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This paper considers the maximum likelihood estimation of panel data
models with interactive effects. Motivated by applications in economics and
other social sciences, a notable feature of the model is that the explanatory
variables are correlated with the unobserved effects. The usual within-group
estimator is inconsistent. Existing methods for consistent estimation are ei-
ther designed for panel data with short time periods or are less efficient. The
maximum likelihood estimator has desirable properties and is easy to im-
plement, as illustrated by the Monte Carlo simulations. This paper develops
the inferential theory for the maximum likelihood estimator, including con-
sistency, rate of convergence and the limiting distributions. We further ex-
tend the model to include time-invariant regressors and common regressors
(cross-section invariant). The regression coefficients for the time-invariant re-
gressors are time-varying, and the coefficients for the common regressors are
cross-sectionally varying.

1. Introduction. This paper studies the following panel data models with un-
observable interactive effects:

yi,=a,~+xl~t,8+)x;f,+e,~t, i=1,....N,t=1,2,...,T;

where y;; is the dependent variable; x;; = (xjs1, ..., Xirx) 1S a row vector of ex-
planatory variables; ¢; is an intercept; the term k; ft +ei; is unobservable and has a
factor structure, A; is an r x 1 vector of factor loadings, f; is a vector of factors and
e;r 1s the idiosyncratic error. The interactive effects (A; ft) generalize the usual ad-
ditive individual and time effects; for example, if A; = 1, then o; + )»2 fi=oi + fr.

A key feature of the model is that the regressors x;; are allowed to be correlated
with (¢;, A;, f;). This situation is commonly encountered in economics and other
social sciences, in which some of the regressors x;; are decision variables that are
influenced by the unobserved individual heterogeneities. The practical relevance of
the model will be further discussed below. The objective of this paper is to obtain
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consistent and efficient estimation of 8 in the presence of correlations between the
regressors and the factor loadings and factors.

The usual pooled least squares estimator or even the within-group estimator
is inconsistent for §. One method to obtain a consistent estimator is to treat
(i, Aj, fr) as parameters and estimate them jointly with 8. The idea is “control-
ling through estimating” (controlling the effects by estimating them). This is the
approach used in [8, 23] and [30]. While there are some advantages, an undesir-
able consequence of this approach is the incidental parameters problem. There are
too many parameters being estimated, and the incidental parameters bias arises;
see [26]. In [1, 2] and [17] the authors consider the generalized method of mo-
ments (GMM) method. The GMM method is based on a nonlinear transformation
known as quasi-differencing that eliminates the factor errors. Quasi-differencing
increases the nonlinearity of the model especially with more than one factor. The
GMM method works well with a small 7. When T is large, the number of mo-
ment equations will be large, and the so called many-moment bias arises. In [27],
the author considers an alternative method by augmenting the model with addi-
tional regressors y; and x;, which are the cross-sectional averages of y;; and x;;.
These averages provide an estimate for f;. The estimator of [27] becomes incon-
sistent when the factor loadings in the y equation are correlated with those in the
x equation, as shown in [32]. A further approach to controlling the correlation
between the regressors and factor errors is to use the Mundlak—Chamberlain pro-
jection ([24] and [15]). The latter method projects «; and A; onto the regressors
such that A; =cg + c1xj1 + --- +crxit + ni, where ¢ (s =0,1,...,T) are pa-
rameters to be estimated, and n; is the projection residual (a similar projection
is done for «;). The projection residuals are uncorrelated with the regressors so
that a variety of approaches can be used to estimate the model. This framework is
designed for small 7" and is studied by [9].

In this paper we consider the pseudo-Gaussian maximum likelihood method
under large N and large T. The theory does not depend on normality. In view of
the importance of the MLE in the statistical literature, it is of both practical and
theoretical interest to examine the MLE in this context. We develop a rigorous
theory for the MLE. We show that there is no incidental parameters bias for 8.

We allow time-invariant regressors such as education, race and gender in the
model. The corresponding regression coefficients are time-dependent. Similarly,
we allow common regressors, which do not vary across individuals, such as prices
and policy variables. The corresponding regression coefficients are individual-
dependent so that individuals respond differently to policy or price changes. In our
view, this is a sensible way to incorporate time-invariant and common regressors.
For example, wages associated with education and with gender are more likely
to change over time rather than remain constant. In our analysis, time invariant
regressors are treated as the components of A; that are observable, and common
regressors as the components of f; that are observable. This view fits naturally
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into the factor framework in which part of the factor loadings and factors are ob-
servable, and the maximum likelihood method imposes the corresponding loadings
and factors at their observed values.

While the theoretical analysis of MLE is demanding, the limiting distributions
of the MLE are simple and have intuitive interpretations. The computation is also
easy and can be implemented by adapting the ECM (expectation and constrained
maximization) of [22]. In addition, the maximum likelihood method allows re-
strictions to be imposed on A; or on f; to achieve more efficient estimation. These
restrictions can take the form of known values, being either zeros, or other fixed
values. Part of the rigorous analysis includes setting up the constrained maximiza-
tion as a Lagrange multiplier problem. This approach provides insight into which
kinds of restrictions provide efficiency gain and which kinds do not.

Panel data models with interactive effects have wide applicability in economics.
In macroeconomics, for example, y;; can be the output growth rate for country i
in year ¢; x;; represents production inputs, and f; is a vector of common shocks
(technological progress, financial crises); the common shocks have heterogenous
impacts across countries through the different factor loadings A;; e;; represents the
country-specific unmeasured growth rates. In microeconomics, and especially in
earnings studies, y;; is the wage rate for individual i for period ¢ (or for cohort #),
Xi¢ is a vector of observable characteristics such as marital status and experience;
A; is a vector of unobservable individual traits such as ability, perseverance, mo-
tivation and dedication; the payoff to these individual traits is not constant over
time, but time varying through f;; and e;; is idiosyncratic variations in the wage
rates. In finance, y;; is stock i’s return in period ¢, x;; is a vector of observable
factors, f; is a vector of unobservable common factors (systematic risks) and A; is
the exposure to the risks; e;; is the idiosyncratic returns. Factor error structures are
also used as a flexible trend modeling as in [20]. Most of panel data analysis as-
sumes cross-sectional independence; see, for example, [6, 13] and [18]. The factor
structure is also capable of capturing the cross-sectional dependence arising from
the common shocks f;. Further motivation can be found in [7, 28, 29].

Throughout the paper, the norm of a vector or matrix is that of Frobenius, that
is, |A|l = [tr(A’A)]'/? for matrix A; diag(A) is a column vector consisting of the
diagonal elements of A when A is matrix, but diag(A) represents a diagonal matrix
when A is a vector. In addition, we use v; to denote v; — % >I_, v for any column
vector v; and M,,, to denote % Z;T:1 w, v, for any vectors w; and v;.

The rest of the paper is organized as follows. Section 2 introduces a common
shock model and the maximum likelihood estimation. Consistency, rate of conver-
gence and the limiting distributions of the MLE are established. Section 3 shows
that if some factors do not affect the y equation but only the x equation, more ef-
ficient estimation can be obtained. Section 4 extends the analysis to time-invariant
regressors and common regressors; the corresponding coefficients are time varying
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and cross-section varying, respectively. Computing algorithm is discussed in Sec-
tion 5, and simulations results are reported in Section 6. The last section concludes.
The theoretical proofs are provided in the supplementary document [11].

2. A common shock model. In the common-shock model, we assume that
both y;; and x;; are impacted by the common shocks f; so the model takes the
form

o Vit =i +xin1 B1 +xipBo + -+ xik Bx + AL fi + eir,
Xitk = Wik + Vip fr + vitk

for k=1,2,..., K. In across-country output studies, for example, output y;; and
inputs x;; (labor and capital) are both affected by the common shocks.

The parameter of interest is 8 = (By, ..., Bk)’. We also estimate «;, A;, (i
and y;x (k=1,2,..., K). By treating the latter as parameters, we also allow ar-
bitrary correlations between («;, A;) and (w;x, vix). Although we also treat f; as
fixed parameters, there is no need to estimate the individual f;, but only the sam-
ple covariance of f;. This is an advantage of the maximum likelihood method,
which eliminates the incidental parameters problem in the time dimension. This
kind of the maximum likelihood method was used for pure factor models in [3, 4]
and [10]. By symmetry, we could also estimate individuals f;, but then we only
estimate the sample covariance of the factor loadings. The idea is that we do not
simultaneously estimate the factor loadings and the factors f; (which would be the
case for the principal components method). This reduces the number of parame-
ters considerably. If N is much smaller than 7 (N < T'), treating factor loadings
as parameters is preferable since there are fewer parameters.

Because of the correlation between the regressors and regression errors in the
y equation, the y and x equations form a simultaneous equation system; the MLE
jointly estimates the parameters in both equations. The joint estimation avoids the
Mundlak—Chamberlain projection and thus is applicable for large N and large T'.

We assume the number of factors r is fixed and known. Determining the num-
ber of factors is discussed in Section 6, where a modified information criterion
proposed by [12] is used. Let x;; = (Xir1, Xir2, - - - Xitk)s Yix = (Vils Vi2s - - -5 ViK)»
Vix = (Uitl, Vi, v vy U,',K), and Mix = ([L,'l, Mi2y e, ,u,'K)/. The second equation
of (2.1) can be written in matrix form as

xz{t = Wix + Vi/xfl‘ + Vit

Further let I'; = (A;, ¥ix)» Zir = (Vi Xio)', €ir = (eir, v},,)'s i = (i, ;). Then
model (2.1) can be written as

1 -p ,
[O IK:|Zit=Mi+Fift+5it-
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Let B denote the coefficient matrix of z;; in the preceding equation. Let

2= (2 2y 2y) s T =@, T2, ... ,TN), & = (€], %,...,€y,) and p =
(uy, h, ..., wy) . Stacking the equations over i, we have
(2.2) Uvn®B)zy=pu+Tf +&.

To analyze this model, we make the following assumptions.
2.1. Assumptions.

ASSUMPTION A. The factor process f; is a sequence of constants. Let M sy =
7! Z,TZI f}f/, where f; = f; — % Zthl fi. We assume that M rr = lim7 oo M ¢
is a strictly positive definite matrix.

REMARK 2.1. The nonrandomness assumption for f; is not crucial. In fact,
f; can be a sequence of random variables such that E (|| f;||*) < C < oo uniformly
in ¢, and f; is independent of g5 for all s. The fixed f; assumption conforms with
the usual fixed effects assumption in panel data literature and, in certain sense, is
more general than random f;.

ASSUMPTION B. The idiosyncratic errors &;; = (e, v;,,) are such that:

(B.1) The e;; is independent and identically distributed over ¢ and uncorrelated
over i with E(e;;) =0 and E(ef,) <ooforalli=1,...,Nandt=1,...,T. Let
Yiie denote the variance of ¢;;.

(B.2) vjsy is also independent and identically distributed over ¢ and uncor-
related over i with E(vi;x) = 0 and E(||visc||*) < oo forall i =1,..., N and
t=1,...,T. Weuse Xj;, to denote the variance matrix of vj;y.

(B.3) e;; is independent of vjs, for all (i, j, t,s). Let X;; denote the variance
matrix &;;. So we have ¥;; = diag(X;;., Xijix), a block-diagonal matrix.

REMARK 2.2. Let X, denote the variance of &; = (&],, ..., €y,)’. Due to the
uncorrelatedness of ¢;; over i, we have X, = diag(X11, X22,..., Xyn), a block-
diagonal matrix. Assumption B is more general than the usual assumption in the
factor analysis. In a traditional factor model, the variances of the idiosyncratic er-
ror terms are assumed to be a diagonal matrix. In the present setting, the variance
of ¢, is a block-diagonal matrix. Even without explanatory variables, this general-
ization is of interest. The factor analysis literature has a long history to explore the
block-diagonal idiosyncratic variance, known as multiple battery factor analysis;
see [31]. The maximum likelihood estimation theory for high-dimensional factor
models with block diagonal covariance matrix has not been previously studied.
The asymptotic theory developed in this paper not only provides a way of analyz-
ing the coefficient §, but also a way of analyzing the factors and loadings in the
multiple battery factor models. This framework is of independent interest.
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ASSUMPTION C. There exists a C > 0 sufficiently large such that:

(C.) l'jl<Cforall j=1,...,N;

(c2) c! < Tmin(Zjj) < Tmax(¥j;) < C for all j = 1,..., N, where
Tmin(Zj;) and Tymax (X ;) denote the smallest and largest eigenvalues of the ma-
trix X ;, respectively;

(C.3) there exists an r X r positive matrix Q such that

Q= lim N™ FE T,

N—oo

where I' is defined earlier.

ASSUMPTION D. The variances El, for all i and M sy are estimated i 1n acom-
pact set, that is, all the eigenvalues of E,, and M ff are in an interval [C~1, C] for
a sufficiently large constant C.

2.2. Identification restrictions. Itis a well-known result in factor analysis that
the factors and loadings can only be identified up to a rotation; see, for example,
[5, 21]. The models considered in this paper can be viewed as extensions of the
factor models. As such they inherit the same identification problem. We show that
identification conditions can be imposed on the factors and loadings without loss
of generality. To see this, model (2.2) can be rewritten as

23)  Un®B)zy=@+T 1)+ [TMRI[R'M(fi — D]+,

where R is an orthogonal matrix, which we choose to be the matrix consisting of

1/2

the eigenvectors of M f{le" DI 11"M f{c associated with the eigenvalues arranged

in descendlng order. Treating u + I f as the new u*, I M 7 f R as the new I'* and
1/2(ﬁ f) as the new f*, we have

UN®B)zu =" +T"f +&

with + 31 7 =0, 2, f*f =1, and 4TI 'T"* being a diagonal ma-
trix. Thus we impose the following restrictions for model (2.2), which we refer to
as IB (identification restrictions for Basic models).

(IB1) My =1y;
(IB2) %F’ 28_81 [' = D, where D is a diagonal matrix with its diagonal elements
distinct and arranged in descending order;

(IB3) f=4X>/,fi=0
2.3. Estimation. The objective function considered in this section is

1 1
(2.4) lnL(Q)_—ﬁlnlEzA N tr[(In ® BYM_.(Iy ® B') X __ ]
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where X, =T M T+ Zgp and M, = % ST 2, The latter is the data matrix.
The parameters are 6 = (B, ', M s¢, X¢¢). The MLE is defined as

6= argmaxIn L(9),
0ec®

where the parameter space ® is defined to be a closed and bounded subset contain-
ing the true parameter 6* as an interior point; X, and M sy are positive definite
matrices, as in Assumption D. The boundedness of ® implies that the elements
of B and I' are bounded. This is for theoretical purpose and is usually assumed
for nonconvex optimizations, as in [19] and [25]. In actual computation with the
EM algorithm, we do not find the need to impose an upper or lower bound for
the parameter values. The likelihood function involves simple functions and are
continuous on ® (in fact differentiable), so the MLE 0 exists because a continuous
function achieves its extreme value on a closed and bounded subset.

Note that the determinant of /y ® B is 1, so the Jacobian term does not depend
on B. If &, and f; are independent and normally distributed, the likelihood function
for the observed data has the form of (2.4). Here recall that f; are fixed constants,
and ¢; are not necessarily normal; (2.4) is a pseudo-likelihood function.

For further analysis, we partition the matrix X,, and M, as

11 12 IN 11 12 IN
Zzz 2:zz T Zzz Mzz Mzz e Mzz
21 22 2N 21 22 2N
Ezz Ezz T Ezz Mzz Mzz T Mzz
Y= ) . . . > M, = . . . . ’
N1 N2 NN N1 N2 NN
Ezz Ezz U Ezz Mzz Mzz t Mzz

where for any (i, j), E?z and MZ are both (K + 1) x (K + 1) matrices.
Let ﬁ, I" and =,, denote the MLE. The first order condition for B satisfies

[N . AR L)
2.5) N—ZZE”! (yit—xizﬁ)—)»;GZFjEjjl[ jl)'c’. Jt i| %, =0,

=1 j=1 jt

where G = (M it I’ E F) I The first order condition for I' j satisfies
N
(2.6) Z "(BMYB' - S)=0.

Post-multiplying ij_jl f‘} on both sides of (2.6) and then taking summation over j,
we have

N N
(2.7) Y Y Ts N (BMYB - )5 IT =0.
i=1j=1
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The first order condition for ;; satisfies
(2.8) BM;’ZB’ - =W,

where Wis a (K +1) x (K + 1) matrix such that its upper-left 1 x 1 and lower-right
K x K submatrices are both zero, but the remaining elements are undetermined.
The undetermined elements correspond to the zero elements of ¥;;. These first
order conditions are needed for the asymptotic representation of the MLE.

2.4. Asymptotic properties of the MLE. Theorem 2.1 states the convergence
rates of the MLE. The consistency is implied by the theorem.

THEOREM 2.1 (Convergence rate). Let 6 = (B, T, ,) be the solution by
maximizing (2.4). Under Assumptions A-D and the identification conditions 1B,
we have

f—B= 0,(N -127-172)

(7).

+
1 N

—ZIIE YT =Tl = 0,(171), —leu—z”n =0,(T7").
N

REMARK 2.3. Bai [8] considers an iterated principal components estimator
for model (2.1). His derivation shows that, in the presence of heteroscedasticities
over the cross section, the PC estimator for B has a bias of order O, (N 1. As
a comparison, Theorem 2.1 shows that the MLE is robust to the heteroscedas-
ticities over the cross section. So if N is fixed, the estimator in [8] is in-
consistent unless there is no heteroskedasticity, but the estimator here is still
consistent.

Let M(X) denote the project matrix onto the space orthogonal to X, that is,
MX) =T — XX'X)"IX'". We have

THEOREM 2.2 (Asymptotic representation). Under the assumptions of Theo-
rem 2.1, we have

,3 B= Q' — NT Zzzlwellvltx

i=lt=1
+0,(T2) + 0,(NT'T712) + 0,(N~12T ),

where Q2 is a K x K matrix whose (p, q) element Q2,4 = ZN 1 2IsPD i

iie “iix
E(p .q)

i being the (p, q) element of matrix 3.
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REMARK 2.4. In Appendix A.3 of the supplement [11], we show that the
asymptotic expression of 8 — f can be alternatively expressed as

u[MX, ME)X]] - a[MXME)X]\ !
B—B= : : :
tu[MXxkMTE)X|] - a[MXgME)X]
tr[MXlM(F)e’]
(2.9) 9 .
tr[MXKM(F)e/]

£ 0,(T72) 4+ 0,(N"'T712) 4 0, (N7 1),

where X; = (xj;) is N x T (the data matrix for the kth regressor, k =
1,2,....K); e = (ery) is N x T; M = 2. M(22"*A)22"? with 2, =

ilag{zlle’ 22267"'5 ENNE} and A - ()"1’)"2’7)"]\/)/, ]F - (flv f27afT)/;
F=(17,IF) where 17 isa T x 1 vector with all 1°’s.

REMARK 2.5. Theorem 2.2 shows that the asymptotic expression of ,3 - B
only involves variations in e;; and vj;,. Intuitively, this is due to the fact that the
error terms of the y equation share the same factors with the explanatory variables.
The variations from the common factor part of x;; (i.e., yl/k ft) do not provide
information for B since this part of information is offset by the common factor
part of the error terms (i.e., A} f;) in the y equation.

COROLLARY 2.1 (Limiting distribution). Under the assumptions of Theo-
rem 2.2, if VN/T — 0, we have

YNTB )L NO.Q),
where Q = limy 700 2, and Q is also the limit of

a[MX ME)X,] - a[MXMTF)X]

— 1
Q= plim —
oo NT

" a[MXgMME)X,] - a[MXgMTF)X}]

REMARK 2.6. Matrix  can be consistently estimated by

u[MXMBEX,] - u[MXME)X,]

u[MXxMBEX,] - u[MXxME)X,]
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where X is the N x T data matrix for the kth regressor,

e~
-~

oo _ N ey T T T N [
(2.10) M=% S 'ANZA) AN

ee

F=(7,B) withF= (i, fo,..., fr) and

N -1/ N
(2.11) fi = (ZF,-Z;IF;) (ZF,-Z#BZH)-
i=1 i=1

Here f, K, iii, fee and B are the maximum likelihood estimators.

3. Common shock models with zero restrictions. The basic model in Sec-
tion 2 assumes that the explanatory variables x;; share the same factors with y;;.
This section relaxes this assumption. We assume that the regressors are impacted
by additional factors that do not affect the y equation. An alternative view is that
some factor loadings in the y equation are restricted to be zero. Consider the fol-
lowing model:

a.1) Vit = + Xin1 B + xir2B2 + -+ + Xiek B + Vgt + €ir,

: /
Xitk = Wik + Vﬁ{ 8t + Villlc/ht + Vitk
fork=1,2,..., K, where g; is an r| x 1 vector representing the shocks affecting
both y;; and x;;, and A, is an r» x 1 vector representing the shocks affecting x;;
/

only. Let i = W0, 1), vik = &, vl and f, = (g/,h,), the above model
can be written as

Vit = o +Xin B1 + xinnPo + -+ - + Xirk Bk + AL fi + eirs

Xitk = Wik + Vix fr + Vitks
which is the same as model (2.1) except that r; elements of A; are restricted to be
zeros. For further analysis, we introduce some notation. We define

Ff:(wi,yfi,...,yﬁ(), F?:(OQXl’Vi}i""’yi};()’
/ h h h hy
rs=(r{,rs,....r3). M=(r{,r3,....,T%)".
We also define G and H similarly as F, that is, G = (g1, g2,...,g7), H=

(hy,ha, ..., hr)'. This implies that F = (G, H). The presence of zero restrictions
in (3.1) requires different identification conditions.

