the Landau-Ginzburg point. A first
useful observation is that marginal closed string perturbations preserve D-
brane intersection numbers. This data suffices to determine the topological
invariants of the objects F,,. Then we will determine the actual objects (up
to isomorphism) using the Landau-Ginzburg category structure.

In the geometric phase, the intersection number between two D-branes
represented by objects F and F’ in the derived category is given by the
alternating sum

X(F,F) = (~1)dim(Hom oy (F, F'[V])). (5.2)
VEZ

If F is a one term complex consisting of a locally free sheaf I’ in degree 0,
we have
XFLF) = (<17 [ lF)e(F)Ta), (53)
S
where "V is the dual of F' and Td(S) denotes the Todd class of S. Equation
(4.12) predicts

X (Q, Fr) = = [T = G)']
This yields a system of equations in the Chern characters of the unknown

objects F,,, which determines them uniquely. Of course, this is not enough
data for identifying F,, as objects in the derived category. We will later show

e (5.4)
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how to determine the objects up to isomorphisms exploiting the algebraic
structure.

The even cohomology of the quintic hypersurface S is generated by
(1, H,l,w) where H is the class of a hyperplane section, [ is the class of
a rational curve on S, and w is the class of a point. The intersection ring is
determined by the following relations

H?=5l, Hl=1, H?=5w. (5.5)

A straightforward computation based on (5.3) and (5.4) yields the following
Chern characters

Fo 10 0 —w
Fi -3 H 3 —tlw
Fo 3 —2H 0 Zfw
Fy -1 H =31 —lw
Fi 0 0 0 -—w

A first check of this result is the integrality of the associated Chern classes:
an easy computation gives

Co C1 C9 C3
Fo 1 0 0 —2w
Filll 3 —-H 51 —3w
Fa 3 —2H 100 —2w '’ (5:7)
F1] 1 —H 0 2w
Fu 0 0 0 2w

which are indeed integral.

In principle, we would like to identify the objects F, in D®(S). Note that
the Chern character of Fj is equal to the Chern character of a skyscraper
sheaf of length 1 supported at a point P on S and also shifted by an odd
integer. Since the shift functor is an automorphism of D’(S) we can choose
this shift to be —1 without loss of generality. This strongly suggests that Fy
is a anti-DO-brane on the quintic. For the moment, we will conjecture that
to be true.

If that is the case, F,, p = 0,...,4 must form the orbit of the anti-
DO0-brane under monodromy transformations about the Landau-Ginzburg
point. We will first test this conjecture by computing the Chern charac-
ters of the derived objects generated by Op[—1] under Z/5 monodromy
transformations. We will show below that this reproduces the table (5.6),
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which is strong evidence for our conjecture. Then in the next subsection
we will show that Fy is indeed a anti-DO-brane supported at the point
P ={Xp—nX; =Xy = X3 =X, =0} on the quintic using algebraic tech-
niques. An interesting question is if one can give a physical proof of this
conjecture based on RG flow in linear sigma models with boundary using
the results of [20,31,34,35].

5.2 Landau-Ginzburg Monodromy

The monodromy about the Landau-Ginzburg point is generated by an au-
toequivalence My of the derived category D(S) which can be described as
a Fourier-Mukai functor with kernel [20, 39, 40]

Krc = Cone (L7j0 @ L130(1) — Op @ L730(1)) . (5.8)

The notation is standard. For any coherent sheaf F', we denote by £ the one
term complex determined by F' in degree zero. The maps m12: S5 xS — S
are canonical projections, and O(1) is the line bundle on S obtained by
restricting the hyperplane line bundle on P4. Op is the structure sheaf of
the diagonal A C S x S. For any object F in D(S), the monodromy action
is given by

Mc(F) = R, (LafF @% Kre) - (5.9)
Our goal is to compute the monodromy orbit of Op[1], where Op is the
structure sheaf of a point P on the quintic. The monodromy action (5.9)
admits an alternative description as a twist functor [5,58]. For any object
F of D(S), consider the complex

hom(0, F(1)) ® O = @) Hom pu(5) (0, F(1)[k]) ®c O[-k] = P Ok
keZ keZ
(5.10)

where by, = dim (Hom prs) (O, F (1)[k])) Employing the techniques of [58]
(see Lemma 3.2 and also [5]), one can show that the Fourier-Mukai functor
M is isomorphic to the twist functor

F — Cone (hom(o,f(l)) ® Oﬂu’f(l)> (5.11)

where ev is the evaluation map. Using this result, and the Riemann-Roch
formula, we can easily compute
ch (M6 (F))) = ch(F(1)) — S (=1)kby
keZ

— ch(F(1)) — / ch(F(1))Td(S)

S
(5.12)
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Now we can check by straightforward computations that
ch(M{'(Op[—1])) = ch(F,14), (5.13)

as promised above. In order to complete the picture, we will show below
that 7, is in fact isomorphic to the anti-DO-brane Op[—1] using the category
structure at the LG point.

5.3 The D0-brane at The Landau-Ginzburg Point

The main idea is very simple. Let j : S — P* denote the embedding of S
into the projective space. Given a derived object F on .S, the pushforward
Rj.F is obtained by extending the terms and the maps of F by zero to
P*. Therefore, in order to determine JF, it suffices to determine Rj,F in
DP(P*). This is a much simpler problem since D®(IP*) admits a pure algebraic
description via Beilinson correspondence [6]. We will review some aspects
below following [7].

According to Beilinson’s theorem, DP’(P*) is generated by the excep-
tional collection (Q*(u)), p=0,...,4. This implies that there is an equiva-
lence of categories between D°(P*) and the derived category of .A-modules,
D’(mod — A), where A is the endomorphism algebra

A=End(E), E=a,_oQ"Q). (5.14)

It is a standard result that A is the path algebra of a finite ordered quiver
with relations. For any projective space P(V"Y), with V' a complex vector
space, we have

AV (V) if p>v

0, otherwise . (5.15)

Hom(@2(1), (1) = {

The algebra structure of A is determined by exterior multiplication.

We can give a more geometric description of this algebra as follows.
Note that we can identify the morphism spaces Hom (Q# (), Q= (u—1)) to
HO(T(-1)), where T is the holomorphic tangent bundle to P*. Any section
v € HY(T(-1)) determines a global morphism Q#(u) — Q*~(u — 1) using
the canonical pairing

() @ T(—1) — QY —1). (5.16)
One can check using the Euler exact sequence

0— O(=1) - 0% - T(-1) =0 (5.17)
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0°(0)

] ‘\ AN

Figure 4: The endomorphism algebra of E as a quiver algebra.

that H°(T(—1)) =~ C®, hence we obtain all morphisms this way. Moreover,
a basis of unit vectors in H°(O®%) ~ C? determines a basis of H(T'(—1)).
We will fix such a basis {vg}, @ = 0,...4 from now on. This gives rise to a
basis vq (i, t — 1) in the space of morphisms Hom (Q*(u), 2*~ (1 — 1)) which
is a system of generators of A.

The equivalence of categories mentioned above associates to an object F
the complex

RHom(E, F) = @5 Hom(E, F[k])[~k] (5.18)
keZ

of right 4-modules with trivial differential. In particular this means that
any object F is uniquely determined (up to isomorphism) by the complex
RHom(E, F).

Our goal is to make use of this correspondence in order to find the derived

object Fy associated to the Landau-Ginzburg D-brane Xio). We will proceed

in two steps.

i) We know that the fractional branes Mi correspond under closed string
marginal deformations to Q#(u)[u]. On general grounds, these deformations

should preserve the category structure, hence we expect the endomorphism
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algebra
4
A=End(E), E=@@M,[-4 (5.19)
n=0

to be isomorphic to A. As a first step, we will construct an explicit isomor-

phism ¢ : A — A.

ii) At the next stage, we will determine the A-module structure of the
morphism space

RHom(E, A = P HFE, Ay (5.20)
k=0,1

and compare it to the A-module structure of RHom(E, Ops p[1]), where P
is the point P = {Xg — nX1 = Xo = X3 = Xy = 0} on P*. Ops p is the
structure sheaf of P on P* which is the pushforward of the structure sheaf
Ogs,p of P on the quintic. More precisely, we will show that both complexes
RHom(E, Zio)) and RHom (£, Ops p[1]) are concentrated in degree zero, and
there is a linear isomorphism

Y : RHom(E, 4,)) — RHom(E, Ops p[1]) (5.21)

so that ¥(at) = ¢(@)y(t) for any @ € A, t € RHom(E, Zflo)). However,
RHom(FE, Xio)) is isomorphic to the morphism complex RHom(Lj*E, F,)
since the category structure must be preserved by closed string deformations.
Furthermore, by adjunction, we have

RHom(Lj*E, ;) ~ RHom(E, Rj,Fy) . (5.22)

It then follows from Beilinson’s correspondence that Rj,F, is isomorphic to
Opa p[1], and we can conclude that F; is isomorphic to Og p[1].

5.4 Endomorphism Algebra

In order to construct the isomorphism ¢ : A — A let us first consider
morphisms between fractional branes in some detail. These morphisms can
be writen as tensor products of one variable morphisms using the iterative
algorithm developed in section 3.5, equations (3.34)-(3.35).

First consider morphisms between adjacent pairs m [0 m u—1- Applying
the rules of section 3.5 and the results of section 3.2, we find that there are



492 FRACTIONAL BRANES IN LG ORBIFOLDS

> MS and

no bosonic nor fermionic morphisms between M,_,, M,

5

—5 =5 —5 —
H(M,, M, ;)=0, H'(M,, M, ;) ~C® p=1,...,5.

(5.23)

An explicit basis Ty (p, 0 — 1), a = 0,...,4 of fermionic morphisms between
Mi and Mlkl can be obtained by tensoring a one variable fermionic mor-
phism associated to the superpotential W,(X,) = X2 by four bosonic mor-
phisms associated to the remaining variables. The later are all proportional
to the identity. The result is most conveniently expressed in terms of free
fermion operators as shown in section 2, equation 2.8:

To(ppypp— 1) = (= X2 7g +70),...,a=0,...,4. (5.24)

Note that this expression is in fact independent of u by Z/5 cyclic symmetry.
However we have to use the notation T, (u, it — 1) because different values of
1 correspond to distinct generators of A.

