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ESTIMATION FOR LEVY PROCESSES FROM HIGH FREQUENCY
DATA WITHIN A LONG TIME INTERVAL

BY FABIENNE COMTE AND VALENTINE GENON-CATALOT
University Paris Descartes, MAPS5

In this paper, we study nonparametric estimation of the Lévy density for
Lévy processes, with and without Brownian component. For this, we consider
n discrete time observations with step A. The asymptotic framework is: n
tends to infinity, A = A, tends to zero while nA, tends to infinity. We use
a Fourier approach to construct an adaptive nonparametric estimator of the
Lévy density and to provide a bound for the global L2-risk. Estimators of
the drift and of the variance of the Gaussian component are also studied. We
discuss rates of convergence and give examples and simulation results for
processes fitting in our framework.

1. Introduction. Let (L;,t > 0) be a real-valued Lévy process, that is, a
process with stationary independent increments and cadlag sample paths. The
distribution of (L;, ¢ > 0) is completely specified by the characteristic function
Y (u) = E(expiuL;) of the random variable L; which has the form

- 1 .
(1.1 wt(u)zexpt<iub—§u202+ (e — 1—iux1x|§1)N(dx)>,

R/{0}
where b € R, 02 > 0 and N(dx) is a positive measure on R/{0} satisfying
f]R/{O} x2 A IN(dx) < oo [see, e.g., Bertoin (1996) or Sato (1999)]. Thus, the sta-
tistical problem for Lévy processes is the estimation of its characteristic triple
(b, 0%, N) where appears a finite-dimensional parameter (b, %) and an infinite-
dimensional parameter N, the Lévy measure. In most recent contributions, authors
consider a discrete time observation of the sample path, with regular sampling in-
terval A. Therefore, statistical procedures are based on the i.i.d. sample composed
of the increments (Zx = Z{ = Lka — L—1)a, k=1, ..., n). In the general case,
the distribution of the r.v. Z; is not explicitly given as a function of (b, o2, N).
This is why authors rather use the relationship between the characteristic function
Y of Zj and the characteristic triple. Assuming that N(dx) = n(x)dx admits a
density, several papers concentrate on the estimation of the Lévy density under var-
ious assumptions on the characteristic triple, including the case of b = 02 =0 or
assuming stronger integrability conditions on the Lévy density [see, e.g., Watteel
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and Kulperger (2003), Jongbloed and van der Meulen (2006), van Es, Gugushvili
and Spreij (2007), Figueroa-Lopez (2009) and the references therein, Comte and
Genon-Catalot (2009, 2010a, 2010b)]. The joint estimation of (b,02,N) is in-
vestigated in Neumann and Reiss (2009) or Gugushvili (2009). The methods and
results differ according to the asymptotic point of view. One may consider that the
sampling interval A is fixed and that » tends to infinity (low frequency data). This
approach, which is quite natural, raises mathematical difficulties and does not take
into account the underlying continuous time model properties. One may consider
that A = A, tends to 0 as n tends to infinity (high frequency data). Under the as-
sumption that A, tends to O within a fixed length time interval (nA, =t fixed),
the estimation of o has been widely investigated for Lévy processes [see, e.g.,
Woerner (2006), Barndorff-Nielsen, Shephard and Winkel (2006), Jacod (2007)].
However, the Lévy density cannot be identified from observations within a finite-
length time interval. To identify all parameters in the high-frequency context, one
has to assume both that A, tends to 0 and nA,, tends to infinity. This is the point
of view adopted in this paper. Our main focus is the nonparametric estimation of
the Lévy density n(-) by an adaptive deconvolution method which generalizes the
study of Comte and Genon-Catalot (2009). We also study estimators of the other
parameters. More precisely, we assume that the Lévy density satisfies

(H1) A;xzn(x)dx < 00.

For statistical purposes, this assumption, which was proposed in Neumann and
Reiss (2009), has several useful consequences. First, for all ¢, IELt2 < +0o0 and as
Jr(e™* —1 —iux)n(x)dx is well defined, we get the following expression for

(1.1):
. 1 2 2 iux .
(1.2) 1//,(u)=expt<zub——u o —I—/(e —l—mx)n(x)dx),
2 R

where b = EL has a statistical meaning (contrary to l;).

In Section 2, we present our main assumptions and some preliminary proper-
ties. In Section 3, we assume that 0 = 0 and study the estimation of the function
h(x) = x%n(x). Using a sample of size 2n, we build two collections of estimators
(fzm, i_zm)m>0 indexed by a cut-off parameter m. The collections are obtained by
Fourier inversion of two different estimators of the Fourier transform A* of the
function 4. The estimators of #* are built using empirical estimators of the charac-
teristic function ¥ and its first two derivatives. First, we give a bound for the L>-
risk of (A, i) for fixed m. Then, introducing an adequate penalty, we propose
a data-driven choice of the cut-off parameter which yields an estimator (fz,;l, hi)
for each collection. The L2-risk of these estimators is studied. We discuss the rates
of convergence reached on Sobolev classes of regularity for the function A. In
Section 4, we consider the general case. To reach the Lévy density and get rid of
the unknown o2, we must now use derivatives of ¥ up to the order 3 and we
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estimate the function p(x) = x>n(x) developing the Fourier inversion approach
and adaptive choice of the cut-off parameter as for 4. It is worth stressing that the
point of view of small sampling interval is crucial to our study. Indeed, it helps
obtaining simple estimators of {ya and its successive derivatives which are used
to estimate the Fourier transform p* of p. Section 5 is devoted to the estimation
of (b, o). We study classical empirical means of the observations. This gives an
estimator of b but cannot give estimators of ¢. To estimate o, we consider power
variation estimators, introduced in Woerner (2006), Barndorff-Nielsen, Shephard
and Winkel (2006), Jacod (2007), Ait-Sahalia and Jacod (2007), under the asymp-
totic framework of high frequency data within a long time interval. In Section 6,
we give examples of Lévy models satisfying our set of assumptions. We provide
numerical simulation results in Section 7. Section 8 contains the main proofs. In
the Appendix, two classical results, used in proofs, are recalled.

2. Assumptions and preliminary properties. Let us consider the two func-
tions

h(x)=x’n(x),  pkx)=x’nx),

and the assumptions

(H2) (k) /R e n(x) dx < oo,

(H3) A belongs to L2(R)
[ (H4) f xSn*(x)dx = / x*h2(x)dx < o0
or
(H5) p belongs to L2(R)
{ (H6) /xlznz(x)dx = /x6p2(x) dx < o0.

Assumption (H2)(k) is a moment assumption. Indeed, according to Sato [(1999),
Section 5.25, Theorem 5.23], E|L,|k < 00 is equivalent to le\>1 |x|kn(x)dx < 00.
Below, for each stated result, the required value of k is given. Under (H1), the func-
tion 4 is integrable and Section 3 is devoted to the nonparametric estimation of %
under the additional assumptions (H3)-(H4) when 0% =0. Assumption (H4) is
only required for the adaptive result. Under (H1)—(H2)(3), the function p is inte-
grable and Section 4 concerns the estimation of p under (H5)—(H6) when o2 #0.

Properties of the moments of Ly = Z IA = Z1 for small A are used in the proofs
below.

LEMMA 2.1. Letk > 1 be an integer and assume (H1)-(H2) (k) with k = 3 (or
k > 3). Then, E(|Z1|F) < 400 and E(Z1) = bA, Var(Z1) = A(o? + [ x*n(x) dx)
and for3 <l <k, E(Zf) = Acy + o(A) where cp = fxen(x) dx.
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Thus, under (H1), (H2)(k), E(Zf/A) is bounded for all £ < k, for all A.
In the sequel, results on the behavior of the characteristic function ¥ [see (1.2)]
for small A are needed.

LEMMA 2.2. Under (H1), WA(”) — 1] < Alu|(c(u) + 02|u|) where c(u) =
bl +1 [y |h*(v)|dv|, h*(v) = [ €'Y h(x)dx denotes the Fourier transform of h. If
h* is integrable on R, then

W) — 1] < Alul(b] + |71 + |ulo?).

PROOF. By formula (1.2), under (H1), 1//4 is C! with 1//’A_(u) = AYa(u) x
(¢ (u) — o>u), where we have set, using that ¢/~ — 1 =ix Jo € dv,

2.1) ¢ (u) =ib— /Ouh*(v)dv.

We have |¢ ()| < |b] + | [ |h*(v)|dv| and by the Taylor formula, Ya(u) — 1 =
m///A (cyu) for some ¢, € (0, 1). The result follows. [

3. Case of no Gaussian component. In this section, we consider the case
o2 = 0 and focus on the nonparametric estimation of /. For reasons that will ap-
pear below, we suppose that we have at our disposal a 2n-sample, (Zi)1<k<2n,
with Z; = Z,(A = Lya — L—1)a. We assume that A = A, tends to 0 and nA,
tends to infinity. Hence, A and Zj depend on n. However, to simplify notation, we
omit the dependence on n and simply write A, Z.

3.1. Definition of estimators depending on a cut-off parameter. For a complex
valued function f belonging to L!(R), we denote its Fourier transform by f*(u) =
[ e!"* f(x)dx. For integrable and square integrable functions f, f1, f», we use the
following notation:

171 =[|f<x)|2dx, i ) =/f1(X)fz(X)dx

(z denotes the conjugate of the complex number z). We have: (f*)*(x) =

2 f(—x) and (f1, f2) = 1/ Qo) {(fT, f5)-
By formula (1.2), under (H1), ¥a is C? and we have, as 02 = 0 [see (2.1)];

Ya() —iA(b+/ ‘- 1h(x)dX> =A¢p(u).

Ya(u) x

Derivating again gives

1 (M(u)l/m(u) - (wg<u)>2>

3.1) h ) = —— S
A
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where, for all u, lima_,o YA (#) = 1. By splitting the 2n-sample into two indepen-
dent subsamples of n observations, we introduce the following empirical unbiased
estimators of YA, Y, Y-

A (i 1 an ..
w(AJ,)q(u):_ Z (iZk)Jelqu, j=0,1,2,q=1,2.
" =1+q-1n

We also define, based on the full sample, the estimator of v

2n
O PR
2n =1
We now build estimators of the Fourier transform 4* of h. Considering the ex-
pression of 4* in (3.1), we replace ¥a, ¥, ¥X in the numerator by the empirical
estimators built on the two independent subsamples of size n. In the denominator,
wi is simply replaced by 1. This yields

~ 1 -~ N ~ n
(3.2) AOEENIOINIOR T P ).

Hence, using independence of the two subsamples,

A 1
Eh™(u) = X((I//'A(u))2 — YRWYAW)) = h* @) + h* @) (Y3 @) — 1).

Introducing a cut-off parameter m, we define an associated estimator of A

~ 1 am . ~

B (x) = —/ e " h*(u) du.
27 J—nm

This means that fzj‘n(u) = lAz*(u)l[_nm,,,m](u). By integration, the following ex-

pression is available:

~ 1
)= —= 3 (i = ZiZuy))

1<j,k<n

sin(mm(Zy + Zjin — X))
T(Zk+ Zjin —x) '

We also define another estimator of A* of & by setting

(3.3) R ) = ——9' P ).

1
A
Here, using (3.1), we get

- 1
(34 Ehr*(u)= —ng(u) = 1*(u) + h* () (Ya ) — 1) — AP @)d* ).

Thus, A* is simpler but has an additional bias term. We set

_ 1 pem 1 2% sin(rm(Zg —x))
3.5) hp(x)=— Wy du = —— Y 72 .
B3 =o [ i w a2z
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3.2. Risk for a fixed cut-off parameter. Next, let us define
1 Tm .
hy(x) = —/ e "h*(u)du.
2 Jozm
Then we can prove the following result.

PROPOSITION 3.1. Assume that (H1)-(H2)(4) and (H3) hold. Then

A 2 2 4 m
E(lhm — A7) < 1hm — Al +721E(Zl/A)nA

(3.6)
472 prm
+— u>c? ) |h* (uw)|* du,
T —Tm
_ m
E(lAm — hlI*) < lhm — h* + E(Z}/A)—
nA
(3.7)
2A% [rm
+—/ u? W) |h* ()| du + CA*B,,
T —Tm

with C a constant, c(u) is defined in Lemma 2.2, B,y = (2/7) [T | (u)|* du [see
(2.1)] satisfies B, = O(m) if h* € Li(R) and B,,, = O (m?) otherwise.

REMARK 3.1. We stress that the estimator hyy is more complicated to study,
but /,, has an additional bias term.

3.3. Rates of convergence in Sobolev classes. The following result concerns
classes of functions & belonging to

(3.8) C(a,L):{fe(ILIﬂLz)(R),/(l+u2)“|f*(u)|2du§L .

PROPOSITION 3.2. Assume that (H1)-(H2)(4) and (H3) hold and that h be-
longs to C(a, L) with a > 1/2. Consider the asymptotic setting where n — 400,
A — 0, nA — 400 and assume that m < nA. Ian2 <1, then, for the choice
m = 0((nA)/2+D) we have

E(|hm — h[?) < O((nA)~24/CatD)y,

Ifa > 1, the condition nA? < 1 can be replaced by n A> < 1. The same result holds
for hy,.

REMARK 3.2. We can also discuss the case where a € (0,1/2]. If a < 1/2,
| fg |B*(v)| dv| = O(Ju|'/>~%). Hence, the last term in (3.6) is of order A%m3~4
which is less than m™2¢ if A?m3 ¢ <1 and thus A?m3 < 1. This requires
nA3/3 < 1. The same holds for /,,,.
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Note that no lower bound result is available for this problem. A benchmark
for comparison could be the problem of density estimation for i.i.d. observations
without noise: if the density f belongs to C(a, L), the optimal minimax rate is of
order O (n—24/a+1)y [see Ibragimov and Khas minskij (1980)].

3.4. Model selection. The estimators ﬁm, h,, are deconvolution estimators
that can also be described as minimum contrast estimators and projection estima-
tors. For details, the reader is referred to Comte and Genon-Catalot (2009, 2010b).
For m > 0, let

S = {f € LA(R), support(f*) C [—zm, wm]}.

The space S,, is generated by an orthonormal basis, the sinus cardinal basis, de-
fined by

sinwx

Om,j (X) = /mo(mx — ), j €L, p(x) = o (p(0)=1).

This is due to the fact that g} ;(u) = (€"//™ /\/m)[—m,xm)(1), j € Z. For a
function f € L2(R), fn(x) = Qm)~ ! /™ e~i"* £*(u)du is the orthogonal pro-

—Tm
jection of f on S,,. Introducing, for a function # € S,,,,

1 4 R
Ya(t) = |lt]* — —(h, 1) = 102 = 2(hm, 1),

we get

hy, = arg min y, (t),
teSy
and Y, (him) = —|1/im|?. We have

A . o 1 pam .
hn = am, j¥m,j with dy, j = —/ h*(u)gp, i (—u) du
‘ 27 J_nm ’
JEZ
and ||, |? = 1/Q2m) ™ |h*(u)|* du. The coefficients &, ; of the series as well

as ||/ || can be explicitly computed by integration. In the same way, we set
1 - _
L) = 1% = — (0", 1) = 117 = 20, 1),

and obtain
Iy = arg mén ).
t m
Analogously, /1, has a series expansion on the sinus cardinal basis with explicit
coefficients and ||/, | has a closed-form formula. We give the explicit expression
of ||/, ||*> which is less cumbersome than ||/1,,,||%:

(3.9) Vil = —— S Z2Z}o(m(Zi — 7).

= 12A2
A T,
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Now, we need to select the best m as possible, in a set M, ={m e N, 1 <m <

nA}={l1,...,m,}. For the estimators B, We propose to take
(3.10) M = arg min (—||fzm 1> 4 pen(m))
memM,
with
2n 1
pen(m) _/c—(< Z Zk)( Z Z,%) + = Z Z,‘f).
k=n+1 =i

The intuition for this choice is the following. The expression of pen(m) is an esti-
mator of the variance term of the risk bound (3.6) as close as possible of the vari-
ance [see (8.2)]. The term — ||/, ||2 is an estimator of — ||/, |2 = 1A — |12 — |21,
which is up to a constant, the bias term of the bound (3.6). This is why m mimics
the optimal bias-variance compromise.

For the estimators #,,, we define

) . m 1 2n A
(3.11) m:argmrgmn(—nhmn +«’ A2<2 sz>).

k=1

The following result shows that the above data-driven choices of the cut-off para-
meter lead to an automatic optimization of the risk.

THEOREM 3.1. Assume (H1)-(H2)(16)-(H3)—(H4). If, moreover, h* € LY(R)
and n A3 < 1, there exist numerical constants «, k' such that

z? zt
E(|hy; —h|?) <C inf (||h—hm||2+K<AE2< )+E( >) )
= 7 meM, A AJ))nA

A% prmn In*(nA
+—/ W20 ) du +cn(z),

—TTmpy

_ zt
E(|hs —h|*) <C inf ([lh—h 'E —)
(s =Py =€ inf, (1= ol +2( 1) 2%

A2 prma In’(nA
+—/ W2IR ) du + A2B,, +C 2 (Z )

T —mTmy n
where B,,, = O(my) (B, is defined in Proposition 3.1).

The numerical constants «, k" have to be calibrated via simulations [see discus-
sion in Comte and Genon-Catalot (2009)].

By computations analogous to those in the proof of Proposition 3.2, we obtain
the following corollary.

COROLLARY 3.1. Assume that the assumptions of Theorem 3.1 are ful-
filled. If, for some positive L, h € C(a, L) with a > 1/2, then E(llhA — h||2) =
O ((nA)~2¢/Qa+D)y provided that n A*> < 1. The same holds for E(||hy — h||%). If
a > 1, the constraint nA3 < 1 is enough.
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4. Study of the general case (62 # 0). In this section, we assume (H1)—
(H2)(3) and study the estimation of the function

px) = x3n(x).

We suppose that we have a sample of size n, (Zx)1<k<n, Zk = Lxa — Lk—1)A-

4.1. Definition of the estimators. 'We compute the three first derivatives of Y¥a
[see (2.1)]:

N
Va(u)

Derivating again gives

1 _ / 2 .
YA YA) — (Yp(u)) = A(¢ (u) — 02) = _A<02 +/e’”xx2n(x)dx>,

= A(ib —uo? —I—if - 1h(x)dx) = A(p(u) — ucrz).

X

(YA (u))?
and last
e ( R YRmYAwW +2[wg<u>13)
AN Yau) Y (u) Yaw) /)
Let
. R . 1 n )
Pra=10w  with ) == 31z e,
k=1
Then
_ Lo 1 G ssin(m(Z; — x))
4.1) pm(x):E/_me i (u)du_n—A];Zk T
Let us set
4.2) dw)=¢ W) —uc>=ib— /0 h*(v) dv — uc>.

Using ¥ (u) = Aya (u)qS(u) and some computations, we get
Ep*(u) — p*(u) = (Ya) — 1) p*(u) — 3i Ayra)p(u) (0 + h*(u))

4.3) ) -
+iA YA ) (P(u)).
REMARK 4.1. By a method analogous to the one used for %, considering a
sample of size 3n, we can build another estimator of p* which is less biased but
more complicated to study.
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4.2. Risk of the estimators. The risk of the estimator with fixed cut-off para-
meter is bounded as follows.

PROPOSITION 4.1. Under (H1)-(H2)(6) and (H5),

_ m
E(|pm — pI®) < 1lp — pmll® +E(Z?/A)E
“4.4)

—mm

Tm
¥ C(AZ/ W2(1+ ud) | p* () 2 du + A2m? + A4m7),

where p;(x) = 2m)~! fffm e iux p*(u) du denotes the orthogonal projection of
ponSy,.

We can state the result analogous to the one of Proposition 3.2.

PROPOSITION 4.2. Assume that (H1), (H2)(6), (HS) hold and that p belongs
to C(a, L). Consider the asymptotic setting where n — +00, A — 0 and nA —
+00. Ian”/7 <1, then

E(ll5m — pI*) < O((na)~24/G+D),
Ifa > 1/2, the condition nA"> < 1 can be replaced by nA* < 1.

4.3. Model selection strategy. The data driven selection of the best possible m
imposes here a restricted collection of models. We choose M,, = {m € N/{0}, m <

\/VE = Un}.

We can consider the estimator p,; where
i = arg min (| o |* + pen(m))
meM,
4.5)
with pen(m) = o 1 i A
P T nA2\n =1 kI
We can prove the following result.

THEOREM 4.1. Under assumptions (H1), (H2)(24), (HS), (H6) and with
nA? < 1, there exists a numerical constant k such that (with i, = v/nA)

E(|l pia — pI*)

706 m
< mle“M,,(“P pull +€B( 1) 2

A2 g In2(nA
+C(—/ u2(1+u2)|p*(u)|2du+A2M3+A4MZ+M>.
Y —TT Un nA

The consequence of Theorem 4.1 is that the adaptive estimators reach automat-
ically the expected rate of convergence when p belongs to a Sobolev class. This
can be seen by computations analogous to those of Proposition 4.2.
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5. Parameter estimation. Under (H1), the observed process may be written
as L; = bt + o W; + X; where (W;) is a standard Brownian motion, (X;) is a Lévy
process, independent of (W;), of the form

X, :/ / x(ﬁ(ds, dx) —dsn(x) dx),
10,71 JR/{0}

where p(ds, dx) is the random jump measure of (L;) [and (X;)].
If moreover [ |x|n(x)dx < oo, then L; = bot + o W; + I'; where by = b —
[ xn(x)dx and

Ft:f /xﬁ(ds,dx):X,—i—t'/xn(x)dxzzrs — D5
10,¢] /R

s<t

is of bounded variation on compact sets. We consider here a sample of size n.
By using empirical means of the data Z¢, it is possible to obtain consistent and
asymptotically Gaussian estimators of b (£ = 1) and, under suitable integrability
assumptions on the Lévy density, of [ x‘n(x) dx for £ > 3. But this method fails to
estimate o for £ = 2 (see below). For this, one has to use another approach based
on power variations.

5.1. Some small time properties. To study estimators of b and o, small time
properties of moments of L A are needed. For simple moments, the result is stated
in Lemma 2.1. For absolute moments, we refer, for example, to Figueroa-Lopez
(2008): if ]{‘x|>1} Ix|"n(x)dx < 400, and r > 2, AT'E(|LA|") — [1x|"n(x)dx
as A — 0. For the case of |x|" with r < 2, we state the following proposition.

PROPOSITION 5.1. (i) Let (I'y) be a Lévy process with no continuous com-
ponent and Lévy measure n(y)dy. If [|y|n(y)dy < oo, b = [yn(y)dy and
forr <1, [|yI"'n(y)dy < oo. There exists a constant C such that, for all A,
E|TCAl" < CA. [Under the assumption, (I'y) has finite mean and bounded varia-
tion on compact sets.]

(i1) Let X; = Br, where (I';) is a subordinator with Lévy density nr satisfying
b= f0+°° ynr(y)dy < oo and (B;) is a Brownian motion independent of (I'y).
The Lévy measure of (X;) has a density given by

5.1) (x) /+°O 2L _u)d
. ny(x)= e —n .
X 0 Nz riy)ay
Consequently, if C = f0+°° Y 2ur(y)dy < oo withr <2, then E|Xa|” < CA.
(iii) Let (X;) be a Lévy process with no Gaussian component. Then X a/~/A
converges to 0 as A tends to 0 in probability and in " for all r < 2.
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5.2. Estimator of b. Consider a Lévy process (L;) satisfying (H1) and set
Zi = Lia — L—1)a as above. Let us define the empirical means

.1 & 1 &
5.2 h=—Y" 27, g =— 3 7¢ for £ > 2.
(5.2) ”A; k Ce ”AkX:‘: X or{ >

We prove now that b, &, € > 2 are consistent and asymptotically Gaussian estima-
tors of the quantities b, c¢, £ > 2 where

(6} =0+ /xzn(x) dx, co = /xzn(x)dx for ¢ > 3.

PROPOSITION 5.2. Assume (H1) and n tends to infinity, A tends to 0, nA
tends to infinity.

(i) Under (H2)(2 + ¢) for some positive ¢,
\/nA(l; — b) converges in distribution to N (0, ¢3).

(i) Under (H2)(2(£ 4+ €)) for some positive ¢, and if n A3 tends 10 0, /nA(&q —
cp) converges in distribution to N (0, ca¢).

We stress that this method provides an estimator of b which is easy to compute
and very good in practice (see Section 7), but cannot provide an estimator of o 2.

5.3. Estimation of o with power variations. Estimators of o based on power
variations of (L;) have been proposed and mostly studied in the case where
nA = 1. They are studied for high frequency data within a long time interval in
Ait-Sahalia and Jacod (2007). In the latter paper, the context is more general than
ours, which implies that proofs are of high complexity. For Lévy processes fitting
in our set of assumptions, we can derive the asymptotic properties of power vari-
ations estimators with a specific proof given in Section 8. Consider the family of
estimators of o given by

n
N _ra@ml/r . ~(r) _ 1 r
(5.3) &(r)=[6,"] with6,” = A,ﬂgw,

where m, = E|X|" for X a standard Gaussian variable (recall that Z; = Lza —
Lg—1)a).

PROPOSITION 5.3. As n tends to infinity, A tends to 0 and nA tends
to infinity, if nA*~" = o(1), ﬁ(&é” — o) converges in distribution to a
N0, 0% (ma, /m} — 1)) for:

(i) (Ly) a Lévy process satisfying (H1) and such that [ |x|n(x)dx < oo and
[ 1x|"n(x)dx < oo forr < 1.
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(i) (L; =bt + oW, + X;), with X; = Br,, where W, B,I" are independent
processes, W, B are Brownian motions, I is a subordinator with Lévy measure nr
satisfying b= ["* ynr(y)dy < oo and [7° y"*nr(y)dy < oo forr < 1.

Consequently, \/n(6(r) — o) converges in distribution to a N (0, (o2 / r2)(mo, /
2
m: —1)).

For other cases of Lévy processes, the result depends on the rate of con-
vergence to 0 of E|Xa|"/A/? [see Proposition 5.1(iii)] and will still hold if
VnAE|Xal"/A"/? tends to 0.

REMARK 5.1. Itis worth noting that the rate of convergence is /n. For r = 1,
the estimator 6,51) is consistent but not asymptotically Gaussian (because of its
asymptotic bias). We have implemented these estimators for r = 1/2, r = 1/4
(see Section 7) for processes satisfying [ |x|"n(x)dx < +oo for all positive r.
Note that we always give integrability conditions on R for the Lévy density. This
simplifies the presentation but induces some redundancies. One should distinguish

integrability conditions near 0 and near infinity to avoid them.

6. Examples. In this section, we give examples of models fitting in our frame-
work.

EXAMPLE 1. Drift 4+ Brownian motion + Compound Poisson process.
Let
Ni
(6.1) Li=bot +oW; + > Y,
i=1
where N; is a Poisson process with constant intensity ¢ and Y; is a sequence of
i.i.d. random variables with density f, independent of the process (N;). Then,
ZINZ’I Y; is a compound Poisson process and (L;) is a Lévy process with Lévy
density n(x) = cf (x). Note that EL| = b = by + [ xn(x) dx. For the estimation of
P, the rates that can be obtained depend on the density f provided that f satisfies
the assumptions of Theorem 4.1, which are essentially here moment assumptions
for the r.v.’s Y;. Any order can be obtained as shown in Table 1 where rates are
computed for f a standard Gaussian, an exponential with parameter 1 and a Beta
distribution with parameters (1, 3) (for p to be regular enough).
As [|x|"n(x)dx < oo for all r < 1 (actually, for all r < 2), estimation of o is
possible using ¢ () for any value of 0 < r < 1 [provided that nA%> 7" =o(D].

EXAMPLE 2. Dirift 4+ Brownian motion 4+ Lévy—Gamma process.

Consider L; = bot + o W; 4 I'; where (I';) is a Lévy gamma process with pa-
rameters (B, o), that is, is a subordinator such that, for all ¢+ > 0, I'; has distri-
bution Gamma with parameters (8¢, «) and density: aﬁ’xﬂ’_le_‘”/ I'(Bt)Ly>0.
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TABLE 1
Rates for different “Drift + Brownian motion + Compound Poisson processes”

f) N, 1) Q) B(1,3)

p(x) =cx3f(x) o<x3e_"2 o<x3e_x]lx>0 o x3(1 —x)zjl[o,l](x)
pru) o 3 = 3u)e*/? « /(1 —iw)*  O1/ul?) for large |u|
Sulzrem |P* @)% du O((em)Se=Tm?) O((xm)™") O((rm)=3)
<o, €H1P* @)1 du o) o) 0(1)

i (best choice of m) \/log(nA) — 3 loglog(nA)/m  O((nA)'/?) 0((nA)L/%)
Rate —””,fg'“ (na)~7/8 (nn)=>/6

The Lévy density of (L;) is n(x) = Bx~le™*1,.. We have EL; = b = by +
[xn(x)dx and p(x) = Bx?e % 1,-y.
We find p*u) = 2B/(a — iu)’, [iyjzpm|P*@))*du = O(m™) and
fff,’fbn u*|p*(u)|> du = O(1). Therefore, the rate for estimating p is O((nA)=3/%)
for a choice i = O ((nA)V/%).
As for all r > 0, [x"n(x)dx < oo, 6(r) is authorized, for any value of 0 <
r < 1, to estimate o.

EXAMPLE 2 (Continued). Drift + Brownian motion + A specific class of sub-
ordinators.

Let L; = bot + o W; 4+ I'; where (I';) is a subordinator of pure jump type
with Lévy density of the form n(x) = Bx*~1/2x"le=*1,_ ¢ with § > —1/2
(thus, [ xn(x)dx < o0o). This class of subordinators includes compound Poisson
processes (§ > 1/2) and Lévy Gamma processes (§ = 1/2). When § > 0, the func-
tion xn(x) is both integrable and square integrable. This case was discussed in
Comte and Genon-Catalot (2009) where the estimation of xn(x), when by = 0,
o =0, is studied. Here, we consider the case —1/2 < § < 0 which includes the
Lévy Inverse Gaussian process (§ = 0). Assumptions (H1)-(H6) are satisfied. The
function p(x) = x3n(x) can be estimated in presence (or not) of additional drift
and Brownian component. We can compute

TS +5/2)
(o — iu)6+5/2 :

prw)=p

Thus, fi,1spm [P*@1>du = O(m=@F ) As 25 +1 < 1, u?|p*()|* is not in-
tegrable and we have A? flulsnun u4|p*(u)|2du = Azo(,un) = 0(A3/?). The best
rate for estimating p is O ((nA)~ @49/ 2549 for a choice m = O ((nA)'/Z0+9)),
Note that A3/2 < (nA)~C3+H/20+5) for nA2 < 1and —1/2 <8 <O0.

We have [x"n(x)dx < oo for r > 1/2 — §. Hence, to estimate o using 6 (r),
we must choose 1/2 —6 <r < 1.
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EXAMPLE 3. Dirift 4+ Brownian motion 4 Pure jump martingale.

Consider L; = bt + 0 W; + Br, where W, B, I are independent processes, W, B
are standard Brownian motion, and I' is a pure-jump subordinator with Lévy den-
sity np(y) = Byd~1/2y~lemav 1,0 as above (assuming § > —1). The Lévy den-
sity n(-) of (L;) [and of (X; = Br,)] is linked with nr [see (5.1)] and can be
computed as the norming constant of a Generalized Inverse Gaussian distribution

n(x) = 2_ﬁ[(8 1(4/2a|x|)<ﬂ>a_1
Vor 2o/
where K, is a Bessel function of third kind (MacDonald function) [see, e.g.,
Barndorff-Nielsen and Shephard (2001)]. For 6 = 1/2, Br, is a symmetric bi-
lateral Lévy Gamma process [see Madan and Seneta (1990), Kiichler and Tappe
(2008)]. For § = 0, Br, is a normal inverse Gaussian Lévy process [see Barndorff-
Nielsen and Shephard (2001)]. The relation (5.1) allows to check that the function
px) = x3n(x) belongs to L! N2 and satisfies (H6) for § > —3/4. Moreover, we
can obtain

u3r(5+5/2)_ ul' (6 +3/2)
(@ +u2/2)52 "~ (a+ u2/2)3/2>'

Thus, [ znm |P*@Fdu = Om™) and A% [, ., u*lp*@)|>du =
A0 (un) = O(A3/?). The best rate for estimating p is O ((nA)~—3/%) obtained for
= 0(nA)/P). We have A2 < (nA)3/*asnA? < 1. As [y"’nr(y)dy <
oo for r > 1 — §/2, the estimation of o by 6 (r) requires 1 —§/2 <r < 1. There-
fore, we must have § > 0.

P =—if

7. Simulations. In this section, we present numerical results for simulated
Lévy processes corresponding to Examples 1 and 2 (see Section 6). For these
models, the functions g(x) = xn(x), h and p belong to L! NL2(R). Thus, we
can apply the method of Comte and Genon-Catalot (2009), to estimate g when
bop =0, 0 =0, and the method developed here to estimate 4 when o =0 and p
when o # 0. We have implemented the estimators i, P defined by (3.5)-(3.11)
and (4.1)—(4.5). The numerical constant " appearing in the penalties has been set
to 7.5 for g, 4 for 4 and 3 for p; its calibration is done by preliminary experiments.
The cutoff m is chosen among 100 equispaced values between 0 and 10.

Figure 1 shows estimated curves for models with jump part coming from com-
pound Poisson processes [see (6.1)] where the Y;’s are standard Gaussian, Expo-
nential £(1), and B(3, 3) rescaled on [—4, 4]. The intensity c¢ is equal to 0.5.

Figure 2 shows estimated curves for jump part of Lévy Gamma and bilateral
Lévy Gamma type. The bilateral Lévy Gamma process is the difference I'; — I}
of two independent Lévy Gamma processes.

On top of each graph, we give the mean value of the selected cutoff with its
standard deviation in parentheses. This value is surprisingly small. As expected,
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Estimation of g(z) = an(z) Estimation of h(z) = zn(x) Estimation of p(z) = z*n(x)
bo=0,0=0 bo = 0.25, 6 = 0 bo = 0.25, 6 = 0.5
(a1) 7 = 0.91 (0.03) (a2) m = 1.01 (0.05) (a3) 7 = 0.86 (0.19)
0.15

(b1) 7 = 0.88 (0.08) (b2) i = 0.62 (0.09) (b3) i = 0.45 (0.09)
0.35 1.2
0.3
0.25

0.15

0o 2 4 6 8 10 12 14 0 2 4 6 8 10 12 T2 o0 2 4 6 8 10 12

(c1) 7 = 0.60 (0.00) (c2) 7 = 0.75 (0.11) (c3) 7 = 0.87 (0.12)
0.35 1
03 0.8
025 \
02
0.15
0.1
0.05

0

-0.2 -0.05 -0.8
-6 -4 -2 0 2 4 6 -8 6 -4 -2 0 2 4 6 8 —

-0.2

F1G. 1. Variability bands for the estimation of g,h, p for a compound Poisson process with
Gaussian (first line), Exponential £(1) (second line) and B(3, 3) rescaled on [—4, 4] (third line)
Y;’s, with ¢ = 0.5. True (bold black line) and 50 estimated curves (dotted red), A =0.05,n =5. 10%.

the presence of a Gaussian component deteriorates the estimation, which remains
satisfactory on the whole.

We estimate the product of a power of x and the Lévy density whereas other au-
thors estimate n(-) on a compact set separated from the origin, see [12], Figueroa-
Lopez (2009). Therefore, our point of view coincides with the usual one. Moreover
we have, an obvious inequality; setting 71(x) = h(x) /x2 asn(x) =h(x) /x2, we get

R 1 -
E(I2 = m1g/i-aal®) < —E(R = A1),
Analogous inequalities hold for 7(x) = g(x)/x or i(x) = p(x)/x>. In Figure 3,

we plot the estimator of n(-) deduced by dividing by the correct power of x and
by excluding an interval [—a, a] around zero. To obtain correct representations,
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Estimation of g(z) = zn(x) Estimation of h(z) = zn(z) Estimation of p(z) = °n(x)
bo=0,0=0 bo = 0.25,0 =0 bo = 0.25, 0 = 0.5
(al) 1 = 3.58 (0.36) (a2) 1 = 0.93 (0.09) (a3) 1 = 0.58 (0.09)

(b1) 7 = 3.58 (0.27) (b2) 7 = 0.81 (0.11) (b3) 7 = 0.41 (0.04)

FI1G. 2. Variability bands for the estimation of g, h, p for jumps from a Lévy—Gamma process with
B =1,a =1 (first line), a bilateral Lévy—Gamma process with (B,a) = (0.7, 1), (8’,a') = (1,1)
(second line). True (bold black line) and 50 estimated curves (dotted red), A = 0.05,n = 5. 104,

a = 0.1 suits for g(x)/x, a = 0.5 for h(x)/x? and a = 1 for p(x)/x>. The results
are satisfactory and in accordance with the difficulty of estimating n(-) without or
with Gaussian component.

Tables 2 and 3 show the means of the estimation results for b =IE(L{) = by +
[ xn(x)dx [see (5.2)] and o, with standard deviations in parentheses.

The estimation of b is good in all cases, and especially when nA is large. The
estimation of o is clearly more difficult, with noticeable differences according to
the values of n and A. When A is not small enough, the estimation can be heavily
biased. In accordance with the theory, when r is smaller, the estimator of o is
slightly better (smaller bias). Table 4 shows the values of nA? and n A>~", which
should be small for the performance of the estimator to be satisfactory. It is worth
noting that o is constantly over estimated.

8. Proofs.
8.1. Proof of Proposition 3.1. First, the Parseval formula gives ||fzm —h|?=
(1/Q2m))lhy, — h*||? and we can note that A*(u) — Ry () = h* ()1 >7m is or-

thogonal to ﬁ; — h}, which has its support in [—mwm, wm]. Thus,

~ 1 ~
1o — > = oL — 5P+ IIRE, — R
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Estimation of n(z) = g(z)/x Estimation of n(z) = h(z)/2> Estimation of n(z) = p(z)/z*
bo=0,0=0 bo=0250=0 bo = 0.25, 0 = 0.5
(al) (a2) (a3)
05 06
045 05
0.4\
0.35\: 0.4
0.3 03
025
02 02
0.15 0.1
0.1
0.05] | 0
olLs -0.1
12 5 8 10 2 0 2 4 6 8 10 12 14
(b1) (b2) (b3)
03 03
025 025
i 0.25
02 02
02
0.15 0.15 045
0.1 0.1 0.1
0.05 0.05 0.05
0 0 0
-0.05 -0.05
5 4-3-2-10 12 3 4 6 -4 -2 0 2 4 6 00554 2 0 2 4 6

FIG. 3. Estimation of n(-)1[_q q)c with a = 0.1 (first column), a = 0.5 (second column), a = 1
(third column). In all cases, .. = 0.5, n = 50,000, A = 0.05; 25 estimated curves (thin dotted) + the
true (bold line).

The first term (1/(2m))||A* — K}, I> = |lh — hp|? is a classical squared bias term.
Next,

RE () — 1k ) = [RE () — B(RE ()] + [E(RE () — ki )]
= [}, () — E(h%, )] + [WZ @) — 1R* @) Ly <mom-

Bounding the norm of ||h* —h}, |? by twice the sum of the norms of the two
elements of the decomposition, we get

lE(/ﬂm \h*(u) — Eﬁ*(u)|2du>
T —Tm

b / W2 @) — 121" )2 du

IA

E(\im — b |1

l ( Var(h (n)) du)

<
;1
4A2 [rm
+— u?c? )| h* (u)|* du

T —Tm
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Estimation of (b, o), by = 1, the true value of b in parenthesis, o0 = 0.5, K =200 replications
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Model (n, A) (5.10%,0.05)  (5.10%,0.01)  (5.10%,1073)  (10%,1073)
Poisson b=1 1.000 (0.02)  0.997 (0.04) 0.995 (0.123)  1.001 (0.280)
Gaussian 6(1/2) 0.602 (0.03)  0.527 (0.002)  0.504(0.002)  0.504 (0.005)

5(1/4) 0.589 (0.03)  0.521 (0.002)  0.503 (0.002)  0.503 (0.002)
Poisson b(h=15 1.502(0.05 1.502 (0.051) 1.494 (0.142)  1.461 (0.359)
Exp(1) 6(1/2) 0.611 (0.003) 0.530 (0.003)  0.505 (0.002)  0.505 (0.005)

6(1/4) 0.594 (0.003) 0.522 (0.003)  0.503 (0.002)  0.503 (0.005)
Gamma b(b=2)  2.001(0.02) 2.000 (0.05) 1.998 (0.177)  2.018 (0.335)
1,1 6(1/2) 0.705 (0.004)  0.562 (0.003)  0.512 (0.002)  0.513 (0.005)

6(1/4) 0.677 (0.004)  0.548 (0.003)  0.508 (0.002)  0.508 (0.005)
Bilateral b(b=1.4286) 1.426 (0.035) 1.4286 (0.076) 1.4493 (0.264) 1.405 (0.619)
Gamma 6(1/2) 0.862 (0.005) 0.628 (0.004)  0.526 (0.003)  0.526 (0.006)
0.7, 1), (1.1) 5(1/4) 0.798 (0.004) 0.593 (0.003)  0.516 (0.002)  0.515 (0.006)

TABLE 3
Estimation of (b, 0), by = 1, the true value of b in parenthesis, ¢ = 1, power variation method for

estimation of o, K =200 replications

Model (n, A) (5.10%,0.05)  (5.104,0.01)  (5.10%,1073)  (104,1073)
Poisson b ) 0.999 (0.025)  1.005 (0.059)  0.998 (0.178)  1.025 (0.85)
Gaussian 6(1/2) 1.082 (0.005)  1.026 (0.004)  1.006 (0.004)  1.005 (0.009)
5(1/4) 1.072 (0.005)  1.020 (0.005)  1.004 (0.004)  1.003 (0.01)
Poisson b(1.5) 1.510 (0.026)  1.498 (0.06) 1.481 (0.190)  1.485 (0.442)
Exp(1) 5(1/2) 1.096 (0.005)  1.030 (0.004)  1.006 (0.004)  1.006 (0.009)
6(1/4) 1.080 (0.005)  1.022 (0.004)  1.003 (0.004)  1.003 (0.010)
Gamma b () 2.00 (0.026) 1.995 (0.068)  1.991 (0.196)  2.023 (0.195)
11 5(1/2) 1.172 (0.005)  1.062 (0.005)  1.014 (0.004)  1.014 (0.004)
5(1/4) 1.152 (0.005)  1.050 (0.005)  1.010 (0.005)  1.010 (0.004)
Bilateral b(1.4286)  1.425 (0.04) 1.431 (0.10) 1.429 (0.28) 1.492 (0.63)
Gamma 6(1/2) 1.330 (0.006)  1.136 (0.005)  1.033 (0.005)  1.033 (0.01)
07,1, (1.1)  &(1/4) 1.284 (0.006)  1.105(0.005)  1.022 (0.005)  1.022 (0.01)

TABLE 4
Values of n, A, nA, nAZ nAZr forr=1/2andr =1/4

(n, A) (5.10%,0.05)(5.10%, 0.01)(5.104, 10-3)(10%, 1073)
nA 2500 500 50 10

nA2 125 5 0.05 0.01
nA2-1/2 559 50 1.6 0.3
nA2-1/4 264 16 0.3 0.06
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(see Lemma 2.2 for the upper bound of |y (1) — 1| and note that |a (u)| < 1).
Now, we use the decomposition

A(* (u) — E(h* ()))
= (P31 @) = pa ) (TR 5 w) — Yi )
8.1) + (TR ) — w/A(u))wA(u) + (TR ) — YA @) Yrp ()
— (I ) — YR @) (L n ) — Ya @)
—(wf}l(w—wx(u))wu) (s () = Ya () WK ).

Considering each term consecutively and exploiting the independence of the sam-
ples, we obtain

2 2 2 2 4 4
Var(h*(u))<_<E lif)_i_zE (Zl)+E(Zzl)+2E(Z1))

n n n

(8.2) .
364172

- nA
Thus, the first risk bound (3.6) is proved. Analogously, we have

_ 1 pom  _
E(|lm — k%) < ||hm—h||2+—/ IER* (u) — h* (u)|* du
T J—mm

+ L Var(h*(u)) du.

—nmm

For the variance of h*(u), we use: h*(u) — Eh*(u) = —A*I(I,Z(Az)(u) — i ().
Thus,

Var(h*(u)) < —IE(Z /).
Next, for the bias of 2*(u), we use [see first (3.4) and then (2.1)]
[BR* (1) — h*@)* < 200 )| ya () — 117 +24%1¢% ).

Hence, there is an additional term in the risk bound equal to

2 mm
(8.3) —AZ/ |p* ()| du = A>B,,

T —Tm
If h* is integrable, |¢ (u)| < C and B,, = O(m). Otherwise, |¢*(u)| < C|u|* and
By = O(m>).
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8.2. Proof of Proposition 32.  As |h = h|[* = (1/7) [y jzm |1 @)|* du, the
definition of C(a, L) implies clearly that ||z — h,, |? < (L/271)(7Tm)_2“. The com-
promise between this term and the variance term of order m/(nA) is standard: it
leads to choose m = O ((nA)'/¢+1D) and yields the order O ((nA)~2¢/Ra+D)y,

For a > 1/2, we have

'/0 ()| dv

Therefore, h* is integrable and |¢ (u)| < |b| + |h*|;.
The last term in the risk bound (3.6) is less than

S\/L/(l+v2)_“dv<+oo.

am
KAZ/ W\ w))? du < LA*(rm)?(1 =9+,
—Tm

Ifa>1and nA3 < 1, we have A2(rm)>1 =D+ = A2 < (nA)~L.

If a € (1/2, 1), the inequality AZm2(1=a) < yy=2a g equivalent to A%m? < 1.
Asm <nA, A’m? <1holdsif nA><1.

For the additional bias term appearing in the risk bound of ,,, we have
By, = O(m). Thus, mA% < m~2% holds, for m = O((nA)"/a+D) if m1+2a A2 =
(nA)A? < 1 which in turn holds if nA3 < 1.

8.3. Proof of Theorem 3.1. We only study fz,ﬁ as the result for 4,; can be
proved analogously (and is even simpler).
The proof is given in two steps. We define, for some o, 0 <p < 1,

_ H[(l/m) Yot ZRNA/n ) Y1 73]
(E(Z3/A))2

R H[(l/nm S ZH
(E(Z1/A))

1‘59/2}

—1’§Q/2},

so that E(|lh — A1) = E(llhg — hl*1e,) + E(lhq — hl*g;).

Step 1. For the study of E(Hfz h||2]l§22) we refer to the analogous proof
given in Comte and Genon- Catalot (2009) (see Section A4 therein). Using that
IE(Zm) < 400, we can prove E(Hh 5 — h||2]lg2c) < C/(mA). For this, we make use
of the Rosenthal inequality [see Hall and Heyde (1980)].

Step 2. Study of E(|lhz; — hl|*1g,).

The proof relies on the following decomposition of y;;:

1 -
Yn(®) — yu(s) = It —h||* = |Is — h|* 4+ 2(t — s, h) — —(h" 17 =)

= It = hl|*> = lIs — h||* = 2va(t —5) — 2R, (z — 5),
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where
1 - N 1
v (1) = 2_<h* —E®"), %), Ry (1) = (E(h ) —h*, 1),
T

AS Y (hm) = —|lhm 1%, we deduce from (3.10) that, for all m € M,,
Vu(h) + pen(it) < yn(hm) + pen(m).
This yields
iy — hlI* < lh — hyul|* + pen(m) — pen(i) + 20, (i — hin) + 2Ru (hyjy — hin).
Then, for ¢,, = v, R,,, we use the inequality

20 (hgy — b)) <20hg —hwll — sup  |¢u(0)]
t€Su+S;.ltl=1

1 -
s§||h,h—hm||2+8 sup | (1))
lESn1+S,;‘1,||f||=1

Using that ||fz,;, —hp|? < 2||fz,;, —h|*+ 2||fzm — h||? and some algebra, we find

1. , 7 ) )
lehm —hlI” = leh — hwll” + pen(m) — pen(m)
(8.4)

+8  sup Ry +8  sup ()
1€8Sm+S ltll=1 1€Su+Si,lltll=1
We have to study the terms containing a supremum, which are of different nature.
First, for R, (), we have the following.

LEMMA 8.1. We have: sup,cs, s =1 | Rn (t)|2<CA2fnm” u?|h* ()| du.

PROOF. We have R, (1) = %(t*, (1 - wi)h*). By using Lemma 2.2, we find

sup (5, 1=y DRHP < sup |[(f%, (1 — y)RY)?
teSu+S;.lIt]=1 1€y, lIt]=1

<20 | (1 = YRR L, e

Thp
§CA2/ W21 du. -
—mmy
On the other hand, v, is decomposed: v, () = Z‘}ZI Vn, j (1) + rp(2) with

ra(t) = ( (T ) = va @) (T @) — wi )
(8.5) 2m A

1 o
= Al N ) = WX @) (T35 w0) = Ya ).
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and

1 1
V1 (0= S, (W3~ T va), v 2(t) = (1", (¥a — ) i),
w3 ()= oA R = VAL a0 = S (R~ VAYL)

LEMMA 8.2. We have: E(suptesm-i—s,;,,lltIl:l |rn(t)|2) = %

PROOF. Using the independence of the subsamples, we can write

E( sup IO

1€8Sm+S. llt]=1

<E( sup  Ir(0P)

1€Smy,, lItl|=1
<5 zAz [N = wa) L = Ay |
(8.6) + @2 = v s = ¥a)l-mmymma ]
<o [ B0 0 = v PIE] 0 — v P du

1 Tm
t oA 2A2/ E[[9 ) = v @) PIE[[9 5 ) = Yra@)[*] du

My [E(z2>12 E(zh) C
E]TAZ( n21 + nzl)S;

because m,, <nA and IE(ZZ) and IE(Z4) have order A. 0O

Now, the study of the v, ;’s relies on Lemma A.1. Let us first study the process
Vp,1. We must split Z,% = Z,%Il 22 <k /A + Z,%]l 22>k /A with &, to be defined later.

This implies that v, 1(¢) = Vf, 1)+ V,f, 1 (#) (P for Principal, R for residual) with

1 n
V(0 == 1fi(Zo) —E(f(Zo)]
(8.7) k=1 1 |
wA” Mg, vl €S YA,

and v,f’ 1 @) =v,1(1) — v,i 1 (t). We prove the following results for v, 1 and v, >.

with f;(z) =

PROPOSITION 8.1. Under the assumptions of Theorem 3.1, choose k, =
N
Cln(nA) and

(8.8) pim,m’) = 4E(Z /A)
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then

N R 2
E( sup [1},‘:1(1‘)]2 — p(m, m)) +E[ sup |v,(l’1)(t)| ]
teSu+S;.lltl=1 + 1€Sm,,lItl=1

In?(nA)
nA
where C is a constant.

<C

’

PROPOSITION 8.2. Under the assumptions of Theorem 3.1,
C
E( sup 2@ — pm.m)) <—,
<zesm+s,;,,||r||=1 ! )+ nA
where C is a constant.

For both v, 3 and v, 4, which are similar, we have to split again Z; =
Zk1|Zk|<km/Z + Zk]lle|>km/Z with the same k,, as above. We define v, (1) =

Vf,j(l) + vrﬁj(t) as previously, for j =3, 4.

PROPOSITION 8.3.  Under the assumptions of Theorem 3.1, define for j = 3,4

/

V
(8.9) q(m, m') =4E2(22/A)" Am,
then
E( s wloP—qemm) +E[ s pFof]
1€8Sm+S;, I1]1=1 + €8, lI1=1
2
- Cln (nA)’
nA

where C is a constant.

Now, on €2,, the following inequality holds (by bounding the indicator by 1),
for any choice of k:

(1 — o) pen, (m) < pen(m) < (1+ o) pen,, (m),
where pen,;, (m) = E(pen(m)). It follows from (8.4) that
1 N 7 A
JEhs = hlP1g,) < Zllh — hu|” + pen, (m) — E(pen(i)1g,)

2 [T 0 (2
(8.10) + CA u“|lh™(u)|*du

—my

+8E( sup |vn(t)|2]lgzg).
ZESm"‘Syﬁ»“tllzl
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Recalling that
V(1) = a0 + 0,0 1) + R 10 4 va2(0) + 0,30 + 0850 + 0] 40 + 40,

we have

E( sup  ua()1g
(IESm—l—S,;,,HtH:l " 9)

C

58(—+ > E( s pfi0Fe,)
nA R4y 1ESwtS.lil=1

8.11)

+E( sup |vn,z<z>|21199)>
ZES,n+S,;l,||f||=1

/

C
< S(E + 2E[(p(m, m) + q(m, n%))lgg]).

We note that p(m, m’) +q(m, m') = ﬁ(pen,h(m) + pen,;, (m’)). Thus,
pen,;,(m) — E(pen(i)ig,) + 128E[(p(m, i) + q(m, 1i)1g, ]

) 32 )
< peny (m) — (1 = Q)E(pen, (i) a,) + ~~E[ (peny; (m) + peny () 1,

32 32 .
< (12 ) penysm) + (= = (1 = ) )Blpeny, Gyt .

Therefore, we choose « such that (32/x — (1 — 0)) <0, that is « > 32/(1 — 9).
This together with (8.10) and (8.11) yields

1 ~ 2 7 2

ZE(IIhm —h|"1g,) < leh — hw|” + (2 — o) peny;, (m)
Tm 4

; c
+CA2/ W20 ) P du + ——.
nA

—Tmy

8.4. Proof of Propositions 8.1-8.3.

PROOF OF PROPOSITION 8.1. Let m” =m v m’, and note that S,, + S, =
S,»7. We evaluate the constants M, H, v to apply Lemma A.1 to v,fj 1 (@) [see (8.7)]:

k” am” '
sup| £ (2)] < su f £ (—u)eya (u) du
zeﬂg f 27'[\/Zz€]1€ —m”
<t /m wldu < —2_(on / Wl 1/2
u u m u u
o 27T\/Z —am” o ZN\/K —am”
k, k, [
= )P = = = M.
VA VA
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Moreover,

E( s phoP)s< [ " BV du

1€ S+, It I=1 T 2mnA?
4
B m//E(Zl/A) — th
B nA
The most delicate term is v:

2
e (—x)Yra(x) dx )

IE(Z? f f ! CTNEF (—x)* (1) YA () YA (—y) dx dy)

1
Var(£(20) = 1558 ( 21

<
- 4712A2

47‘[2A2 // w(4) — (=) YA)Ya(=y)dx dy,

where we recall that 1”(4) x)= E(Zfeile). Making use of the basis (¢, ;, j € Z)
of Sy, we have t =3z 1@ j With [[1]I> =Y ;717 =1,

1
Var(fi(Zi) = 575 ;Zfﬂk f / NGRS CEI Ay
J.K€E

X YA(X)Ya(=y)dxdy

[ v =g 000

= 22(
471A ez

172
X YA)YA(—y)dx d)" )

1
- 472 A2 (f/ nm/ﬂm//]zh//(‘t) _y)’2|1//A(x)|2

1/2
< Wa(—y)Pdx dy) ,

Var(f;(Z1)) < ;(// |1//(4) — )|2dxd )1/2
! 1 - 47-[2A2 [7nm//’ﬂm//]2 Y Y

NoErt 172
[—27m” 27tm”]

<
T 4722

Therefore, we need to study f[_hm”’hm”] |W(A4) (z)|?dz. Recall that ¢ (u) = ib —

Jo h*(v)dv. We have

U = A + Adpd” +3(¢)) + 62797 + A% Jya.

(8.12)
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where

O = —h*w), ¢ W) =— / ¥3n(x) dx,

&3 ) =fei“xx4n(x) dx

satisfy: [ |¢'(u)|*>du = ||h||%, |¢' ()| < |h|; and thanks to (H4), the Parseval equal-
ity yields

/|¢”(u)|2du:/x6n2(x)dx:/x2h2(x)dx,

/ 10 (w)|? du = /x8n2(x)dx = /x4h2(x)dx.
By assumption, 2* is in L1 (R), thus, |¢ (u)| < |b] 4 |h*|; := My. Therefore,
W2 < CAX (D] + A2((¢")2 + @)Y + A*9)? + A%),

where C is a constant depending on My and |A|;. Therefore,

2mm”
[T TRy —

-2

+ A*h)? + 47rm”A6}

<CA? U x*n?(x)dx + AZ/xzhz(x)dx + A4||h||2}
+ Com” A*.
Thus, using Assumptions (H1), (H3), (H4),

/ 1P ) |* du < K(A% +m" A%).
[—2am” 2nm’]

Asm"A* <nAS and nA® < 1 we get [y 2w WS (@)[? du < 2K A2, This

together with (8.12) yields v = cv/m” /A where c is a constant.
Applying Lemma A.1 yields, for €2 = 1/2 and p(m, m’) given by (8.8) yields

E sup [ (O = p(m,m’)
(tGSn1+S,n/,||t||=1 1 >+

< C1< M —sz/_”
nA

as p(m,m’) = 4H?*. We choose

—csﬁ/kn>
n A

C3 /n
4 In(nA)’

n:
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and as m <nA, we get

E sup [ 0P = pim,m")
<teSm+Sm/,t||=1 ! >+

(Ve ey ).
- nA (An)*In*(nA)

As Caxe 2" is decreasing for x > 1/C>, and its maximum is 1/(eC>), we get

np
Z m//e—CZ\/W < Z (ecz)—l + Z /m/e—CZ\/rW
m'=1

Vm'<1/Cy Vm'=1/Cy
1 ad N
<—3+ Z Vm'e 2V o 4.
) m'=1

It follows that
My

E( s [P = pm.m)) <

C
=1 tE€SutS,lltl=1 nA

m
Let us now study the second term v,ERj) (¢) in the decomposition of v, ;(¢). The
cases j = 3, 4 being similar, we consider only vr(li.) (t) for j =1:

E[ sup ]véﬁ) (t)\z]

1E€Smy,.lItll=1

1 Tmy
<——F
- 47‘[2A2 </—nm,1

n

1 2 iuZ, 2 iuZ,
;Z(Zk]lzlg>kn\/gem k _E(Zkﬂzg>knