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We show that two polynomial time methods, a Lasso estimator with
adaptively chosen tuning parameter and a Slope estimator, adaptively achieve
the minimax prediction and ¢, estimation rate (s/n)log(p/s) in high-
dimensional linear regression on the class of s-sparse vectors in R”. This
is done under the Restricted Eigenvalue (RE) condition for the Lasso and
under a slightly more constraining assumption on the design for the Slope.
The main results have the form of sharp oracle inequalities accounting for
the model misspecification error. The minimax optimal bounds are also ob-
tained for the £4 estimation errors with 1 < g <2 when the model is well
specified. The results are nonasymptotic, and hold both in probability and in
expectation. The assumptions that we impose on the design are satisfied with
high probability for a large class of random matrices with independent and
possibly anisotropically distributed rows. We give a comparative analysis of
conditions, under which oracle bounds for the Lasso and Slope estimators
can be obtained. In particular, we show that several known conditions, such
as the RE condition and the sparse eigenvalue condition are equivalent if the
£>-norms of regressors are uniformly bounded.

1. Introduction. One of the important issues in high-dimensional statistics is
to construct methods that are both computable in polynomial time, and have op-
timal statistical performance in the sense that they attain the optimal convergence
rates on suitable classes of underlying objects (vectors, matrices) such as, for ex-
ample, the classes of s-sparse vectors. It has been recently shown that, in some
testing problems, this task cannot be achieved, and there is a gap between the op-
timal rates in a minimax sense and the best rate achievable by polynomial time
algorithms [3]. However, the question about the existence of such a gap remains
open for the most famous problem, namely, that of estimation and prediction in
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high-dimensional linear regression on the classes of s-sparse parameters in R”.
The known polynomial time methods such as the Lasso, the Dantzig selector and
several other were shown to attain the prediction or ¢, -estimation rate (s/n) log(p)
[4, 8] while the minimax rate for the problem is (s/n)log(p/s) (cf. [1, 7, 19, 23,
24, 27, 29] and Section 7 below). The recent papers [16, 25] inspire hope that
computationally feasible methods can achieve the minimax rate (s/n)log(p/s).
Specifically, [25] shows that for a particular random design (i.i.d. standard normal
regressors) the rate (s/n)log(p/s) is asymptotically achieved by a Slope estima-
tor, which is computable in polynomial time. An extension of [25] to sub-Gaussian
designs is given in [16] that provides a nonasymptotic bound with the same rate.
However, akin to [25], a key assumption in [16] is that the design is isotropic, so
that its covariance matrix is proportional to the identity matrix.

The Slope estimator suggested in [5] is defined as a solution of the convex min-
imization problem given in (2.4) below. This estimator requires p tuning parame-
ters A1, ..., Ap notall equal to O and suchthat A} > --- > 1, >0.These Ay, ..., 2,
are the weights of the sorted £; norm; cf. (2.2) below.

In this paper, we show that under a Restricted Eigenvalue (RE)-type condition
on the design, the Slope estimator with suitably chosen tuning parameters achieves
the optimal rate (s/n) log(p/s) for both the prediction and the ¢, estimation risks,
and both in probability and in expectation. The recommended tuning parameters
are given in (2.5) below. Furthermore, we show that a large class of random design
matrices with independent and possibly anisotropically distributed rows satisfies
this RE-type condition with high probability. In other words, our conditions on
the design for the Slope estimator are very close to those usually assumed for
the Lasso estimator while the rate improves from (s/n)log(p) (previously known
for the Lasso) to the optimal rate (s/n)log(p/s). Next, with the same method of
proof, we show that the Lasso estimator also achieves this improved (and optimal)
rate when the sparsity s is known. If s is unknown, we propose to replace s by an
estimator § such that the bound § < s holds with high probability. We show that
the suggested § is such that the Lasso estimator with tuning parameter of order
V1og(p/s)/n achieves the optimal rate (s/n)log(p/s).

The main results are obtained in the form of sharp oracle inequalities account-
ing for the model misspecification error. The minimax optimal bounds are also
established for the £,-estimation errors with 1 < g < 2 when the model is well
specified. All our results are nonasymptotic.

As a by-product, we cover some other related issues of independent interest:

e We give a comparative analysis of conditions, under which oracle bounds for the
Lasso and Slope estimators can be obtained showing, in particular, that several
known conditions are equivalent.

e Due to the new techniques, we obtain bounds in probability with fast rate
(s/n)log(p/s) at any level of confidence while using the same tuning parame-
ter. As opposed to the previous work on the Lasso, the level of confidence is not
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linked to the tuning parameter of the method. As a corollary, this implies rate
optimal bounds on any moments of the estimation and prediction errors.

2. Statement of the problem and organization of the paper. Assume that
we observe the vector

y=Ff+§,

where f € R" is an unknown deterministic mean and & € R” is a noise vector. Let
o > 0. Everywhere except for Section 9 we assume that & is normal A/ (0, 02Lixn),
where [,,«,, denotes the n x n identity matrix.

For all u = (uy, ..., u,) € R", define the empirical norm of u by

1 n
2 2
lully == u;.
i

Let X € R"*? be a given matrix that we will call the design matrix. If ;§ =
B(y) is an estimator valued in R?, the value Xﬁ is used as a prediction for f. The
prediction error of an estimator [9 is given by ||XB —f ||,21. If the model is well
specified, that is, f = XB* for some B* € RP, then 8 is used as an estimator of B*.
The estimation error ofﬁ is given by |,3 — ,B*lg for some ¢q € [1, 2], where | - |,
denotes the £,-norm in R”.

Two estimators will be studied in this paper: the Lasso estimator and the Slope
estimator. The Lasso estimator ﬁ is a solution of the minimization problem

2.1) B € argmin(||X8 — y|> + 271811,
BeRP

where A > 0 is a tuning parameter. Section 4 studies the prediction and es-
timation performance of the Lasso estimator with tuning parameter of order
o+/log(p/s)/n, where s € {1, ..., p} is a sparsity parameter which is supposed
to be known. In Section 5, we propose an adaptive choice of this parameter. Sec-
tion 5 defines an estimator § valued in {1, ..., p} and studies the performance of
the Lasso estimator with a data-driven tuning parameter of order o/log(p/s)/n.
Section 6 studies the Slope estimator [5], which is defined as follows. Let A =

(A1,...,Ap) € R? be a vector of tuning parameters not all equal to 0 such that
A=Ay >4, >0.Forany B =(B1.....8,) € RP, let (BL,..., B3 be a
nonincreasing rearrangement of |Bi], ..., |B,|. Set
p
2.2) Bl=Y_%;B5  BeRP,
j=1

which defines a norm on R?; cf. [5], Proposition 1.2. Equivalently, we can write

P
2.3) 1Bl =m£xzkjlﬁ¢<j>l,
j=l1
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where the maximum is taken over all permutations ¢ = (¢(1),...,¢(p)) of
{1,..., p}. The Slope estimator 8 is defined as a solution of the minimization
problem:
(2.4) B < argmin(|XB —yl> +2IB1.).

BeRP

Section 6 establishes oracle inequalities and estimation error bounds for the Slope
estimator with tuning parameters

log(2p /]
(2.5) A= Ao [8EPID iy,
n

for any constant A > 4 + \/5

Section 7 gives nonasymptotic minimax lower bounds showing that the upper
bounds of Sections 4—6 cannot be improved. In Section 8, we provide a comparison
of the conditions on the design matrix X, under which the results are obtained. In
particular, we prove that the oracle inequalities for the Slope estimator in Section 6
hold for design matrices with independent and possibly anisotropically distributed
sub-Gaussian rows. Section 9 explains that, up to changes in numerical constants,
all results of the paper remain valid if the components of the noise vector & are in-
dependent sub-Gaussian random variables. The proofs are given in the Appendix.

Notation and preliminaries. We will assume that the diagonal elements of

.....

(e1,...,ep) is the canonical basis in R”. Let g = (g1,..., gp) be the random
vector with components

(2.6) where x; =Xe;, j=1,..., p.

17
8j = ﬁx j
If & ~ N(0, 021,x,) it follows from the inequality [|x ||, <1 that the random
variables g; are zero mean Gaussian with variance at most o2. We denote by g% =

(g?, ey gf,) a nonincreasing rearrangement of (|g1l,...,|gp|). We also use the
notation

p P 1/q
Blo=Y_1(B; #0), 1Bloo ZjZHIIaXPIﬁjI and |Bl, = (Z Iﬂjlq)

j=r S j=l1
for 0 < g < oo. Here, I(-) is the indicator function. For any set J C {1,..., p},
denote by J€ its complement, by |J| its cardinality, and for any u = (41, ..., up) €

R?, let u; € R? be the vector such that its jth component is equal to u; if j € J
and equal to O otherwise. For two real numbers a, b, we will use the notation
a Vv b=max(a,b).

We denote by Med[Z] a median of a real valued random variable Z, that is, any
real number such that P(Z > Med[Z]) > 1/2 and P(Z < Med[Z]) > 1/2.
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The following bounds on the sum Z;: 1log(2p/j) will be useful. From Stir-
ling’s formula, we easily deduce that s log(s/e) <log(s!) <slog(s), and thus

2.7)  slog2p/s) < Y _log(2p/j) = slog(2p) —log(s!) < slog(2ep/s).

j=1
Finally, for a given 8y € (0, 1) and for any u = (u1,...,up) € R” we set
P log(2p/j
Hw) 2 4+3D) Y o [RECPH)
i—1 n
2.8) ’
log(1/8
Gw) 2 @+ V2o [P0 1y,
where (u?, e, uﬂp) is a nonincreasing rearrangement of (|u1], ..., |upl).

3. The tuning parameter of the Lasso need not be tied to a confidence level.
In this section, we denote by ﬁ the Lasso estimator defined by (2.1) and provide
an improved probability estimate for the performance of the Lasso estimator with
a tuning parameter of order o +/2log p. First, we state a version of the restricted
eigenvalue condition that we will refer to in the sequel. Let s € {1, ..., p}, and let
co > 0 be a constant.

RE(s, co) CONDITION. The design matrix X satisfies | Xe ||, <1 for all j =
1,...,p,and

(3.1) K (s, co) n
3€CrE(s,0):8#0 |82

where CRe(s. co) = {8 € R” 1 [8]; < (1 + co) X%, 65} and 8} > - > 6}, denotes
a nonincreasing rearrangement of |811, ..., |8,].

Though stated in somewhat different form, inequality (3.1) is equivalent to the
original RE condition of [4]. Indeed, let § € R”, and let J, = J,(§) C {1, ..., p}
be the set of indices of the s largest in absolute value components of §. Then
Z‘;:l 85 =8, 1. Therefore, the condition |8]; < (1 4 ¢p) Z;Zl 6? can be written
as [8¢|1 < coldy,|1. Thus, an equivalent form of (3.1) is obtained by replacing the
cone Crg(s, cp) with

(3.2) Cre(s, co) = U {8 €RP |8 ¢|1 <coldsl1),
JC(1,...,p}J|<s

which is the standard cone of the RE condition as introduced in [4]. One minor
difference from [4] is that in (3.1) we have |§|> rather than |8, |2 in the denomi-
nator. This only modifies the constant « (s, cg) by factor /1 + cg. Indeed, for any
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8 € Cgg(s, <o),

8= 82< Y |6j|(
7

jele o jels

187, 1118s¢l1 colds, 3
> lal) < L < Ot _ 15,1,
& A A

and thus |8], = (18,13 + 18,¢13)"/% < V/T+ c0l8, |>. Another difference from [4]
is that we include the assumption [|Xe| ||, < 1 in the statement of the RE condition.
This is a mild assumption that is omnipresent in the literature on the Lasso. Often
it is stated with equality and is interpreted as a normalization.

Consider the following result based on [4, 10, 14], which is representative of
the nonasymptotic bounds obtained so far for the prediction performance of the

Lasso.

PROPOSITION 3.1 ([4, 10, 14]). Let p>4,s€{l,..., p}, e > 0and set co =
14 1/¢e. Forany § € (0,1/2) and € € (0, 1), the Lasso estimator (2.1) with tuning
parameter

(3.3) A= (1+¢)oy/2log(p/8)/n

satisfies with probability 1 — 25 the oracle inequality

IXB—f2< inf [XB—f]>

BeRP:|Bo<s
(3.4)
(14 ¢)/2sTog(p/5) 2
+Z ( SR s +\20s175))

An oracle inequality of the same kind as (3.4) was first obtained in [14], The-
orem 6.1, and in a slightly less general form, with some factor C > 1 in front of
IXg —f ||% in [4]. The numerical constants in Proposition 3.1 are taken from the
proof of Theorem 3 in [10] (cf. the inequality preceding (25) in [10]).

A notable feature of Proposition 3.1 and of other nonasymptotic bounds for
the Lasso available in the literature is that the confidence level 1 — 2§ is tied to
the tuning parameter X; cf. (3.3). If a confidence level closer to one is desired
(i.e., smaller §), the previous results suggest that the tuning parameter should be
increased according to the relationship (3.3) between A and §. We claim that it is
not needed. Indeed, the following proposition holds.

PROPOSITION 3.2. Letp>2,s€{l,...,p},e>0andsetco=1+1/¢. Let
B be the Lasso estimator (2.1) with tuning parameter

(3.5) A= (14¢e)o,/2log(p)/n.
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Then for any é € (0, 1),

IXB—f12< inf X8 —f]>

" BeRP:Blo<s
(3.6)
o2 ((1+¢)2slogp 2
+7< o +¢E+,/zlog<1/5)+2.8>

holds with probability at least 1 — §.

The proof of Proposition 3.2 is given in Appendix I. Let us highlight some
features of Proposition 3.2 that are new.

First, the tuning parameter (3.5) does not depend on the confidence constant §.
The Lasso estimator with tuning parameter (3.5) enjoys the oracle inequality (3.6)
for any § € (0, 1). This contrasts with Proposition 3.1 where the oracle inequality
is for a single 4 tied to the tuning parameter (3.3). As a consequence, (3.6) imme-
diately implies bounds for all moments of ||X/§ —f ||%, which cannot be obtained
from Proposition 3.1.

Second, the probability that an oracle inequality with error term of order
slog(p)/n holds is substantially closer to 1 than it was commonly understood
before. For example, take § = p~*, which balances the remainder term in (3.6).
Then Proposition 3.2 yields that the Lasso estimator with tuning parameter (3.5)
converges with the rate smaller than s log(p)/n up to a multiplicative constant. On
the other hand, the choice § = p™ in Proposition 3.1 yields only a suboptimal rate
of order s2log(p)/n.

The constant term 2.8 in (3.6) is negligible. Thus, in asymptotic regimes where
p — 0o or § — 0, the constant term 2.8 is dominated by 4/log p or /log(1/6). If
we ignore this constant term, the bound (3.6) strictly improves upon (3.4).

In spite of these improvements, the result of Proposition 3.2 is not completely
satisfying since only the rate s log(p)/n and not the optimal rate (s/n)log(p/s) is
proved. In the next section, we show that the optimal rate can be achieved by the
Lasso estimator with tuning parameter of the order o /log(p/s)/n.

4. Optimal rates for the Lasso estimator. In this section, we denote by ﬁ
the Lasso estimator defined by (2.1), and we derive upper bounds for its prediction
and estimation errors. As usual in the Lasso context, the argument contains two
main ingredients. First, all randomness is removed from the problem by reducing
the consideration to a suitably chosen random event of high probability. Second,
the error bounds are derived on this event by a purely deterministic argument. In
our case, such a deterministic argument is given in Theorem 4.2 below, while the
“randomness removing tool” is provided by the next theorem. As we will see in
Section 6, this theorem is common to the study of both the Lasso and the Slope
estimators.
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THEOREM 4.1. Let 8y € (0,1) and let X € R"™P be a matrix such that
max;—i,.. p,[1Xe;ll, < 1. Let H(-) and G(-) be defined in (2.8). If & ~ N0,

azlnxn), then the random event
1

4.1 {—gTXu <max(H (u), G(u)),Vu € R”}
n

is of probability at least 1 — 5y /2.

The proof of Theorem 4.1 is given in Appendix E. We now discuss conse-
quences of Theorem 4.1 leading to tighter bounds. We will need the following
condition on the design matrix X that will be called the Strong restricted Eigen-
value condition or shortly the SRE condition. Let ¢co > 0 and s € {1,..., p} be
fixed.

SRE(s, co) CONDITION.  The design matrix X satisfies | Xe |, <1 forall j =
1,..., p,and

1X8 1],
min >0,
8€CsRE(5,c0):8£0 |82

where Csre(s, co) 2 {8 € RP : |8]1 < (1 + ¢o)/518]2} is a cone in RP.

4.2) 0(s, co) =

Inequality (4.2) differs from its analog (3.1) in the RE(s, cp) condition only in
the definition of the cone Csrg(s, ¢g), and in general (4.2) is more constraining.
Indeed, the cone Crg(s, co) of the RE(s, ¢g) condition is the set of all s e R?
such that |[8]; < (1 4+ c) D% =167 By the Cauchy—Schwarz inequality, 8t <

] 1% =
5(X5_,(65))1/2 < /51812 so that
4.3) Cre(s, co) € Csre(s, co).

Note that we have included the requirement that || Xe;|, <1 for all j in the
RE and the SRE conditions. It can be replaced by || Xe; ||, < 6y for some 6y > 0
but for brevity and w.l.o.g. we take here 6y = 1. Interestingly, due to the inclusion
of the assumption ||Xe; |, < I, the RE condition becomes equivalent to the SRE
condition up to absolute constants. Moreover, the equivalence further extends to
the s-sparse eigenvalue condition. This is detailed in Section 8 below.

Under the SRE condition, we now establish a deterministic result, which is cen-
tral in our argument. We first introduce some notation. Let y € (0, 1) be a constant.

For any tuning parameter A > 0, set

50 2 exp(—(%)2>

so that A = (4 +;/§)0 1[ log(lfla (k)) .

(4.4)




SLOPE MEETS LASSO 3611

For given s € {1, ..., p}, the following theorem holds under the condition:

45 A= (4+;f2)0‘/1°g(2ep /5 or equivalently  8(0) < s/(2ep).
n

THEOREM 4.2. Letse{l,...,p},y €(0,1)and t €[0,1 —y). Assume that
the SRE(s, cg) condition holds with co = co(y, T) = }J_FVJ: Let A be a tuning
parameter such that (4.5) holds. Let 69 € (0, 1). Then, on the event (4.1), the Lasso

estimator 8 with tuning parameter )\ satisfies

4.6) 2B — Bli+IXB —fl; < IXB —fII} + Cyuc(s, 2, 80)0%s,
for all B € R? such that |Blo < s, and all £ € R", where

log(1/80) 1 )
slog(1/8(x)) ~ 62(s,co(y. 1))/

Furthermore, if £ = XB* for some B* € RP with |B*|o < s then on the event (4.1),
we have forany 1 < q <2,

N C 2fa=1/ C, o \2"%/4
.7 |ﬂ A |q —\ 27 1+y g

Cpalsih80) 2 (1 4y + r>2(

Theorem 4.2 is proved in Appendix B. Before the statement of its corollaries,
a few comments are in order.

The conclusions of Theorem 4.2 hold on the event (4.1), which is independent
of y and t. Thus, on the event (4.1), for all choices of 7, y and A such that (4.5)
holds, the oracle inequality (4.6) and the estimation bound (4.7) are satisfied.

The constants y and 7 are such that y 4+ 7 < 1. For the ease of presentation, the
particular choice y = 1/2 and T = 1/4 will be used below to derive two corollaries
of Theorem 4.2. If y = 1/2 and t = 1/4, then the constants in Theorem 4.2 have
the form

49 1

48) =7  (+y+ni=— L3 1yy=3p,
16 1—vy

while inequality (4.7) can be transformed into

49( log(1/80) 1 )sz,

(4.9) B-Fl, =% slog(1/8(1) ~ 6%(s,7)

where we have used the inequalities 02(s, co) < 0% (s, 1”:—;) and (27)1~%1 < 2.
We now take a closer look at the constant Cy, ; (s, A, §o). This constant is always
greater than or equal to (1 + y + 7)? / 62(s, co). Furthermore, the value

(4.10) 8 = (5@))62(;%)
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is the smallest 8y € (0, 1) such that C,, ; (s, &, 80) = (1 +y + 1)%/02(s, co). If A
satisfies (4.5), then
5 < <L>92“‘°).
~ \2ep

Using these remarks, we obtain the following corollary of Theorems 4.1 and 4.2
with the choice y =1/2, 7 =1/4, and 8y = 4.

COROLLARY 4.3. Let s € {1,..., p}. Assume that the SRE(s,7) condition
holds. Let B be the Lasso estimator with tuning parameter A satisfying (4.5) for

y = 1/2. Then, with probability at least 1 — %(ﬁ)(ﬂ(w) , we have
49225
1602(s, 7)

forall B € R? such that |B|o < s, and all £ € R". Furthermore, if f = XB* for some
B* € R? with |B*|o < s then, forany 1 < g <2,

. 49).s74 1/ s \e%on
4.12 P(|B — B* <7>>1——(—) v
(12 ('ﬂ A |‘1_802(s,7) = 2\2ep

Ao .
(4.11) SIB— Bl + X8 - fll; < IXB —fl; +

Since 62(s, 7) < 1, the probability in Corollary 4.3 is greater than 1 — %(ﬁ)s .

If the tuning parameter is chosen such that (4.5) holds with equality, then A’s is
equal to

o2slog(2ep/s)
n

up to a multiplicative constant. This is the minimax rate with respect to the predic-
tion error over the class of all s-sparse vectors Bo(s) = {8 € R? : |Blo < s}. The
rate As'/4 in (4.12) is minimax optimal for the {4 estimation problem. A more
detailed discussion of the minimax rates is given in Section 7.

Finally, the conclusions of Theorem 4.2 hold for all o < d;. This allows us to
integrate the oracle inequality (4.6) and the estimation bound (4.7) to obtain the
following results in expectation.

COROLLARY 4.4. Let s € {1,..., p}. Assume that the SRE(s,7) condition

holds. Let [3 be the Lasso estimator with tuning parameter A satisfying (4.5) for
y =1/2. Then

E[%If’ — Bli+IXB — fll,ﬂ

49125 1 1
< IXB — f|? ( )
<IXB Il + 16 0%(s, 7) * 2log(2ep)

(4.13)
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forall B € R? such that |Blo < s, and all f € R". Furthermore, if f = XB* for some
B* € R? with |B*|o < s then, forany 1 <gq <2,

(49)‘1)ﬂs< 1 n 1 )
84 0%(s,7)  (log(2ep))4 '

(4.14) E[|g* - B|!] <

Corollary 4.4 is proved in Section B.

REMARK 1. The smallest values of A, for which Theorem 4.2 and Corollaries
4.3 and 4.4 hold is given in (4.5); in particular, it depends on s. For this choice of A,
the prediction risk and the ¢; risk of the Lasso estimator attain the nonasymptotic
minimax optimal rate (s/n)log(p/s). However, the knowledge of the sparsity in-
dex s is needed to achieve this, which raises a problem of adaptation to sparsity s.
In Section 5, we propose a data-driven Lasso estimator, independent of s, solving
this adaptation problem, for which we prove essentially the same results as above.
The argument there uses Corollary 4.3 as a building block.

REMARK 2. Since the assumptions on tuning parameter A in Theorem 4.2
and Corollaries 4.3 and 4.4 are given by inequalities, the case of A defined with
log(2ep) instead of log(2ep/s) is also covered. With such a choice of A, the esti-
mators do not depend on s and the results take the same form as in the standard
Lasso framework (cf. [4]), in which the prediction risk and the ¢ risk achieve the
suboptimal rate (slog p)/n. However, even in this case, Theorem 4.2 brings in
some novelty. Indeed, to our knowledge, bounds in expectation (cf. Corollary 4.4),
or in probability with arbitrary §p € (0, 1) (cf. Theorem 4.2), were not available.
The previous work provided only bounds in probability for fixed §y proportional
to 1/p° for an absolute constant ¢ > 0, in the spirit of (3.4). Such bounds do not
allow for control of the moments of the estimation and prediction errors without
imposing extra assumptions. To our understanding, there was no way to fix this
problem within the old proof techniques. On the contrary, bounds for the moments
of any order can be readily derived from Theorem 4.2.

REMARK 3. In this section, the variance o was supposed to be known. The
case of unknown o can be treated in a standard way as described, for example, in
[12]. Namely, we replace o in (4.5) by a suitable statistic 6. For example, it can
be shown that under the RE condition, the scaled Lasso estimator 65 is such that
0/2 < &3 < 20 with high probability provided that s < cn for some constant ¢ >
0, cf. [12], Sections 5.4 and 5.6.2. Then, replacing o by & £ 26 in the expression
for A [cf. (4.5)], we obtain that under the same mild conditions, Corollary 4.3
remains valid with this choice of A independent of o, up to a change in numerical
constants. This remark also applies to upper bounds in probability obtained in the
next sections.
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5. Aggregated Lasso estimator and adaptation to sparsity. In this section,
we assume that f = X%, so that we have a linear regression model:

(5.1) y=XB*+&.

We also assume that B* € By(s) = {B* € R? : |B*|op < s}, where s < s,. Here,
sy« € [1, p/2] is a given integer. Our aim is to construct an adaptive to s estimator
5 whose prediction risk attains the optimal rate (s/n) log(p/s) simultaneously on
the classes Bp(s), 1 < s < s,. This will be done by aggregating a small number
of Lasso estimators using a Lepski-type procedure. Given a lower bound for a
restricted eigenvalue at s = s, the resulting adaptive estimator ﬁ is computed in
polynomial time and its computational complexity exceeds that of the Lasso only
by a log, p factor. Furthermore, we propose an estimator § such that the bound
§ < s holds with high probability without the beta-min condition and without any
strong assumptions on the matrix X such as the irrepresentability condition.
We denote by B ¢ the Lasso estimator with tuning parameter

A(s) =2(4 + ﬁ)a,/w,
n

and we set for brevity 6, = 6(2sy, 7). We will assume that 6, > 0. Then, 02(s,7) >
0, >0,s=1,...,2s,. It follows from Corollary 4.3 that forany s =1, ..., 2s,

A slog(2ep/s)
sup_ Py (| (B, — )], = Coo [“ECLED)
B*eBo(s) n

(5.2) Y
()" 7= (5)
< [ — <[(—]),
— 2\2ep “\p
where
(5.3) Co=T7(4++2)/(26,),

and Pg« is the probability measure associated to the model (5.1). Furthermore,
since A(s) > A(2s) we also have forany s =1, ..., s,

2s
(54)  sup Pﬂ*(”X(Bs =B, = \/ECOG\/@) = <2—s) .
B*eBy(2s) " g

Set b; = 2/=1 j e N. In what follows, we assume w.l.0.g. that s, > 2 since the
problem of adaptation does not arise for s, = 1. Then the integer M £ max{m €
N: b, < s} satisfies M > 2. Note also that M < log,(p). We now construct a

data-driven selector from the set of estimators {ﬁ by = 2,...,M}. We select the
index m as follows:

(5.5) m 2 max{m e (2,...,M}:d(By, . By, ) >2w(bn))
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with the convention that 2 = 2 if the set in the above display is empty. Here,

d(B, B") = IX(B — Bl for all B, B € R”, and w(b) = Coo/ HECLLD vp

[1, p]. Next, we define adaptive estimators of s and B* as follows:

(5.6) §=bs_1=2"" and B=By.

THEOREM 5.1. Lets, €{2,..., p} besuchthat 6, > 0and s, < p/(2e). Then
there exists an absolute constant C1 > 0 such that, for Co given in (5.3) and all

s=1,..., 58,
~ " slog(2ep/s)
sup Py (|35(F = 7)1, = €1 Coor | ELE )
B*<€Bo(s) n
(5.7)
25\ 28

< (2logy(p) + 1)(g)

and
2s 2s

(5.8) sup Pg+(§<s)>1— 210g2(p)<—> .

B*eBy(s) p

The proof of this theorem is given in Appendix C. It uses only the proper-
ties (5.2) and (5.4) of the family of estimators {fis}. Theorem 5.1 shows that the
prediction error of ,B~ = B2§ achieves the optimal rate of order (s/n)log(p/s).
Without (5.7), the fact that estimator § satisfies (5.8) is not interesting. Indeed,
the dummy estimator § = O satisfies P(§ < s) = 1. The estimator § is of inter-
est because of the conjunction of (5.7) and (5.8); not only it satisfies § < s with
high probability [cf. (5.8)] but also the Lasso estimator with the tuning param-
eter A =24+ «/E)aw/log(ep/@ /n achieves the optimal rate [cf. (5.7)]. Theo-
rem 5.1 shows that this choice of the tuning parameter improves upon the pre-
diction bounds for the Lasso estimator [4] with the universal tuning parameter of
order o +/(log p)/n.

A procedure of the same type is adaptive to the sparsity when measuring the
accuracy by the £, estimation error for 1 < g < 2. In this case, the risk bound is
proved in the same way as in Theorem 5.1 due to the following observations. First,
it follows from Corollary 4.3 that forall s =1,...,2s,, 1 <g <2,

N 1 2 K
(5.9) sup Pﬂ*<|ﬂs — B*|, = Chos' /M) < (i) ,
B*€Bo(s) n p

where C(’) =494 + V2) /(46,). Second, analogously to (5.4), we have for all s =
I,...,8, 1 <q <2,

~ log(2 25\ 28
(5.10)  sup pﬂ*<|ﬂs _ g%, = 2C}os1 /M) - (_S> .
B*€Bo(2s) n p
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THEOREM 5.2. Let sy € {2,..., p} be such that 0, > 0 and s, < p/(2e). Let
1 < ¢ <2and let i be defined by (5.5) withd(B, B') = |B— B'|, forall B, B’ € R?

and w(b) = Coabl/q,/w,‘v’b € [1, pl, where Co = 49(4 + +/2) /(46,). Let

/§ be defined as in (5.6). Then there exists an absolute constant C1 > 0 such that,
foralls =1,..., 5,

~ log(2ep/s) 25\ %
sup Pﬂ*<|ﬂ - B, = C1Coos1/q‘/g—> < (2logy(p) + 1)(-) :
B*€Bo(s) n p

The proof of this theorem is given in Appendix C. Due to (5.9) and (5.10), it is
quite analogous to the proof of Theorem 5.1.

6. Optimal rates for the Slope estimator. In this section, we study the Slope
estimator with weights A; given in (2.5). We will use the following assumption
on the design matrix X that we call the Weighted Restricted Eigenvalue condition,
or shortly the WRE condition. Let ¢cg > 0, s € {1, ..., p} be constants, and let
A= (A1,...,x,) € R? be a vector of weights not all equal to O such that 1| >
Ay == hp >0,

WREC(s, co) CONDITION. The design matrix X satisfies ||Xej|l, <1 for all
j=1,...,pand
X4l

D (s, co) & min >0,
8€CwRE(5.¢0):840 |32

where Cwrg(s, co) = {8 € R? : 8]« < (1 + c0)|8]2 ijl k%} is a cone in RP,

This condition is stated for any weights A1 > --- > A, > 0 but we will use it
only for A; given in (2.5) and in that case the cone is equivalently defined as

p N
CwRE(s, ) = ia eR?: Y 8% /log2p/)) < (1+ )8l Zlog(zpm}.
j=1 j=1

Let us compare the WRE condition with the SRE condition. Assume that § belongs
to the cone Csrg(s, o), that is, [8]; < (I + co)+/s|8|2. Then also Z;’:SH 85 <
(1 4 co)+/s18]2, and we have

)4 p
> 88 log@p/j) < \Jlog@p/s) . 8% < (14 co)ldlay/s log(2p/s)

j=s+1 Jj=s+1

< +c)lsl |3 log2p/i).
j:l




SLOPE MEETS LASSO 3617

where the last inequality follows from (2.7). For the first s components, the
Cauchy—-Schwarz inequality yields

S8 flog2p/j) <1812 | 3 log@p/))-
j=1 i=l

Combining the last two displays, we find that § € Cwrg(s, 1 + ¢g). Thus, Csrg(s,
co) € Cwrg(s, 1 + co), so that the WRE(s, 14 o) condition implies the SRE(s, co)
condition. A more detailed comparison between these two conditions as well as ex-
amples of random matrices, for which both conditions hold are given in Section 8.
We are now ready to state our main result on the Slope estimator.

THEOREM 6.1. Letse{l,...,p},y €(0,1)and t € [0,1 — y). Set co =

14y+
coy, )= 1,)):,; .

Let the tuning parameters A be defined by (2.5) with constant

6.1) A>(@A+2)/y.

Let 69 € (0, 1). Then, on the event (4.1), the Slope estimator ,B that minimizes (2.4)
with the weights L1, ..., Ap satisfies

62)  2tIB— Bl +IXB—fIl2 < IXB —flI3+C), . (5.80) Y_ A3
j=1

simultaneously for all f e R", all s =1, ..., p, and all B € R? such that |B|o = s,
where we set

log(1/80) v 1 )
slog2p/s) ~ 9%(s,coy, 1))/
if WRE(s, co) holds, and C;’T (s, 80) = 00 otherwise. Furthermore, if f = XB* for
some B* € RP with |B*|o < s, then on the event (4.1) we have

c;,,<s,ao>é(1+y+r)2( s=1,...p,

(6.3) 2t|B — B*|, < C) (5,80 Y A%,
j=1
. C! o(s.80) (L S\ V2
_ p* 7,0 2
(6.4) B—B |2§71+y (;AJ) :

The proof of Theorem 6.1 is given in Section D. It follows the same route as
the proof of Theorem 4.2. Since A1, ..., A, satisfy (2.5) then by (2.7), for all s =
1,..., p we have

65) A%02%slog(2p/s) - Z K? 5 A%0%slog(2ep/s)
j=1

n n
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so that the Slope estimator achieves the optimal rate for the prediction error and
the £,-estimation error. The presentation of Theorem 6.1 is similar to that of Theo-
rem 4.2 for the Lasso, although there are some differences that will be highlighted
after the following corollaries. Corollary 6.2 below is an immediate consequence

of Theorems 4.1 and 6.1 with y =1/2, t =1/4 and §p = (%)02@7) or 7 =0 and
8o = (ﬁ)fﬂ(m)‘

COROLLARY 6.2. Let s €{l,..., p}. Assume that the WRE(s, 7) condition
holds. Let B be the Slope estimator with tuning parameters Ay, ..., A, satisfying

(2.5) for A > 2(4 4+ V/2). Then, with probability at least 1 — %(ﬁ) 2.7) , we have

2
49357, 22
1692(s, 7)

forall B € R? suchthat |Blo < s, and all f € R". Furthermore, if f = XB* for some
B* € R? with |B*|o < s then

| .
S 1B = Bl +1XB —fll, < IXB — £l +

p(1p-prii= 1;3>>1—§(5)(>

The fact that Theorems 4.1 and 6.1 hold for any §p € (0, 1) allows us to integrate
the bounds (6.2) and (6.4) to obtain the following oracle inequalities and bounds
on the estimation error in expectation.

COROLLARY 6.3. Lets €{l,..., p}. Assume that the WRE(s, 7) condition
holds. Let B be the Slope estimator with tuning parameters Ay, ..., A, satisfying
(2.5) for A > 2(4 4 /2). Then

1, . 4955031 1
E|l=|8 — X—f2}<X—f2 /= f( )
(318 = Bl 1B — 113 < 1B — 012+ === (S

forall B € R? such that |Blo < s, and all f € R". Furthermore, if f = XB* for some
B* € R? with |B*|o < s, then

N ) 92] 1 J 1 !
E[|B - B*[] < 4 <194(s, 3) - (10g(2p))2>.

Since /} does not depend on s, the first inequality in Corollary 6.3 and (6.5)
imply a “balanced” oracle inequality:

E[IXB8 — fI2]

| Blo, ( 2ep \
< inf [uXﬂ 113+ C(1810) 2 g(wovl)]’ VEC R,
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where

C(|ﬁ|0)=49A202< 1 1 >

+
16 \92(Blo,7)  2log2p)

if ﬁz(lﬁlo, 7) # 0 and C(|B]o) = oo otherwise. This formulation might be of in-
terest in the context of aggregation as explained, for example, in [24].

Corollaries 6.2 and 6.3 are the analogs of Corollaries 4.3 and 4.4 for the Lasso.
The proof of Corollary 6.3 is omitted. It is deduced from Theorem 6.1 exactly in
the same way as Corollary 4.4 is deduced from Theorem 4.2 in Section B.

The results in Section 4 and in the present section show that both the Lasso
estimator with tuning parameter of order o 4/log(p/s)/n and the Slope estimator
with weights (2.5) achieve the optimal rate (s/n)log(p/s) for the £;-estimation
and the prediction error. We now highlight some differences between these results
on Slope and Lasso.

The first difference, in favor of Slope, is that Slope achieves the optimal rate
adaptively to the unknown sparsity s. This was previously established in [25] for
random design matrices X with i.i.d. N (0, 1) entries and in [16] for random X
with independent sub-Gaussian isotropically distributed rows. The results of the
present section show that, in reasonable generality, Slope achieves rate optimality
for deterministic design matrices. Namely, it is enough to check a rather general
condition WRE, which is only slightly more constraining than the RE condition
commonly used in the context of Lasso. It is also shown in Section 8 that the
WRE condition holds with high probability for a large class of random design
matrices. This includes design matrices with i.i.d. anisotropically distributed rows,
for example, matrices with i.i.d. rows distributed as NV (0, ) where £ € RP*? is
not invertible.

The second difference is that our results for the Lasso are obtained in greater
generality than for the Slope. Indeed, the SRE condition required in Section 4 for
the Lasso is weaker that the WRE condition required here for the Slope. We refer
to Section 8 for a more detailed comparison of these conditions. Furthermore,
for 1 < g < 2, in Section 4 we obtain rate optimal bounds on the ¢,-errors of
the Lasso estimator, while for its Slope counterpart we can only control the rate
in the | - |4 and £> norms; cf. (6.3) and (6.4) (and all the interpolation norms in
between but those are not classical to measure statistical performances). Of course,
for the weights (2.5), the trivial relation ||, > Co |B|1/+/n holds, where C > 0 is
a constant. This and (6.3) lead to a bound on the ¢-error of the Slope estimator,
which is however suboptimal. The same problem arises with the £,-norms with
1 < g < 2 if the bounds are obtained by interpolation between such a suboptimal
bound for the £;-error and the £, bound (6.4).

Finally, note that the aggregation scheme proposed in Section 5 requires the
knowledge of a lower bound 6, on the SRE constants 6 (-, 7) in order to adaptively
achieve the optimal rate slog(p/s)/n. If n > csylog(p/ss) for some numerical
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constant ¢ > 0, and the regressors are random and satisfy suitable assumptions
(see Theorem 8.3), one can compute the numerical constant 6, that gives the re-
quired bound with high probability. It can be also computed when the matrix X is
deterministic and satisfies the mutual coherence condition, but in the general case,
it is hard to compute such 6. On the other hand, the Slope estimator adaptively
achieves the optimal rate s log(p/s)/n without the knowledge of any RE-type con-
stants.

7. Minimax lower bounds. In this section, we provide the minimax lower
bounds for the prediction risk and £,-estimation risk on the class By(s). Several
papers have addressed this issue for the prediction risk [1, 19, 23, 24, 27], for
the £>-estimation risk [7, 23, 27] and for the ¢,-estimation risk with general ¢
[19, 23, 29]. We are interested here in nonasymptotic bounds and, therefore, the
results in [23, 29] obtained in some asymptotics do not fit in our context. Another
issue is that the papers cited above, except for [19], deal with lower bounds for the
expected squared risk or power risk [23, 29], and thus cannot be used to match the
upper bounds in probability that are in the focus of our study in this paper. The
only result that can be applied in this context is Theorem 6.1 in [19]. It gives a
nonasymptotic lower bound for general loss functions under the condition that the
ratio of minimal and maximal 2s-sparse eigenvalue of the Gram matrix X’ X/n
is bounded from below by a constant. It matches our upper bounds both for the
prediction risk and for the £,-estimation risk. Note that Theorem 6.1 in [19] deals
with group sparsity and is therefore more general than in our setting. Thus, we
only refer to the case T =1 of Theorem 6.1 in [19] corresponding to ordinary
sparsity. Here, we provide an improvement on it, in the sense that for the lower
bound in £,, we drop the ratio of sparse eigenvalues condition. Thus, in the next
theorem the lower bound for the £,-estimation risk holds for any design matrix X.
For the prediction risk, the lower bound that we state below is borrowed from [19],
Theorem 6.1, and it is meaningful only if the minimal sparse eigenvalue is positive.
For any matrix X € R"*? and any s € [1, p], define the minimal and maximal s-
sparse eigenvalues as follows:

Xé = X4
X8l B (X.5)2  ma X1l

(7.1)  Opin(X,s) 2  min , X
i §eBy)\(0} |8]2 8eBo()\(0} |82

In particular, Ormax (X, 1) =max;—
Define

p ||Xej||n-

.....

1
Yy =05V / Og(ep/s)’ | <g <o,
n

/oo &1 LetE g denote the expectation with respect to the measure

where we set s
Pﬂ .
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THEOREM 7.1. Let p>2,s €[l,p/2], n > 1 be integers, and let 1 < q <
00. Let £ : Ry — Ry be a nondecreasing function such that £(0) =0 and £ £ 0.
Assume that f = XB* and & ~ N (0, azlnxn), o > 0. Then the following holds:

(i) There exist positive constants b, ¢ depending only on £(-) and q such that
(7.2) 1nf1nf sup Eﬂ*ﬂ(bllr L omax (X, D]z — ﬂ*|q) > C,
T X greBy(s)

where inf; denotes the infinum over all estimators T of B*, and infx denotes the
infimum over all matrices X € R"*?.
(ii) There exist positive constants b, ¢ depending only on €(-) such that

1 Omax (X, 1)

(7.3) 1nf1nf sup Eﬁ*ﬂ(blﬁnzm” (T - )”>

T X greBy(s)

where, by definition, the expression under the expectation is +00 for matrices X
such that Opmin (X, 25) = 0.

PROOF We first prove part (i). We use Lemma F.1 stated in the Appendix. Let
={B =aw:w e Q}, where Qis asubset of {1, 0, —1}” described in LemmaF.1,

a=a0,) (X, Dy, 4579 and 0 < & < ¢'/2/4, where ¢ is a constant appearing in

Lemma F.1. It follows from Lemma F.1 that B C By(s), and
(7.4) 1B—B'|, =4 a6 (X, D g

for any two distinct elements B and B’ of B. Again from Lemma F.1, for all 8
and B’ in B, the Kullback-Leibler divergence K (Pg, Pg/) between the probability
measures Pg and Py satisfies

C(Pa. P _n X ,2<a2n 2 1-2/q
P, ﬁ’)—g” (ﬁ—ﬁ)f|n—?¢n,qs

(7.5) )
C 1
= Elog<g> < ilog(ep) < l—log(CardB)
s

N

The bound (7.2) now follows from (7.4) and (7.5) in view of [26], Theorem 2.7.
To prove part (ii), set ¢ = 2 and let 3, 2 and a be as above. Then (7.4) implies
that for any 8, B’ € B we have
1/2 9mm (X, 2s)
Omax (X, 1)
The bound (7.3) follows from (7.6) and (7.5) in view of [26], Theorem 2.7. [

(7.6) IX(8 = B)|2 = Omin(X. 25) |8 — B'|, >4~

As a consequence of Theorem 7.1, we get, for example, lower bounds for the
squared loss £(u) = u? and for the indicator loss £(u) = I{u > 1}. The indicator
loss is relevant for comparison with the upper bounds in probability obtained in the
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previous sections. For example, Theorem 7.1 with this loss and 1 < g < 2 implies
that for any estimator 7 there exists 8* € Bo(s) such that, with Pg+-probability at
least ¢ > O,

2
iz - 7)1} = ¢ hog(2)
n N

and

osl/ ep\ /2
t-Fl, = log(?p) . l=gq=2

where ¢ > 0 is a numerical constant and C > 0 is some constant depending only
on X. The rates on the right-hand side of these inequalities have the same form as
in the corresponding upper bounds for the Lasso and Slope estimators obtained in
Corollaries 4.3 and 6.2. The fact that the constants C here depend on the design
implies that the optimality is not guaranteed for all configurations of n, s, p. Thus,
we get the rate optimality under the assumption that s log(ep/s) < cn for the £;-
risk, and under the assumption s log(ep/s) < c¢R for the prediction risk, where ¢ >
0 is a constant. Here, R denotes the rank of matrix X. Concerning the prediction
risk, this remark is based on the following fact.

COROLLARY 7.2. Let p>2,s €[l, p/2] and n > 1 be integers. If for some

matrix X € R"*P with rank R and some b > 0, we have % < b, then there

exists ¢ = c(b) > 0 such that slog(ep/s) < cR.

This corollary follows immediately from (7.3) with £(u) = u? and the fact that
the minimax expected squared risk is bounded from above by o?R/n (cf., e.g.,
[24]).

In view of Corollary 7.2, the bound (7.3) is nontrivial only when s log(ep/s) <
c¢R. The bound (7.2) does not have such a restriction and remains nontrivial for all
n,s, p. However, it is known that for ¢ = 2 and s log(ep/s) >> n this bound is not
optimal [27]. Anyway, (7.2) shows that if slog(ep/s) > n, the £;-risk diverges,
so this case is of minor interest. Also note that the upper bounds of Theorems 4.2,
6.1 and their corollaries rely on RE type conditions, and those conditions imply
that s log(ep/s) < cn. This follows from Proposition 2.2.18 in [9] and the fact that
the RE condition implies the exact reconstruction property by £; minimization as
defined in [9].

8. Assumptions on the design matrix.
8.1. Equivalence between RE, SRE and s-sparse eigenvalue conditions. Along

with the RE and SRE conditions defined in Section 4, we consider here the s-sparse
eigenvalue condition defined as follows, for any s € {1, ..., p}.
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§-SPARSE EIGENVALUE CONDITION. The design matrix X satisfies
IXejlln <1forall j=1,..., p,and Opin(X, s) > 0.

In this section, we will write for brevity Ommin(s) = Omin(X, 5). The next propo-
sition establishes the equivalence between the three conditions mentioned above.

PROPOSITION 8.1. Letco >0ands € {1,..., p}. We have the following im-
plications:

(1) If condition SREC(s, cg) holds, then condition RE(s, cg) holds and « (s,
o) = 0(s, o).
(i1) If condition RE(s, co) holds, then the s-sparse eigenvalue condition holds
and Omin(s) > K (s, co).
(iii) Let 6; > 0. If the s-sparse eigenvalue condition holds with Oyin(s) >
01, then the SRE(s1, cg) condition holds and 0(s1, cg) > 91/\/5 for s1 < (s —
107/(2c}).

PROOF. Part (i) follows from (4.3). Next, if § € By(s) then obviously |§|; <
(1+c¢o) Z;Zl 8? with c¢g = 0. Thus, the set of all s-sparse vectors By(s) is included
in the cone Crg(s, cg) for any cg > 0. This implies (ii). To prove (iii), we use
Lemma 2.7 in [17], which implies that if Omin(s) > 67, and IXejll, <1 for all
j=1,...,p, then |X8|2 > 62|83 — 1812/(s — 1) forall § e R?. [

The message of the above proposition is that the three conditions—RE(s, cp),
SREC(s, cg) and the s-sparse eigenvalue condition—are equivalent up to absolute
constants. This equivalence has two main consequences for the results of the
present paper:

e First, the results on the Lasso in Sections 4 and 5 are proved under the
SREC(s, cp) condition. The above equivalence shows that, for some integer s1,
which is of the same order as s, the oracle inequalities and the estimation
bounds of Sections 4 and 5 are valid under the Restricted Eigenvalue condition
RE(sq, co).

e Second, the s-sparse eigenvalue condition is known to hold with high probability
for rather general random matrices with i.i.d. rows. By the above equivalence,
conditions RE(s, cg) and SRE(s, ¢g) are satisfied for the same random matrices.
A useful sufficient condition for the s-sparse eigenvalue condition is the small
ball condition [15, 20, 22]. A random vector x valued in R” is said to satisfy
the small ball condition over By(sy) if there exist positive numbers # and 8 such
that

8.1 P[|67x| > ul8l2] =B V&€ Bo(sy).

Let X € R"*? be a matrix with i.i.d. rows that have the same distribu-
tion as x satisfying (8.1). Corollary 2.5 in [17] establishes that, for such X
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we have Opmin(s1) > u /\/5 with probability at least 1 — exp(—Cn,Bz) if n >
(C'/B%)slog(ep/s) for some absolute constants C, C’ > 0.

Note that condition (8.1) is very mild. For instance, a vector x with independent
components that have a Cauchy distribution satisfies this condition (to see this,
notice that for any nonzero § € R?, the random variable 8” x /|8|> has Cauchy dis-
tribution with parameter |§|1/|8|2 > 1, hence (8.1) holds). Thus, condition (8.1) is
quite different in nature from any concentration property. On the other hand, the
property max;—i,.. p [|Xe;|l, <1 assumed in the above three conditions (which
is usually seen as a simple normalization) requires concentration. Indeed, this in-
equality can be written as

where x1, ..., x, are the i.i.d. rows of X. We have here a sum of i.i.d. positive ran-
dom variables. Satisfying max;—; .. p | Xe;|l, <1 with high probability requires
El(xTe j)z] < 1 and some concentration property of the random variables (xTe j)z
forall j =1,..., p. Itis proved in [17] that this property holds with high prob-
ability when the components of x (that do not have to be independent) have mo-
ments with a polynomial growth up to the order log(ep) and that this condition
may be violated with probability greater than 1/2 if the coordinates only have
log(ep)/loglog(ep) such moments.

In conclusion, for a large class of random matrices with i.i.d. rows, condition
SRE(s, cp) holds with high probability if

(8.2) slog(ep/s) <cn,

where ¢ > 0 is a constant.

8.2. Design conditions for the Slope estimator. Theorem 6.1 and Corollaries
6.2, 6.3 establish prediction and estimation bounds for the Slope estimator under
the WRE(s, cg) condition. It was explained in Section 6 that the WRE(s, cg) con-
dition implies the SRE(s, 1 4 cg) condition. The converse is not true; there is no
equivalence between the two conditions. However, a simple observation leads to
the following sufficient condition for WREC(s, cg).

PROPOSITION 8.2. Lets € {1,..., p}, co > 0, and let the weights X be de-
fined by (2.5). Set s = [slog(2ep/s)/log?2]. If the SRE(s3, co) condition holds
then the WREC(s, cq) condition holds, and ¥ (s, cg) > 0(s2, o).

PROOF. If § € CwrEg(s, cp), then

K 1/2 p P
(H—Co)(zki) |5|22|5|*:Z)\j8§Z)\pZ(S?:)\plah-
=1 =1 =1
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This, together with (2.5) and (2.7) imply 8|1 < (1 + co)+/slog(Rep/s)/log2|é]>.
Thus, § € Csre(s2,co). O

Proposition 8.2 implies that, under the same assumptions as discussed in
Section 8.1, for large classes of random matrices with i.i.d. rows, condition
WRE(s, ¢) holds with high probability whenever s log?(ep/s) < cn where ¢ > 0
is a constant. This inequality on s, p and n differs from (8.2) only in an extra
logarithmic factor. Moreover, the next theorem shows that this extra factor is not
necessary if the row vectors of X are sub-Gaussian.

THEOREM 8.3. There exist absolute constants C, C’ > 0 such that the follow-
ing holds. Let co,xk >0 and let s € {1, ..., p}. Let x1, ..., x, be i.i.d. copies of a
mean zero random variable x valued in RP with covariance matrix ¥ = E[xx]
(Xij)1<i,j<p- Let L > 1 and assume that x is L-sub-Gaussian in the sense that

L2 21/28 2
(8.3) Eexp(87x) < exp(%) Vs e R?.
Assume that the covariance matrix % satisfies
1 =125
(8.4) max X;; < -, min —_ >
j=1,...p 2 8eCwre(s,c0):8£0  |8]2
Let X be the random matrix in R"*P with row vectors x1, ..., Xn. If
CL*(1 2
(8.5) n> (—;_C())slog(Zep/s)
then, with probability at least 1 — 3exp(—C’'n/L*) we have
X4
(8.6) max |[Xe;[2 <1, in I20ll, &
j=l..p SeCwre(s.c0):820  [8l2 T /2

9. Extension to sub-Gaussian noise. The goal of this section is to show that
all results of the present paper extend to sub-Gaussian noise. This is due to the
following analog of Theorem 4.1.

THEOREM 9.1. Let §y € (0, 1). Assume that the components of & = (&1, ...,
&,) are independent, with zero mean and sub-Gaussian in the sense that, for some
o >0,

©.1) Eexp(s?/o%) <e, i=1,...,n.

Let X € R"*P be any matrix such that maxj—1, .. p, || Xe;|, < 1. Then, with proba-

bility at least 1 — &y we have, for all u € R?,

p .
%é‘TXu <400 max(Z ut}\/@’ Xull, NETPRS 1//2%10g(1/80))'

j=1

.....
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Theorem 9.1 implies that %ETXu < max(H (u), G(u)) with probability at least
1 — 8¢, where H(-) and G(-) have the same form as H(-) and G () up to numerical
constants.Thus, under the sub-Gaussian assumption of Theorem 9.1, all results of
Sections 4—6 remain valid up to differences in the numerical constants.

The proof of Theorem 9.1 relies on the following deviation inequality, which is
proved in Appendix H using symmetrization and contraction arguments.

PROPOSITION 9.2. Assume that the components of & are independent, with
zero mean, and satisfy (9.1). Let U C {u € R" : |u|y < 1} be a subset of the unit
ball. For any x > 0, with probability at least 1 — exp(—x) we have

sup £Tu < SGE[SUP zTu] + 80 v2x
ucl ucl

(9.2)
<80 Med[sup zTu] 1 80 (/)2 + v2x),

uclU

where z is a standard normal N'(0, I,,«,) random vector.

APPENDIX A: PRELIMINARIES FOR THE PROOFS

LEMMA A.1. Letse{l,..., p}and t €0, 1]. For any two ﬂ,fS e R? such
that |B|o < s we have

s 1/2 p
(A.1) f|u|*+|ﬁ|*—|ﬂ|*s<1+r><2x§> uly—(1—1) Y A,
Jj=1

Jj=s+1
where u = ﬁ —B=ui,...,up) and (u?, e, uE,) is a nonincreasing rearrange-
ment of (Juyl, ..., |up)). If Ay =--- =LA, = A for some .. > 0, then | - |, = A| - |1

and (A.1) yields

P
(A2 whluli+ A8l —2BL < I+ Dsluh — (L =01 ) uf.
j=s+1
PROOF. Let ¢ be any permutation of {1, ..., p} such that
S
(A.3) 1Bls = lelﬁmj)l and |ug)l = lugs2)| = = lugpl-
j=1
By (2.3) applied to IBI*, we have
K p
1Bl — 1Bl =Y 2i(1Boy| — 1Boh)) — D AjlBoiil

Jj=1 j=s+1

s p s P
<> Ajlughl— Y MilBeyl = D hjlughl = D Ajlugel,
j=1

j:l j:s+1 j=S+1
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since ug(j) = B¢(j) — By for j=1,...,s and ug(;) = ,3¢(j) for all j > s. Since
the sequence A ; is nonincreasing, we have Z‘;: 1AjlugHl < Z‘;: 1A ]ug Next, the
fact that pennutation ¢ satisfies (A.3) implies Zf o1 A ~ujj < Zf sl Mjlug il
Finally, > % _; A ; u < (Z lkz 172)u|, by the Cauchy-Schwarz inequality. [J

LEMMA A.2. Let h:RP — R be a convex function, let f,§ e R", y=f+ &
and let X be any n x p matrix. If ﬂ is a solution of the minimization problem

mingcgrr (|IXB — y||2 + h(B)), then ﬂ satisfies for all g € R?

(A4) IXB — 112~ 1B 112 < ZE7X(B ~ B) +h(B) —h(B) ~ [X B~ ).

PROOF. Define the functions f and g by the relations g(8) = || X8 — yll,%, and
f(B)=g(B)+h(B)forall B € RP. Since f is convex and ﬁ is a minimizer of f, it
follows that 0 belongs to the subdifferential of f at ,B By the Moreau—Rockafellar
theorem, there exists v in the subdifferential of / at ﬂ such that 0 = Vg(ﬂ) + v.
Here, Vg(ﬂ) = ﬁXT (Xﬁ y). Using these remarks and some algebra, we obtain

1B — £l — 1XB — £l
=2 BTXT B0~ |XB - B
=238 X B0~ [XB- P+ BB (VeB) +)
= 25K )~ [XB B+ BB

To complete the proof, notice that by definition of the subdifferential of / at ﬁ we
have (8 — B) v <h(B) —h(B). O

LEMMA A.3. Letz~N(0,1,xp),andlet f : R? — R be a 1-Lipschitz func-
tion, that is, | f (w) — f(u')| < |u — u'|; for any u,u’ € RP. Then |Med[ f (z)] —

Elf @] = v7/2.

This lemma is proved in the discussion after equation (1.6) in [18], p. 21.

APPENDIX B: PROOFS FOR THE LASSO ESTIMATOR

PROOF OF THEOREM 4.2. Using inequality (A.4) with 2(-) = 2| - |1 we get
that, almost surely, for all 8 € R” and all f € R",

(B.1) 2eAIB — Bl + IXB — 12 < IXB — 1112 — |X(B — B)|> + 2%,
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where
~ 2 ~ ~
A*E2TA|IB — Bli + ;ETX(ﬂ — B) +2xIBl1 — 21|Bl1.

Letu = ;§ — B and assume that |B]o < s. Define

4+ 20 REEN S :
(B2) Hu)%:—F="— N G Zlog(zpm + Y uy/log2p/i) ).

j=s+1

Using the Cauchy—Schwarz 1nequahty, it is easy to see that

P
(B.3) H(u)fﬁ(u)fw\<«/§lulz+ > uﬁ)éF(u) Yu e R?,

j=s+1

where H (-) is defined in (2.8), and the last inequality follows from (2.7) and (4.5).
On the event (4.1), using (B.3) and Lemma A.1 we obtain

A* <2i(t|B — Bli + 1811 — 1B1) + 2max(H (w), G (w))

<2A<(1+r)\/_|u|2—(1 —1) Z >+2max(F(u) G(u)).

j=s+1
By definition of §(1), we have
G () = /5y /log(1/80) /(s log(1/8(2)) | Kul-
We now consider the following two cases:

(1) Case G(u) > F(u). Then

| log(1/é0)
(B.4) |z < mllxttlln.

Thus,

A* <20(1+ 1) /slulz +2G (u)

1 1/68
(B.5) <251+ 1 +y),/skj’ggé%nxm|n

) , log(1/80) 2
<As(l+1+7y) TTog(1/600) + 1 Xull;,.

(i1) Case G(u) < F(u). In this case, we get

p
A*52A(<1+y+r>ﬁ|u|z—<1—y—r) ) uf.) 24,

Jj=s+1
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If A > 0, then u belongs to the cone Csrg(s, cg) and we can use the SRE(s, ¢p)
condition, which yields |u|, < || Xu||,/0(s, cg). Therefore,
20+ y +1)A/s A4y +0)rSs\?

B.6 AF <A< Xull, < Xul||?.
(B.6) o= I ) _< et ) - 1%u 2

If A <0, then (B.6) holds trivially.

Combining (B.5) and (B.6) with (B.1) completes the proof of (4.6).
Let now f = XB* for some B* € R? with |8*|p < s. Then (4.6) with g = B*
implies

(B.7) 2t|B = B*|, < Cpr(s, A, 80)hs.
Next, we show that

C]/,O(Sv )"980) )“\/E

I+y 6%, 1)

(B.8) B—B*|, <

To prove (B.8), we take t = 0, and consider the cases (i) and (ii) as above with
=B-p"
e If G(u) > F(u), then from (B.1) and (B.5) with t =0 and B8 = B* we get

[X(B — B2 = 2201 42 122180

log(1/8(0)"
This and (B.4) imply
(B.9) BB, =0+ J/))“/E(s10g(1/5()~))>'

e If G(u) < F(u), then it follows from (B. 1) with g = B* that A* > 0 almost
surely, and thus A > A* > 0. Hence, u = ,B B* e Csre(s, 7 V) Thus, we can

apply the SRE(s, +V) condition, which yields

IXuln _ (1+7)25

0(s, 122) ~ 6%(s, 125)

(B.10) B -8, <

where the second inequality is due to the combination of (B.1) and (B.6) with
B=pB* 1=0.
Putting together (B.9) and (B.10) proves (B.8). To conclude, it is enough to no-
tice that 62(s, lJ_r—;) > 02(s, ¢o) and then to bound 1B — ﬂ*|q from above using
(B.7), (B.8) and the norm interpolation inequality | B — By < |.B - ﬂ*ﬁ/q_l |B -
ﬁ |2 2/q 0
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PROOF OF COROLLARY 4.4. Lety =1/2, T =1/4, and let §; be defined in
(4.10). Set

A 16log(2ep/s) <k
=2 ., S |5
492 BeRP:[Blo<s \ 2

For all 89 € (0, 85], by Theorem 4.2 we have Z < log(1/8y) with probability at

least 1 — 8/2. Thatis, P(Z > 1) < & forall 1 > T 2 log(1/5%) = % By

1B — Bl + IXB — 12 — X8 — f||,2,>.

integration,
o0 00 e—l‘ 1
E[Z]S/ P(Z>t)dt§T+f —dt<T+ -,
0 T 2 2
which yields

Aoa N
B s (518l + 1B~ 11 - X 11

BeR?P:|Blo=<s

49 ( A2s AZs ) 49 < AZs AZs )
< — + <= + .
T 16\62(s,7) 2slog(Rep/s)) ~ 16\6%(s,7) = 2log(2ep)
This completes the proof of (4.13).

Let now f = XB* for some B* € R? with [8*|o <. Forall t > T =1log(2/3),
by Theorem 4.2 we have

a 8slog(2ep/s)

Zq 49)s1/9

p: *
B—B*|, <1
with probability at least 1 — % To prove (4.14), it remains to note that

o0
E[Zg]=/0 qt?'"P(z, > t)dt

T 00 tq—l —t
<f qtq_ldt—l—/ %dth‘%L%F(q)gTqul. =
0 T

APPENDIX C: LASSO WITH ADAPTIVE CHOICE OF A

PROOF OF THEOREM 5.1. In this proof, we set for brevity P = Pg«. Fix s €
[1, s,] and assume that B* € Bo(s). If s < by, let mg be the index such that by,
is the minimal element greater than s in the collection {b,,,m =2, ..., M}. Then
bng—1 <5 <bp,.If s € [by, s+], set mg = M. For any a > 0, we have

(C.1)  P(d(B, B*) =a) <P(d(B,B*) = a,im < mg) +P(i >mg+ 1).
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On the event {m < mg}, we have

o mo "0 b log(ep/b
(C.2) d(ﬂb,h’ﬁbmo)f Z d(Bpys Bp,_,) = 2C00 Z \/@

k=m+1 k=m+1

20 [bylog(Rep /b by 102(2ep /by
(C.3) <2Cp0 Y bilog(2ep/bi) < Cyo.| Pmo og(2ep/ 0),
n n
k=2

where ¢’ > 2 is an absolute constant. We deduce that, on the event {m < mg},
(C4) d(B,B*) <d(By,. By, +d(Biuys BY) < ' w(bmy) +d(Byuys BY)-

The following two cases are possible:

(1) Cases < by. Then, by definition of mo we have by, /2 = byy—1 <5 < by,
Since the function w(-) is increasing on [1, p], we easily deduce that

W(Bmg) /N2 < w(s) < w(bpmy).

(i1) Case s € [by, s«]. Then by, = by < s, while s < 2by;. Therefore, in this
case by, <5 < 2by,,, which implies

W(bmy) < w(s) < V2w (D).

In both cases (i) and (ii), we have w(s) > w(by,)/ /2. This remark and the fact
that (C.4) holds on the event {rm < mg} imply

P(d(B, B*) = V2(V2 + ) w(s), i < mo)
(C.5) <P(d(B, B*) = (V2 4 Yw(bmy), 1it < mo)
<P(d(Bny: B%) = V2w(byy)).

Next, in both cases (i) and (ii), we have s < 2b,,,, which implies that B* e
By(2by,). Using this fact together with (C.5) and (5.4), we obtain

sup P(d(ﬁ, B*) > fz(f2+ w(s), m < my)

B*eBy(s)

(C.6) o )

. Dby \ 2om 25\

< sup  P(d(By, B") = 2w(bm0))§< °> 05(—5) ,
B*€Bo(2bm,) p P

where we have used that the function b — (b/p)” is decreasing on the interval
[1, p/e] and, in both cases (i) and (ii), 2b,,, < 254 < p/e.
We now estimate the probability P(m > mg + 1). We have

M
P =mo+1)= Y PGh=m).

m=mqo+1
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Now, from the definition of 7 we obtain
Ph =m) <P(d(By,. By, ) > 2w(bw)
<P(d(By,,, B) > w(bm) + P(d(By,_,. B*) = w(bm)
<P(d(By,. B) > wlbw) +P(d(By,, . B*) > w(bn-1))
<2 max MIP’(d(ﬁbk, B*) > w(br)) = 2am,,

k=my,...,

where we have used the triangle inequality, that b,, > b,,_1 and the monotonicity
of w(-). Thus,

(C.7) PGt > mo+ 1) < 2Mdy,.

The probability in (C.7) is nonzero only if mo < M. This implies that s < b,,,, and
hence B* € Bo(bm,) C Bo(by) for all k > mg. Therefore, using (5.2) we obtain

by bi
(C.8) sup P(m >mo+ 1) <2M max (—) .
B*€Bo(s) kzmo \ p

Recall that M < log,(p). Note also that the function b — (é)b is decreasing on
the interval [1, p/e], while b; < s, for all j and s, < p/e by assumption. Finally,
in both cases (i) and (ii), b, < 2s. Using these remarks, we get

. D\ Pmo 25\ 2
(C.9) sup P >mo+1) < 2M<—°) <2log,(p) <—) )
B*eBy(s) p p

Combining this bound with (C.7) and (C.1) where we set a = v/2(v/2 + ¢)w(s)
proves (5.7). Finally, inequality (5.8) follows from (C.9) and the relations {§ <
sy={bj—1 <s} =1{bp/2 <5} 2 {bj < bmy} ={m <mo}. O

PROOF OF THEOREM 5.2. The constant Cy in Theorem 5.2 is chosen to sat-
isfy Co = ﬁCé. Thus, inequalities (5.9) and (5.10) imply the inequalities of the

same form as (5.2) and (5.4). Note that w(b) = Coob'/4 \/ M is increasing
in b for b € [1, p]. Note also that (C.2) remains valid if we replace there the ex-
pressions of the form /blog(2ep/b) by b'/4./Tog(2ep/b). Using these remarks,
we obtain the result of Theorem 5.2 by repeating, with minor modifications, the
proof of Theorem 5.1 if we set d(B, ') = |B — B'l,. VB, B’ € R, and replace
the references (5.2) and (5.4) with (5.9) and (5.10), respectively. We omit further
details. [J
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APPENDIX D: PROOFS FOR THE SLOPE ESTIMATOR

PROOF OF THEOREM 6.1. By (A.4) with i(-) = 2| - |4, we have that almost
surely, for all 8 € R? and all f € R",
D) 20B =Bl + IXB—£I2 < IXB — 12 — |[XB - B, + A%,

where A" £ 2|8 — Bl + 26" X(B — B) + 2|Bl« — 2IBl.. Let u = B — B. Now
consider the event (4.1) and the quantities H (#) and G (u) defined in (2.8). On the
event (4.1), using (B.3) and Lemma A.1 we obtain

A*<2(t|B — Bls+ 1Ble — 1Bl:) + 2max(H (w), G (w))

p
< 2((1 +D)ulrAls) — (1 —1) Z Aju5-> +2max(H (u), G(w)),
j=s+1

where I:I(-) is defined in (B.2) and A(s) = (3_°_, }%)1/2. We now consider the
following two cases:

(i) Case H(u) < G(u). In this case, the definition of H [cf. (B.2)], implies

G log(1/80)
D2 Kl Sog@p/s)”
(D.2) luly < 4+ VD (T, log2p/i)12 < I Xu|| m

where we used (2.7) for the second inequality. As the weights (2.5) and the
constant A satisfies (6.1), by (2.7) we also have G(u) < yA(s) x
JV1og(1/80)/(sTog(2p/s)) | Xul|,,. Using (D.2), we obtain

A* <2(1 4 1)A(s)|ulr +2G(u)

(D.3) <2(1+y +)A)y/log(1/50)/ (s log(2p/9)) Xul
log(1/80)
slog(2p/s)

(i) Case I:I(u) > G (u). In this case,

s<1+y+r>2A2<s>( )+ a2

P
#
A <2(1+y +DuAls) —2(1—y —1) Y hjui = A
j=s+1
If A <0, then (6.2) holds trivially in view of (D.1). If A > 0, then u belongs to the
cone Cwre(s, ¢p), and we can use the WRE(s, ¢g) condition, which yields
A*<AZL2(14+y +1)AG)|ul

_ 20+ y + OAG)IXull,
- B (s, co)
_(+y +1)°A%)
- ¥2(s, co)

(D.4)

+ [ Xu 2.
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Combining the last inequality with (D.3) and (D.1) completes the proof of (6.2).
Let now f = XB* for some B* € R? with |8*|p < s. Then (D.1) implies that

A* > 0 almost surely. The estimation bound (6.3) is a direct consequence of (6.2).

To prove (6.4), we set in what follows u = fS — B*, T =0 so that ¢g = t—y and

y
consider the same two cases as above.

o If H (u) < G(u), then (D.2) holds. Combining this bound with (D.1)-(D.3) we
conclude that (6.4) is satisfied in this case.
o If H(u) > G(u), then A > A*. It follows from (D.1) with B = B* that A* >

2||Xu||ﬁ. Thus, A > 0. Therefore, u belongs to the cone Cwrg (s, }J_F—g), and we

can apply the WRE(s, ‘j—;) condition, which yields |u|, < | Xu/l,/9 (s, }j—;).

Combining this bound with the inequality 2||Xu||? < A and (D.4) we obtain that
(6.4) is satisfied. [

APPENDIX E: BOUND ON THE STOCHASTIC ERROR

Here, we prove Theorem 4.1. The proof is based on a sequence of propositions.

PROPOSITION E.1. Let g1,..., gp be zero-mean Gaussian random variables
with variance at most o’*. Denote by (g?, cees g?,) be a nonincreasing rearrange-
ment of (Ig1l, ..., 1gpl). Then

1 5 2 2p 2p l_%
P — . tl — )1 =<—
(i na(2) =(%)
forallt >0ands €{l,..., p}.

PROOF. By Jensen’s inequality, we have

£\2
3 0, ) Ul 3(g5)
ECXP<—SSGZ ;(gj) ) =< ;;Eexp( 802 )
(E.1) )
1 & 38; 2p
<-Y'E —J) iy
s Jg eXp(SJZ s

where we have used the fact that IE[exp(3172 /8)] =2 when n ~ N(0, 1). The Cher-
noff bound completes the proof. []

PROPOSITION E.2.  Under the assumptions of Proposition E.1,

i
g 1
ji=l...pa/log2p/j) 2
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PROOF. Proposition E.1 with t = 16/3, and the inequality (g?)2 <
LSl (gh)? imply

1602 . j .
Let g > 0 be the integer such that 29 < p < 29!, Applying (E.3) to j = 2/ for
[=0,...,q — 1, and using the union bound, we obtain that the event
VK]
20t pox )

0.q=1 4o log(2p/21)

satisfies P(2g) > 1 — Z? 01 22;7 =1- "2;1 > 1/2. For any j < 29, there exists
1€{0,...,q — 1} such that 2! < j < 2!*1 and thus, on the event 2,

40 |
& =8h = 7\ loa2p/2) < \/log<4p/1> <40 logp/j)  Vj<2.

Next, for 29 < j < p we have

4 4
6 = 8 = 5 loa(2p/2071) < 2\ loa(8p/) <40 log2p /).

Thus, on the event Q29 we have g? <4o./log2p/j)forall j=1,...,p. O

A function N : R? — [0, oo) will be called positive homogeneous if N(au) =
aN (u) foralla > 0,u € R” and N (u) > 0 for u # 0.

PROPOSITION E.3. Let 8y € (0, 1). Assume that & ~ N'(0,021,x,). Let N :
R? — [0, 400) be a positive homogeneous function. Assume that the event

1
Q2 { sup —&TxXv < 4}
veRP:N(v)<1 7

satisfies P(24) > 1/2. Then for all 5o € (0, 1) we have

P(Vu eR?: lETXu < (4+\/§)max<N(u), I Xull,o,/ k)g(%)) >1—38¢/2.
n

PROOF. By homogeneity, it is enough to consider only u € R? such that
max(N (u), |Xull,/L) =1 where L = (n/(c%1og(1/8)))'/2. Define T C R? and
f:R"— Rby

(E4) T4~ {u eRP :max(N(u), %||Xu||n> < 1}, f () £ sup l(au)TXu

ueT
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for all v € R”. Then f is a Lipschitz function with Lipschitz constant o L/+/n.
Thus, by [18], Inequality (1.4), we have with probability at least 1 — 89/2,

1 1 [21log(1/6
sup —&7Xu < Med[sup —‘;‘TXu} +oL 2log(1/d0)
uctT ucT 1 n
/21 1/6
§Med[ sup —f;‘TXu og( /%)
ucRP:N(w)<1 1
2log(1/8
<dqor 8Nyt
n

where we used the fact that P($24) > 1/2 to bound from above the median. [J

PROOF OF THEOREM 4.1. Set

ES5) Nu) = Z log(2p/1)

Then, using that g; = %ETXej forall j=1,..., p we have

; ft
1. 7 ¢ [log(Zp/j) 8]
sup —&'Xu < sup uso : =
weRP:N@)<1 ueRP:N@=1 =] n  o4/log2p/j)
(E.6)

< max gif
ji=l..po/log2p/j)
By Proposition E.2, we have P(24) > 1/2, where 24 is the event introduced
in Proposition E.3. Therefore, Theorem 4.1 follows immediately from Proposi-
tionE.3. O

APPENDIX F: TOOLS FOR LOWER BOUNDS

LEMMA F.1. Forany integers p >2,n>1,s € [1, p/2], and any matrix X €
R"*P | there exists a subset Q2 of the set {1, 0, —1}Pwith the following properties:

wo=s and |[Xe|?<02 . X, 1)s VeeQ,

max
- e
log(|2]) > ¢s log(—p>,
s
where ¢ > 0 is an absolute constant, and for any two distinct elements @ and @'
of 2,
o — o', > (s/HV1  V1<g<oo.

The proof of this lemma is omitted since it closely follows the argument in [27],
pp- 79-80.
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APPENDIX G: RANDOM DESIGN MATRICES

PROOF OF THEOREM 8.3. In this proof, we denote by C; absolute positive
constants. Using (3.2), the second inequality in (8.4), and (2.7) we get the inclusion
Cwri(s, co) N {v e R? : |V 2y|, =1} € T where

p
T2 {v eRP: Y v%[log2p/j) <
j=1
14+ c¢o
r= J/slog(2ep/s).
K

It follows from [11, 21, 28] (cf., for instance, Theorem 1.12 in [21]) that for all
u > 0, with probability at least 1 — 2exp(—C; min(u?, u\/n)),

212y, = 1} and

(G.1)

n

LS (07w — E[07 %)) <

L

(G.2) sup

veT

where y = E[sup,c7 Gy] and (Gy)ver is a centered Gaussian process indexed
by T with covariance structure given by E[G,G,] = v! Zu for all u, v € T. For
instance, one can take G, = v' ©1/2z for v € T, where z ~ N(0, Ipxp). Then
y = Esup, TUTEI/Z

By (G.2), if we take u = /n/(4C L?) and if the number of observations n sat-
isfies n > 64(C; v C%)LzyQ, then with probability at least 1 — 26Xp(—C3n/L4),

n

3
X:(vTx,-)2 <= YveT.
i=1 2

=

N =
S| =

Next, we evaluate the Gaussian mean width y = Esup,.; v X!/%z.

LEMMA G.1. Let T be as in (G.1), with arbitrary r > 0. Let z ~ N (0, I, )
and let ¥ € RP*P be a positive semidefinite matrix withmax j—y, . , Xj; < 1. Then

.....

EsuvaZl/zz <d4r+,m/2.

veT

PROOF. In this proof, we set g; :zTEI/zej, Jj=1,...,p. As ¥;; <1, the
variance of g; is at most 1. By Proposition E.2, the event

i
Qo £ { max 7J = 4}
j=1,..., P IOg(zp/])

has probability at least 1/2. On the event 29, for all v € T we have

p p P
vTEl/ZZZZgjvj Zg v; =< Z iV log(2p/j) <
j=1 j=1 =
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Set f(z) = sup,r(vT =1/2z). We have f(z) < 4r with probability at least 1/2,
and thus Med| f (z)] < 4r. Furthermore, since the constraint =12, =1 is sat-
isfied for any v € T, the function f(-) is 1-Lipschitz. Therefore, by Lemma A.3,

|Med[ f(2)] - E[f ()]l =< /7 /2. D

It follows from Lemma G.1 and (G.2) that if n > C4L%r? then with prob-
ability at least 1 — 2exp(—Csn/L*), we have (1/2) < || Xv|?> < 3/2 for any
v € T. By rescaling, for any v € Cwgrg(s, co) we obtain IXv|2 > (1/2)|El/2v|% >
(k2 /2)|v|%. This proves that the second inequality in (8.6) is satisfied if n >
C4L*r?.

We now prove the first inequality in (8.6). Let j € {1,..., p} and note that
Xe; is a vector in R" with ii.d. sub-Gaussian coordinates since for all i =
l,...,nandall t >0, Eexp(tx!e;) <exp(t’L>%;;/2). Hence, || Xe, |2 — X;; is
a sum of independent zero-mean subexponential variables. It follows from Bern-
stein’s inequality that for u = 1/L?, with probability at least 1 — exp(—Cgnu?),
||Xej||% <Xj + uLZij <1 when X;; < 1/2. By the union bound, the con-
1 — e=Con/CLY if y > (2L4/Cg) log p.

In conclusion, both inequalities in (8.6) are satisfied if

Co(1 212 2 2041
. %hqlog(ﬁ) L L oep

K s Ce

Since k> < 1, L > 1, and s log(2ep/s) > log p the inequality in the last display is
satisfied if (8.5) holds for some large enough absolute constant C > 0. [J

APPENDIX H: SUB-GAUSSIAN NOISE

To prove Proposition 9.2, we need the following lemma.

LEMMA H.1. Leto >0,z~N(0,1), and let & be a random variable satis-
fying (9.1). Then, for all t > 0, P(|&;| > t) <4P(o|z| > 1).

PROOF. By homogeneity, it is enough to consider ¢ = 1. From a standard
lower bound on the Gaussian tail probability (cf. [2], Formula 7.1.13), we get

2
dexp(—t2/2) el
P(lz| > 1) > > vt >0,
( ) N2 (t + V4 +12) 4
while if &; satisfies (9.1) with ¢ = 1, a Chernoff bound yields that P(|&;| > 7) <
exp(1—1%). O
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PROOF OF PROPOSITION 9.2. Letn > 0. Let (eq, ..., &,) be a vector of i.i.d.
Rademacher variables independent of &. The symmetrization inequality (cf., e.g.,
[13], Theorem 2.1) yields

n n
Eexp(n sup Zéiu,) < Eexp(n sup ZZeiéiui).

uEUi:] uGUizl

By Lemma H.1, we have P(|¢;&;| > 1) < KP(o|zi| > ¢t) for K =4 and for i =
1,...,n. It follows from the contraction inequality as stated in [18], Lemma 4.6,
that

n
Eexp( n sup 2281'51'141' < Eexp(ZnKo sup zTu>.
uel;_q uclU
Since U is a subset of the unit sphere, the function f :z — sup,.yz’ u is 1-
Lipschitz. Thus, by [6], Theorem 5.5, the right-hand side of the previous display
is bounded from above by
exp(2nKaE[sup zTu] + 27721(202).
uclU

Furthermore, by Lemma A.3, |Med[ f(z2)] — E f(2)]| < +/7/2. A Chernoff argu-
ment completes the proof. [J

PROOF OF THEOREM 9.1. Let N(-) be defined in (E.5) and let z be a standard
normal A (0, 1,,,,) random vector. It follows from (E.6) and Proposition E.2 that

1
(H.1) Med[ sup —(Gz)TXu] <4,
ucRP:N@w)<1

Let T C R” be defined in (E.4) with L = \/n/(o (/7 /2 + +/210g(1/80))). Using
Proposition 9.2 and then (H.1), we obtain that, with probability at least 1 — §p,
8oL

W(\/n/z +/21og(1/30))

1 1
sup —&7Xu < 8o Med[sup —zTXu] +

ueT uecT 1

80 L
<324 %(\/n/Z—i-\/Zlog(l/Bo)) — 40. .

APPENDIX I: LASSO WITH UNIVERSAL TUNING PARAMETER

PROOF OF PROPOSITION 3.2. Let B € R? be a minimizer of the right-hand
side of (3.6) and let T be the support of B, so that |T'| < s. Using inequality (A.4)
with h(-) = 2A| - |1, we get that, almost surely,

IXB — 112 — 1X8 — f)2

(LD R R A
< @/mETX(B — B) + 211811 — 21811 — |[X(B - B)|>.
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A

Let u = B — B and define the function f as follows:

fx)= . Snlg) H 1((1/«/ﬁ)xTXv+«/ﬁ?»(|vT|1 — |vrel)), x eR".

By simple algebra, 21|8]; — 241811 < 2A(jur|1 — lure|) = | Xull,22(|wr |y —
|wre|1) where w = (1/]|Xu||,,)u. Hence, the right-hand side of (I.1) is bounded
from above by

20 Xull, f(&)/v/n = IXul; < f2(&)/n.

Since the function f is 1-Lipschitz, by the Gaussian concentration bound [18],
inequality (1.4), we have, for all § € (0, 1),

P(f (&) <Med[f(&)]+0/2log(1/8)) = 1 —34.
To complete the proof, it remains to show that
1+¢
1.2 Med < 251 2.8).
12) [ @) <o 2slog p+ Vi +25)
Let IT7 € R"*" be the orthogonal projection onto the linear span of {x;, j € T},
where x ; = Xe;. Then almost surely,

fE& = sup  [(1/V/m)ETTIrXv + (1/V/m)ET (Lyen — M) Xvge

veR?: || Xv|,=1

+ Vnr(lvrli — [vreli)]

<|Mr&h+  sup  [(1/v/mE" (Lysn — T)Xv7e
veR?: | Xv|,=1

+/nx(jorh = lvrely)].

The random variable |[17& |% /o2 has a chi-square distribution with at most s de-
grees of freedom. Standard bounds on the tails of the chi-square distribution yield
that the event Q| = {|T17&|2 < o (/s ++/210g(50))} satisfies P(21) > 1 —1/50 =
0.98.Let Z=max;—1, ., |£T(Inxn —II7)x ;| and define 2, = {Z < o4/2log p}.
The random variable Z is the maximum of 2p centered Gaussian random vari-
ables with variance at most o2, and thus P(Z > ox) < 2pe‘x2/2/(x\/E) for all
x > 0. The choice x = 4/2log p yields that P(€2;) > 1 — 1//mlog p > 0.5208
for all p > 4. Direct calculation shows that the same bound on P(£2;) is true for
p € {2, 3}. Combining these remarks, we find that, for all p > 2,

P(Q1 NQ2) > 1—-P(Q]) —P(Q5) =1 —-0.02—-0.4792 > 1/2.

Thus, by definition of the median, an upper bound on Med[ f (§)] is given by an
upper bound on f (&) on the event 2] N Q5

Med[f(g)] = O—(\/E"i‘ 2.8) + sup [O’ 210gp|v7c|1
veRP:||Xv|,=1

1.3)
+ Vnx(lvr|i — lvrelr)],



SLOPE MEETS LASSO 3641

where we have used that 4/210g(50) < 2.8. Recall that \/nA = (1 + &)o+/21og p.
Thus, if |vre|; > (1 + 1/¢)|vr]|1, the supremum in (I.3) is negative and (I.2) fol-
lows. Finally, if |vr<|; < (14 1/¢)|vr|; then, by the definition of the RE constant

Kk (s,

o), with co =1+ 1/& we obtain |v7|; < /s|vrla < /s[1Xv], /K (s, cp). Us-

ing this remark to bound the supremum in (I.3) proves (1.2). U
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