The other morphism spaces H* (Mz, Mi) can be similarly determined by
taking tensor products of more one variable fermionic morphisms. Each such
morphism contributes —1 to the orbifold charge. Therefore, by imposing
equivariance, one finds that a morphism between objects with Z; weights
(1, v) must contain p — v factors. A straightforward analysis shows that
there are no bosonic nor fermionic morphisms between Mz and Mi if p<w.
If 4 > v we have H”_”“(Mz,ﬂi) =0, and H“_”(Mi,ﬁi) is generated
by products of the form T;,,_, (v+1,v)... T4, (4, p—1) . For concreteness we
represent below the morphism spaces from Mi to all other fractional branes
in the orbit.

Note that the resulting morphisms are bosonic for even number of factors
and fermionic for odd number of factors. Morphisms constructed this way
are not all independent. Using the canonical anticommutation relations (2.5)
it follows that the T, satisfy the algebra

To(pts pp — DTp(p = 1, 00— 2) + Tp(p, p — D) To(p — L, p—2) = 0. (5.25)

In particular, T, (g, p— 1)To( — 1,4 — 2) = 0. These are of course cohomol-
ogy relations; at cochain level the right hand side is an exact cochain in the
complex (2.11). Then it follows that the number of independent morphisms
between any pair of objects equals the number of antisymmetric combina-
tions of products of T, (u, u — 1). Therefore, we have

H/J,*I/(Mi’ﬁi) ~ A,U«*V(U(E)))’ for ol Z v, (526)
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Ta\ \

—=5
M, M,
Figure 5: Morphisms from Mi to the other fractional branes in the orbit.

where U®) is the five dimensional complex vector space spanned by {T.},
a=0,...,4.

It is worth noting that this construction can be applied without essential
changes to more general situations. For example, suppose we want to deter-
mine the morphism spaces between fractional branes associated to a (n+1)-
variable superpotential of degree d, where n and d are arbitrary. One finds
a very similar structure, that is H“_”(MZH,MZH) ~ APV (UMDY for
W > v, where U (n+1) ig a (n + 1)-dimensional complex vector space spanned
by {Ta}, a =0,...,n+ 1. If 4 < v, the morphism spaces are empty. The
generators are given again by products of fermionic operators Ty (u, u — 1),
a=0,....,n, u=0,...,d—1. The formula (5.24) becomes

Toppypp—1) = = X327, + 74, (5.27)

except that now we have to pick a different representation of the Clifford
algebra. The relations (5.25) remain unchanged. We will find this remark
very useful in the next subsection.

Let us now define the object

E=FE, (5.28)

where Fﬂ = Mz for p = 0,1,2 and Eﬂ = Mi[l] for y = 1,3. From the
definition of the shifted object (2.13), we derive the following rules: for each
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Figure 6: Endomorphisms of the object E

even (odd) morphism ® from P to @, there is an odd (even) morphism
® - J from the shifted object P[1] to Q and an odd (even) morphism J - ®
from P to Q[1]. Here, J is an odd operator such that J? = 1. In a matrix
representation where bosonic operators are diagonal blocks and fermionic
ones are off diagonal, J has the form

J_(g g)

Therefore, using (5.26), we find

AN_V(U(5)) u Z 1%

0 otherwise . (5.29)

End"(B,,B,) ~ {

The algebra of bosonic endomorphisms of E is determined by the basic
relations (5.25) and the additional relation J? = 1. One finds that A is
generated by the elements Ty (u, u — 1) - J and the algebra structure is given
by exterior multiplication. A concrete example is represented in Figure 6.

In conclusion, A is indeed isomorphic to the geometric quiver algebra A4
and an explicit isomorphic ¢ : A — A is given by

¢(Ta(:uv w—= 1)J) = Ua(,uv = 1) : (5'30)
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5.5 Module Structure

The next step is to determine the A-module structure of RHom(FE, ZZ) and
construct the isomorphism (5.21). We first have to determine RHom(F, ZZ)
as a vector space. The morphims from Eu to Zi can be constructed again

by taking tensor products as in the previous subsection. Recall that X( v
is obtained by tensoring a rank one factorization P4 of the two variable
superpotential Wo2(Xo, X1) = X§ + X} coresponding to some fixed 1, n° =
—1 by | = 1 factorizations of the remaining one variable superpotentials,
ie. ZS = (F ® M?)) . The fractional branes Mi can be accordingly writen

v

as tensor products of the form (MQ ® M?)) corresponding to the variables
o
(X0, X1) and respectively (Xo, X3, X4). Using the methods of section 3.5

(see the paragraph between (3.33) and (3.34)) we can easily show that the
morphism spaces between Mz and ZS are given by

4
HY(M,, A) = D P H M,y Po)® H (M, Mo)dysur—(uv).
i,j=0,1 ' /=0
it+j=k(2)
(5.31)

The morphism spaces between Mi and P, have been determined in section
4.1, equation (4.7). Up to multiplication by a nonzero complex number, we
have one bosonic morphism f,, ,, if v = 1 —2 (5) and one fermionic morphism
tuy if v = p—1 (5). The morphism spaces between the three variable
fractional branes can be determined by setting n = 2 in the discussion above
equation (5.27). We have H“_”(Mi,ﬁi) ~ A=V (U®)) if g > v and zero
otherwise. Collecting these results, and taking into account the shifts by
one, we find

HE, AY)~0,  HY(E,, AY)~ ArWW), (5.32)

where U® is the four dimensional complex vector space spanned by (fo1 ®
I)J and (tos @ To)J, (toa @ T3)J, (toa ® Ty)J.

The A-module structure is determined by composition with the mor-
phisms T;,(u, p — 1)J between fractional branes, which generate A. Let us
consider for example multiplication by H°(E1, Ey) as represented in figure
7.

We have established that H 1(E0,Z510)) ~ C and H 1(E1,Zio)) ~ UW,
Next, our goal is to determine the composition laws of the morphisms in the
above diagram. To this end, we have to write down the generators of all
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_ U
E

Figure 7: Module structure of RHom(E, Zio)): multiplication by
H°(E1, Ey).

To(1,0)J, a=0...4 —2 —3
(M~ @ M )[1]> (M~ ®@ M)

\

(t04 ®T2(1,0)
(toa ® T3(1,0)) J  (for @I)J toa ®1
(toa ® Ty(1,0)) J

— —3
(P ®@ M )4
Figure 8: Morphism generators.

morphism spaces in terms of tensor products of elementary morphisms as in
the previous subsection. Making the product structure explicit, we obtain
the diagram represented in figure 8.

To explain the notation, recall that f,, and t,, are bosonic and re-
spectively fermionic morphisms between two variable objects as explained
in the paragraph above equation (5.32). On the horizontal arrow, 7,(1,0).J
are the generators constructed in the previous subsection. On the left ar-
row, T534(1,0) denote similar fermionic morphisms between three variable
objects Mi,ﬁg introduced in the paragraph above (5.31). We have used
the same notation in order to avoid unnecessary indices. The distinction
should be clear from the context. In the next paragraph we will use the
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same conventions for 77 2(1,0), regarded as fermionic morphisms between
two variable fractional branes.

Since the tensor product is compatible with composition of morphism,
we have the following straightforward composition laws

(tos ® I)(Tu(1,0)J) = (tos ® Ty(1,0))J,  a=23,4. (5.33)

In order to complete the picture, we have to determine the remaining prod-
ucts corresponding to a = 0,1. Note that in this case, the fermionic mor-
phisms 7,(1,0), a = 0,1 are obtained by tensoring two variable fermionic
morphisms T,(1,0) by bosonic morphisms in the remaining three variables,
which are proportional with the identity. Since all morphisms involved in
this computation are proportional to the identity in the last three variables,
we are effectively left with a two variable problem. More precisely, it suffices
to determine the products tg47(1,0)J, a = 0,1 for two variable morphisms.
This can be done by the explicit computation presented in appendix B. We
find the relations

toa(T1(1,0)J) = fo1J, toa((nTo(1,0) + T1(1,0))J) = 0. (5.34)

The multiplication table by the remaining generators T, (u, u — 1) of A
can be determined similarly, using the relations (5.25) among the fermionic
generators and the equations (5.34). We will not present all the details here
because they are quite tedious. It suffices to note that the linear combination

(nTo(py b — 1) + T1 (,  — 1))J always annihilates Hl(EH_l,XELO)), ie.
(0 To (it — 1) + Ty — 1)) - H (Bp1, Ay)) = 0 (5.35)
for u =0,...,4. Moreover, one can check that
H(Ey, Byr) /{0 To (o = 1) + Ta(p, o — 1)) J) =~ U (5.36)

acts on HY(E,_1, A(O)) ~ A*=H(UW) by exterior multiplication. More pre-
cisely, the pairing

= = = —(0
HO(E,y, Bt /(0T (1, = DA (1, p= 1) )0 HY (B ey, ALYy — HY(E,, ALY
(5.37)
is isomorphic to the pairing

UW @ AP UW) - AHUW). (5.38)

This completes the description of RHom(E, Zio)) as an A-module.
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In order to complete the picture, we have to construct the linear map
(5.21) and prove the compatibility with the module structures. To this end
we need a more detailed description of the A-module structure of
RHom(E, Ops p[—1]).

According to the defining equation (5.18), the terms in this complex are
derived morphism spaces of the form Hom(E, Ops p[k—1]) ~ Ext*!(E, Opa p).
Since E is locally free, the only nonzero term is

Ext’(E, Opi p) ~ E}, (5.39)

where El\é is the fiber of the dual bundle at P. We have

5 5
B} = PAT) (—u)p = P A (T(-1)p), (5.40)
p=0 p=0
hence
5
RHom(E, Ops p[—1]) ~ @ A*(T(~1)p)[-1]. (5.41)
pn=0

In order to determine the .A-module structure of this vector space, it
suffices to determine the multiplication table by the generators v, (p, u—1) €
HY(T(—1)) introduced below (5.17). These are twisted global holomorphic
vector fields on P* associated to the unit vectors in H O(IPA,(’)E,'?E) ~ C°,
as explained there. Let v = Zi:o Pava(pt, o — 1) be an arbitrary linear
combination of the generators. Let P € P4 be a point defined by intersecting

four hyperplanes given by the homogeneous linear polynomials Lq,..., Ly,
that iSP:{Ll =... :L4:0}

Since T'(—1) is a rank four bundle, a generic section v as above is expected
to vanish along a collection of points in P*. From the Euler sequence it follows
that the section v vanishes at P if and only if the point (po,...,ps) € C°
lies on the line through the origin defined by P. Therefore v has a zero at
P if and only if

Ll(poa"'7p4):"':L4(p07"'7p4):0‘ (542)

This shows that any section v vanishes precisely at one point P, € P* de-
termined by the equations (5.42). Conversely, for any P there is a unique
section vp , up to multiplication by a nonzero constant, such that vp(P) = 0.
In our case P = {Xy — nX1 = Xy = X3 = X4 = 0}, hence vp =nvy + v1 .

Now we can easily determine the A-module structure of (5.41). For each
pair (u, u — 1) there is a unique (up to scale) morphism

op(ja, o — 1) € Hom(Q (), ¥~ (u — 1)) = HY(T(~1))
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which annihilates (A*~1T)(—(u—1))p . Using the Euler sequence, it follows
that the quotient

Hom (9 (n), @~ (1 = 1)) /{vp (= 1))

is isomorphic to T'(—1)p. Therefore the composition of morphisms deter-
mines a well defined pairing

T(-1)p @ A* 1 (T(=1)p) — AMT(-1)p) (5.43)
which is dual to the canonical pairing (5.16)
() @ T(~1) = Q4 (u — 1)

restricted to P. Therefore the pairing (5.43) is defined by exterior multipli-
cation. This completes the description of the A-module structure of (5.41).

Now we can collect all loose ends and complete the identification between
Landau-Ginzburg and geometric data. In the Landau-Ginzburg category we
found

4
RHom(E, 4}") ~ @ AU W)[-1], (5.44)

where U@ is a fixed four dimensional complex vector space isomorphic to

HY(Ey, By) /{(nTo (s pp — 1) + To(pt, pp — 1))

for any p = 0,...4. The A-module structure is determined by exterior
multiplication as shown in equations (5.37)-(5.38). This is the same structure
as in the geometric situation. More precisely, the map ¢ in (5.30) induces
an isomorphism of vector spaces

¢: U ~ H(B,, Ep)/ {(nTo(ps p — 1) + Ty (p pp — 1))J) —
HY(T(-1))/(quo +v1) ~T(~1)p. (5.45)

This can be extended by exterior multiplication and direct sums to a linear
isomorphism

4 5
Y @A UM -1 - P AT (-1)p)[-1] (5.46)

/LZO MZO

which is clearly compatible with the module structures.
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6 Composite Objects and Deformations

In this section we discuss several applications of our construction to defor-
mations of D-branes at the Landau-Ginzburg point. This is not meant to
be a complete and rigorous treatment of moduli problems in the Landau-
Ginzburg category. We will outline some preliminary results in two examples
in order to illustrate the main ideas. We leave a more detailed approach for
future work.

6.1 Composites of Fractional Branes

The first problem we would like to address here was formulated in [23]. As
explained in the above section, we have five bosonic morphisms between two
consecutive shifted fractional branes Eu, Ey,l. Then we can form composite
objects by taking cones over these morphisms in the Landau-Ginzburg cate-
gory. One of the main questions considered in [23] was counting the number
of deformations of such composite objects, and finding equivalence relations
between them. These questions may be quite difficult in the boundary state
or the quiver gauge theory approach. Here we will address this issue from
the algebraic point of view adopted in this paper.

As a concrete example, we will consider two different composite objects
which were conjectured to be isomorphic branes in [23]. Using the quiver
gauge theory approach, one can prove that these objects have the same
moduli space, but not that they are indeed isomorphic. We will apply our
formalism in order to prove this conjecture by constructing an explicit iso-
morphism between them.

_ T.(1,00J _
The first object is the cone C19 = Cone <E1 —>E0). In order

to construct the second object, we have to take two successive cones. We
_ T.(32)J _
first take the cone C33 = Cone <E3 _ E2>. Then we have an exact

triangle

— Ta(3,2)d __
B — EQ — 032 (61)

which yields the following long exact sequence of morphism groups

_ _ _ Ta(3,2)J _
- — H YEy, Ey) — H ' (Ey,Csp) — HY(Ey, E3) ————— H°(Ey, E»)

— H%(E4,C3) — H (Ey, E3) — -
(6.2)
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Since there are no fermionic morphisms between any pair (£, £, ), this
sequence reduces to

. 0= = T2 0=
0— H (E4,Cs2) — H (Ey, B3) —————— H (Ey, EB2) — H (Ey4,C3) — 0

(6.3)
where the middle map is induced by multiplication by T,(3,2)J. Using
the algebra structure of A determined above, it follows that Ker(7T,(3,2).J)
is one dimensional and is generated by 7,(4,3)J. Therefore we conclude
that the space of fermionic morphisms H~(Ey,Cs2) ~ HY(E4[1],Cs2) is
one dimensional. Let x denote a generator. Now consider the cone Cy3o =
Cone <E4[1]i>032). The conjecture of [23] is that Cjo and Cy32[1] must be

isomorphic in the D-brane category. This is required for agreement with
geometric considerations in the large radius limit.

