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This paper is concerned with test of significance on high-dimensional co-
variance structures, and aims to develop a unified framework for testing com-
monly used linear covariance structures. We first construct a consistent esti-
mator for parameters involved in the linear covariance structure, and then de-
velop two tests for the linear covariance structures based on entropy loss and
quadratic loss used for covariance matrix estimation. To study the asymptotic
properties of the proposed tests, we study related high-dimensional random
matrix theory, and establish several highly useful asymptotic results. With the
aid of these asymptotic results, we derive the limiting distributions of these
two tests under the null and alternative hypotheses. We further show that the
quadratic loss based test is asymptotically unbiased. We conduct Monte Carlo
simulation study to examine the finite sample performance of the two tests.
Our simulation results show that the limiting null distributions approximate
their null distributions quite well, and the corresponding asymptotic critical
values keep Type I error rate very well. Our numerical comparison implies
that the proposed tests outperform existing ones in terms of controlling Type I
error rate and power. Our simulation indicates that the test based on quadratic
loss seems to have better power than the test based on entropy loss.

1. Introduction. High-dimensional data analysis has become increasingly
important in various research fields. Fan and Li (2006) gave a brief review of
regularization methods to deal with several challenges in high-dimensional data
analysis. Bai and Saranadasa (1996) demonstrated the impact of dimensionality
for test of two-sample high-dimensional normal means. This paper aims to develop
powerful tests for high-dimensional covariance structure without the normality as-
sumption.
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Test of covariance structure is of great importance in multivariate data analy-
sis. Under normality assumption, various tests for covariance matrix have been
developed in the classical multivariate analysis (see, e.g., Anderson (2003)). How-
ever, these tests become invalid when the dimension p of data is large relative
to the sample size n (see Ledoit and Wolf (2002)). Alternatives to the classical
tests of covariance structure have been developed in the literature (see Birke and
Dette (2005), Srivastava (2005), Srivastava and Reid (2012)). Several authors have
studied testing whether a covariance matrix equals the identity matrix. Johnstone
(2001) derived the Tracy—Wisdom law of the largest eigenvalue of the sample co-
variance matrix for normal distribution with covariance matrix being the identity
matrix and p/n — y € (0, 1). Without normality assumption, Bai et al. (2009)
proposed correcting the LRT for testing whether the covariance matrix equals a
known one (or equivalently testing whether the covariance matrix equals the iden-
tity matrix), and derived the limiting null distribution when p/n — y € (0, 1) by
using results from modern random matrix theory (RMT) (see Bai and Silverstein
(2004), Zheng (2012)). Wang et al. (2013) redefined the LRT when y € (0, 1).
Wang (2014) further investigated the asymptotic power of the LRT. Jiang, Jiang
and Yang (2012) studied a corrected LRT when y € (0, 1]. They discussed the
LRT for the case y = 1 and showed that the performance of the corrected LRT
when y = 1 is quite different from that when y € (0, 1). Cai and Ma (2013) tested
the covariance matrix being a given matrix from a minimax point of view and
allowed p/n — oo.

Sphericity testing is another important problem under high-dimensional set-
tings. When p, n — oo, Chen, Zhang and Zhong (2010) studied testing sphericity
for high-dimensional covariance matrices. Wang and Yao (2013) also studied test-
ing sphericity for large-dimensional data. Under the normality assumption, Jiang
and Yang (2013) obtained the limiting null distributions of LRTs for test of spheric-
ity, test of independence, the equality test of covariance matrices, and the identity
test of covariance matrix using moment generating function technique, under the
assumption that p <n and p/n — y € (0, 1]. Jiang and Qi (2015) further obtained
the limiting null distributions of test statistics studied in Jiang and Yang (2013) un-
der the normality assumption and p < n — ¢ for some 0 < ¢ <4. As an extension
of test of sphericity, testing banded structure of covariance matrices has been con-
sidered. Cai and Jiang (2011) tested banded structure of covariance matrices by
limiting law of coherence of random matrices. This test enjoys high power for
sparse alternatives if log p = o(n'/3). Qiu and Chen (2012) studied testing banded
structures based on U-statistics under the assumption p/n — y € (0, 00).

This paper intends to develop a unified framework for testing linear covariance
structures when p/n — y € (0, 00) and without the normality assumption. Not
only several commonly used structures such as test of sphericity, compound sym-
metric structure and banded structure are included, but also many more structures
can be covered by selecting the proper basis matrices. To begin with, we propose
estimating the parameters involved in the linear covariance structure by the squared
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loss; then develop two tests for these covariance structures based on the entropy
loss and quadratic loss used for covariance matrix estimation in the classical mul-
tivariate analysis (see Muirhead (1982)). We demonstrate that many existing tests
for specific covariance structures are special cases of the newly proposed tests. Fur-
thermore, to establish the asymptotic theory of the proposed tests, we first study
asymptotic properties of some useful functionals of high-dimensional sample co-
variance matrix. We further prove that these functionals converge in probability,
and their joint distribution weakly converges to a bivariate normal distribution.
These asymptotic results are of their own significance in spectral analysis of RMT.
Finally, using these asymptotic results, we derive the limiting distributions of the
two proposed tests under both null and alternative hypotheses, and the power func-
tions of these two tests. We further show that the test based on quadratic loss is
asymptotically unbiased in the sense that the power under the alternative hypothe-
sis is always greater than the significance level.

We conduct Monte Carlo simulation study to examine the finite sample perfor-
mance of the two tests. Our simulation results show that the limiting null distri-
butions of the proposed tests approximate their null distributions quite well, and
the corresponding asymptotic critical values keep Type I error rate very well. Our
numerical comparison implies that the proposed tests outperform existing ones in
terms of controlling Type I error rate and power. Our simulation indicates that the
test based on quadratic loss seems to have higher power than the test based on
entropy loss.

The rest of this paper is organized as follows. In Section 2, we propose an esti-
mation procedure for parameters involved in the linear covariance matrix structure,
and develop two tests for linear structure. We further derive the asymptotic distri-
butions of these two tests under the null and alternative hypotheses. In Section 3,
we conduct Monte Carlo simulation to compare the finite sample performance of
the proposed tests with existing ones. Theoretical proofs and technical lemmas are
given in Section 4.

2. Tests on linear structures of covariance matrices. Suppose that {x;, X5,
...,X,} is an independent and identically distributed random sample from
a p-dimensional population x with mean E(x) = u, and covariance matrix
Cov(x) = X. Following the commonly adopted assumptions in the literature of
RMT (see Bai and Silverstein (2004)), we impose the following two assumptions.

ASSUMPTION A. Assume that the p-dimensional population x satisfies the
independent component structure that can be represented as x = g + X '/?>w, where
w=(wg,...,w p)T, and wy, ..., w), are independent and identically distributed
and E(w;) =0, E(w?) =1 and E(wj!) =k <oo,forl <j<p.

ASSUMPTION B. Denote by y,_1 = p/(n — 1). Assume that y,_] — y €
(0, 00).
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Assumption A relaxes the normality assumption by imposing the moment con-
ditions. This assumption is often used in random matrix theories. Regarding to the
representation in Assumption A, it is natural to assume that w; is standardized so
that E(w;) =0 and Ew?) =1.1f w; is with finite kurtosis, then Assumption A is
satisfied. Of course, multivariate normal distribution satisfies Assumption A. Many
other distributions may also satisfy Assumption A.

Assumption B allows that p diverges as n grows to infinity. This assumption
implies that we are interested in studying the asymptotic behaviors of test proce-
dures under the statistical settings in which both the dimension p and the sample
size n are allowed to tend to infinity. Assumption B allows that p may be less
than or greater than the sample size. Hereafter, we omit the subscript n in p, for
simplicity. Denote by X and S, the sample mean and sample covariance matrix,
respectively. That is,

2.1) x=n""'>'x, S=-DT"Y x-x-%.
i=1

i=1

2.1. Estimation. Linear structure for covariance matrix ¥ means that ¥ can
be represented as a linear combination of prespecified symmetric p X p matrices
(A1, ...,Ag) with fixed and finite K. That is,

2.2) Y =01A1 +0Ar+--- +0kAk,

where {0;, j = 1,..., K} are unknown parameters. Here, Ay,..., Ax are a set
of basis matrices, and they are assumed to be linearly independent. For example,
Anderson (1973) provided various covariance matrices with different linear struc-
tures. In particular, the author showed that the covariance for x = Z,{;l Uil +e
satisfies the linear covariance structure, where &, ~ N (0, 6¢1,), e ~ N(0, 6p1,),

{1,..., ¢k, e are independent and I, is the identity matrix. Several other useful
linear covariance structures are given in Section 2.4.
Under normality assumption, the parameter @ = (01, ..., 0x)! can be estimated

by the maximum likelihood estimate. The theoretical property and related com-
putational issue have been studied in Anderson (1973) and Zwiernik, Uhler and
Richards (2017) when p is fixed and finite. Without assuming a specific distribu-
tion on W such as the normality of W, we propose estimating # by minimizing the
following squared loss function:

(2.3) mintr(S, — 1A — . —OgAg)%
Let C be a K x K matrix with (7, j)-element being trA;A; and a be a K x 1

vector with jth element being trS,A ;. Further define D = C~!. Minimizing (2.3)
yields a least squares type estimator for 6:

(2.4) 6 = Da.

It can be shown that under Assumptions A and B, ék =6 + OP(n_l), k=
1,..., K, by using (2.10) in Theorem 2.1 below.
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2.2. Tests. In this section, we develop two tests for the linear structures of
covariance matrices:

(2.5) Hy:X=01A1 +6LA,+---+0kAk.

For simplicity, denote Yo = 61A| + 0A3 + --- + OgAk. A natural estimator
of X is the sample covariance matrix S,. With the linear structure assumption,
we may estimate 6 by ) given in (2.4), and then under Hp, a natural estima-
tor of X is fo = élAl + .-+ éKAK. Let L(-,-) be a loss function to measure
the deviation between %o and S,. Intuitively, we reject the null hypothesis if
L(fo, S,) > 8o for a given critical value &g. Motivated by the entropy loss (EL)
L(Z0,Sy) =S, 2" —10g(1S,Zg ') — p (James and Stein (1961), Muirhead
(1982)), we propose our first test for Hy. For p <n — 1,

-1 a-1
T =tS, X, —log(|ShX |)— p,
where | - | stands for the determinant of a matrix. Denote by A; > A, > --- > &,

the eigenvalues of S,l/ zig 1S},/ 2 Then we can write T,1 as

p p
T :p(p_l Z)»_,- — p_1 Zlogkj) —p.
j=I1 j=1

This motivates us to further extend the test to the situation that p > n — 1 by
defining

n—1 n—1
Tyn=m— 1)([71 Z)»j —(n— 1)71 Zlogkj) —(n—-1).
=1 =1

Define ¢ = min{p, n — 1}. T;;; can be written in a unified form for p <n — 1 and
p>n—1:

q q
(2.6) Tn1:q<p_IZAj—q_1210gkj)—q.
j=1 j=l1

Since this test is motivated by the entropy loss, we refer this test as EL-test. Mo-
tivated by the quadratic loss (QL), another popular loss function in covariance
matrix estimation (see Haff (1980), Muirhead (1982), Olkin and Selliah (1977)),
we propose our second test statistic

2.7) T =t(S,Z" —1,)%

and refer the corresponding test as QL-test.

2.3. New results on random matrix and limiting distributions of tests. In order
to derive the limiting distributions of 7,1 and 7},2, we develop new theory on large
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dimensional random matrix. In this section, we first present some useful theoretical
results which are necessary to prove our main theorems.

Let {wy;, k,i =1,2,...} be a double array of independent and identically dis-
tributed random variables with mean O and variance 1. Let w; = (wy;, wy;, ...,
w p,-)T, and wy, ..., w, be independent and identically distributed random sam-
ples from a p-dimensional distribution with mean 0 and covariance matrix I,. To
derive the limiting distributions of 7,1 and T;,2, we investigate the limiting distri-
butions of the functionals of the eigenvalues of sample covariance matrix

n
(2.8) F=(n—1D""Y (Wi —ww, —w)7,
i=1
where w =n"! >_7_; w;. Throughout this paper, denote I' = X 172 Thus, it follows
by Assumption A that

(2.9) F=T"'s,(r’)™" and S,=TFr’.

To study the asymptotic behaviors of 7,1 and T;,» under Hy and H{, we establish
the asymptotic properties of F. Theorems 2.1 and 2.2 will be repeatedly used in
the proofs in (c) of Theorems 2.3 and 2.4. Suppose that A;’s, j =1, ..., p are the
real eigenvalues of F. The empirical spectral distribution (ESD) of F is defined by

G,(\) = p‘1 le I(X; < A), where I(-) is the indicator function. Note that the

definition of ESD is suitable for both random and nonrandom matrices. Denote the
spectral norm of a matrix A (the maximum eigenvalue) by ||A|| hereafter.

THEOREM 2.1. Let Ci, k =0,1, and 2, be p x p deterministic symmetric
matrices. Under Assumptions A and B, the following statements are valid.:

(@) If|Coll = O(p), trCo = O(p) and tr C§ = O(p?), then
(2.10) p L FCy— p~ ' trCo=o0,(1).

(b) If IC1ll = O(p), IC2ll = O(p), w(C)) = O(p?), r(C)) = O(p?), and
tr(C1C2)? = O(p?) for g = 1,2, then

p TrFCIFCy — p~ ' trC1Ca — y,u— 1 (p 7' 1 C1) (p ' tr Ca) = 0,,(1).
If we take Cy = I, the identity matrix, in (b), then under the condition of (b),
it follows that
(2.11) p I F2Co — (1 + ym)p ' trCa =0, (1).
Let C; and C; be p x p deterministic symmetric matrices. Define

0 if ||C | is bounded,
3/2  if|Cill= O0(p), u(Cl) = O(p?) forg =1,2,3,4,

U=
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and
0 if ||C; || is bounded,

T2 Gl = 0(p). u(C) = 0(p7) forg = 1,2.

Define [l,(l) (p‘”l,uflll) p_”2,u}(112))T with

u = [rC 4+ yum1p (e €2+ yuoip ' e G

p
- 2
+ yn—1(k =3)p IZ(eiTclei) ,
i=1
where we call Kk = E (wj!), and /Lfllz) = tr C, with e; being the ith column of the
p X p dimensional identity matrix Further define 2 x 2 symmetric matrix Zﬁll)

with (i, j)-th element being 0 ) as follows:

P
o) = p~2u {Sn_l trCl+ 4 —3Hn 1Y (el Cle;) +4(n~ ' wCl)’
i=1

p
+8(n 7 C) (e C) 4k — (T wCr) Y (el Crep)’
i=1

p
+8(n ' trCy)n! |:2tr(C?) +(k—3) Z(eircle,-)(eiTC%e,-)} }

i=1

P
,1(;)2_ _2“2|:2n_1trC%+(K—3)n Z Tczel :|

o) =p" <u1+uz>{ tr(CTC2) +2(k —3)n~ IZ e/ Cie;)(e] Caei)
i=1

P
+ Z(n_l tr Cl)n_l |:2'[I‘(C1C2) + (k —3) Z(eiTclei)(eiTCzei)} }
i=1
These expressions come from the proof of the following theorem.

THEOREM 2.2. Let Cy and C; be p x p deterministic symmetric matrices and
let T =lim,_, o E(l) > 0 with either ||Cy|| being bounded or ||Cy|| = O(p),
tr(Cq) = 0(p?) for g = 1,2,3,4, and either ||Cy|| being bounded or ||Cy| =
O(p), tr(Cq) = 0(p?) for g =1, 2. Under Assumptions A and B, it follows that

<p—“1 rFC,;FC,

_,m_d )
P2 FC, ) n,) — N(0,X).

d . . .
Hereafter, “— ” stands for convergence in distribution as n — 00.
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REMARK 2.1. Theorems 2.1 and 2.2 are established by using related tech-
niques of RMT. The major goals in RMT are to investigate the asymptotic behav-
iors of the eigenvalues and the convergence of the sequence of ESDs. However, the
limiting spectral distribution (LSD) is possibly defective. That is, total mass is less
then one when some eigenvalues tend to co (see Bai and Silverstein (2010)). Under
the RMT framework, the existence of well-defined LSD is a common and neces-
sary assumption. To apply the RMT, we need to impose the restrictive assumptions
on the target matrices Cy, k =0, 1 and 2 in Theorems 2.1 and 2.2. The intuitive
explanation is that the difference between the largest and the smallest eigenvalue is
not too much and does not increase too fast as p — oo. Note that the Cg, k =0, 1
and 2 in these two theorems are not X. Thus, Theorems 2.1 and 2.2 are applicable
for a wide range of covariance structures.

We next study the asymptotic properties of the proposed test statistics. We first
establish the limiting null distributions of EL-test and QL-test by RMT. Before
presenting the main results, we provide an useful lemma about the spectral distri-
butions of random matrices that will be used to establish the limiting distribution
of T,1. The technical details and proofs are given in the Supplementary Material
(Zheng et al. (2019)). Define

o) (= (1—y Hlog(l—y) -1, y<l,
(M =y"lo () =y log7"),  y>1;
the mean functions

mi2(y) =0.5log(l —y) —0.5(x —3)y, y <1,
(2.13) |
my(y)=mp(y” ), y>1

and the covariance functions
vi1(y) = vi2(y) =va1(y) = (« — Dy, y<l1,
v22(y) = —2log(l — y) + (x —3)y, y <1
(2.14) v11(y) = (k = Dy, y>1,
vi2(y) = v21(y) =k — 1, y>1
v =-2log(l =y )+ =3y~  y>L
LEMMA 2.1.  Suppose that Assumptions A and B hold. Let A1, ..., A, be the

eigenvalues of ¥ in (2.8) and Vu1 = {vij(yn—1)}i,j and V2 = {v;ij(yn-1)}i,j be
2 x 2 matrices whose entries are defined in (2.14), respectively. Then it follows the
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asymptotic normality, (a) if p <n — 1,

p
D hj=p
@15 v,'211, 7 —< 0 )i>N(0,Iz);

mi2(Yn—1)
Y loghj — pai(ya-1)
=1

andb)if p>n—1,
n—1
dAi—p
j=1

n—1

> loghj — poa(yu—1)
j=1

— 0 d
@16 V" () | -5 NO.I

and (¢) if p=n — 1, then (2.15) still holds by replacing a1(y,—1), vij(Yn—1) and
m12(Yn—1) by —1, vjj (yn) and m12(y,).

REMARK 2.2. Lemma 2.1 establishes the central limit theorem for the func-
tional of eigenvalues of random matrix. It shows that the asymptotic behaviors
of eigenvalues are quite different between the cases p <n — 1 and p >n — 1.
When y,—1 — 0 as n - o0, a1(yy—1) = 0, m2(yu—1) = 0; When y,_; —
1-, a1(yn—1) = —1, mpa(yn—1) = —o0; When y,_1 — 14, aa(yp—1) — —1,
m2(yn—1) = —00; When y, 1 — 00, a2(yn—1) = 0, ma2(y,—1) — 0.

We next present the limiting null distributions of the proposed tests.

THEOREM 2.3. Suppose that Assumptions A and B hold. Denote by 0”21 (y) =
—2y —2log(1 — y), y < 1. Using the same notation in Lemma 2.1, we have the
following results under Hy in (2.5):

(@) For p<n —1,

T, _ _
2.17) nl + pai(yn—1) +mi2(yn 1)—d>N(O, 1.

on1 (Yn—1)

_ d
Moreover, for p=n — 1,5 (y){Tn1 — p +m12(yn)} — N(O, 1).
(b) For p>n—1,

Th1 + par(Yp—1) +mao(yn—1) d

(2.18) —> N(O, 1).
Unl(y;ll)

(c) Let B = Z,{;ldkAk, where d = (dy,...,dg)T = Dc and ¢ be a K-
dimensional vector with the kth entry being tr Ay Xy U, Assume that 0,122 = y,f_] -
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(e—Dy3 +2y3  p'r(ZoB) >+ (k —3)y>_,p~' SF_ (eI TTBTe;)? has finite
limit. It follows that
Tho — (p + Kk — 2)yn—1

(2.19) 4, N, 1).
2002

REMARK 2.3. When the population is Gaussian, then k = 3 and the limiting
distributions can be simplified as follows:

T, _ _
w1+ pat(Yu—1) +mi12(yn 1)i>N(O,1), p<n—1,

O'nl(yn—l)
T —
wl—p+mp(m) i>N(0, . PR—
on1(Yn)
T + pao(yp—1) +mo(yn—1) 4
= —> N(,1), p>n—1,
on1(y,_1)

Tho — (p+Dyn—1
2\/yn2—1 — 2y} 42y, p~ ' tr(ZoB)?

where

4, N, 1),

o1 (Yn-1) = [1 = On—1) "' Tlog(1 — yu_1) — I;

(1) =y, [(L = yu—) log(1 = y, ') = 1]+ v, log yu1:
mi2(yn—1) = 0.5log(1 — y,—1);
M (ya—1) = 0.51og[1 — (yu—1) ']

Moreover, especially for test of sphericity in Gaussian population, we have [T,,; —

(p+Dyn-11/Cyn-1) i) N (0, 1). The statistic 7,1 is just from the original form
of James and Stein’s loss function.

REMARK 2.4. The EL-test T}, is just equivalent to the corrected LRT and the
QL test 7,7 is just equivalent to the corrected John’s test for test of sphericity (see
Theorems 2.1 and 2.2 in Wang and Yao (2013)). Moreover, as we mentioned in
the Introduction, the performance of the EL-test between p <n—1and p >n —1
are quite different. This is the reason why the limiting null distribution of EL-test
statistic is presented in part (a) and (b) of Theorem 2.3 separately.

The limiting null distributions can be used to construct the rejection regions of
T,1 and T;>. We next establish the asymptotic power functions.

Suppose that under H; : ¥ = X, where X cannot be represented as a lin-
ear combination of the selected matrices. Using the estimation procedure pro-
posed in Section 2.3, there still exists the linear approximation for X;. De-
noted by af = (tr XAy, .. Lt AT, 07 =67, .. .,Q}I)T =Daj, and X} =
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9{"1A1 +- 4+ 9}"( 1Ak can be viewed as the best linear approximation to X under
H;. Recall that @1 defined in (2.4) is the estimator of #* based on observations and
ékl = 0,:‘1 +0,(1/n),k=1,..., K.Naturally, I, — )31)3’{_1 measures the approx-
imation error between the alternative X and the null hypothesis. ¥ ZT_l is the
core of the entropy loss and the quadratic loss. After symmetrization, we obtain
the error denoted by E = ET_l(Ip — ElZT_l). Notice that E = 0 under Hy.

Let (hi,...,hg)T = D(rEAy,...,tEAx)T and G,(t) be the ESD of
l“T(Z’f_1 + ZlehkAk)I', where recall T = 21/2 under Hj. Let by = y,—1 X
pluz T By = —(bol, — 135 HE + hoZiT! and (f, ... k5T =
D(trEoAy, ..., trEgAx)”. Let B, = 2371 + K mAp and By, = 17! +
YK hfAy. Assume that [TTZi7!T| = O(p), u[FT X719 = O(p?) for
g=1,2,34 tr[TTB,T'? = O(p) for g = 1,2 and tr[TTB,T'1? = O(p4) for
g = 1,2 and G,(¢) has the nondegenerated LSD G(¢). Under such alternative
hypothesis, we obtain the following limiting distributions in Theorem 2.4.

THEOREM 2.4. Suppose that Assumptions A and B hold, and the limits of
orn(]l.) , j =1,2,3, exist. Then under Hy : ¥ = X1 that cannot be represented as the

linear combination of given matrices, it follows that:
(@) for p <n — 1, satisfying G ,(t) — G(t),

n-1,G 1
T = P _M§)1>N(O 1)

M
On1
(b) for p >n — 1, satisfying G, (t) — G(1),

n—1,G 1
Tu = pF,"” _Mg)i>N(0 1)

(€Y
)
()
(H
T —
% i> N(O, 1),
oD
n3

where ,u;l), j=1,2,3, ij”_l’G, j=1,2and o*,f]l.), j =1,2,3, are given in the
proof of Theorem 2.4.

For fixed significance level o, the corresponding power of the test based on the
statistic Tya is Br,, (1) = 1 — ®((po — 13”)/0,5 — 2qu20/0,3)) + @ (1o —
Mgl))/arg) + an/za/an(?), where gq/> is the a/2 quantile of N(0, 1), uo = (p +
k —2)y,—1 and 0 = 0,2 defined in Theorem 2.3. The following theorem shows that
QL-test is asymptotically unbiased in the sense that B, (X1) > a > B71,,(Z0), for
any X belongs to certain alternative. Let /;.} be an indicator function.
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THEOREM 2.5. Suppose that Assumptions A and B are satisfied and the limit
of an(é) exists. Under H| : X = X1, and X satisfies that the empirical spectral
distribution p~! Z;): 1 <) weakly converges to some distribution function with

):j s being the eigenvalues ofFTET_lI' =I,+A, A>0and trA2 > 8 > 0, then
for the prefixed significance level «,

Br,,(X1) > «a,

when n is sufficiently large and § is any given small constant. Furthermore, if
p~ltrA — ¢ #0, then Br,, — 1 asn — oo.

REMARK 2.5. Note that g = (p +x —2)y,—1. The the proof of Theorem 2.5
reveals a nice property that for large p, ,ugl) — o> p{(d+ y)cl2 + 2yc1}, which
tends to oo at rate p. This implies that the power of QL-test increases to one
quickly. This is consistent with our numerical studies in Section 3.

2.4. Examples. In this section, we demonstrate how the proposed tests of lin-
ear structures of covariance matrices provide a unified framework for many ex-
isting tests on covariance matrix by several examples, some of which are new to
literature.

EXAMPLE 2.1. Test of sphericity has been well studied since the sphericity
structure is the simplest linear structure of covariance matrix. Let A; =1I,. The
test of sphericity is to test the null hypothesis

(2.20) H10 X = 91A1

for an unknown positive constant 6 versus Hjj : X #% 01A for any positive con-
stant 6.

Under Hjg, 01 can be estimated by él = p_1 trS, =0, + OP(n_l) under As-
sumptions A and B. When « = 3 (e.g., under normality assumption), by Theo-
rem 2.3, we have the following limiting null distribution of 7;,;. For p <n — 1,

T, —n+1.5)log(l — y,—1) —
221) 1+ (p—n+1.5)log(l — yn—1) P4 N 1),

N =2yn—1 —2log(I — y,—1)

and for p >n — 1,

—1
\/_2y,;1 —2log(1—y,_))

It can be easily verified that 7,1 equals (2/n) times the logarithm of the LRT under
normality assumption when p <n — 1. The LRT has been well studied for fixed
and finite dimension p under normality assumption (Section 10.7 of Anderson
(2003)). Recently Jiang and Yang (2013) derived the asymptotic distribution of the
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LRT with y € (0, 1] for normal data. Chen, Zhang and Zhong (2010) demonstrated
that the classical LRT may become invalid for high-dimensional data and proposed
a test based on U-statistics with p,n — oco. Wang and Yao (2013) proposed the
corrected LRT with p/n — (0, 1). Both Jiang and Yang (2013) and Wang and Yao
(2013) derived the limiting null distribution, which is the same as that in (2.21),
but Jiang and Yang (2013) imposes normality assumption.

For test of sphericity, the 7;> becomes

(2.22) T =t[S,/(p~'uS,) —1,].
Under normality assumption, it follows by Theorem 2.3 that

T2 — (p+ Dyn—1
2yn—1

The test statistic in (2.22) coincides with the corrected John’s test proposed by
Wang and Yao (2013) with y € (0, oo). Wang and Yao (2013) further showed that
the power of their proposed corrected John’s test is similar to that of Chen, Zhang
and Zhong (2010), and the corrected LRT had greater power than the corrected
John’s test and Chen, Zhang and Zhong’s (2010) test, when the dimension p is
not large relative to the sample size n. But when p is large relative to n (p < n),
the corrected LRT had smaller power than the corrected John’s test and the test
proposed by Chen, Zhang and Zhong (2010).

4, N, 1).

EXAMPLE 2.2. The compound symmetric structure of high-dimensional co-
variance matrix is another commonly used linear structure of covariance matrix.
LetA;j=1I,and Ay =1 pllTj, where 1, stands for a p-dimensional column vector
with all elements being 1. Testing compound symmetric structure is to test

Hyy: X =601A1 + 6A,,

where ) > 0and —1/(p — 1) < 62/(01 +62) < 1 versus Hp1 : X # 01A1 + 6A.
Under normality assumption, Kato, Yamada and Fujikoshi (2010) studied the
asymptotic behavior of the corresponding LRT when p < n, and Srivastava and
Reid (2012) proposed a new test statistic for Hyg even if p > n. Without normal-
ity assumption, the EL and QL tests can be used to test the compound symmetric
structure. By (2.4), 61 and 6, can be estimated by

or=p'(p—1(ptrS, —1]8,1,),

0r=p'(p— 1) (17,1, —trS,),
respectively. Thus, both 6, and 6, are n-consistent under Assumptions A and B.
By Theorem 2.3, it follows that

Two— (p+Kk—2)yn—1

4 N, 1),
2yn—1
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since 0y,2 = y,—1 in this example. While it seems that the limiting distributions of
T,1 given in (2.17) and (2.18) cannot be further simplified.

Under normality assumption, when p <n — 1, T;;1 equals (2/n) times the log-
arithm of the LRT in Kato, Yamada and Fujikoshi (2010). Srivastava and Reid’s
(2012) method is different from Kato, Yamada and Fujikoshi (2010) and our pro-
posed tests since Srivastava and Reid (2012) tested the compound symmetric struc-
ture of covariance matrix by testing the independence of random variables. The de-
tails are as follows. Let G be the orthogonal matrix with the first column being the
p~1/21,, and the ith column being i ~Y/2(i — 1)~12(1,..., 1, —=i + 1,0,...,0)T.
Thus, GT £G is a diagonal matrix with the first diagonal element being 6;[1 +
(p — 1)6>] and the remaining diagonal elements being 01 (1 — 6,). Thus, Srivastava
and Reid (2012) cast the testing problem H»g as testing the independence of the
first random variable and the remaining p — 1 random variables. Kato, Yamada
and Fujikoshi’s (2010) and Srivastava and Reid’s (2012) tests are both proposed
for the normal case. However, Kato, Yamada and Fujikoshi’s (2010) test is only
valid when p < n, and Srivastava and Reid’s (2012) test still works when p > n.

EXAMPLE 2.3. Denote by o;; the (i, j)-entry of X. Here, a (K — 1)-banded
covariance matrix means thato; j =0;; =60 if [i — j|=k—1,k=1,..., K, and
0ijj=0if[i — j| > K.Let Ay =1, and Ay, 2 <k < K, be a p x p matrix with
(i, j)-element being 1 if |i — j| =k — 1 and O otherwise. Testing the (K — 1)-
banded covariance matrix is equivalent to test

H30:Z :91A1 +"'+9KAK»
where 6;’s are unknown parameters. By (2.4), we have

él = p_l trsn,

O = %(p —k+ D 'wS,Ar for2<k <K.
When K is a finite positive integer, it can be shown that O = O + 0, (n~ Yy if
p/n—y € (0,00).

Qiu and Chen (2012) proposed a test for banded covariance matrix based on U-
statistic. Their test is different from our proposed testing methods. For general K,
the limiting null distributions in Theorem 2.3 cannot be further simplified. For K =
2, we may obtain a closed form for di, k = 1, 2 in Theorem 2.3(c). Specifically, let
o =026, 1, B = —a + sgn(a)~v/a? — 1. Then it follows by some calculations
that

_ B
(= pH[1 — pHPHLG
8 [2(,32 - prrth) 1— 132(p+l)j|’
p(1—p%)

dy
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_ B
~ (1= Y1 - p2rtDe,

487 — prth -1 —1\ g2p+1
X|——————-2(1—-p HB-2(1-p ﬁ“]

[ p(1—p2) ( ) ( )
Then B = d 1, +d>A;. Thus, 07122 can be obtained. Then testing H3g can be carried
out by using the proposed EL and QL tests.

d>

EXAMPLE 2.4. The factor model assumes that X can be represented as X =

viUi+---4+vg_1Ug_1 + &, where vy, ..., vg_1 are random variables and Uy,
k=1,...,K — 1 are random vectors. Suppose that vy, ...,vg_1, Ug,...,Ug_1
and ¢ are mutually independent and Cov(e) = 61I,. Conditioning on Uy, k =
I,..., K — 1, the covariance matrix of factor model has the structure X = 611, +

GZUIU{ 4+ 4 GKUK_lUﬁ_l, where 6y = Var(vg) fork=1,..., K — 1. Let
Ay =1, and Ay =U,U] fork=1,..., K — 1. Thus, it is of interest to test
Hy: X =01A +---+0kAk,

where 6;’s are unknown parameters. Generally, Uy are orthogonal such that
UT'U, = p for s =t and 0 for s # ¢. The parameters can be estimated by

K—1
h=p-K+1! (trsn -p 'Y U,{SnUk>,
k=1

Ok+1=p 2(UI'S, Uy — pby)
fork=1,..., K — 1. Thus, when K is finite and p/n has a finite positive limit,

ék =60+ 0, (n_l) under Hyp and Assumptions A and B. Then testing Hsg can be
carried out by using the proposed EL and QL tests.

EXAMPLE 2.5. In this example, we consider testing the particular pattern of
covariance matrix. For even p which is fixed and finite, McDonald (1974) consid-
ered

Hsy: X = (
Let A; =Ip,

T
Az: 1]7/21p/2 OT and A3:< 0 Ip/Z).
0 lp/zlp/z Ip/2 0

Then Hsg can be written as Hsg : ¥ = 61A1 + 62A5 + 63A3. Thus, the proposed
EL and QL tests can be used to Hsg with high-dimensional data.

911},/24—921],/21;/2 93Ip/2
631, O1lp2+ 021,017 5 )

3. Simulation studies and application.

3.1. Practical implementation issues. The limiting distributions derived in
Theorem 2.3 involve the unknown parameter x. Thus, we need to estimate « in
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practice. By Assumption A and some direct calculations, it follows that

P
3.1) Var{(x — )" (x — )} =2tr(E}) + (k —=3) Y 0},
j=1

where o0 is the jth diagonal element of X. This enables us to construct a moment
estimator for k. Specifically, we estimate o;; by 6;; = s;;, where s;; is the jth
diagonal element of S,,. A natural estimator for Var{(x — p)7 (x — )} is

2
n n
v:m—nlijm—mNn—@—nIXmm—@%&—@ﬂ.
i=1 i=1
Under Hj, a natural estimator of X is i() = Zle ékAk defined in Section 2.2.
A2

As a result, we may estimate tr £2 by using tr Y. Thus, we may estimate « by
~ ~2
V =2tr(X)

p 2
i=1%jj

(3.2) Ro=3+

It can be shown that kg is a consistent estimator of x under Hy. The corresponding
test statistics control Type I error rate very well in our simulation study.

As shown in Theorem 2.2, in general, p~!tr S,% — p~'tr X% does not tend to
zero. This implies that trS2 may not serve as an estimator of tr ¥2. According to
Theorem 2.2 and ignoring the higher order term, a natural estimator for tr £? is

—

tr(22) = (n — D{r(S2) — (n — D [tr(S) ]} /.

This estimator is calibrated by the ratio p/(n — 1) = y,_;. This leads to another
estimator of « given by

nV —2{(n — 1) tr(S2) — [tr(S,)]?}
n Y15 |

Chen and Qin (2010) also studied the issue of estimation of tr(X2) and proposed
the following estimator:

3.3) kK1=3+

o —

1 « _ _
(3.4) tr()]z) —tr Z(Xj - x(j,k))xjr (X — x(j,k))xlf ,
nn—1) -
J#k
where X(; x) is the sample mean after excluding x; and x,. This leads to another
estimator of «:

V—2n7 = D7 X (x) — R()XE (e — K(j.0)XG ]
poog2 '
J=17jj

(35 k=3+

We compare the performance of kg, ] and K, by Monte Carlo simulation study.
Simulation results are reported in the Supplementary Material (Zheng et al.
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(2019)). From our numerical comparison, Ky performs very well across all sce-
narios of all simulation examples in Section 3.2 and its sample standard deviation
is much less than those of ] and k. This implies that €y is more stable than &
and k3. Thus, we will use k¢ throughout our numerical examples in Section 3.2.

3.2. Numerical studies. We illustrate the proposed testing procedure by a real
data example in the Supplemental Material (Zheng et al. (2019)). In this section,
we focus on assessing the finite sample performance of the proposed tests includ-
ing their Type I error rates and powers. All simulations are conducted by using R
code. We generate n random samples from a population x = £'/2w, where ¥ will
be set according to the hypothesis to be tested, and w is defined in the previous
section. In order to examine the performance of the proposed tests under differ-
ent distributions, we consider the elements of w being independent and identically
distributed as (a) N(0, 1) or (b) Gamma(4, 2)—2. Both distributions have means 0
and variances 1. For each setting, we conduct 1000 Monte Carlo simulations. The
Monte Carlo simulation error rate is 1.964/0.05 x 0.95/1000 ~ 0.0135 at level
0.05. In the numerical studies, we consider four different covariance matrix struc-
tures, which have been studied in the literature.

EXAMPLE 3.1. This example is designed to compare the performance of pro-
posed testing procedures and the test proposed in Srivastava and Reid (2012) for
hypothesis Hpg in Example 2.2. We set the covariance matrix structure as X =
011, + 621 pllT, + 63u pu[Tj, where u,, is a p-dimensional random vector following
uniform distribution over [—1, 1]. The third term is to examine the empirical power
when 63 £ 0. In our simulation, we set (61, 6>) = (6, 1) and 63 = 0.0, 0.5, 1.0, re-
spectively. We set 63 = 0 to examine Type I error rates and 63 = 0.5, 1.0 to study
the powers of the proposed tests. The sample size is set as n = 100, 200 and the di-
mension is taken to be p = 50, 100, 500, 1000. The percentages of rejecting Hyp at
level 0.05 over 1000 simulations are summarized in Table 1, where the labels QL,
EL and SR stand for the QL-test, the EL-test and the test proposed by Srivastava
and Reid (2012), respectively. The top panel with 63 =0 in Table 1 is Type I error
rates for different testing methods. Table 1 indicates that both QL and EL tests
retain Type I error rates reasonably well across different sample sizes and dimen-
sions. As Srivastava and Reid (2012) mentioned, SR test can control Type I error
rate under normal assumption. But when the population distribution departures
from the normality, SR test fails to control Type I error rate, even the sample size
increases from 100 to 200. This is expected since the SR test is derived based on
multivariate normality assumption. As the sample size increases from n = 100 to
n = 200, both QL-test and EL-test control Type I error rate better. The empirical
powers are listed in the panel with 63 = 0.5 or 1.0 in Table 1, from which we can
see that QL-test has higher power than EL-test for all cases in this example, and
SR test for most cases in this example. For normal samples with p = 50 and 100,
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TABLE 1
Simulation results for Hyg (in percentage of rejecting Hyq over 1000 replications)

W;~N(,1) W; ~ Gamma(4, 2)—2
03 n Test p=350 100 500 1000 50 100 500 1000

0 100 QL 5.23 5.40 5.12 5.19 6.48 5.99 5.64 5.41
EL 5.32 6.51 5.12 5.18 5.77 6.35 5.46 5.54
SR 4.90 5.01 491 4.98 9.60 8.96 8.15 8.04

0.5 100 QL 40.25 80.58  100.0 100.0 41.01 80.70  100.0 100.0
EL 13.42 11.38 99.78  100.0 13.74 11.42 99.74  100.0
SR 24.46 59.04 99.99  100.0 41.22 73.86  100.0 100.0

1 100 QL 95.88 99.97  100.0 100.0 95.98 99.97  100.0 100.0
EL 53.53 29.97 100.0 100.0 53.71 30.18  100.0 100.0
SR 87.90 99.67 100.0 100.0 93.61 99.87  100.0 100.0

0 200 QL 5.22 5.14 5.12 5.19 6.32 5.78 5.31 5.34
EL 5.18 5.12 5.05 5.13 5.94 5.42 5.23 5.31
SR 4.98 4.93 4.93 5.03 9.95 9.23 8.44 8.43

0.5 200 QL 79.86 99.32  100.0 100.0 78.56 99.28  100.0 100.0
EL 42.00 58.62  100.0 100.0 41.22 58.62  100.0 100.0
SR 61.74 95.79  100.0 100.0 75.78 98.24  100.0 100.0

1 200 QL 99.98 100.0 100.0 100.0 99.96  100.0 100.0 100.0
EL 97.23 99.53  100.0 100.0 96.86 99.55 100.0 100.0
SR 99.81  100.0 100.0 100.0 99.91 100.0 100.0 100.0

SR test is more powerful than EL-test. We notice that the empirical power of our
proposed methods increases as the dimension increases. It is consistent with our
theoretical results. The power of all three tests increases significantly when the
value of 83 increases from 0.5 to 1 or the sample size n increases from 100 to 200.

In summary, QL-test performs the best in terms of retaining Type I error rate
and power. The SR test cannot control Type I error rate for nonnormal samples.
EL-test can control Type I error rate well, but is less powerful than QL-test. Under
normality assumption, EL-test is equivalent to the LRT test, which is the most
powerful test in the traditional setting. For a high-dimensional setting, the EL-
test corresponds to the corrected LRT, whose power can be improved by the QL-
test for Hyo, k =2, 3,4 and 5 from this example and simulation examples below.
Additional numerical comparison with a test proposed by Zhong et al. (2017) is
given in Section S.5.2 in Zheng et al. (2019). The proposed QL- and EL-test both
outperform the test proposed by Zhong et al. (2017).

EXAMPLE 3.2. To test covariance matrix structure in Hj3g, the banded co-
variance structure, we construct a banded matrix defined in Example 2.3 with
width of band K = 3. Therefore, the null hypothesis H3p has the linear decom-
position X = 611, + 6,A; + 63A3 + 94upupT, where A, and Aj are defined in
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TABLE 2
Simulation results for Hg (in percentage of rejecting H3g over 1000 replications)

W;~N(,1) W; ~ Gamma(4, 2)—2
04 n Test p=50 100 500 1000 50 100 500 1000

0 100 QL 5.30 5.19 5.29 5.34 6.61 6.19 5.83 5.89
EL 5.31 6.34 5.20 5.36 5.83 6.32 5.53 5.81
QC 5.00 5.50 5.50 5.90 5.00 5.80 6.10 5.20

0.5 100 QL 46.01 84.91 100.0 100.0 45.13 83.62 100.0 100.0
EL 15.20 12.23 99.90 100.0 15.35 12.13 99.90 100.0
QC 17.00 70.00 100.0 100.0 24.00 85.30  100.0 100.0

1 100 QL 97.49 99.98  100.0 100.0 96.96 99.98  100.0 100.0
EL 60.45 33.68 100.0 100.0 59.80 33.71 100.0 100.0
QC 83.00 100.0 100.0 100.0 78.00 99.90  100.0 100.0

0 200 QL 5.25 5.19 5.16 5.10 6.44 5.84 5.56 5.55
EL 5.24 5.15 5.04 4.94 6.01 5.46 5.25 5.26
QC 6.00 5.40 5.50 4.50 4.00 4.50 5.80 5.10

05 200 QL 85.30 99.66  100.0 100.0 84.09 99.64  100.0 100.0
EL 48.46 65.39 100.0 100.0 47.62 65.20 100.0 100.0
QC 49.00 100.0 100.0 100.0 49.00 99.70  100.0 100.0
1 200 QL 99.99  100.0 100.0 100.0 99.98  100.0 100.0 100.0

EL 98.27 99.80  100.0 100.0 98.00 99.76  100.0 100.0
QC  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Example 2.3 and u, is generated by the same way in Example 3.1. We take
(61,62,63) = (6.0,1.0,0.5) and 64 = 0 to examine Type I error rates and take
64 = 0.5, 1 to examine the powers. In the simulation studies, we still set sam-
ple size n = 100, 200 and dimension p = 50, 100, 500, 1000. The percentages of
rejecting H3p at level 0.05 over 1000 simulations are listed in Table 2. In this
example, we compare the test proposed by Qiu and Chen (2012) for the banded
covariance matrix with our proposed tests, and refer their test as “QC” test here-
inafter. Table 2 indicates that QL, EL and QC tests control Type I error rates well.
QC test is supposed to control Type I error rates well and has high power since it
is particularly proposed for testing banded matrix. Table 2 indicates that QL-test
has higher power than QC test in our simulation settings, in particular, for p = 50.
From our simulation experience, we find that QC test requires more computing
time than QL and EL tests since QC test is a U -statistic method.

EXAMPLE 3.3. In this example, we examine Type I error rates and empirical
powers of the proposed tests for Hyo and Hsg defined in Examples 2.4 and 2.5,
respectively. We first investigate the performance of the QL and EL tests for Hyg.
We generate several mutually orthogonal factors. Suppose that uj, k =1,..., K
are independent and identically distributed random vectors following N (0, I),). Let
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TABLE 3
Simulation results for Example 3.3 (in percentage of rejecting null hypothesis over 1000
replications)
W;~N(,1) W; ~ Gamma(4, 2)—2
04 n Test p=50 100 500 1000 50 100 500 1000
Results for Hyg
0 100 QL 5.46 5.46 6.02 6.27 6.89 6.53 6.58 6.94
EL 5.40 6.40 5.79 6.20 6.03 6.42 6.30 6.52
0.5 100 QL 99.99  100.0 100.0 100.0 99.96 100.0 100.0 100.0
EL 97.58 86.91 100.0 100.0 97.38 87.25 100.0 100.0
1 100 QL 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
EL 100.0 99.93  100.0 100.0 99.99 99.93  100.0 100.0
0 200 QL 5.32 5.28 5.42 5.52 6.57 6.05 5.89 6.05
EL 5.30 5.22 5.33 5.65 6.15 5.61 5.60 5.65
0.5 200 QL 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
EL 99.99  100.0 100.0 100.0 100.0 100.0 100.0 100.0
1 200 QL  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
EL  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Results for Hs
0 100 QL 5.28 5.19 5.23 5.41 6.59 6.15 5.84 6.16
EL 5.27 6.33 5.17 5.48 5.85 6.35 5.61 5.73
0.5 100 QL 99.64 100.0 100.0 100.0 99.61 100.0 100.0 100.0
EL 85.90 57.86  100.0 100.0 85.89 59.17  100.0 100.0
1 100 QL  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
EL 99.87 97.67 100.0 100.0 99.81 97.86  100.0 100.0
0 200 QL 5.25 5.11 5.08 5.18 6.40 5.84 5.58 5.62
EL 5.25 5.15 5.06 5.05 6.01 5.44 5.29 5.30
0.5 200 QL 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
EL 99.75 99.99 100.0 100.0 99.72 99.99  100.0 100.0
1 200 QL  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
EL  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
u; =uj and u; = (I, — Py)ug, where Py is the projection matrix on uy, ..., ux_g
fork=2,..., K.Providing the vectors uy, we have the covariance matrix structure

K

X =60I,+ ) Oweu]

k=1

for the factor model defined in Example 2.4. In this simulation, we set K = 4 and
the coefficient vector (6y, 61, 62, 03)T = (4, 3,2, DT. Similarly, 64 = 0 is for Type
I error rates and 64 = 0.5, 1.0 is for powers. We summarize simulation results in
the top panel of Table 3. Both QL and EL tests control Type I error rates well
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and have high powers at 64 = 0.5 and 1.0. For some cases such as p = 100 and
04 = 0.5, the QL-test has slightly higher power than the EL-test.

We next investigate the performance of QL and EL tests for the covariance
matrix with a special pattern Hso. We represent the covariance matrix as a linear
combination

4
T =) 6As,
k=1

where Aj, Ay and A3 are defined in Example 2.5 and A4 = u,,uIT, with u;, ~
N,(0,1,). We set the first three coefficients (61, 62, 63) = (6.0,0.5,0.1) and 64 =
0.0,0.5 and 1.0 for examining Type I error rates and powers, respectively. We
summarize the simulation results in the bottom panel of Table 3, which shows
that both QL and EL tests can control Type I error rates, and have high power as
well, although QL-test has higher power than EL-test for (n, p) = (100, 100) and
05 =0.5.

4. Technical proofs.

4.1. Proofs of Theorems 2.1 and 2.2. Recall the definitions of X and S, in (2.1)
and F in (2.8), it follows that under Assumption A,

(4.1) F=T"'s,(r")™" and S,=TFr’.

PROOF OF THEOREM 2.1. Using Chebyshev’s inequality, the proof of (2.10)
and (2.11) is completed by showing that

Ep 'tFC,FC, — p~'tr C;C; — y,,_l(p_l trCl)(p_1 trCz) =o(1)

and
Ep~'tFCy— p~'trCo=o(1),
Var(p_1 trFCo) = o(1),
Var{p~ ' tr(FC,FC2)} = o(1).
We have

n
p~'wFCo=p~' Yyl Coy; — p~'ny" Cop,
i=1

where y;, = (n — 1)~ Y2w; and y = n-! *_17:- Then p_lEZ?ZI yiTCOyi =
nin—1)"'p~ltrCoand p~'nEpTCop =(n — )" p~1trCy — 0. Thus,

4.2) Ep~'tFCy— p~'trCy— 0.
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Moreover,
n 2
E(p_1 ZyiTC()y,- — p_l(n — 1)_1ntrC0>
i=1
(4.3) =np 2E(yTCoy; — (n — 1)~ r Cp)* — 0.
By (4.2) and (4.3), we have
n
Py vlICoy = p T uCo=0,(D).
i=1
Similarly, we have

InpT Cop =0, (1).

b
Thus, we have

p_1 trFCy — p_1 trCo =o0,(1).
Moreover, we have

p T uFCIFCy =p~' Yyl Ciy vl Coyi +p7 'Yyl Ciyiv! Caoy,
i#j i

—2p 'y CIFCop + p~'n?p T Cip 7" Cap,
where p~'EY ;¥ Ciy ;i Coy; = [n/(n = D]p~' uCiCy,
p 'Y E{yI Ciyiy! Coy}
i

=[n/(n — D*]p~ ' tr Cotr C; +2n/[p(n — 1)*]tr C;C2 + o(1),

and Ep~'npTC1FCop =n/[p(n — 1)?]trC;Ca+o(1) and Ep~'n?pTC1ppT x
Cy =o0(1). Then

p 'EwFCFCy — p~'trC;C, — yn_l(pfl ‘[rC1)(p’1 trCz) — 0.

Similarly, we can prove

Var[p1 Zy,-TCn',,-y,TCzy,-] — 0,
i%i

Var[p‘1 > yiTCmnyzri} = p > Var[y{ C1y,y{ Cay,] - 0,
i

Var[p~'npT CFC,o3] — 0, Var[p~'n?pT C1ppT Cop] — 0.
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Thus, we have

[p_l Y viCiyyiCouy,—p! trCICZ] =o0p(1),
i)

[p_l ZViTCIYi}’iTCZ}’i —yo1(p7'rCy) (p~ r Cy)
i

—2n/[p(n —1)?] trC1C2] =0,(1)
and
{p'npTCIFCay —n/[p(n — 1)*]rC1Ca} = 0, (1),
{p'n?7 C17 7" Cap} =0, (D).
Then we have
[p_l rFCFCy — p~'tr C;Cy — yn_l(p_l trCl)(p_l trCa)] =o0,(1).

This completes the proof of Theorem 2.1. [J

PROOF OF THEOREM 2.2. Recall y; =(n — 1)"1?w;,i=1,...,n,and y =

n~! Y7, »;. To derive its limiting distribution, we first calculate E( p‘“1 trFC; x

FCy, p™ trFC,)”. Under Assumptions A and B, E[tr(FC;)] = tr C, and it fol-
lows by some calculations that

p “"EtrFCFC;

n
=p " (EZtrriy,-Tijy,TCl +EY y/ Ciyivl Ciy,
[y i=1

~2EY upp’CiyyiC +En2tr;"J7TCn7)"TC1>
j

=p " {[trC% + yn_lp_l(trcl)z] + y,,_1p_1 trC%

p
+ Yn-1(k =3)p~ Ze Cie;) }+o(1).

To establish the asymptotic normality of (p~*! trFC;FC;, p~*2 trFCy)7, it suf-
fices to establish the asymptotic normality of p~*“! tr FC{FC| + bp~ "2 tr FC; for
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any constant b. Define

n
Ap=p™ (Z oyl CiypiCi+Y] rfClriyiTCm)
i) i=1

n
+p72bY ylCoy;
i=1
and
A =p (<20 L wps Ciy y €+t eri i Cy)
j
—uy -T _
—p bny Cory.
It follows that
p M FCIFC| + p ™ 2btrFCy = A, + A,

Because Var(A,2) = o(1), it is sufficient to deal with A, ;. We will use Lindeberg
CLT on martingale difference sequence to establish the asymptotic normality of

Ap1. Let E¢(Z) be the conditional expectation of Z given {y, ..., y,}. Thenitcan
be verified that {(E, —E;—1)A,1,£ =1, ..., n}is amartingale difference sequence.
Define

S1e= (B¢ —Ee 1)) try;y{ Ciy ¥} Ci,
i#]

82 =v{ Ciyevi Ciye —Ey Ciy, ¥ Ciy,.

83 =b[yl Coy, — (n — 17T Cy).

Then (E; — E¢_1)A,1 = p_"”51g + p_ulagg + p_u283(g. We may simplify &1, as
follows:

Sie=E¢ Y try, !/ Ciy,;y1Ci—Ee1 Y try;yl CrypiC

i#j i#]
2(n—2) _
= m[y[c%yz —(n—1"aC?]
+2 Y [plciypiciy,—m—-n7"yIcly;].
j=t-1

Rewrite
820 ={C1y¥;Ciy, —Ey[Ciy,¥{ C1y,
=pIciy,—m—-D"'uCP—EpICiy,—(n— 1) 'wC]?
+2(n— D'yl Ciy, — - D7y
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Because the Lindeberg condition of the martingale difference sequence
(p7"1810 4+ p~ 1620 + p~"*283¢) may be easily verified, it is sufficient to derive the
limit of > °y_; E¢—1[p™"'81¢ + p~"182¢ + p_”283g]2. Bai and Silverstein (2010)
pointed out that the CLT of the linear spectral statistics of the sample covariance
matrix S, from {wijl(lw,-;\snn\/ﬁ)’i =1,...,p,j=1,...,n} is the same as the
sample covariance matrix S, from {wij,i=1,...,p,j=1,...,n} where n, — 0
and 1, /n — 00. Then it follows by using Lemma 9.1 in Bai and Silverstein (2010)
that

n
P2y Ee_181682
=1

P
= p~2u {4(n — 172G [2trC? + (k —3) Z(eiTCle,-)(eiTC%ei)“
i=1
+o0,(1).
By some calculations, we have

n
p TN B 1810830
=1

14
= 2bp~ 1) ( — 1)~ [2 tr(CTC2) + (k —3) ) e/ Ciee] Cze,}
i=1
+0,(1)
and

n
pT D) N By 1820830
=1

p
=2bp~ T (c —3)(n — 1) *trCy Y_e] Creje] Cae
i=1
+4bp~ 12 (n — 1) 2 tr C tr €1 Ca + 0, (1)

by using Lemma 9.1 in Bai and Silverstein (2010) again. We next deal with the
squared terms. We can show that

n
p—2u1 Z EZ—IS%g
=1

p
=4p2i(n—1)7! |:2trC‘1‘ + (k —3) Z(eiTC%e,-)Z:|
i=1

+4p 21— 1) ' C3P +0,(1),
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n
P_zul Z EE—lagg
(=1

p
=4p~ 21 (n — 1)2(trcl)2[2trc% + (k — 3) Z(e?Clei)Q}

i=1

+op,(1),

n
P_2u2 Z Eﬁ—lagz
(=1

p
=bp?p22(n — 1)~ [mcg + (k —3) Z(efcze,-)z} +0p(1).
i=1

Thus, we can further derive > ;_; Eq—1(p™"181¢ + p~*' 820 + p_”253g)2.

Applying Lindeberg CLT on martingale difference sequence on p~*'§1, +
p~"187¢ + pT283y, it follows that for any b, p~“! (tr FC{FC; — Ew FCFC;) +
p~"2b(trFCy — EtrFC,) converges to a normal distribution with mean 0 and
variance 1im,— o0 Y41 E¢—1(p 7181, + p~*“182¢ + p~"283¢)2. The proof of Theo-
rem 2.2 is completed by calculating the corresponding mean vector and covariance
matrix, which equal ;L,(,l) and X ,(11) given in Section 2.4. []

4.2. Proofs of Theorems 2.3,2.4 and 2.5. Recall X9 =601A;+---+0gAg and
20 =01A +---+0kAg. Using the identity ;' — 2! = -2 (S0 - Zo) &, ',
it follows that

K
2 =2 =Y O —00Z) Ay
k=1
~ A -1 _ —
+ Y [0 =000, —0)Tg AZg'A;E;]
ij

K
=3, [Ip = > - ek)Ak):gl}

k=1
A A A—l —_ —_
+3 60— 600 —6)%y AZy A B
i
/\_l _ A _ A A
Then we have S, 2 =S, 3, ' [I, = YK (6 — 00AZ, 1+ X6 — 6) (6 —

08,25 A;Z5'A; 25" Under Hy, by 6k = 6x + 0,(1/n), then the trace of the
second term is of order 0, (1).
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PROOF OF THEOBEM 2.3(a) AND (b). When p < n — 1, it follows by the
Taylor expansion of 6; at 6, k =1, ..., K that under Hy,

S,y —log[S, 2y |

K
=S, 25" =Y pl — 0 p S, 25 Az
k=1

K
—10gS, 25|+ D" p@k — ) pT Ay +0,(1)

k=1
= trSnZal - 10g|Sn251| +o0,(1)
(4.4) =tF —log|F|+0,(1)

since p~ 1 trS, Xy AkZy! — p trAr Ty = 0,(1) under Hy by (2.10) with set-
ting Co = I‘T)ZalAk)ZalI‘. By Lemma 2.1 and when p <n — 1, we have

T, _ _
n1l + po1(Yn—1) +mi2(yn 1)i>N(0, D,
Unl(yn—l)

where 0.2, (ya—1) = —2y,—1 — 2log(1 — y,—1).