3.1. Identification conditions. Zero loading restrictions alleviate rotational in-
determinacy. Instead of r2 = (r] + rp)? restrictions, we only need to impose
rl2 +rira+ r% restrictions. These restrictions are referred to as IZ restrictions (Iden-
tification conditions with Zero restrictions). They are:

(IZ1) Mg =1,;

az2) %Fg’Eg_gng = D and %Fh/ZS_gth = D,, where D and D, are both
diagonal matrices with distinct diagonal elements in descending order;

(1Z3) 17,G=0and 1;H =0.
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In addition, we need an additional assumption for our analysis.
ASSUMPTION E. W = (Y1, ¥5, ..., ¥ is of full column rank.

Identification conditions 1Z are less stringent than IB of the previous section.
Assumption E says that the factors g; are pervasive for the y equation. In Ap-
pendix B of the supplement [11], we explain why rl2 +riro + r22 restrictions are
sufficient.

3.2. Estimation. The likelihood function is now maximized under three sets
of restrictions, that is, %l"g’i);gll“g = Dy, %l"h’Eggth = D, and ® = 0 where ®
denotes the zero factor loading matrix in the y equation. The likelihood function
with the Lagrange multipliers is

1 1 Ny —1
InL = —mln|EZZ| — ﬁtr[(b\/ ® B)MZZ(IN ® B )EZZ ]

1 1
- tr[Tl (Nrg/zgg‘ré’ — Dlﬂ + tr[Tz(ﬁFh/E(;l rh— Dz)}
+ [ Y5 P],

where X,, = I'T" 4+ Zg; Yy is r; x r; and Y, is rp x rp, both are symmetric
Lagrange multipliers matrices with zero diagonal elements; T3 is a Lagrange mul-
tiplier matrix of dimension r, x N.

Let U= fz_zl[(IN ® BYM..(Iy ® B — iu]iz_zl. Notice U is a symmetric
matrix. The first order condition on ' gives

1 1 ya
Nrg/ru + 7y Nrg’z;; =0.

Post-multiplying I'¢ yields
| PPN l ~pe 1o
ﬁrg/turg +7y Nrg/zgslrg =0.

Since %ﬁg/ UT® is a symmetric matrix, the above equation implies that
Tlﬁfg/ $.,'T¢ is also symmetric. But %fg/ $.,'T'¢ is a diagonal matrix. So the
(i, j)th element of Tlﬁfg/i;ﬂlfg is Yy,;;dy j, where Yy ;; is the (i, j)th element
of Ty and d;; is the jth diagonal element of 51. Given Y %fg/ fggl '8 is sym-
metric, we have Y1 ;;dyj = Y1 jidy; foralli # j. However, Y| is also symmetric,
SO Tl,ij = Tl,ji- This gives Tl,ij (dlj — dli) = 0. Since dlj 75 dli by IZ2, we have
Y1,i;j =0forall i # j. This implies Y| = O since the diagonal elements of Y are
all zeros.

Let Fi’ = (ylhx, yzhx, el y;\’,x)/ with yi})’c = (yi}i, yig, ey yi}}{), and ., =
diag{X11x, 222x,--., ZNNx}, a block diagonal matrix of NK x N K dimension.
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We partition the matrix U and define the matrix U as

U U - U Uy Up - Uy

Uy Up -+ Uon _ Uy Up -+ Uon
U= . ) . ) ) U= . ) . ) )

Unvi Unz - Unwnwn Uy; Unz - Unw

where U;; is a (K + 1) x (K + 1) matrix, and U; j 1s the lower-right K x K block
of U;;. Notice U is also a symmetric matrix. Then the first order condition on I'”
gives

1 = I e
NFX/U + TZNFXIEXX = 0
Post-multiplying /I;fc’ yields
1 _ S——n 1 —~~ A~ P
Nrfg/Urfg + TZNF,’;’E;; r"=o.

Notice %f‘\i” SITh = %f‘\h/ $_.'T" = D,. By the similar arguments in deriving
Y1 =0, we have T, = 0. The interpretation for the zero Lagrange multipliers is
that these constraints do not affect the optimal value of the likelihood function nor
the efficiency of S. In contrast, we cannot show Y3 to be zero. Thus the restric-
tion ® = 0 affects the optimal value of the likelihood function and the efficiency
of /§ . In Section 2, we did not use the Lagrange multiplier approach to analyze
the identification restrictions. Had this been done, we would have obtained zero
valued Lagrange multipliers. This is another view of why these restrictions do not
affect the limiting distribution of ,3 But these restrictions are needed to remove
the rotational indeterminacy.
Now the likelihood function is simplified as

1 1 l -1 /
32) InL=——1In|X,,|— ﬁtr[(lN Q@ BYM_.(In ® B )| + trf[ T3 9].

2N
The first order condition on I is
(3.3) 'S Iy ® BYM (Iy ® B') — £,]S =W/,

where W is a matrix having the same dimension as I", whose element is zero if the
counterpart of I' is not specified to be zero, otherwise undetermined (containing
the Lagrange multipliers). Post-multiplying " gives
TS Iy ® BYM (Iy® B) - £, ]S, T =WTT.
By the special structure of W and T,itis easy to verify that W'T has the form
|:Or1><r1 0r1><r2 ]

X 01‘2 Xrp
However, the left-hand side of the preceding equation is a symmetric matrix, and
so is the right-hand side. It follows that the subblock “x” is zero, that is, W'T" = 0.
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Thus, T'S2![(Iy ® B)M . (Iy ® B') — £,,12,'T = 0. (This equation would be
the first order condition for M s¢ if it were unknown.) This equality can be simpli-
fied as

(3.4) 'S (v ® BYM (I ® B') — zu]igglf =0

5—[61}—[6“ 612} ﬁ_[ﬁl]_[ﬁll 1:1\12}
G Gy Gnl’ H, Hy Hnl’
where G11 HU are ry X ri, while G22, H22 are ry X ra.
Notice E 5=l 1l“Gl“ pI Uand TV E GV E 1 . Substitute these

ee

results into (3 3), and use (3 4) The ﬁrst order condltlon for 1//, can be simplified
as

N
(3.5) Zfi (BMYB —S)S 7 g, =0,

where [/ Il( 41 1s the first column of the identity matrix of dimension K + 1.
Similarly, the first order condition for y;x = (y;1, ¥j2. ..., ¥jk) 18

N
(3.6) Y Iig;! (BMUB/—E’J)Z g, =0,
i=1

where I, ; isa (K + 1) x K matrix, obtained by deleting the first column of the
identity matrix of dimension K + 1.
The first order condition for X;; is

N
DL A
BM})/B' -3/ —-T,GY T'3; (BMYB — )
=1
3.7) ’

(BMJIB' — SINE-ITIGT; =W,

|
IM=

where W is defined following (2.8).
The first order condition for 8 is

1 N g1 [ =
() 7 20> Sl | G — 5ueB) — MG Z [yf x”ﬁ”x,tzo,

X’ it
which is the same as in Section 2.
We need an additional identity to study the properties of the MLE. Recall that,

by the special structures of W and T, the three submatrices of W'T’ can be di-
rectly derived to be zeros. The remaining submatrix is also zero, as shown earlier.
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However, this submatrix being zero yields the following equation (the detailed
derivation is delivered in Appendix F):

1
(3.9) NGZZZ "BMUB' =SS g9 =0.

These identities are used to derive the asymptotic representations.

3.3. Asymptotic properties of the MLE. The results on consistency and the rate
of convergence are similar to those in the previous section, which are presented in
Appendixes B.1 and B.2. For simplicity, we only state the asymptotic representa-
tion for the MLE here.

PROPOSITION 3.1 (Asymptotic representation). Under Assumptions A—E and
the identification restriction IZ, we have

PO(B_/g) Zzzueellvzlx Zzzueylxhle”

zltl tltl

N
ZZ Ettel»// wa (% Z llszj_jley]h)é>hteit
i=1lr=1 j=1

+0p(T72) + 0,(NTIT712) + 0, (NT12T 7Y,
where P° is a K x K symmetric matrix with its (p,q) element equal to
ltr(l"h’Z\'Jl"h) + + ZN ”e El(ll;q) Fh [le’ yzp, ey )/f(,p]/‘ thx = [y}’l, e,
V,K] Myy = N Z iy 1;// and M = Zeel/zM(Zeel/z‘y)Eeel/2~

iie

Proposition 3.1 is derived under the identification conditions IZ. In Ap-
pendix B.3 of the supplement [11], we show that for any set of factors and
factor loadings (¥, yik, &, ht), it can always be transformed into a new set
W, Vi & hy), which satisfies IZ, and at the same time, leaving ® = 0 intact.
Given the asymptotic representation in Proposition 3.1, together with the relation-
ship between the two sets, we have the following theorem, which does not depend
on IZ.

THEOREM 3.1. Under Assumptions A-E, we have

P(ﬁ p) = —Zzzueenvm ZZE,M Vh,h*ett

lltl lltl

ZZEnew wa( ij J]eij>h*elt

lltl

+0,(T77) + Op(N’lT’”Z) +0,(NT12T7),
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where
. e
hy=h —HG(G'G)™ &;
Pisa K x K symmetric matrix with its (p, q) element equal to

—15:(p.9)

iie “iix

| o T

12 172

— _ .. - - —1/2
where G = (17,G); Tlyy = + SN v s ! b1 = 52 P M3 2wy sg'2,

h _ (,,h h h
Fp - (ylpv y2pv sy pr)/'

_ REMARK 3.1.  In Appendix B.3, we show that the asymptotic expression of
B — B in Theorem 3.1 can be expressed alternatively as

u[MXIMG)X,] - a[MXIM@G)X]\ !
p—B= : : :
u[MXx M@G)X]] - a[MXxM@G)X}]
[ M X1 M(G)e']
x :
tr[M X gk M(G)e']

+0p(T72) + 0p(NTIT12) + 0p(NT12T7H),

where X and e are defined below (2.9) and G= (17, G). Notice M is defined
as Ee_el/zM(Eg_el/Z\I!)Ee_el/z, which is equal to Ee_el/z./\/l(EE_EI/ZA)EEEI/2 since
A = (¥, 0nxr,) in the present context. In Appendix B.3 of the supplement [11],

we also provide an intuitive explanation for this alternative expression.
Given Theorem 3.1 and Remark 3.1 we have the following corollary.

COROLLARY 3.1 (Limiting distribution). Under Assumptions A-E, if
ﬁ/T—)O,wehave

INTB - B3 N, P,

where P = limy 700 P, and P is also the probability limit of

u[MX, MG)X,] - a[MXiM(@G)X]
— 1
P= plim —
N, T—o0

tu[MXxkM@G)X|] - a[MXxM@G)X}]
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REMARK 3.2. Compared with the model in Section 2, B is more efficient
under the zero loading restrictions. The reason is intuitive. In the previous model,
only variations in v;;, provide information for 8. But in the present case, variations
in yf,’{/ h; of x;; also provide information for . This can also be seen by comparing
the limiting variances of Corollaries 2.1 and 3.1. Notice the projection matrix now
only involves G instead of F; and G is a submatrix of F. In addition, the covariance
matrix P can be estimated by the same method as in estimating £2; see Remark 2.6.

4. Models with time-invariant regressors and common regressors. In this
section, we extend the basic model in Section 2 to include time-invariant regressors
and common regressors. Examples of time-invariant regressors include gender,
race and education; and examples for common regressors include price variables,
unemployment rate, or macroeconomic policy variables. These types of regressors
are important for empirical applications.

We first consider the model with only time-invariant regressors,

@ Vit = o + Xin B1 + xinnfo + -+ + xiek Bx + Vg + i + eir,

Xitk = Mik + Viy & + ViV he + vink

fork=1,2,..., K, where g; is an ri-dimensional vector, and /%, is an r,-dimensio-
nal vector. Let f; = (g;, h;)’, an r-dimensional vector. The key point of model (4.1)
is that the ¢;’s are known (but not zeros). We treat ¢; as new added time-invariant
regressors, whose coefficient /4, is allowed to be time-varying. The parameter of
interest is still 8. The inference for 4, is provided in Appendix C.4 of the sup-
plement [11]. The model in the previous section can be viewed as & = 0, where
® = (41, ¢, ..., dn) . However, the earlier derivation is not applicable here be-
cause now @ is a general matrix with full column rank, which provides more in-
formation (restrictions) on the rotation matrix. Thus the number of restrictions re-
quired to eliminate rotational indeterminacy is even fewer than in Section 3. This
point can be seen in the next subsection.
We define the following notation for further analysis:

/ /
Ff:(wi,)/igl,...,)/ﬁ(), Fflz((ﬁi’)/i}ia--'syihl()’ 1—‘l:(l—‘lg’l—‘lh )/’
S=(p1,02,.... 08, V=LY, YN, k= (¥, ¢),
A=, A2, ... AN,

Then equation (4.1) has the same matrix expression as (2.2). Note that A = [V, D]
is the factor loading matrix for the N x 1 vector (yis, y2z, ..., YNt) -

4.1. Identification conditions. We make the following identification condi-
tions, which we refer to as 10 (Identification conditions with partial Observable
fixed effects), to emphasize the observed fixed effects:
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(I01) We partition the matrix M 7r as

Mg, Mgh]

My = [
1 Mg, Mpy

and impose Mgy, =0 and Mge = I,

102) %Fg/ ¥.!T'¢ = D, where D is a diagonal matrix with its diagonal ele-
ments distinct and arranged in descending order;

(I03) 172G =0and 17H=0.

In Appendix C, we show that IO is sufficient for identification. These re-
strictions can be imposed without loss of generality, as argued formally in Ap-
pendix C.3. In addition, we make the following assumption.

ASSUMPTION F. The loading matrix A = [, ®] is of full column rank.

4.2. Estimation. For clarity, in this subsection, we use ®* to denote the ob-
served value for ®. Recall that X,, =T'M ¢ I'" + ¥,., where " contains the fac-
tor loading coefficients (including ®); M ¢y contains the sub-blocks M., M,y
and Mpp; ¥, contains the heteroskedasticity coefficients. The regression coef-
ficient 8 is contained in matrix B. The maximization of the likelihood function
is now subject to four sets of restrictions, Mg, =0, Mg = I,;, & = ®* and
%Fg/ Ee_sll"g = D. The likelihood function augmented with the Lagrange mul-
tipliers is

1 1 -
InL = —ﬁln|2u| — ﬁtr[(IN ® B)MZZ(IN X B/)EZZI] +tr[T]Mgh]

1
Yo (Mg — I)] + tr[Tg(NFg/E;gng - D)} [ Ya (@ — %)),

where Y1, Yo, T3 and Y4 are all Lagrange multipliers matrices; Y is an ro X ry
matrix; Y» is an r; X r| symmetric matrix; Y3 is an r; X r| symmetric matrix with
all diagonal elements zeros; Y4 is an rp X N matrix; and ¥, =My I+ 3.
Using the same arguments in deriving Y; = 0 in Section 3, we have Y3 = 0. Then
the likelihood function is simplified as

1 1 Ny —1
InL = —ﬁlnlzzA — ﬁtr[(b\/ ®B)MZZ(IN ®B )ZZZ ]

+ [V Mg ] + tr[ Yo (Mg — 1)) ] + tr[ Y4 (P — ©¥)].

4.2)

The first order condition for I" gives

MyT'S Iy ® )M, (Iy ® B) — 2., ]S =W/,
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where W is defined in (3.3). Pre-multiplying IT/I\JTfl and post-multiplying T, and by
the special structures of W and T, we have

1~ -
er Iy ® BYM_,(Iy ® B') — £,/ ]S2'T

0r1 X711 Or] Xr)p
" Lo liive |
N hh 4 N hh t4
But the first order condition for M 7 gives

I &~ ~ ~ a e T ¢
43) —T'S'Un@B)M (Iv®B) -2, ]S'T = [ 2 ! } .

N Tl Or2 X
Comparing the proceeding two results and noting that the left-hand side is a sym-
metric matrix, we have f/fzzl[(IN ® §)MZZ(IN ® E/) — izz]igzlf‘\ = 0. But
T’ fz_zl can be replaced by I'S21; see (S.2) in the Appendix. Thus

ee >’

-~

(4.4) D' (v ® B)M (In®B) — £, ]S.'T =0.

The above result implies that Y| =0, Y =0, TZ‘{I\I =0and Y;,® =0.
The first order condition for X;; is the same as (3.7), that is,

N
BMJIB' —3i - TG Z Y(BMIB — )
4.5) =

ii l

N
- Z (BMJIB' - £IH)E

where W is defined following (2.8).
The first order condition on g is the same as (3.8), that is,

g N i [ —%iB7).
(4.6) WZZEM ir — %t B) — erzjjl[ o } %i; =0.
j=1

i=11=1 Xt

We need an additional identify for the theoretical analysis in the Appendix. The
preceding analysis shows that %Tz/‘\ll =0 and %TidD = 0. They imply

—

N
. el
7 NZI ZIG (BMYLB' — Eg,)zjj Ig 2 =0,
i=1j=

where ):j = (1}{ @)



160 J.BAI AND K. LI
4.3. Asymptotic properties. The asymptotic representation for E — B is:

PROPOSITION 4.1.  Under Assumptions A-D and F, and under the identifica-
tion condition 10, we have

T
N 1
QB-p) = Z e itVirx + NTZZEZ,ey,xhten

i=1t=1

||M2

1
NT
2:l_lel)\'; ( Z)\’ Ej]eij>htelt
l 1t=1

+0p(T72) + 0p(N™! T“/z) +O0p(N~V2T7),
where Q° is a K x K symmetrzc matrix with its (p,q) element equal to

N[ My, T MTI + LY N 2o s i = 5,2 M(E‘”ZA)Z‘”2 rk =

ll(:‘ lx

1
[Vlhp’ Vzhpv ---,Vj}\;p] HM» =N ZNI)“ E”e)»;,and ij - [yjl’ yj2’ ""thK]'

Proposition 4.1 is derived under the identification conditions 10. In Ap-
pendix C.3, we show that for any set of factors and factor loadings (i, vik, &t 1),
we can always transform it to another set (¥, v}, g/, hy) which satisfies IO,
and at the same time, still maintains the observability of ® (i.e., @ is untrans-
formed). This is in agreement with the Lagrange multiplier analysis, in which
T; =0(j=1,2,3), but the multiplier for & = ®* is nonzero. Using the relation-
ship between the two sets, we can generalize Proposition 4.1 into the following
theorem, which does not depend on IO.

THEOREM 4.1. Under Assumptions A-D and F, we have

Q('B —p) = Z Z z:tlee’lv”x NT ZZ Zue Vzh/h*ell

z 1t=1 i=1t=1
7 L (5 DA e
i=1lr=1
+0p(T72) + 0,(NTIT712) + 0,(NTV2T 7,
where
R =h —HGGG) g

Qisa K x K symmetric matrix with its (p, q) element equal to

1 el = h/ 1v(p.q9)
ﬁtr[quH/\/l((@)}HIF Zz >

iie iix

and M, FZ and T1,,, are defined in Proposition 4.1.
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_ REMARK 4.1.  In Appendix C.3 we show that the asymptotic expression of
B — B in Theorem 4.1 can be expressed alternatively as

a[MXMGX,] - u[MXIMG)X]\ !
B-B= : : :
tu[MXxM@G)X|] - a[MXxM(@G)X)]
t[M X1 M(G)e']
x : +0,(T7?)
tr[M X g M(G)e']

+0,(N'T7V3) 1 0,(N7V21 7,

where X; and e are defined below (2.9) and G = (17, G). We also show in Ap-
pendix C.3 that this alternative expression has an intuitive explanation.

From Theorem 4.1, we obtain the following corollary.

COROLLARY 4.1. Under the conditions of Theorem 4.1, if N/T — 0, we
have

VNT@B-p) S N(©O,Q7"),
where Q = limy, 700 @, which has an alternative expression
u[MX MG)X,] - a[MXiM@G)X]

@: plim —
N,T*)OONT . T ) . T
tr[MXKM(G)X/l] '[I'[MXKM(G)X/K]

REMARK 4.2. Compared with the model in Section 2, /§ is more efficient

with observable fixed effects (time-invariant regressors). The reason is provided in
Remark 3.2.

4.4. Models with time-invariant regressors and common regressors. In this
subsection, we consider the joint presence of time-invariant regressors and com-
mon regressors. Consider the following model:

“8) Yir = Xir1 1 + xir2B2 + -+ - + Xirk Bk + Wi/gt + ¢l{ht + Ki/dz + ejs,
Xitk = V,i/gt + yi},l{/h, + J/igllcl dr + Virk

for k=1,2,..., K, where g;, h; and d; are r; x 1, rp x 1 and r3 x 1 vectors,
respectively. A key feature of model (4.8) is that d; and ¢; are observable for all
i and ¢t. We call ¢; the time-invariant regressors because they are invariant over
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time and d; the common regressors because they are the same for all the cross-
sectional units. In this model, the time-invariant regressors have time-varying co-
efficients, and the common regressors have heterogeneous (individual-dependent)
coefficients. If d; = 1, «; plays the role of «; in (4.1). So the model here is more
general.

Similar to the previous subsection, we make the following assumption:

ASSUMPTION G. The matrices (¥, ®, K) and (G, H, D) are both of full col-
umn rank, where K = (k1, k2, ..., kny) and D= (dy, da, ..., d7)’ .

Letd; = (), &), vik = (yi‘g,'(', yl.},’(/ ) and §; = (k;, yl.‘,l(). The model can be written

as
1 —-p
[0 Ix }Ziz=r‘,{fz+5;dt+8it,
where z;;, I';, €;; are defined in Section 2; Let A = (81, 82, ...,8y) . Then
4.9 (UNn®B)zs — Ady =T f; + &,

where the symbols I', z;, B, &; are defiend in Section 2.
The likelihood function can be written as
T
Y [Un ® Bz — Adi ] S [(Iy © B)z: — Ady].
=1

1
InL=——1In|S.| — ——
2N ONT

Take ¥,, and B as given. A maximizes the above function at

_ T T -1
A=(Iy®B) (Z zm{é) (Z dsd;) :
s=1

s=1
Substituting A into the above likelihood function, we obtain the concentrated like-
lihood function
1 1 _1

InL = _ﬁ In IZZZ| — 2]V—T tr[(IN ® B)ZM(]D)Z/(IN ® B/)EZZ ],
where Z = (21, 22, ..., z27), D= (d1, da, ...,dr) and M(D) = I —DD'D) "'/,
a projection matrix. Consider (4.9), which is equivalent to

(In® B)Z =TF + AD' +¢,
where ¢ = (e1, €2, .. ., 7). Post-multiplying M (D) on both sides, we have
(In @ BYZM(D) =TF M(D) + e M(D).

If we treat ZM (D) as the new observable data, ' M (D) as the new unobservable
factors, the preceding equation can be viewed as a special case of (4.1). Invoking
Theorem 4.1, which does not need 10 [the factors F' M (ID) may not satisfy 10],
we have the following theorem:



PANEL DATA MODELS WITH INTERACTIVE EFFECTS 163

THEOREM 4.2. Under Assumptions A-D and G, the asymptotic representa-
tion of B in the presence of time invariant and common regressors is

R(’é _ﬁ) Zzztwe”v”x ZZZ”g V,Z/h*ezt

lltl lltl

—1 -1 hry*
Zzzlze)‘ln)\)\ N Z)‘ E”e}/ th t €it
i=lt=1

+0,(T7%) + 0p(N™! T’”z) + 0, (NPT,
where
B =h; —HDD'D) " d — HMD)G[CMMDG] ' (& —G'DD'D) " d);

R isa K x K symmetric matrix with its (p, q) element equal to

iix

1 h h (P.4)
ﬁtr[ ITH M(B)HT)] ZE”eE b

where by = (gt,d/) andIB% (b1,by,...,br) = (G D), a matrix of T x (r1 +r3)
dimension; M = Yoo /\/l(il_l/zA)E_]/2 = (ylp,yzp,...,y]f‘,p)’; Iy, =
D DAY ny Ve

iie’ i

REMARK 4.3. The asymptotic expression of B — B can be alternatively ex-
pressed as

u[MX, M®B)X,] - a[MXIMB)X]\ !
B—p= : : :
u[MXxkMB)X|] - t[MXxMB)X]
trf[M X M(B)e']
X :
tr[MXx M(B)e']

£ 0,(T72) + 0,(N"'T72) 4+ 0, (NPT 7).

If D = 17, the above asymptotic result reduces to the one in Theorem 4.1 since
B=(1r,G)=G

Given Theorem 4.2 and Remark 4.3, we have the following corollary.

COROLLARY 4.2.  Under Assumptions A-D and G, if /N /T — 0, then
INTB - B3 NO, R,
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where R = limy, 700 R, and R can also be expressed as
a[MX, M®B)X,] - a[MX;MB)X]

tu[MXxkMB)X|] - t[MXxMB)X]

5. Computing algorithm. To estimate the model by the maximum likeli-
hood method, we adapt the ECM (expectation and conditional maximization)
procedures of [22]. More specifically, in the M-step we split the parameter 6 =
(B, T, X, M gy) into two blocks, 0 = (', X, M sr) and 6, = B, and update Ql(k)
to 01(k+1) given 92(k) and then update Gz(k) to 02(k+1) given 91(k+1), where 6 is the
estimated value at the kth iteration. In this section, we only state the iterating for-
mulas for basic models. The iterating formulas for the models in Sections 3 and 4
can be found in Appendix E of [11]. In Appendix E, we also show that the iterated
EM solutions satisfy the first order conditions. So the EM estimators are at least
locally optimal.

In the basic model, M ¢ = I,. So the parameters to be estimated reduce to 6 =

(B, T, Xee). Let o) = (,B(k), r®, Eg;)) be the estimated value at the kth iteration.
We update I'® according to

T T —1
(5.1) ﬂ“%{%ZE@ﬂmm%M%zE%ﬂmwm},
t=1 =1

where
1
T 2 E(fif12,69)

1=

-1
(5.2) =1 — r(k)/(zglz)) r®
+ F(k)/(zz(lz())_l(IN ) B(k))Mzz(IN ® B(k>/)(2§’§))_ll“(k),

(5.3) E(z f/1Z,6%) = (Iy @ BOYM_,(Iy @ B®')(=®)~'T®

N =
™M~

Il
—

t
with EZ(]Z{) =r®prkr Eg;) . We update zé’? and ,B(k) according to
-1
6D =Dg{(Ivk 41y — T T @ (20) 7
x (Iy ® BP)M_,(Iy ® BV},

N k+1 1 -
IB(k+1) — <Z le{t(zi(iej ))— xit)

i=1t=1

5.4)

(5.5) Vo7
. k+1)\—1/. k+1 k
) (szl{t(zi(ie—i— )) (yil‘ _)"z( - )/ft( ))),

i=lt=1
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where f,(k) is the transpose of the 7th row of
k k 7 k )~ 1k
FO = EF|Z,00)=Z(Iy @ BY) ()" 1®,

where Z = (21, 22, ...,27) with 2, = 7, — %Zle zs; Dg(-) is the operator that
sets the entries of its argument to zeros if the counterparts of E (g;¢;) are zeros.

Putting together, we obtain §*+1D = (p*+D g+ E§I§+l)). The above iter-
ation continues until [|§%*+1) — 9@ is smaller than a preset error tolerance. The
initial values use the iterated PC estimators of [8].

6. Finite sample properties. In this section, we consider the finite sample
properties of the MLE. Data are generated according to

6.) Vit = + Xir1 1+ xir2 B2 + w,{gz + ¢,{ht + Ki/dt + ejy,
Xitk = Mik + V,‘i/gt + J/i}li/hz + J/i‘/i/ d; + ik, k=1,2.

The dimensions of g;, h;, d; are each fixed to 1. We set 8; =1 and B, = 2. We

consider four types of DGP (data generating process), which correspond to the
four models considered in the paper.

DGP1: ¢, «;, )/i},’C and )/l-‘,iC are fixed to zeros; «;, Wik, Y¥; and g; are generated
from N (0, 1) and yﬁc =v; + N, 1).

DGP2: ¢;, k; and yi‘fc are fixed to zeros; «;, Wik, Vi, yf,‘c, g: and h; are generated
from N (0,1); v} = ¥i + N(0, 1).

DGP3: «; and yi‘,’( are fixed to zeros; «;, Wik, Vi, i, g and h; are generated
from N(0, 1); yf;’{ =vY; + N0, 1) and )/,-};C =¢; + N(0, 1). Here ¢; is observable.

DGP4: «;, pik, Vi, ¢i, ki, g and h; are generated from N(0,1); d; =1 +
N, 1D, y§ =vi + N©,1), vyl =¢i + N©O, 1) and v = k; + N(0,1). Here
¢; and d; are observable.

Using the method of writing (2.2), we can rewrite (6.1) as
(UIN® B)z =+ Lgr + &,

where ¢; = g; for DGP1; ¢; = (g;, h;)’ for DGP2 and DGP3; ¢; = (g;, h;, d;)’ for
DGP4, and L is the corresponding loadings matrix. Let ¢; be the ith row of L. We
generate the cross-sectional heteroscedasticity E, an N (K + 1) x 1 vector, accord-
ingto E; = lf—"mt;u,i =1,2,...,N(K 4+ 1), where n; is drawn from Ulu, 1 — u]
with 4 = 0.1. A similar way of generating heteroscedasticity is also used in [14]
and [16]. Let Y = diag(Y, Y2,..., Yn) be an N(K + 1) x N(K + 1) block di-
agonal matrix, in which Y; = diag{1, (Ml.’M,-)_l/zMi} with M; being a K x K
standard normal random matrix for each i. Once Y is generated, the error term &;,
which is defined as (¢],, &5,, ..., €y,)" With &;; = (e;;, vis1, vir2)', is calculated by
& = +/diag(E)Ye;, where ¢; is an N (K + 1) x 1 vector with all its elements being
i.i.d. (x3 —2)/2, where x3 denotes the chi-squared distribution with two freedom
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degrees, which is normalized to mean zero and variance one. Additional simula-
tion results for normal and student-¢ errors are given in Appendix D. Once &; is
obtained, we use

2=(UN®B) '(u+Ls +&)

to yield the observable data.
In the basic model, the number of factors is determined by

(6.2) 7 = argmin IC(m)
0<m <rmax
with
| - NK+T —
IC(m) = —= In|[T"T™ 4 EM | + mAE D In(min(NK, T)),
NK NKT

where I and £ are the respective estimators of I" and X, when the factor num-
ber is set to m and K = K + 1. In the simulation, we set rmax = 4. For the model
with zero restrictions, we consider a two-step method to determine r; and 7. First,
we use (6.2) to estimate the total number r = r| + r,, denoted by 7, and obtain ,3?
by the method of the basic model under 7. Then we calculate the matrix Z = (%;;)
with Zi; = yir — Xis ,BA; and use the information criterion proposed by [12] to de-
termine the factor number in &, which we use 7; to denote. In the second step,
the upper bound of the factor number is set to 7. Then 7, = 7 — 7. For models in
Section 4, even though there are observable common regressors and time invariant
regressors in the y equation, we treat them as part of the unknown factor structure
when estimating the total number of factors. Once the total number of factors are
obtained, the dimension of g; is obtained by subtracting the dimension of ¢; and
that of d; because ¢; and d; are observable in Section 4. This approach works very
well. Other methods may also be considered.

We consider an unified way to estimate the model in Section 2 and the model
in Section 3 (with zero restrictions). More specifically, for a given data set, we
calculate r and r;. If 7 = 71, we turn to the basic model; if 7 > 71, we turn to the
model with zero restrictions.

Tables 1-2 report the simulation results based on 1000 repetitions. Bias and
root mean square error (RMSE) are computed to measure the performance of the
estimators. The percentage that the factor number is correctly estimated by the
above procedure is given in the third column of each table. For comparison, we
also report the performance of the within-group (WG) estimators and Bai’s iterated
principal components estimators (PC). Simulations for the models in Section 4 are
provided in the supplement [11].

From the tables, we can see that the factor number can be correctly estimated
with very high probability. It is also seen from the simulations that the WG estima-
tors are inconsistent. The bias of the WG estimators shows no signs of decreasing
as the sample size grows. The iterated PC estimators are consistent, but biased. As



TABLE 1
The performance of WG, PC and ML estimators in the basic model

N T % WG PC MLE
r=r
B B2 B B2 B B2
Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
50 75 99.9 0.1562 0.1616 0.1550 0.1600 0.0174  0.0405 0.0171 0.0411 —0.0001 0.0020  0.0000  0.0034
100 75 100.0 0.1539 0.1568 0.1558 0.1587 0.0061 0.0228 0.0062  0.0224 0.0000  0.0011  0.0000  0.0010
150 75 100.0 0.1534 0.1556  0.1540 0.1561 0.0029 0.0168 0.0028 0.0146 0.0000  0.0007  0.0000  0.0007
50 125 100.0  0.1559 0.1605 0.1588 0.1636  0.0182  0.0389 0.0184  0.0409 0.0000  0.0017  0.0000 0.0016
100 125 100.0 0.1561 0.1586 0.1554  0.1579 0.0050 0.0167 0.0052 0.0167 0.0000  0.0009  0.0000 0.0008
150 125 100.0 0.1546  0.1565 0.1551 0.1570  0.0025 0.0108 0.0025 0.0106 0.0000  0.0006  0.0000  0.0005
TABLE 2
The performance of WG, PC and ML estimators in the model with zero restrictions
N T % WG PC MLE
r=r
B1 B2 B1 B2 B1 B2

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
50 75 99.7 0.1098 0.1137 0.1095 0.1135 0.0097 0.0245 0.0099 0.0246  0.0000  0.0012  0.0000  0.0011
100 75 100.0 0.1088 0.1111  0.1092 0.1114 0.0038  0.0140  0.0038  0.0140  0.0000  0.0006  0.0000  0.0006
150 75 100.0 0.1086 0.1102  0.1083  0.1099 0.0011 0.0075 0.0015 0.0076  0.0000  0.0004 0.0000 0.0004
50 125 99.7 0.1089 0.1121  0.1097 0.1130 0.0076  0.0199 0.0077 0.0196  0.0000  0.0009  0.0000  0.0009
100 125 100.0 0.1088 0.1107 0.1087 0.1106  0.0029 0.0104 0.0026  0.0100 0.0000  0.0005 0.0000  0.0004
150 125 100.0 0.1086  0.1099 0.1076  0.1090 0.0011  0.0055 0.0010 0.0054 0.0000 0.0003 0.0000 0.0003
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the sample size becomes large, the bias decreases noticeably. However, when the
sample size is moderate, the bias of the iterated PC estimators is still pronounced.
In comparison, the ML estimators are consistent and unbiased. For all the sample
sizes, the biases of the ML estimators are very small and negligible. In addition,
the RMSEs of the ML estimators are always the smallest among the three estima-
tors, illustrating the efficiency of the ML method. The same patten is observed for
all of the four models considered.

7. Conclusion. This paper considers estimating panel data models with inter-
active effects, in which explanatory variables are correlated with the unobserved
effects. Standard panel data methods (such as the within-group estimator) are not
suitable for this type of models. We study the maximum likelihood method and
provide a rigorous analysis for the asymptotic theory. While the analysis is diffi-
cult, the limiting distributions of the MLE are simple and have intuitive interpreta-
tions. The maximum likelihood method can incorporate parameter restrictions to
gain efficiency, a useful feature in view of the large number of parameters under
large N and large 7. We analyze the restrictions via the Lagrange multiplier ap-
proach, which is capable of revealing what kinds of restrictions lead to efficiency
gain. We allow the model to include time invariant regressors and common re-
gressors. The coefficients of the time invariant regressors are time dependent, and
the coefficients of the common regressors are cross-section dependent. This is a
sensible way for modeling the effects of such variables in panel data context and
fits naturally into the framework of interactive effects. The likelihood method is
easy to implement and performs very well, as demonstrated by the Monte Carlo
simulations.
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SUPPLEMENTARY MATERIAL

Supplement to “Theory and methods of panel data models with interac-
tive effects” (DOI: 10.1214/13-A0S1183SUPP; .pdf). This supplement provides
detailed technical proofs. Inferential theory for the estimated coefficients of time-
invariant and common regressors is given. The EM solutions are shown to have
local optimality property. Additional simulation results are presented.
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