Here we will show that this is true by constructing a morphism v : Cjg —
C432[1] such that Cone (01030432[1]) is the trivial object in the Landau-
Ginzburg orbifold category.

A very useful observation is that cones commute with the tensor product
defined in section 3.4. More precisely, suppose we have two pairs of objects
(P, ?,) and (Q, @/) corresponding to two superpotentials Wy, W5 as in that
section. Suppose we are given two bosonic morphisms v : P — P and
§:Q — @l. By taking the tensor product we obtain a bosonic morphism
TR6:PRQ — ?/®@,. We claim that

Cone (F ®Q &?/ ® @,) ~ Cone (ﬁl@> ® Cone (@i@) . (6.4)

The proof of this statement is a straightforward check using the definitions.
We will not spell out the details here.

Now recall that the fractional branes Fﬂ are obtained by taking tensor
products of one variable factorizations, and the morphisms T, (u, u — 1) are
similarly obtained by taking tensor products by the identity. Using equa-
tion (6.4), we can reduce the conjecture formulated above to a statement
concerning one variable factorizations, which is much easier to prove. In the
following we denote by Ml,w l=1,...,4, p = 0,...,4 the rank one fac-
torizations constructed in section 3.2 for the superpotential W,(X,) = X?.
With abuse of notation, we will use the same notation as above for cones in
the orbifold category of W,.

The structure of exact triangles in a one variable category in the absence
of an orbifold action has been determined in [52]. In particular one can show
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that there are distinguished triangles of the form

M, 2% M, — My (6.5)
where ¢ : Ml — Mk is given by (¢lk)1 = xl_k, (¢lk)0 =1 Ifk <l
M, is defined to be M;_[1]. In the presence of an orbifold projection, the
equivariant version of (6.5) is

_ d) R R

My =5 Mty — Mi—ig—kp (6.6)
where the labels p,v,... € {0,1,...,4} are defined mod 5. Moreover, we
have the identifications M 1u[1] = M_; 4, explained in section 3.2.

Now let us repeat the above cone construction in the one variable the-

_ Ta(1,0)
ory. We define C;g = Cone (Ml,l[l] 0o M1,0>~ From (6.6) it follows

_ _ w(3,2)
that ClO >~ Mg,o. Next we construct 032 = Cone <M1,3[1] EEEEEE— MLQ)

which is isomorphic to ngg by the same argument. Finally we take a second
cone Cy39 = Cone (MlA[l]gng). Using (6.6) again, we find Cygo ~ M&g,

hence Cyza[1] ~ M _3. To conclude, note that we have an exact triangle
Mzo — M—:’),O — M—&O (67)

where M_g,,() is the trivial object. Therefore we have indeed C1g ~ Cys2[1].
The same conclusion is valid for the five variable fractional branes by taking
tensor products and using (6.4).

6.2 DO0-brane moduli

The second problem considered in this section is finding the moduli space
of the object Zflo) which has been identified with a (anti) DO-brane on the
quintic. Ideally one should be able to prove that this moduli space is iso-
morphic to the Fermat quintic ' We will not give a rigorous proof here since
moduli problems in abstract categories are complicated and not very well
understood at this point. However we will take a first step in this direction

by exhibiting a family of deformations of fo) parameterized by the Fermat

n order to give a rigorous construction of the moduli space, one has to first specify
a stability condition. In principle the moduli space may be different for different stability
conditions. Therefore a more precise statement would be that the moduli space should be
isomoprhic to the Fermat quintic in the presence of a suitable stability condition. We will
not try to make this explicit here, although it is a very interesting subject for future work.
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quintic. Although we cannot prove that this is the full moduli space in the
D-brane category, this is certainly an important step forward.

Let us consider a point P on the Fermat quintic determined by the linear
homogeneous equations L1 = Ly = L3 = Ly = 0. According to Hilbert’s
Nullstellensatz, the condition that P lie on the quintic W = 0 is that W41
belongs to the ideal I = (L1, Lo, L3, Ly) C C[Xy,...,X4] for some ¢ > 0.
Since I is a prime ideal, it follows that W belongs to I, hence there exist
four polynomials Fi, ..., Fy so that

L Fy + Loy 4+ LyFs+ LaFy =W. (68)

Given this relation, we can find a factorization of W of the form

4
D= (Lamq + FuTa) (6.9)

a=1

where (7,4, 7,) are free fermion operators generating a complex Clifford al-
gebra. This was explained in section 2, equations (2.4) and (2.6). A special
case of this construction is

Li=Xo—nXy, Ly=Xo, L3=X3, Li=2X4
X+ X7

F = —=,
T Xy — X,

Fy=X3, F3=X3, Fy=X]

(6.10)

which corresponds to the object fo) studied in detail before. Choosing
Z./5 representations appropriately, (6.9) yields a family of deformations of

ZL(IO). We claim that the isomorphism classes of objects in this family are
parameterized by points on the Fermat quintic. This is by no means obvious
since a priori (6.9) depends on the choice of a set of generators for the ideal
1.