This completes the proof of Theorem 2.3(a) with p < n — 1. Similarly, Theo-
rem 2.3(a) with p =n — 1 can be obtained.

Similarly, for p > n — 1, a direct application of Lemma 2.1 to (4.4) leads to

To1 + par(yu—1) + m22(Yn—1) i)N(O 1

D21 Onen) + v Gn1) — 25, 012 (1)
That is,

T, _ _
nl + paa(yn 1)_1+m22(yn 1)i>N(O, D,
Unl(yn_l)

This completes the proof of Theorem 2.3(b). [

PROOF OF THEOREM 2.3(c). Under Hp, ék =6k + O, (1/n), it follows that

w(S, Sy —1,)°
2 K A
=tr(Sh Ty L) +p Y (O —002p " 1S, Ty A
k=1
s A 2
(4.5) —p > O —002p (S 2y ") AkZy ! +0,(1).

k=1
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Taking Co =TT 3, 'A( X, 'T fork=1,..., K, it follows by Theorem 2.1 that

K
=t(Si 2y —1p)" — 2yam1 Y Bk — B rALZ (! + 0, (1)
k=1

= (S, Ty —1,)% = 2yu- 1 (ZpZy! = p) + 0, (D).
By the definition of @ in Section 2.1, it follows that
tr¥oT,' =trS,B=trFT'BT,

where B is defined in Theorem 2.3(c) and tr X¢oB = tr Z‘O)Zal = p. As aresult, we
have

(S, 2, —1I,)
= tr(F —1,)% = 2y,-1 (r Eo Xy " — p) + 0, (1)
= 20F — 2y, 12Xy !+ F> +2y,_1p+ p+o,(1)
= —2trF — 2y, tr FTTBT + tr F> + 2y,_1p + p +0,(1)
= trF? + trF(—2I, — 2y, 1 TTBL) + 2y,_1p + p +0,(1).
By Theorem 2.2, we have

o1
Sy —I,)? — pyn—i — (k —2)y
20

— N(O, 1),

where

o2 — 4! [4(x — D(y+2y%) +8y’p ' ir(ZB)>
P 2
+4(c—3)y’p~" Y (e/ T"BIre;)
i=1
+4y* +40 = D(y+2y" + %) =8k — Dyl +y)2}

=41 [4);2 +8y°p~ ! tr(ZoB)?

P
+4k —3)y3p~! Z(eiTFTBFe,-)Z — A4k — 1)y3i|
i=1
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p
_ — 2
=y>+2y°p ' tr(ZoB)* + (k —3)y’p~' > (e/ T"BTe¢;)
i=1

—(K—l)y3. Il

PROOF OF THEOREM 2.4(c). Due to the space limit, the proof of Theo-
rem 2.4(a) and (b) are given in the Supplementary Material (Zheng et al. (2019)).

We next derive the power function of 7;,». First, we consider I‘T):’lk_ll“ being
bounded spectral norm. When FTZT_II' has unbounded spectral norm, we only
add a factor p_3/ 2 to T)». Then the same results are obtained. Under Hj, it follows
that

K
= (S, =17 — Z O —67)2p 'S,z A !

K
— Y (G —07)2p (ST AZT 0, (D).
k=1

Recall F =37, yiyiT —nyp’. Thus, we have
p s,z Az

n
=p ' S yIT e AT Ty — /P TR T A TR
i=1

Because p~' Y7 By TTSi A2t 'Ty; = pluszi Azt + o)
and

n/pEF TS A2 Ty =[(n— Dp] e zEi AT
then we have
pEuS, i AT - p et AT 0.
Furthermore, we can show that
Var|: 1X:yTl"T)j* 'A DA T yii| — 0 and

Var[;‘zTrTzT“Asz—‘rf/] — 0.
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Then we have p~'trS, X5 A2 — p~lu i 1A Z+! = 0,(1). More-
over, we have
p'EBulS, =i A !
n
=p 'EY uyyI T2 Ty pI T s AT
i=1
+p 'BY tryp T Ty 0T AT
i#]j

=npln—1)"2 |:2trAkZT_1(Z i h)?

p
+ (K —3) Z(eZFTETlreg)(engZTlAkZTlI‘EZ):|

+ap ' n =) ES DAz
faptn— ) e AT H(EEH
Thus, it follows that p~'Etr(S, 21 24z — y, 1 (p~ eI H(p~! x

e AT — p e AN (22 — 0. Similarly, it can be shown
that

n
Var|:p_lZtryiyiTl"TZ"lk 1I‘y 28 lAk):* r :|—>0
i=1
and
Var[ TEY oy T ITy i r s AT }—>0.
i#]j

Therefore, we obtain p‘ltr(Sn).T{‘_l)zAk):’l“_1 — y,,_l(p_ltr):Z’lk_l)(p_1 X
w2 AT - p A R H(EET)2 = 0,(1). As a result, it follows
that

w(S,Sy —1,)°

K
= (S, — Z 6 —6;)2p 'S,z A EY!
K 1\2 1
—p > (G — 02 u(SuZ ) AT + 0, (1)
k=1

K
=[S, 2} L +2p Y (0 - 6))p uzzE Az
k=1
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K
—2pY Gk = 6) w1 (p ez N (p ez E T AT
k=1
+p e AT (EE)
+o,(1).
Note that

K
20> G —6p)p wzEi AT =200z 2T 20Ty
k=1

and
X A 1 1 1
20> Ok —0)) =1 (p e ZE T (pT e X TAET)
k=1

+p e AT (EE)
=2y, p (W EETT) (@ BoZi T EET ) 4 20 E02 T (22T
— 2y, p 2B —2u[zE R
Thus,

K
Z G — 6 p e A !

K
—2p Y Gk —6) worp e ZE; T p T e E AT
k=1

+p e AT (EE)
=2(1—yip ' wZE ez i —2u Lot (2R
—2u2E 42y p w2 P 420z
=SB — 2022} 42y, p uZET P 20z

where B| = Z,le e,{Dg - Ay with g = (trGA, ..., trGAk)” and G = ZT_l X
3201 =y, p e 2D — 285 H(Z 2% 1)2. Then we have

(S, Sy —1,)>

K
=S, 2 L) +2p Y (G- 6)p uzE T AT
k=1



It follows

where

1)\2
(%(3))

=8[n (T Y +4[n T u(zzi7")]
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K
—2p Y Ok —6)) wrp w2 p s AT
k=1

+p e AT EETT) ] 4 0,(1)

(S, =i —1,)° +uS,B; — 202X 42y, 1 p (rEEFT)?)?
+2u(ZE ! +o,(1)

tw(FTT25'T)? + wF(—2r" =i 7'T + T7BT)

+p 20T 42y, 1 p BT 4 20(22F ) 4 0,(1).
by Theorem 2.2 that under H\,

<1 1
w(S, Ty —1,)2 =l

H
03

— N(0, D),

2

+8(n tuzE )Y [ u(zEi )

+16( " w2 ) w(zET)

+2n " (=2rT 25T 4+ 17BT)?

+8 u[(Z2i (22! +B))]

+8n ' w X Y w2 (28 +B))]

14
+4c —3Hn Y (T ' 227 'Te)
i=l1

p
F4k -3 ezEi)? |:n_1 Z(eiTFTZT_IFei)Z]
i=1
+8k —3)(n uezziTh

p
x |:n_1 Z(eiTI‘TZT_lI‘e,-)(eiTI"TZT_lZZT_lI‘ei):|
i=1
)4
+ =3 Jei(—2r' = T+ T7BT)e;]
i=1
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P
+ak—3n 'Y el T2 2% Teel T7 (227! + B)Te;

i=1

+4k —3)(n ezl

p

x |:n_1 S elr s 'ree T (-227 " +B1)re,-]
i=1

and

rEXFH2 g2
UG

¢ w(ZE ) =202 4 p

n—1 n—1

1 _ & -
+n_l|:2tr(ZZT D=3 (T3] lrel-)z}- -

i=1

5. Discussion. We have studied hypothesis testing on linear structure of high-
dimensional covariance matrix, and developed two tests for the linear structure.
Under the null hypothesis, the covariance matrix can be represented as a linear
combination of a finite number of prespecified matrix bases. This implies that we
may estimate the covariance matrix well. If the null hypothesis gets rejected, one
may have to consider more general structure or unstructured covariance matrix,
and conduct further study.
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SUPPLEMENTARY MATERIAL

Supplement to “Hypothesis testing on linear structures of high-dimensional
covariance matrix” (DOI: 10.1214/18-A0S1779SUPP; .pdf). This supplemen-
tary material consists of the technical proofs and additional numerical results.

REFERENCES

ANDERSON, T. W.T. W. (1973). Asymptotically efficient estimation of covariance matrices with
linear structure. Ann. Statist. 1 135-141. MR0331612

ANDERSON, T. W.T. W. (2003). An Introduction to Multivariate Statistical Analysis, 3rd ed. Wiley
Series in Probability and Statistics. Wiley Interscience, Hoboken, NJ. MR1990662

BAI, ZHIDONGZ. and SARANADASA, H. (1996). Effect of high dimension: By an example of a two
sample problem. Statist. Sinica 6 311-329. MR1399305

BAIL, Z. D. and SILVERSTEIN, J. W. (2004). CLT for linear spectral statistics of large-dimensional
sample covariance matrices. Ann. Probab. 32 553-605. MR2040792


https://doi.org/10.1214/18-AOS1779SUPP
http://www.ams.org/mathscinet-getitem?mr=0331612
http://www.ams.org/mathscinet-getitem?mr=1990662
http://www.ams.org/mathscinet-getitem?mr=1399305
http://www.ams.org/mathscinet-getitem?mr=2040792

TEST OF HD COVARIANCE STRUCTURE 3333

BAI, Z. and SILVERSTEIN, J. W. (2010). Spectral Analysis of Large Dimensional Random Matrices,
2nd ed. Springer Series in Statistics. Springer, New York. MR2567175

BAIL, Z., JIANG, D., YAO, J.-F. and ZHENG, S. (2009). Corrections to LRT on large-dimensional
covariance matrix by RMT. Ann. Statist. 37 3822-3840. MR2572444

BIRKE, M. and DETTE, H. (2005). A note on testing the covariance matrix for large dimension.
Statist. Probab. Lett. 74 281-289. MR2189467

CAL T. T. and JIANG, T. (2011). Limiting laws of coherence of random matrices with applications
to testing covariance structure and construction of compressed sensing matrices. Ann. Statist. 39
1496-1525. MR2850210

CA1, T. T. and MA, Z. (2013). Optimal hypothesis testing for high dimensional covariance matrices.
Bernoulli 19 2359-2388. MR3160557

CHEN, S. X. and QIN, Y.-L. (2010). A two-sample test for high-dimensional data with applications
to gene-set testing. Ann. Statist. 38 808-835. MR2604697

CHEN, S. X., ZHANG, L.-X. and ZHONG, P.-S. (2010). Tests for high-dimensional covariance
matrices. J. Amer. Statist. Assoc. 105 810-819. MR2724863

FAN, J. and L1, R. (2006). Statistical challenges with high dimensionality: Feature selection in
knowledge discovery. In International Congress of Mathematicians, Vol. III 595-622. Eur. Math.
Soc., Ziirich. MR2275698

HAFF, L. R. (1980). Empirical Bayes estimation of the multivariate normal covariance matrix. Ann.
Statist. 8 586-597. MR0568722

JAMES, W. and STEIN, C. (1961). Estimation with quadratic loss. In Proc. 4th Berkeley Sympos.
Math. Statist. and Prob., Vol. I 361-379. Univ. California Press, Berkeley, CA. MR0133191

JIANG, D., JIANG, T. and YANG, F. (2012). Likelihood ratio tests for covariance matrices of high-
dimensional normal distributions. J. Statist. Plann. Inference 142 2241-2256. MR2911842

JIANG, T. and QI, Y. (2015). Likelihood ratio tests for high-dimensional normal distributions. Scand.
J. Stat. 42 988-1009. MR3426306

JIANG, T. and YANG, F. (2013). Central limit theorems for classical likelihood ratio tests for high-
dimensional normal distributions. Ann. Statist. 41 2029-2074. MR3127857

JOHNSTONE, I. M. (2001). On the distribution of the largest eigenvalue in principal components
analysis. Ann. Statist. 29 295-327. MR1863961

KATO, N., YAMADA, T. and FUJIKOSHI, Y. (2010). High-dimensional asymptotic expansion of LR
statistic for testing intraclass correlation structure and its error bound. J. Multivariate Anal. 101
101-112. MR2557621

LEDOIT, O. and WOLF, M. (2002). Some hypothesis tests for the covariance matrix when the di-
mension is large compared to the sample size. Ann. Statist. 30 1081-1102. MR1926169

MCDONALD, R. P. (1974). The measurement of factor indeterminacy. Psychometrika 39 203-222.
MRO0350973

MUIRHEAD, R. J. (1982). Aspects of Multivariate Statistical Theory. Wiley Series in Probability and
Mathematical Statistics. Wiley, New York. MR0652932

OLKIN, I. and SELLIAH, J. B. (1977). Estimating covariances in a multivariate normal distribution.
In Statistical Decision Theory and Related Topics, II (S. S. Gupta and D. S. Moore, eds.) 313-326.
Academic Press, New York. MR0436407

QIU, Y. and CHEN, S. X. (2012). Test for bandedness of high-dimensional covariance matrices and
bandwidth estimation. Ann. Statist. 40 1285-1314. MR3015026

SRIVASTAVA, M. S. (2005). Some tests concerning the covariance matrix in high dimensional data.
J. Japan Statist. Soc. 35 251-272. MR2328427

SRIVASTAVA, M. S. and REID, N. (2012). Testing the structure of the covariance matrix with fewer
observations than the dimension. J. Multivariate Anal. 112 156-171. MR2957293

WANG, C. (2014). Asymptotic power of likelihood ratio tests for high dimensional data. Statist.
Probab. Lett. 88 184-189. MR3178349


http://www.ams.org/mathscinet-getitem?mr=2567175
http://www.ams.org/mathscinet-getitem?mr=2572444
http://www.ams.org/mathscinet-getitem?mr=2189467
http://www.ams.org/mathscinet-getitem?mr=2850210
http://www.ams.org/mathscinet-getitem?mr=3160557
http://www.ams.org/mathscinet-getitem?mr=2604697
http://www.ams.org/mathscinet-getitem?mr=2724863
http://www.ams.org/mathscinet-getitem?mr=2275698
http://www.ams.org/mathscinet-getitem?mr=0568722
http://www.ams.org/mathscinet-getitem?mr=0133191
http://www.ams.org/mathscinet-getitem?mr=2911842
http://www.ams.org/mathscinet-getitem?mr=3426306
http://www.ams.org/mathscinet-getitem?mr=3127857
http://www.ams.org/mathscinet-getitem?mr=1863961
http://www.ams.org/mathscinet-getitem?mr=2557621
http://www.ams.org/mathscinet-getitem?mr=1926169
http://www.ams.org/mathscinet-getitem?mr=0350973
http://www.ams.org/mathscinet-getitem?mr=0652932
http://www.ams.org/mathscinet-getitem?mr=0436407
http://www.ams.org/mathscinet-getitem?mr=3015026
http://www.ams.org/mathscinet-getitem?mr=2328427
http://www.ams.org/mathscinet-getitem?mr=2957293
http://www.ams.org/mathscinet-getitem?mr=3178349

3334 ZHENG, CHEN, CUI AND LI

WANG, Q. and YAO, J. (2013). On the sphericity test with large-dimensional observations. Electron.
J. Stat. 7 2164-2192. MR3104916

WANG, C., YANG, J., MIAO, B. and CAO, L. (2013). Identity tests for high dimensional data using
RMT. J. Multivariate Anal. 118 128-137. MR3054095

ZHENG, S. (2012). Central limit theorems for linear spectral statistics of large dimensional F-
matrices. Ann. Inst. Henri Poincaré Probab. Stat. 48 444—476. MR2954263

ZHENG, S., CHEN, Z., Cul, H. and LI, R. (2019). Supplement to “Hypothesis testing on linear
structures of high-dimensional covariance matrix.” DOI:10.1214/18-A0S1779SUPP.

ZHONG, P.-S., LAN, W., SONG, P. X. K. and TsA1, C.-L. (2017). Tests for covariance structures
with high-dimensional repeated measurements. Ann. Statist. 45 1185-1213. MR3662452

ZWIERNIK, P., UHLER, C. and RICHARDS, D. (2017). Maximum likelihood estimation for linear
Gaussian covariance models. J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 1269-1292. MR3689318

S. ZHENG Z. CHEN
KLAS AND SCHOOL OF MATHEMATICS SCHOOL OF DATA SCIENCE

AND STATISTICS FUDAN UNIVERSITY
NORTHEAST NORMAL UNIVERSITY SHANGHAI 200433
CHANGCHUN, JILIN 130024 P.R. CHINA
P.R. CHINA E-MAIL: zuc4 @psu.edu
E-MAIL: zhengsr@nenu.edu.cn
H. Curl R. LI
DEPARTMENT OF STATISTICS DEPARTMENT OF STATISTICS
CAPITAL NORMAL UNIVERSITY AND THE METHODOLOGY CENTER
BEIJING 100048 PENNSYLVANIA STATE UNIVERSITY
P.R. CHINA UNIVERSITY PARK, PENNSYLVANIA 16802-2111
E-MAIL: hjcui@bnu.edu.cn USA

E-MAIL: rzli@psu.edu


http://www.ams.org/mathscinet-getitem?mr=3104916
http://www.ams.org/mathscinet-getitem?mr=3054095
http://www.ams.org/mathscinet-getitem?mr=2954263
https://doi.org/10.1214/18-AOS1779SUPP
http://www.ams.org/mathscinet-getitem?mr=3662452
http://www.ams.org/mathscinet-getitem?mr=3689318
mailto:zhengsr@nenu.edu.cn
mailto:zuc4@psu.edu
mailto:hjcui@bnu.edu.cn
mailto:rzli@psu.edu

	Introduction
	Tests on linear structures of covariance matrices
	Estimation
	Tests
	New results on random matrix and limiting distributions of tests
	Examples

	Simulation studies and application
	Practical implementation issues
	Numerical studies

	Technical proofs
	Proofs of Theorems 2.1 and 2.2
	Proofs of Theorems 2.3, 2.4 and 2.5

	Discussion
	Acknowledgments
	Supplementary Material
	References
	Author's Addresses

