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The eigenvector Empirical Spectral Distribution (VESD) is adopted to
investigate the limiting behavior of eigenvectors and eigenvalues of covari-
ance matrices. In this paper, we shall show that the Kolmogorov distance
between the expected VESD of sample covariance matrix and the Mar¢enko—
Pastur distribution function is of order O (N ™~ 1/ 2). Given that data dimension
n to sample size N ratio is bounded between 0 and 1, this convergence rate
is established under finite 10th moment condition of the underlying distribu-
tion. It is also shown that, for any fixed n > 0, the convergence rates of VESD
are O(N —1/ 4) in probability and O (N =1/ 4+’7) almost surely, requiring finite
8th moment of the underlying distribution.

1. Introduction and main results. Let X; = (X1;, X2i, ..., X»i)! and X =
(X1, ..., Xy) be an n x N matrix of i.i.d. (independent and identically distributed)
complex random variables with mean O and variance 1. We consider, a class of
sample covariance matrices

1

N
1
X, X5 = —XX*,
NZ TN

k=1

S, =

where X* denotes the conjugate transpose of the data matrix X. The Empirical
Spectral Distribution (ESD) F Sn (x) of S,, is then defined as

1 n
Sn(y) = — .
(1.1) Forx) = > 10k < x),

i=1
where A1 < --- < A, are the eigenvalues of S, in ascending order and I(-) is the
conventional indicator function.
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Maréenko and Pastur in [16] proved that with probability 1, F5»(x) converges
weakly to the standard MarCenko—Pastur distribution F),(x) with density function
dFy(x) 1

Vx —a)(b—x)l(a <x <b),
dx 27Xy

where a = (1 — ﬁ)z and b= (1+ ﬁ)z. Here the positive constant y is the limit
of dimension to sample size ratio when both n and N tend to infinity.

In applications of asymptotic theorems of spectral analysis of large dimen-
sional random matrices, one of the important problems is the convergence rate
of the ESD. The Kolmogorov distance between the expected ESD of S,, and the
Marcenko—Pastur distribution Fy(x) is defined as

(1.2) py(x) =

A= |EFS — Fy| = sup|EFS"(x) — Fy(x)|
X

as well as the distance between two distributions F5 (x) and F y(x),
Ap=|F% = Fy[ =sup| F* (x) = Fy(x)].
Notice that, for any constant C > 0,
P(A,>C)= P[Sl;p|FS” (1) = F,(0)| = C} < C7'EA,.

Thus, A, measures the rate of convergence in probability.

Bai in [2, 3] firstly tackled the problem of convergence rate and established
three Berry—Esseen type inequalities for the difference of two distributions in
terms of their Stieltjes transforms. Gotze and Tikhomirov in [11] further improved
the Berry—Esseen type inequlatiy and showed the convergence rate of FSu(x)
is O(N~1/2) in probability under finite 8th moment condition. More recently,
a sharper bound is obtained by Pillai and Yin in [18], under a stronger condi-
tion, that is, the sub-exponential decay assumption. It is shown that the differ-
ence between eigenvalues of S,; and the Marcenko—Pastur distribution is of order
O(N~'(logN) O(loglogN)y jpy probability.

In the literature, research on limiting properties of eigenvectors of large dimen-
sional sample covariance matrices is much less developed than that of eigenvalues,
due to the cumbersome formulation of the eigenvectors. Some great achievements
have been made in proving the properties of eigenvectors for large dimensional
sample covariance matrices, such as [4, 19-22], and that for Wigner matrices, such
as [10, 13, 25].

However, the eigenvectors of large sample covariance matrices play an impor-
tant role in high-dimensional statistical analysis. In particular, due to the increas-
ing availability of high-dimensional data, principal component analysis (PCA) has
been favorably recognized as a powerful technique to reduce dimensionality. The
eigenvectors corresponding to the leading eigenvalues are the directions of the
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principal components. Johnstone [12] proposed the spiked eigenvalue model to
test the existence of principal component. Paul [17] discussed the length of the
eigenvector corresponding to the spiked eigenvalue.

In PCA, the eigenvectors (v(l), s vg) of population covariance matrix ¥ de-
termine the directions in which we project the observed data and the correspond-
ing eigenvalues (1Y, ..., )»2) determine the proportion of total variability loaded
on each direction of projections. In practice, the (sample) eigenvalues (Ay, ..., A,)
and eigenvectors (v1, ..., v,) of the sample covariance matrix S,, are used in PCA.
In [1], Anderson has shown the following asymptotic distribution for the sample
eigenvectors vy, ..., v, when the observations are from a multivariate normal dis-
tribution of covariance matrix X with distinct eigenvalues:

VN@; —v%) % N, 0, D)),

where

n )»O T
D=2 Y el
0 0 kYk
k=1,k#i (g — Ai)2

However, this is a large sample result when the dimension # is fixed and low.
In particular, if ¥ = 21, then the eigenmatrix (matrix of eigenvectors) should
be asymptotically isotropic when the sample size is large. That is, the eigenmatrix
should be asymptotically Haar, under some minor moment conditions. However,
when the dimension is large (increasing), the Haar property is not easy to formu-
late.

Motivated by the orthogonal iteration method, [15] proposed an iterative thresh-
olding method to estimate sparse principal subspaces (spanned by the leading
eigenvectors of X) in high dimensional and spiked covariance matrix setting. The
convergence rates of the proposed estimators are provided. By reducing the sparse
PCA problem to a high-dimensional regression problem, [9] established the opti-
mal rates of convergence for estimating the principal subspace with respect to a
large collection of spiked covariance matrices. See the reference therein for more
literature on sparse PCA and spiked covariance matrices.

To perform the test of existence of spiked eigenvalues, one has to investigate
the null properties of the eigenmatrices, that is, when ¥ = oI, (i.e., nonspiked).
Then the eigenmatrix should be asymptotically isotropic, when the sample size is
large. That is, the eigenmatrix should be asymptotically Haar. However, when the
dimension is large, the Haar property is not easy to formulate. The recent devel-
opment in random matrix theory can help us investigate the large dimension and
large sample properties of eigenvectors. We will adopt the VESD, defined later
in the paper, to characterize the asymptotical Haar property so that if the eigen-
matrix is Haar, then the process defined the VESD tends to a Brownian bridge.
Conversely, if the process defined by the VESD tends to a Brownian bridge, then
it indicates a similarity between the Haar distribution and that of the eigenmatrix.
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Therefore, studying the large sample and large dimensional results of the VESD
can assist us in better examining spiked covariance matrix as assumed by [15] and
[9] among many others.

Let U, A, U denote the spectral decomposition of S,,, where A, = diag(i1, A2,
...y An) and U, = (#;j)nxn 18 a unitary matrix consisting of the corresponding
orthonormal eigenvectors of S,,. For each n, let x,, € C", ||x,|| = 1 be nonrandom
and letd, =U}x, = (d1, ..., d,)*, where ||x, || denotes Euclidean norm of x,,.

Define a stochastic process X, (¢) by

[nt] 1
X, () =,/n/2 Z <|de2 — ;)’ [a] denotes the greatest integer < a.
j=1

If U, is Haar distributed over the orthogonal matrices, then d,, would be uniformly
distributed over the unit sphere in R”, and the limiting distribution of X, (¢) is a
unique Brownian bridge B(#) when n tends to infinity. In this paper, we use the
behavior of X, (¢) for all x,, to reflect the uniformity of U,,. The process X, (¢) is
considerably important for us to understand the behavior of the eigenvectors of S,,.

Motivated by Silverstein’s ideas in [19-22], we want to examine the limiting
properties of U, through stochastic process X, (¢). We claim that U,, is “asymptot-
ically Haar distributed,” which means X, (¢#) converges to a Brownian bridge B(¢).
In [21], it showed that the weak convergence of X,,(¢) converging to a Brownian
bridge B(t) is equivalent to X, (F Sn (x)) converging to B(Fy(x)). We therefore
consider transforming X, (t) to X, (F5(x)) where F5(x) is the ESD of S,,.

We define the eigenvector Empirical Spectral Distribution (VESD) H Sn (x) of
S,. as follows:

n
(1.3) H(x) = Y 1di P14 < x).
i=1

Between HS (x) in (1.3) and F3 (x) in (1.1), we notice that there is no difference
except the coefficient associated with each indicator function such that

(1.4) X (FS (x)) = /n/2(HS" (x) — F5 (x)).

Henceforth, the investigation of X, (¢) is converted to that of the difference be-
tween two empirical distributions H Sn (x) and F Sn (x). The authors in [4] proved
that HS" (x) and FS (x) have the same limiting distribution, the Mar&enko—Pastur
distribution Fy(x), where y, =n/N and y =lim,, y 0 y» € (0, 1).

Before we present the main theorems, let us introduce the following notation:

A = |EHS" — Fy, | = sup|EHS" (x) — Fy, (x)]
X

and

A;’ = ”HS" —Fy,| :SI;P|HS"(X) — Fy,(x)].



2576 N. XIA, Y. QIN AND Z. D. BAI

We denote &, = Op(a,) and 1, = Oy (by) if, for any € > 0, there exist a large
positive constant ¢y and a positive random variable c¢;, such that

Pén/ap>c1)<e and P(n,/b,<c2)=1,

respectively.
In this paper, we follow the work in [4] and establish three types of convergence
rates of HS (x) to F y, () in the following theorems.

THEOREM 1.1.  Suppose that X;j,i =1,...,n, j=1,...,N are i.id. com-
plex random variables with EX 11 = 0, E|X11|2 =1 and E|X11|10 < o0. For any
fixed unit vector x, € C| = {x € C":||x|| =1}, and y, =n/N < 1, it then follows
that

O(N~V2q=3/%), FN"12<q<1,
AH:HEHsn_FJ’nH: ( —-1/8 ) f __1/2
O(N~—'/®), fa<N7%,

where a = (1 — ./yn)z as it is defined in (1.2) and F), denotes the Marcenko—
Pastur distribution function with an index y,,.

REMARK 1.2. From the proof of Theorem 1.1, it is clear that the condition
E|X11]'° < 00 is required only in the truncation step in the next section. We there-
fore believe that the condition E| X 1| 10 — 50 can be replaced by E| X |8 < o0 in
Theorems 1.6 and 1.8.

REMARK 1.3. Because the convergence rate of |EH Sn — Fy| depends on
the convergence rate of |y, — y|, we only consider the convergence rate of
IEHS" — Fy, ||.

REMARK 1.4. Asa=(1-— J)Tn)z, we can characterize the closeness between
y, and 1 through a. In particular, when y, is away from 1 (or a > N~!/?), the
convergence rate of ||[EH Sn Fy,llis O(N ~1/2) which we believe is the optimal
convergence rate. This is because we observe in [4] that for an analytic function f,

(1.5) Yu(f) = «/E/f(X)d(HS”(X) — Fy, (x))

converges to a Gaussian distribution. While in [6], Bai and Silverstein proved that
the limiting distribution of

n / fx)d(FS (x) — Fy, (x))

is also a Gaussian distribution. We therefore conjecture that the optimal rate of
HS(x) should be O(N~'/2) and O(N~") for FS(x). Although FS(x) and
HS"(x) converge to the same limiting distribution, there exists a substantial dif-
ference between FS(x) and HS"(x).
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REMARK 1.5. Notice that two matrices XX* and X*X share the same set of
nonzero eigenvalues. However, these two matrices do not always share the same
set of eigenvectors. Especially when y, >> 1, the eigenvectors of S,, corresponding
to 0 eigenvalues can be arbitrary. As a result, the limit of HS* may not exist or
heavily depends on the choice of unit vector x,,. Therefore, we only consider the
case of y, <1 in this paper and leave the case of y, > 1 as a future research
problem.

The rates of convergence in probability and almost sure convergence of the
VESD are provided in the next two theorems.

THEOREM 1.6. Under the assumptions in Theorem 1.1 except that we now
only require E|X11|® < 0o, we have

—1/4,-1/2 o nr—1/4

A [ HS — F, | = O,(N~V4a=12),  ifN"V<a<1,
p Yn 19) (N—1/8) ifa <N—1/4
p ) :

REMARK 1.7. As an application of Theorem 1.6, in [8] we extended the CLT
of the linear spectral statistics Y, (f) established in [4] to the case where the kernel
function f is continuously twice differentiable provided that the sample covariance
matrix S, satisfies the assumptions of Theorem 1.6. This result is useful in testing
Johnstone’s hypothesis when normality is not assumed.

THEOREM 1.8. Under the assumptions in Theorem 1.6, for any n > 0, we
have

Ogs. (N—1/4+77a—1/2), l.fN_l/4 <a<l,

A = |HS —F) | =
p = wl Ous. (N~V/3+), ifa < N~/

REMARK 1.9. In this paper, we will use the following notation:

X* denote the conjugate transpose of a matrix (or vector) X;
X7 denote the (ordinary) transpose of a matrix (or vector) X;
|Ix|| denote the Euclidean norm for any vector x;

Al = v/ Amax (AA™), the spectral norm;

|F|| = sup, | F(x)| for any function F;

z denote the conjugate of a complex number z.

The rest of the paper is organized as follows. In Section 2, we introduce the main
tools used to prove Theorems 1.1, 1.6 and 1.8, including Stieltjes transform and a
Berry—Esseen type inequality. The proofs of these three theorems are presented in
Sections 3—6. Several important results which are repeatedly employed throughout
Sections 3—6 are proved in Appendix A. Appendix B contains some existing results
in the literature. Finally, preliminaries on truncation, centralization and rescaling
are postponed to the last section.



2578 N. XIA, Y. QIN AND Z. D. BAI

2. Main tools.

2.1. Stieltjes transform. The Stieltjes transform is an essential tool in random
matrix theory and our paper. Let us now briefly review the Stieltjes transform and
some important and relevant results. For a cumulative distribution function G (x),
its Stieltjes transform mg(z) is defined as

1
mG(z):/EdG(k), zeCt={zeC,3() >0},

where J(-) denotes the imaginary part of a complex number. The Stieltjes trans-
forms of the ESD FS(x) and the VESD HS"(x) are

1
M s (2) = — tr(S, = L) !
and
mygs, (Z) = X:(Sn - ZIn)_IXn’

respectively. Here I,, denotes the n x n identity matrix. For simplicity of notation,
we use m,(z) and mf (z) to denote m s, (z) and m s, (z), respectively.

REMARK 2.1. Notice that although the eigenmatrix U, may not be unique,
the Stieltjes transform m*! (z) of H S+ depends on S,, for any x,, rather than U,,.