In order to prove this claim, we have to rely on the results of [52]. Sup-
pose we are given a Landau-Ginzburg superpotential W : C"*! — C with
an isolated critical point at the origin. Let Sy denote the fiber of W over
0 € C. Then the main statement of [52] is that the D-brane category Cy is
equivalent to the so-called category of the singularity Dgq(Sp). Dgq(So) is
constructed by taking the quotient of the bounded derived category D°(Sp)
by the full subcategory of perfect complexes. A perfect complex is a finite
complex of locally free sheaves. If Sy were nonsingular, the quotient would be
empty, since in that case any object in D°(Sy) would have a locally free res-
olution. Therefore Dg,(Sp) depends only on the singular points of Sy. The
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P _ "~
o

the one term complex defined by the cokernel of p; regarded as a coherent
C[Xo, ..., Xp]/W-module.

p1
equivalence functor Cyy — Dgg4(Sp) associates to an object Py >

A consequence of this result is that the isomorphism class of an ob-
ject P is uniquely determined by the isomorphism class of the coherent
C[Xo, ..., Xn]/W-module Coker(p; ) modulo extensions by free C[Xy, ..., X,]/W-
modules. Using this result, it suffices to show that the cokernels Coker(p;)
associated to the factorizations (6.9) are parameterized by points on the
Fermat quintic.

Let @ denote the cokernel associated to an arbitrary factorization (6.9)
and let R = C[Xy,...,X4]. We claim that @ is isomorphic to the R/W-
module R/I in Dgy4(Sp). Therefore the deformations (6.9) are parameterized
up to isomorphisms by points on the Fermat quintic, as claimed above. Note
that R/I has an R/W-module structure because W € I, according to (6.8).

To determine @, let us write down an explicit expression for the map p;
associated to the factorization (6.9). Choosing an appropriate representation
of the Clifford algebra, (or taking tensor products) we obtain

0 Ly 0 Ly F ]

o F 0 0 0 Ly L4 -FK
0 K B -F 0

O 0 0 F L -Ly 0 -F

PP=1m 0o L, F -Liy 0 0 0 (6.11)
0 Fjs Ly —-F 0 —-Ls O 0
FR, F, —-Lsy 0 0 0 —Li 0
L, —L, 0 —Ly O 0 0 —Ly|
Let U = [ Uy Uy ... Ug ]W be an arbitrary element of R®%. We want to
determine the quotient module @ = R®3/(p; (R®®)). Let G =[ G1 G2 ... Gs ]tr

denote an arbitrary element in R®8. We have G ~ 0 if and only if G = p,U
for some U. In particular this yields the relation

Gs = LUy — LolUs — L3Uy — LyUs (6.12)

which shows that the projection to the eighth factor induces a surjective
R/W-module homomorphism

Q— R/I—0. (6.13)

The kernel of this map is an R/W-module K isomorphic to the quotient
R®/(p1(M)). Here M C R®® is the submodule of R®® which leaves Gg
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invariant. One can easily check that U € M can be parameterized as follows

Uy =VigLo + VigLs + ViaLy
Us = VigLy + VagLg + Vaa Ly
Uy =VizLy — VozLo + Viu Ly
Us = VigL1 — VogLo — Vs L3
(6.14)

where Vig, Vi3, ... Vys are arbitrary polynomials and Us, Us, Ug, U7 are also
arbitrary. Evaluating p; on elements U of this form yields

iU =[ ViLy + VsLg ViLy + VsLz FyViz — F3Ve + FoVs + F1Vs VsLy — VLo
VLo — VsLy V3Ly —VgLy —V3L3—ViLy 0 ]" mod W

(6.15)
where
V3 = Uz — F1Va3 — F3Vi3 + F3V12
Vs =Us — F1Vas — F3Vi4 + F4 Vi3
Vo = Us + FoVyy — F3Voy + F4 Vo3
Ve =U7; — F1Voy — FoViy + FyVio.
(6.16)

This shows that there is an exact sequence of R/W-modules of the form

(R/W)E L (R/WY®T = K — 0 (6.17)

where f is defined by (6.15). The kernel of f consists of elements V =
[ Vs Vs Vi Vi ]" of the form

Va=L4V, V=LV, Veg=LV, Vi=—-L3V, (6.18)

where V' is an arbitrary polynomial. Therefore Ker(f) is isomorphic to R/W
and we conclude that K has a finite free resolution

0— R/W — (R/W)**L(R/W)®T = K —0 (6.19)

as an R/W-module. This shows that K is isomorphic to the trivial element
in Dgy(Sp), hence @ is indeed isomorphic to R/I as claimed above.
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A Morphism Spaces: Matrix to Polynomial Fac-
torizations

In this section, we study the space of morhisms between the fractional branes
M and the rank one objects P, in Cy with W = X¢ + X¢. For the bosonic

morphisms, the conditions for Q-closedness takes the form
(for Xo + foe X{71) — (X0 — nX1)fi1 =0
(for X1 — foe X§) — (Xo —nX1)f12 = 0. (A1)

The Q-exactness condition for fyo
foo~0 if  foo = (t11 X1 — t1o XO) + to2 (Xo — "7X1)
allows one to set fopo = 1. Substituting this into (A.1) gives

X+ X

d—1 yd—2
= X 1| .
X, — UXI} and [fOlv f02] |:77 1 > ]

[fi1, fi2] = [nd‘le‘2 :

A similar computation for the fermionic morphisms gives

Xd+ X

N, 1 d [ti1,ti12] =n,1].
UXO_??XI,} an [t11,tie] = [0, 1]

o1, to2] = [

A.1 Z4 Orbifold

As before, imposing the equivariance conditions allows us to infer the mor-
phisms between orbifolded objects. For instance,

Joo o (My @ M),y — (Po)

is the identity operator therefore non-zero bosonic morphisms exist only for
/
w—p=d-—2.

Similarly for the fermions, since
too : (Ml X Ml)u—l —_— (Pl)//

is the identity operator, fermionic morphisms exist for g’ — u = d — 1. Thus,
we infer that the intersection matrix from the matrix to the polynomial
factorizations is

X (M1, Pyye) = [G72 = G7Y

!

where (G is the shift matrix.
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| ]

xd=t x4t
My @ Mo ® Mo ® My =——=— < Moy ® My & M1 ®@ My
\ {X%J —Xo } /
\
t1 = [ti1, t12] to = [to1, to2]
f1 = [f11, fie fo = [fo1, fozl
Xo —nXy
(Pn)l > < (Pn)O
Xd+ Xx¢
Xo —nXy

Figure 9: The morphism complex for matrix to polynomial factorizations.

B Composition of morphisms for W = X§ + X7

As shown in (3.39), the fermionic morphisms from M? to M(Q) have the form

0 0 1 0 0 0 0 1
B o 0 0 X B 0 0 —-X} 0
=1 _x3 0 0 o and Ti=1 g 1 g o
0 —-10 0 -X3 0 0 0

The morphisms from M to P, have been constructed in Appendix A. The

fermionic morphism from M?) to (P,)4 has the form 2
;= 0 0 t11 t19
Ut toe 0 O

(to1 » to2] = [~ (X§ +nX5 X1 + * XoXT +1°X7), 1]
[t11, t12] = [n,1] .

with

The bosonic morphism from M? to (Py)4 has the form

f:(fm foo 0 0O >
0 0 fuir fi2

2For simplicity we suppress the subscripts (p, ) used in section five.
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with
[fins frol = (' X7, —(X§ +nX3 X0 + n° Xo Xt +0°X7Y)]
[for, foo] = [0 X7 1] .

We want to show explicitly that the morphisms in the diagram of figure 8
compose as
thJ =nfJ, tinTo+1T1)J =0,

where J is introduced to account for the shift of the object M?[l] . Since here
J multiplies all expressions on the right, we can neglect it in the following
computations. Using the expressions above we find

iT — ( —X% n 0 0 > —nf
L 0 0 —X}P —n(X3+0X3X1 +1°XoX? +1PX3) "

and
t(’l’]To+T1) =
9 ( X3—-n3X3 0 0 0 >
-n 2 2 v2 2 2 v2
0 0 Xo(X§+nXoX1+n°X7) X1 (X§+nXoX1 +7°X7)
(B.1)

We need to show that the morphism that appears on the right hand side
of this equality is zero in cohomology. A bosonic morphism g is exact if

g:DMQS-l-SDpn,

with s a fermionic morphism. The differentials Dy;2 and Dﬁn have the form

0 0 X, Xy
o 0o xt —-Xx{ B 0 Xo —nX;
DMQ = Xél X 0 0 and DP,, = ))((Ogjn))((li 0 .
Xt -Xo 0 0

If we parameterize the morphisms g and s as

gor go2 O O 0 0 s11 s12 >
fd and S = 9
g ( 0 0 g1 912 ) ( sor so2 0 0

the condition for g to be exact gives the system of equations

go1 = s11 Xp + s12 X7 + s01 (Xo — nX1)
go2 = —s12 Xo + s11 X1 + so2 (Xo — nX1)
X5+ X}
Xo—nXa
X5+ X7
Xo—nX;

g11 = so1 Xo + 502 X7 4 s11

g1 = —s02 Xg + so1 X1 + 510
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If we take g to be (B.1), it is easy to see that these conditions can be satisfied
by choosing sg; = —7’]2 (Xg +nXoX1 + 7’]2X12) and sgg = s11 = 812 = 0.
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