Let S, = X*X/N denote the companion matrix of S,. As S, and S, share
the same set of nonzero eigenvalues, it can be shown that Stieltjes transforms of
FS(x) and F5 (x) satisfy the following equality:

l_yn

2.1 m,(z) =— + yamn(2),

where m,, (z) denotes the Stieltjes transform of F S, (x). Moreover, [5] and [24]
claimed that FS» converges, almost surely, to a nonrandom distribution function
F(x) with Stieltjes transform m(z) such that

11—y
(2.2) m(z) = T + ymy(2),

where my(z) denotes the Stieltjes transform of the Mar¢enko—Pastur distribution
with index y. Using (6.1.4) in [7], we also obtain the relationship between two
limits m y(z) and m(z) as follows:

1

(23) my(z) = m
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2.2. A Berry-Esseen type inequality.

LEMMA 2.2. Let HS (x) and Fy, (x) be the VESD of S, and the Marcenko—
Pastur distribution with index y,,, respectively. Denote their corresponding Stielt-
jes transforms by mt (z) and m v, (2), respectively. Then there exist large positive
constants A, B, K1, K, and K3, such that for A > B > 5,

A = |EHS" (x) — Fy, (x) |

A
< KI/A|Em,§’(z)—myn(z)|du+1(2v—1fl B|EHS"(x)— Fy, (x)| dx
— X|[>

+ K3v~'sup |Fy, (x +1) — Fy, (x)| dt,

x Jt|<v

where z =u + iv is a complex number with positive imaginary part (i.e., v > 0).

REMARK 2.3. Lemma 2.2 can be proved using Lemma B.1. To prove The-
orem 1.1, we apply Lemma 2.2. In addition, we prove Theorems 1.6 and 1.8 by
replacing EH Sn(x), Emf (z) with HS(x) and m,f] (z), respectively.

3. Proof of Theorem 1.1. Under the condition of E|X|'° < 0o, we can
choose a sequence of ny with ny | 0 and nyN'/% 4 0o as N — o0, such that

o
(3.1) lim —oE(X 111X 1| > gy N'4) =0.
N—o0 Ny

Furthermore, without loss of generality, we can assume that every | X;;| is bounded
by 7y N'/* and has mean 0 and variance 1. See Appendix C for details on trunca-
tion, centralization and rescaling.

We introduce some notation before start proving Theorem 1.1. Throughout the
paper, we use C and C; for i =0, 1,2,... to denote positive constant numbers
which are independent of N and may take different values at different appearances.
Let X; denote the jth column of the data matrix X. Let r; = X;/ VN so that
Sn = Z?’Zl rjr}“. and let

vy =va+Jv=1—= .y, + Vv,
B; :Sn—rjr;f,

A(2) =S, — 2,

Aj(z) =B; —z1,,

_ 1 _
aj(z) = rijj l(z)xnxzrj — Nx;Aj Y(D)xn,

- Lo
£/ =1jA7 @rj — LBrA;l (@),
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~ B 1 B
£ =1jA7 @) - LA @),

1
beI=1 + (1/N)ErA~-1(z)’
1
bi(z) = ,
) = /MErA )
1
Bj(z) =

—_—
1+ r’;Aj (Dr;

It is easy to show that

(3.2) Bj(z) —b1(z) = —b1(2) B (2)§(2).
Forany j=1,2,..., N, we can also show that
(3.3) riA~ (2) = B (DA (2)

due to the fact that
(Bj — ZIn)_l — (Bj —{-l‘jl‘j —ZI”)_1 = (Bj — zIn)_lrjr7(Bj —{-l‘jl‘j — ZIn)

From (2.2) in [23], we can write m,,(z) in terms of B;(z) as follows:

-1

(3.4) m,(z) = —ZiNéﬁj(Z)-
We proceed with the proof of Theorem 1.1:
§ = Emfl(2) —my(2)
= X;[EA~'(2) — (—zm @1, — z1,) "' %
= (zm(2) + 2) 'X*E[(zm(2) + 2)A"" (2) + L ]xa
= (zm(2) +2) " GE[(l + A@)AT (@) + zm@A T (D)]x,

= (zm@) +2)"" *E[Z r;rA(2) + 2(Em, (2)) A7 (2)
— 2(Em, (2))A™' (@) + zm(2)A™! (z)}xn
N
= (zm(2) + Z)IXZE[Z Bj(@r;riA ! (2) — (—2Em, (2))A™' (2)

j=1

— (zEm,, (z) — zm(z))A‘l(z)}xn
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| N 1 N
= (zm(z2) +z)~ x:E[Z Bj (z)rjrjAjfl(z) — (ﬁ > EB; (z))A_l(z):|xn
j=1 j=1
— (zm(z) + z)flx,’: (zEm,, (2) — zm(2)) (EA™ (2))x,
N
= (@) +2)'xi| Y0 (117A7 @) - %EA*(z))}xn
j=1
+m(2)(zBm, (z) — zm(2))Em! (2)
=:61 + 62,

where

N
51 = (am(2) +z)‘1x:[2 B @)(xrjA7 @) - %EA”(z))}xn,

J=1

82 =my(2)(zEm,, (2) — zm(2))Em? (2).

LEMMA 3.1. [If

5] < ! <i+A—H>
1_vay Uy v

holds for some constants Cy and C1, when v2vy > CoN~', under the conditions
of Theorem 1.1, there exists a constant C such that A" < Cv/ Vy.

PROOF. According to Lemma 2.2,
H A H
AT < Kl/ |Em,, () —my(z)}du
—A
+ sz—lf [EHS" (x) — Fy, (x)| dx
|x|>B

+ K3v~!sup |Fy, (x +1) — Fy, (x)] dt.

x Jt|<v

From Lemmas B.2 and A.8, we know that there exists a positive constant C, such
that

K2v1/|‘ B}EHS"(x)—Fyn(x)}dx

(3.5) + K3v~!sup |Fy, (x +1) — Fy, (x)] dt

x Jlt|<v

< Cv/vy.
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Notice that

A
/._A|Emf(z) — my(z)| du

A A
5/ |81|du+/ |62] du
—A —A

A A
sz|81|du+/;A|zmy(z)||Emf(z)||Emn(z)—m(z)|du

A A
§/A|61|du+f_A|zmy(z)||Emf(z)—my(z)HEmn(z)—m(z)|du

A
+ f_ Alzmy<z>||my<z)||Emn(z) —m(z)|du.

Lemma A.1, (2.1) and (A.3) imply that
C
IEmn(z) —ﬂ(Z)‘ = |)’n”Emn(Z) — my(Z)’ =< m

and

A A
/ IEm, (2) — m(z)| du = / 1Yl Bt (2) — my(2)| dut < C.
—A A

From (2.3) in [3], we have

I—y—z+/d+y—22—4y
2y

zmy(z) =

1 1 (z —1- y)
=—1—- m ; s

zﬁ semi ﬁ
where mgemi(-) denotes the Stieltjes transform of the semicircle law, see (3.2)
in [2]. Therefore |zmy(z)| is bounded by a constant, for [mgemi(-)| < 1, see (3.3)
in [2].

Combined with Lemma B.7, there exist constants C», C3, such that

A
fA\Emf(z) —my(2)| du

< /,A |81|du + W/A|Emn (Z) —my(Z)|dI/l + W
Given v?v, > CoN !, for v, > /v, we have v3/2v§ > v?vy > CoN~!. For a large
enough Cy such that C,/Cp < 1/2, we have

A A Cv
/ |Em,, (z)—my(z)]duff 181 du + —.
—A A vy
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As 1811 < 78 (L + A7) and v2v, > CoN L, if Cp = 4AC| K}, we then have

Novy ‘v

24C1 v | 24C y  Cv

A
7A|Em,[,{ (2) —my(2)|du <

~ Nv?v, E Nv2v, vy
(3.6)
AH Cv
<— 4+
— 2Ky Uy

Thus, from Lemma 2.2, equations (3.6) and (3.5), we conclude that there exists
a constant C, such that

Cv
<—.

Uy

AH

The proof is complete. [

To finish the proof of Theorem 1.1, we choose v = _NCNT such that vzvy =
Ja+N-1/4
CoN~! m > CoN~!. According to Lemma 3.1, we know that
A < €0 NI (Ja g N,
Uy

If /a < N~V4 AH < CN-V2(N-V4H=32 = o(N~1/8).
Ifﬁz N_1/4, AH < CN_I/Z(\/E)_?’/Z — O(N_l/za_3/4).
Thus, the proof of Theorem 1.1 is complete.

4. The bound for |§;]. Inthis section, we are going to show that when vzvy >
CoN~!,|8;| is indeed bounded by o (vly + %), as required by Lemma 3.1.

Nvvy,
From §;, we can further write 81 = 811 + 812 + 813, where

1
511 = N(zm(@) + z)‘lE[ﬂl(z)(rTAfl(@xnx:n - Nsz;%z)xn)}
= N(zm(z) + z)_lE(ﬂl ()a1(2)),
812 = (zm(z) +2) 'E[B1 )X (AT (2) — AT (@)X ],
813 = (zm(2) +2) 'E[B12)x (A7 (2) — EA~! (2))x,].
According to (2.3) and Lemma B.7,

_ C
(4.1) 1zm(z) +2) | = |-m,(2)| < =
y

for some constant C. Using identity (3.2) three times, we have

B1(2) = b1 (2) — b1 ()&1(2) + b3 (2)E1(2) — b} (2) B1 (2} (2).
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Notice that Ex;(z) =0 and b1(z) is bounded by a constant (due to Lemma A.3),
we then have

CN
1811] < —|EB1(2)e1 (2)|
Uy

“4.2)
CN
= ——([B& (o1 @] + [E&7 ()et1 @) + [EA1 ()] (D)1 (2)])-
y

Let us start with the first term in the above upper bound of |511]| as in (4.2). Note
that r; and Al_1 (z) are independent. Therefore, for any integer p > 0 we have

E(rA;'(2) —EtrA7' (2))a1(z) =0
and
E(trAl_1 ) a1(z) =0.

Denote Al_l(z) = (@ij)nxn» Al_l(z)xnxj = (bij)nxn, and €; be the ith canonical
basis vector, that is, the n-vector whose coordinates are all 0 except that the ith
coordinate is 1. Then Lemmas B.3, A.5, A.6 and the inequality ||A1_1(z) | <1/v
imply that

|E&1 (2)1 (2)]
= [B&1 ()1 (2)

C D D
< mE(tr(A1 1(z)A1 '@)xx) + Zaiibii>
i=1

C 1 AH ol * A —1,= 2 Al 2ok a |2 2
fm v—y+7—|—v i:lE’XnAl (Z)e[‘ ;Ela,ﬂ ]xne,-\

_C (1_FAH)

~ N2v\vy v )
In the above, we use the following two results, which can be proved by applying
Lemmas A.5 and A.6:

* A —1 1 AH
Elaj1| =ElefA] (2)e)| < C( — + — ),
Uy v
- 1= cC/1 A
Elan|* < E[efAT (AT @ei| < _<_ + —>
v Uy v

Hence, we have shown that

C /1 AH
43) IEE (D)1 (2)] < N—Zv(v_y + 7).
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Let us denote X7 the conjugate transpose of X, that is, X’f = (X11, Xo1,
, Xn1). Then we can rewrite the second term in the upper bound of |11 as

2
Eé—l (2)a1(z) = _E[(Zau llXJI +Z all|X11 Eaii))

i#j
X (Zbij(?_(ille - 31'/))}

i,j

H (Zau zlxﬂ) + 2<Z(au|Xi~| = Eaii))

i#]j i
_ 2
X (ZainilXJ'l) + (Z%P@i( _Eaii> }
i£] i

{sz;XﬂX}l +Zbl, |X | - 1)H

i#]

(Z’allb”| + Z |Ea”| 1bii| + Z‘al]b”|

i#]j
+ Z’aizjbij| + Z laijaiibjj| + Z |aiiaijbij|>

i#] i#j i#]j

Z Z Ealjajkb,k

0T itk

where a;. and a/; denote a;; or a;;. By following the similar proofs in establish-
ing (4.3), we are able to show that

1
EY lagbii| < 5 ZE|aiibii|
l. -
< —(Elaf, [Ex;AT (@A L@)x,)

C(l AH)
< —(—+—,
— 2 Uy v

E |Eaq;i*|bii| < [Ean|*(Ex;AT (@A (D)x,)

i
C(1  AfNP2
<|=(—+— .
_[v(vy v)}

t:‘.Ih—*

172
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The Cauchy—Schwarz inequality implies that

E§\a,jb,,| < E(Z|bn|(2|au ))
= (IZE|XZA1_1(Z)ei|2>1/2 <2j:|xj;el.{2E<Z|ai2j|>2)l/2

= (Ex (AT @A @)x) P (E|AT @AT @)
c L, af 32

< — | — _

1/2

I_l

EZa”b,} < E|a,J “AT "@eil? > Elajjxie;] }
i#] ij

ZEi T AT @), (AT @e)’]

1

1/2
x 2 ElAT @A @) (x,’iej)zl]
J

C (1 AN

_2<_+—> 9

v Uy v

EZ|a,~l~a,~jbjj| < ZE|aiiXZA1_1(Z)ej|ZZE|ainZej{2j|

i#] ij ij

ZE|a AT (AT @)x,

A

172

1 1

12
X Z E(Al_1 (Z)Al_l (Z))J‘j |Xzej ’2i|
J

1/2
E) laiiaijbij| < [ZEWXZATIGHZZEfainZeiﬂ

i#] ij ij

<cX

VN1 Af
(&)
vy v

Finally, we establish

2

L, T

3ot

<cY

Z Ea;;aj;bik

Lk vy v
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By inclusive—exclusive principle and what we have just proved, it remains to show
that

(4.4) >

LT

cc (L2t

v2

L T
2 Eajjajibix

ik oo v

Notice that yjx = > jaijajk is the (i, k)-element of Al_z(z). We obtain

> vikbix
ik

Y Eaijajibi
ik

12
< (ZEmkFZEwikF)
ik ik

= (Bir(AT2@AT2@)EXAT (AT (@)x,)

Similarly, one can prove the other terms of (4.4) share this common bound.
In summary, when vzvy > CoN ~1 it holds that

C /1 AH
4.5) {Eélz(z)ot1(z)| < Ny (E + T)

For the last term in the upper bound of |311|, we apply Lemma A.4 and the
Cauchy—-Schwarz inequality again. In particular, for any fixed # > 0, we have that

[EB1(2)&] ()1 (2)| < CE|& ()1 (2)| + o(N )
(4.6) < C(El&1)[))*EBler ) [)

C 1 AfND2
<—5(—+—) .
N5/2v2v§/2(1’y v )

The last inequality in (4.6) is due to Lemmas A.2 and A.7. Therefore, for any
v2vy > CoN~1, (4.3), (4.5) and (4.6) lead us to

V2 L o(NTY)

cC (/1 AH
4.7) 1611 = (— + —)
Nvvy \vy v

To establish the upper bound for |§12|, we will make use of the following equal-
ity:
(4.8) AT @)~ AT @) = BLAT @rirfAT ).
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Note that (4.1) implies that

C
1812] < v—}Eﬂl(ox: AT (@) — AT (@)%,
y
C
< v—|Eﬁ12(z)XZA1“(z)r1rT T @)%
y

C
< —E[XIAT @x.XAT (@)X [+ 0o(NT')  (see Lemma A.4)
49) Nv,

C
< Vo Etw(A7 @)x.x:AT ! (2))] (see Lemma B.5)
Uy

C _
= [EXA] 2(2)%, |
y

. C < L, Af >
T Nuyy\vy v /)
At last, we establish the upper bound for §;3.

By (4.1), Lemma A.3, and the fact
(4.10) B1(z) = b1(z) — b1(2) B1(2)&1(2),

we obtain

C
1813 < v—|E{ﬂl<z)x:(A—1(z) —EA' ()4}

y
C

= v—|E{b(z>ﬂ1(z>sl(z)x: (A~ (2) —EA7 ' (2))x, }|
y
C * (A —1 —1

< —[E{6@x,(A7 @) —EAT (@)%}
y

C
+ —[E{p (D& (@)X (A (2) —EAT1(2))x, }].
y
From C; inequality (see Lo¢ve [14]), we have |513]| < %(|Ill |+ ||+ |II3]), where
I = E{&()x: (AT (@) — EAT (2)x, ),
IL =E{&1 (x5 (A" (@) — AT (@)%},

I3 = E{1(2)& ()X E(A™ (2) — AT (2))x, ).

It should be noted that E(&(z) | Al_l(z)) =0, and r; and Al_l(z) are indepen-
dent. Then we have

I, = E[E{& ()%} (AT (2) —BAT ' (@)% [ AT (@)}] =0.
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By the results in (4.8) and (4.10), we have
| = [E&1(2)B1 (XA (2)rirfAT ()%,
|b1(2)||E&1 (AT (%, XEA T ()|

+ 512 |[EB1 (2)EF FAT ()%, XEAT (o) |
=:1II; +III,,

IA

where

III; = |b1 (Z)|

Esl<z>(r>f % AT G — —x AT (z)xn)

£ Etr( >kz’& (Z)Xn +EZ (Z)Xn *A (Z)) i Aii

C ( 1 N AH)
~ N2 vy v /)’
The above inequality follows from Lemmas B.3 and A.3. By Lemma A.4 and the
Cauchy—-Schwarz inequality, it holds that

I, < CE|} ()rfAT (0x,x; AT (2)ry |

< C(El& <z>|4>‘/2(E|rTA;1<z>xnx:Ar1<z>r1 )12

N2 2 2N2
__C <1 N AH )
~ N2v%uy \v, v /)
Hence, we have shown that

H
| < L(i + A_)
- N2v2vy Vy v

Moreover, Lemmas A.2 and A.5, and the Cauchy—Schwarz inequality lead us to
the following:

1 1/2
< C( E{x AT 2(2)%n |2) (see Lemmas A.2 and B.5)

113 < C(BJ& (2)E[xH (A (2) — AT (@)%, )2

- C C <1 N AH>
- N1/2v1/2v)1)/2 Nv v

c 1 Af
= 12\, =)
N3/203/2,/* \vy v
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Therefore, it follows that

1D 183l < S (I ] + ) < — - (1 +AH)
' 31 = vy ! 2 3= N3/293/2y, \ vy, v /)
As it has been shown in (4.7), (4.9) and (4.11), we conclude that
cC (/1 AH
(4.12) I
Nvvy \vy v

5. Proof of Theorem 1.6. From Lemma 2.2, and by replacing EHS (x) and
Em,’l{ (z) by H Sn (x) and m,’l"’ (z), respectively, we have

EAl = E|HY (x) — Fy, (x)|
A H H A H
< K1/AE|mn (z) — Em] (Z)|du+K1/A|Emn (z) —my(z)|du
+ sz*‘/ [EHS (x) — Fy, (x)| dx
|x|>B
+ K3v~! sup/ |Fy, (x +1) — Fy, (x)| dt
x Jlt|<v

A
< K1/AE|m,7(z)—Em,f](z)|du+AH.

As the convergence rate of A has already been established in Theorem 1.1, we
only focus on the convergence rate of Elmf (2) — Emf (2)].
By Lemma A.6 and the Cauchy—Schwarz inequality, it follows that

Elmf (2) —Em!! )| < (E|mf 2) —Em! )|)"/?

C (1 AH>
< — 4+ —).
~Nv Uy v

Together with Lemma 3.1 that AH < Cv/vy, when vzvy > O(N_l), we have

1 C
E”HS”()C) — Fyn()C)H < (m + U)v—
y

By choosing v = O (N~!/%), we obtain
O(N~V4a=172),  whena>N"1/*,
O(N~1/3), otherwise.

The proof of Theorem 1.6 is complete.

E|HS (x) — Fy, (x)| < {

6. Proof of Theorem 1.8. Notice that the proof of Theorem 1.8 is almost the
same as that of Theorem 1.6.
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By Lemma 2.2, choosing v = O (N /%),

A
HHSn —Fy, | S/A‘mf(Z) —Emﬁl(z)’du + Cv/vy.

By Lemma A.6, we have
H H 21 I 1 AH 21
E|m, (z) —Em, (2)|" <CN"'v ™ —+—) .
vy v
When a < N_l/4, with v = 0(N-1/4)’
NHVSDE|m)! (@) — Emyl (0 < CN72,

which implies that if we choose an [ such that 2In > 1,
A
/_A|m;7(1) — Em,f](z)|du = Oa.S,(N_1/8+’7),

When a > N~1/4 in this case, by choosing v = O(N_1/4), we have
alN21(1/4_”)E|m,?(z) — Emf(z)]zz <CN~2n,

Theorem 1.8 then follows by setting / > L This completes the proof of Theo-

T
rem 1.8. !

APPENDIX A

In this section, we establish some lemmas which are used in the proofs of the
main theorems.

LEMMA A.l. Under the conditions of Theorem 1.6, for all |z| < A and
vzvy > CON_I, we have

|Emn(z) —my(Z)| = W,

where Cy is a constant and vy =1 — [y, + Jv.

PROOF. Since

1
By (2) = ~Etr(S, — 2!

1 n
:;ZE

k=1

1
skk — 2 — N 720 (Sux — 2ln—1) Loty

(A.1)
_15 1

>

E
n.- € +1—yn —2— ynzEm,(2)

1
- +
2+ yn — 1+ yuzEmy(2)

Sn,
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where
1Y 5
Skk = — E | Xkl
N =

1 *
Snic = NX(k)X(k),
ap = X Xx,

€k = (skk — 1) + Yn + YnzEmp(2) — ~—5af Sux — 2li—1) ey,

NZ
1 n

Op=—-— Z b,EBiek,
=

1
ZH+yn—1+ )’nZEmn(Z)’
1
2+ yn — 1+ yuzEmy(2) _ek’

by =by(z) =

Br = Br(2) =

where X is the (n — 1) x N matrix obtained from X with its kth row removed
and X7 is the kth row of X. It has proved that one of the roots of equation (A.1) is
(see (3.1.7) in [3])

Emn(2) = —=—— (24 3n — 1 = 0280 = @ F Y — 1+ 9280 — 43,2).

2ynz

The Stieltjes transform of the Marcenko—Pastur distribution with index y is given
by (see (2.3) in [3])

yn+Z—1—\/(1+yn_Z)2_4yn
2ynz ’

my(Z) = -

Thus,
|Emy(z) —my(2)|
~ 1 |[1+ 12z 4+ yn — 1) — ya28s }
-2 I\/(z+yn—1)2—4ynz+\/(z+yn—1+ynz5,,)2—4ynzl

Let us define by convention

3(2) 3@
N = S =
w2 2(1z[ = R@) ‘o 2(z[ +9(2))

If lu—y, — 1] > then the real parts of \/(z—i-yn — 1) —4y,z and

5(A+1)’
\/ (z+ yu — 1 4+ yu28,)% — 4y, z have the same sign. Since they both have positive
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imaginary parts, it follows that

|\/(z + 0 — 1?2 —dynz+ \/(z + ¥ — 1+ yu280)? — 4ynz]

2 1/2
> JI8(G +yn = D2 —4y2) | = 20 — 3y — D = (5(Tv+1)> '

Thus,
|8n | ( C ) C|én]
A2 E —my <—(1+—)< .
(A.2) |Em,(z) —my(2)| < > +ﬁ =7
Iflu—y,—1| < 5(A1—+1)’ we have |[Em,(z) —my(2)| < C|8,].
In [7] [see the inequality above (8.3.16)], we have

8] < = (A+v)2<
T N3 vy/ T Nvvy

Combined with (A.2), we get
C
|Emn(z) - my(z)} = m

The proof of the lemma is complete.
In addition, the following relevant result which is involved in the proof of
Lemma 3.1 is presented here:

A
/ B (z) — my(2)| du
—A

U—yn 121 S5(A+1 qMSA‘
( . )

+/ |Em,, (z) — my(2)| du
=y, —1|<1/(5(A+1)),|u|<A

<Cv. OJ

LEMMA A.2. Under the conditions of Theorem 1.6, for vzvy > CoN~! and
1 <1 <3, there exists a constant C, such that

2

PROOF. By the C,-inequality (see Loeve [14]), it follows that

1 1 21 .
Els ) < C(E‘NtrAl_l(z)— NEtrAl_l(z) +Elél(z)]2’)

=L+
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From Lemmas B.6, B.§, B.10 and the C,-inequality with vzvy > CoN~!, we have

2l

1 1 21
+E NtrA_l(z) — NEtrA_l(z)

2l

1 - 1 _1
I gE‘ﬁtrAl (z)—ﬁtrA (2)

1 —1 1 -1
+ ’NEU'A (Z) — NEU'AI (Z)

- Nv N2p# vy Nv
C

P

= Nl

Under finite 8th moment assumption, for [ > 2 we have
EIXul* = E{IXuP1Xu ¥ P10 X1l < aw N4} <N,
It can be shown that By — zI, = Ay, |(B] — zL,) "' < 1/v, and
tr((By — zL,) 7' By — zL,) ™) = v (B — zL,) 7).

Hence, by Lemma B.5,

1 _ — i
I = oy EIXIAT X —wA] L)

< %E{cwl—z w(AT @A @) + (Cu(AT AT @)}

C
= WE{CNI_ZU_ZHIS(tr(Bl — )Y
+ Clv ! (3(r By — z1)7"))')
C
— W{CNHu*”“E(%(mFB1 (2)))

+ CINYE (S (m sy (2)))')
C C
= NIFTp2=Ty + NTolL”

The last inequality is due to Lemmas B.6, B.7, B.8 and
E(S(m 5, (2)))' | < E|m s, 2) — mp ()| + E|ma(z) — Emy ()|

+ |[Ema(z) = my )| + my ()]

-1
<
_va .



ASYMPTOTICS OF EIGENVECTORS AND EIGENVALUES 2595

Herelet A= |[EFS — F y, |, by integration by parts and Lemma B.10, we have
CA C
(A4) |Emn(z) _my(Z)| =—=—
v vy
Therefore, for 1 </ <3 and vzvy > CON_I, it follows that

! c
E|51(Z)| <h+Lh< Nl
y
This completes the proof. [

LEMMA A.3. Under the conditions of Theorem 1.6, for all |z| < A and
v2vy > CON_l, we have

‘b] (Z)| <C.
PROOF. From (2.3) in [3], we have

I_Yn_z+\/(1_yn_z)2_4ynz
2ynz

where the square root of a complex number is defined as the one with positive
imaginary part. It then can be verified that

my(Z) =

’

1
bo() =t ——— =1+ —-(z—y—1—-yz—y,— D2 —4
0 = S == 1= — 3 =17 —4y,)
Z—yn—1
=1+y Ynmsemi< y_;n >7

where mgem; denotes the Stieltjes transform of the semicircular law. As |mgemi| < 1,
we conclude that

(A5) bo()] < 1+ /7n.
By the relationship between by and b, we have
bo(2)
bi(z) =

L+ yabo(2)(1/mEw AT (2) —my (@)
When Cy is chosen large enough, by Lemma A.1, for all large N we have

lEtrA—l()— < lEuar@) — A~ E —
- L (@) —my(2) _n| tr(A] (2) ()| + |Emu(z) — my(2)]

S N K -
nv o 31+ /) — 30+ /)

and consequently we obtain

61| =30+ /) =C.
Thus, the proof is complete. [
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LEMMA A.4. If|bi(z)| < C, then for any fixed t > 0,
P(|B1(z)| > 2C) =o(N7").
PROOF. Note thatif |b1(2)€1(z)| < 1/2, by Lemma A.3, we get

1b1(2)] 1b1(2)]
21b 2C.
T ooa @ = T bioa @ =A@l =

1B1(2)| =

As a result,

1
P(B1(2)] > 2C) < P(|b1(z>sl<z>| > 5)

< P<|§1 ()| > %) (see Lemma A.3)

< QOPEE@)|".
By the C,-inequality, Lemmas B.8 and B.9, for some n = ny N~ /4
we have

and p > log N,

E|£(2)|” = E|&(2)]” +E‘ltrA_l(z) — iEtrA—l(z) '
1 = 1 N 1 N 1

C

<C(NuyN~) (v ny ) ‘va3p/2U5/2
<cny <ok,

For any fixed t > 0, when N is large enough so that log n;,] >t + 1, it can be
shown that

Elé1 ()] < CemPloen
< Ce_p(z+1)
< Ce_(t+1)10gN
=CN' 1= o(N7").
We finish the proof. [

LEMMA A.S. vazvy > CoN_l, Co is a large constant. For | > 1, it holds
that

E|mHBl (Z)|21 = CE|mrIzi(Z)}21'

PROOF. Recall that
A @) - AT @ =8AT OrriAT ().
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By Lemmas A.4 and B.5, it holds that

E{mHBl (2) = mr[z{(z){zl
=Elx (AT @ - AT @)x[*
= E|xB1 (AT @rirfAT @x, [
=E|X 1 (AT @rirfAT @)%, [*1(|B1 ()| < C)
FEX A AT @rirfAT @x [M1(|B1(2)] > €)

C _ - 21 -
< S EXiA] "% xEAT @Xi |7 +o(N7)
< L EXAT O AT (OX) — XA 2% P + B[ AT ()%
—NQIIIZnnlzlnIZ" NzlnIZn

C ~ _ L o
< W[E(trA1 %X AT (AT (D)xXEA] '@)
+ N 2Eu(A] @xxt AT AT @xxiAT ()]
C _
+ WE’XZAI 2(Z)Xn |21

21
< WB}I’”HBI (Z)’ .

The last step follows the fact that
AT @DAT D%, = v IS(EAT (2)%0) = v S (mm, (2)).

For vzvy > CoN !, which implies that v > CON_I/z. Choose Cqg and N large
enough, such that W < % Further, by C,-inequality, we obtain

E|m 8, ()| < CE|m s, 2) —mP 2)|* + CE[mH 2)|*
< LE|m s, @ + CE[m )7

That is, E|m s, @)% < CE|m,If(z)|21, for some constant C. This finishes the
proof. [

LEMMA A.6. Under the conditions of Theorem 1.6, for vzvy > CoN~!, we
have

H\ 2
E|mn (Z) — Emn (Z)| < NIUZI (U_y + T) .
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PROOF. Write E;(-) as the conditional expectation given {ry,...,r;}. It can
then be shown that m (z) — Em (z) = 27:1 Yj, where

yj =E; (x:A_l(z)xn) — Ej_l(xZA_l(z)xn)
= (E; —E;-D{x; (A7 (@) — A7 @)%

= —(E; —E;_D{Bj %A (Or;riAT ()%, ).
Therefore, by Lemmas B.4(b), we have

N l N
21
Ejm! (z) —Em! ()" < CE(Z Ej_1|yj|2) +C Y Ely;*.
j=1 j=l1
Using Lemmas A.4 and B.5, we have

—_ — 2
Ej 1 =E; 1|(Ej —E;-1B;(@x;A7 @r;riAT ()x,]
C _ _ — 2
< EXAT @xx AT @X; — XA (@)%

C _
+ Ej_1|X:AJ-2(Z)Xn|2

N2
< LB (AT DX AT (DA @)X AT (3)
= N2 oA R XX,y Ay ROIA (L)X X, AR
C _
+ bt X3 2@l

By the fact that X}A 7" (AT @)x, = v I3(xAT (2)x,) and AT (@) < v,
we have

C
—ij—1|mHBj @/

On the other side,
1 - - 21
Ely,;|% = WE|X’;A1 "o x: AT ()X |
C A —1 A —1 * A —2 2l
= WE|X1A1 @DxaX;A] ()X — XA (D)X
c - )
+ T ExIA @)%

C NI—Z B C ~
< o X o EQEAT @x)” + T ExAT @)%,

21
< WE|I’HHB1 (Z)‘ .
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Thus, we obtain

C
Elm!! () — Em!! ) < — 5 Elmn, ()] + Elm g, )"

= N2 N2

= va21E|m£I(z)‘21 (by Lemma A.5).
Further
Elm @ < Elm;! @) —Em @ + [Em/ ) = m, @[ + Imy ).

For v > CoN —1/2 choose Co large enough, such that ﬁ < % And using inte-
gration by parts, it is easy to find that

cAf
(A.6) [Emy! (2) —my ()] < ——,
where A# = ||[EHS — F,, ||.
Besides, from Lemma B.7, we know that [m(z)| < %
Therefore, we obtain ’

2 C 1 AH 21
et o= (1424
y

The proof is then complete. [

LEMMA A.7.

, C /1 AH
E|011(Z)| =< —sz <v— + T)
y

PROOF. Lemma B.5 implies that

1
Eloy (2)) = mE|X*;A1—1(z)xnxjxl —x AT (@)X, [?
c * A =1 oy A—1
EWE(XnAl (Z)Al (Z)Xn)

C
< m ’EmHBl (Z)|
Using Lemmas A.5 and A.6 and integration by parts, we have
2 2
Elm yn @ < Elm; )]
<Em @) —Emf @] + [Eml ) = my@)|* + |my )

1 AH 2
(L,
Uy v

This finishes the proof. [
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LEMMA A.8. Under the conditions in Theorem 1.1, for any fixed t > 0,
0
/ [EHS" (x) — Fy, (x)|dx = o(N7").
B
PROOF. For any fixed ¢ > 0, by Lemma B.12, it follows that

P()‘max(sn) >B +X) = CN_I_I(B +x — 8)_2

and

/,_:O|EHS”(X) Fy, (x)|dx < foo(l —EHS (x))dx
—/ ( Z|y1| P(; <x)>dx
/ (Zb’zl - Zly,l P(Amax <x)>

=< / NT"' B +x—e)"2dx=0(N7").
B

The proof is complete. [J

APPENDIX B

In what follows, we will present some existing results which are of substantial
importance in proving the main theorems.

LEMMA B.1 (Theorem 2.2 in [2]). Let F be a distribution function and let
G be a function of bounded variation satisfying [ |F(x) — G(x)|dx < co. Denote
their Stieltjes transforms by f(z) and g(z), respectively. Then

IF = G|l = sup| F (x) = G(x)]

- 1
Ta(l—-xk)2y—1)

A
X (/_A|f(z)—g(1>|du+27n/|x |F(x) = G(x)|dx

1
+ —sup ]G(x—l—y)—G(x)\dy),
VvV x Jly|<2vr

where z =u + iv is a complex variable, y, k, T, A and B are positive constants
such that A > B,

4B
= <1
T(A—B)2y —1)
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and

1 1 1
=— 5 du > —.
T Jul<t U +1 2

LEMMA B.2 (Lemma 8.15 in [7]). For any v > 0, we have

120+ y0) -

sup |Fy, (x +u) — Fy,(x)| du < v /vy,

x Jul<v 37 yn
where Fy, is the c.d f. of the Marcenko—Pastur distribution with index y, < 1, and

Uy=1_4/yn+\/5.

LEMMA B.3 ((1.15) in [6]). Let A = (aij)nxn and B = (b;;j)nxn be two non-
random matrices. Let X = (X1, ..., X;,)* be a random vector of independent com-
plex entries. Assume that EX; = 0 and E| X; |2 = 1. Then we have

E(X*AX — trA)(X*BX — trB)
n
=Y (EIXI* — [EX?? - 2)aiibi; + |EX?[*tr ABT + tr AB.
i=1
LEMMA B.4 (Burkholder inequalities (Lemmas 2.1 and 2.2 in [5])). Let { Xy}
be a complex martingale difference sequence with respect to the increasing o -field

{Fi}, and let By denote the conditional expectation with respect to Fy. Then we
have:

(@) for p>1,

E

n p n p/2
> X SKpE<Z|Xk|2) :
k=1 k=1

(b) for p =12,

n
2 Xi
k=1

where K, is a constant which depends on p only.

E

SKP(E<ZEk—1|Xk|2) + EZIXk|p>,
k=1

k=1

LEMMA B.5 (Lemma2.7in [5]). Let A = (a;;) be an n x n nonrandom matrix

and X = (X1, ..., Xp)* be random vector of independent complex entries. Assume
that EX; =0, E|X;|?> = 1 and E|X;|' < V;. Then for any p > 2,

E[X*AX — trA|” < K, ((Vatr(AA¥))? + V;, tr(AA*)P/?),

where K, is a constant depending on p only.
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LEMMA B.6 (Lemma2.6in[24]). Letz € CT withv=3(z),Aand Bn x n
with B Hermitian, T € R, and q € C". Then

_ A
(B — 21,)" — (B+ raq” — 2I,)")A| < Q

where ||A|| denotes spectral norm on matrices.

LEMMA B.7 ((8.4.9) in [7]). For the Stieltjes transform of the Marcenko—
Pastur distribution, we have

V2
VA

my ()| <

where vy, = a4+ Jv=1— /y, +/v.

LEMMA B.8 (Lemma 8.20 in [7]). If |z| < A, v*v, > CoN~' and 1 > 1, then
l

2 c v
Elnn (@ @ < g (84 7).

where A is a positive constant, vy =1 — /y, + Jvand A = ||EFS" — Fy, |l
LEMMA B.9 (Lemma 9.1 in [7]). Suppose that X;, i =1,...,n, are inde-
pendent, with EX; = 0, E|X;|> = 1, supE|X;|* = v < 00 and |X;| < n/n with

n > 0. Assume that A is a complex matrix. Then for any given p such that
2<p< blog(nv_ln4) and b > 1, we have

E|a*Aa — tr(A)|” < vn? (nn*) ' (4062 A |n?)?,
where o = (X1, ..., Xn)T.
LEMMA B.10 (Theorem 8.10 in [7]). Let S, = XX*/N, where X =

(Xij(n)nxn. Assume that the following conditions hold:

(1) Foreachn, X;j(n) are independent,
(2) EX;;(n) =0, E|X;;(m)|*> =1, forall i, j,
(3) sup, sup; ; E|X;;(n)|® < oo.

Then we have

O(N_l/za_l), ifa>N"1/3,

A = EFSn - F =
|| Yn || o N‘1/6), otherwise,

where y, =n/N <1 and a is defined in the Marcenko—Pastur distribution.
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LEMMA B.11 (Theorem 5.11 in [7]). Assume that the entries of {X;;} is a
double array of i.i.d. complex random variables with mean zero, variance o and
finite 4th moment. Let X = (X;j)nx N be the n x N matrix of the upper-left corner
of the double array. If n/N — y € (0, 1), then, with probability one, we have

M Amin(Sy) = 0% (1 = /)°
and
lim dnax(Sn) = 02 (1 + /).
LEMMA B.12 (Theorem 5.91in [7]). Suppose that the entries of the matrix X =

(Xij)nx N are independent (not necessarily identically distributed) and satisfy:

(1) EX;; =0,

(2) 1Xijl <+/Néy,

(3) max;; |E|X,-j|2 — 0% > 0as N — oo and

@) E|X;j|' <b(VN8y)' =3 for all | > 3, where 5y — 0 and b > 0. Let S,, =
XX*/N. Then, for any x > € > 0,n/N — y, and fixed integer £ > 2, we have

P(Amax (Sn) = 02 (1 + /32 +x) < CN Y02 (1 + /3> +x —€) "

for some constant C > 0.

APPENDIX C

Note that the data matrix X = (X;;),xn consists of i.i.d. complex random vari-
ables with mean O and variance 1. In what follows, we will further assume that
every |X;;| is bounded by nyN 1/4 for some carefully selected ny. The proofs
presented in the following three steps jointly justify such a convenient assumption.

C.1. Truncation for Theorem 1.1. Choose ny | O and nyN'/* 4 coas N —
oo such that

lim ny'"°E|X111"1(1X 11| > nyN'/*) = 0.
N—o0
Let Xn denote the truncated data matrix whose entry on the i th row and jth column
is X;; 1(1X;j| <nyN'Y,i=1,....n, j=1,...,N.Define S, =X,X,/N. Then
P(Sn #Su) < nNP(IX;;| > nvN ')
<nN =y OBIX (X > gy N
=o(N~1?),
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C.2. Truncation for Theorems 1.6 and 1.8. Choose 1y | 0 and nyN/* ¢
o0 as N — oo such that

(C.1) lim ny ElX 11 P11 X 11| > nv N4 =o0.
N—oo
Let Xn denote the truncated data matrix whose entry on the ith row and jth col-

umn is X;;1(|X;;| < pvNY4),i=1,...,n, j=1,..., N. Define S, =X, X’ /N.
Then

U 1xij1 > 77NN1/4)

1j=1

U U

|
k NE[Z’,Z’*I) i=1 j:l

P(S, #S,,1.0.) = Jim P(

n
ki=
N

C?2 7z

= lim P( Xl >nNN1/4)
k— 00

«.
Il

oo /D20t
< lim P( U UIXil> nzfzf/“)
i=1 j=I

o0
=C lim 3 ) 4'P(ny2"* < |X11| < myi 20D/

o0
< lim Y O BIX 1 P1(np 2 < X 11| < g 20FD/%)
kﬁool:k
=0.

The last equality is due to (C.1).

C.3. Centralization. The centralization procedures for three theorems are
identical, only 8th moment is required and thus we treat them uniformly. Let Xn
denote the centralized version of Xn More explicitly, on the ith row and jth col-
umn of Xn, the entry is

X’JI(lejl = r]NNl/4) — E(lel(|X1J| < nNN1/4)).

Notice that according to Theorem 3.1 of [26], [|(S, — ZIn)_NlH is_bounded
by 1/v, where | - || denotes the spectral norm for a matrix. Define S,, =X, X /N.
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Suppose that v > Co N —1/2 we obtain
Im s, (2) —m s, (2)|
=[x (Sn — 2L) "%y = x5S, — 21) x4
<[ Sn =) 1Sn = Sull[Sn — L)'

< %n& ~5,
W (X, X5 = X[+ 1X, — X, 1]X5]) by LemmaB.12
< «/Ev X a2 — X, |l a.s.
N sz E{X1I(1X 111 < v N Y} 1 ][ Ly |
< CVNv =20y NTPE(IX 1 P11 X 11| > ny N'V4Y)
—o(N14.

To establish both the weak and the strong convergence rates of the VESD to
the Mar&enko—Pastur distribution, this o(N~1/4) suffices. Moreover, for the con-
vergence rate presented in Theorem 1.1, we shall prove the following. Let my(z)
denotes the Stieltjes transform of the MarCenko—Pastur distribution, thus m (z) is

bounded by m f in Lemma B.7. Then

C
[Emy (2)] < [Em;! (2) = my(2)| + [my ()] < Clmy(@)] < —=.

NG
Besides x (§n — zI,)"'x, can be considered as a Stieltjes transform of some
VESD function. So, we have

EIXE G — )P = v B G — L) xe < %
Thus,
E|m 5, (2) — m 3, (2)]
<EIS, = Sull x5S, — 2L) 7 [ Sn — 2L) 7 'xa|
< CW??;T/7N_7/4E(|X11|8I(|X11| >y N4)
x (Ex; Sy — 2D 7*) 2 (E] S, — 2D xa*)?

< CVNv P I NTPE(X 0 PI(1X 1| = nv N'))
SO(N_I/Z).
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C.4. Rescaling. The rescaling procedures for the three theorems are exactly
the same, and only 8th moment is required. Thus, we treat them uniformly. Write
Y, =X, /o1, where

of =E|X1I(|X11] < ny NV —E(X1nI(1X11] < UNN1/4))|2-

Notice that o; tends to 1 as N goes to co. Define G, =Y, Y, /N, which is the
sample covariance matrix of Y,,. We shall show that G,, and S,, are asymptotically
equivalent, that is, the VESD of G,, and S,, have the same limit if either one limit
exists. For v > CON_I/z,

| 16 (2) —m s, (D] = [x5 S0 — 2L) 1S — G (G — 2L) 7' x|

1 -
<=1 —o;"Su|  (see LemmaB.12)
v
C
<—(1- of) a.s.
v

< Cv 2 NTPE(IX 1 PI( X 0| > v N'T))
< o(N_l/z) a.s.

Hence, we shall without loss of generality assume that every |X;;| is bounded
by nxyN'/#, and every X; j has mean 0 and variance 1.
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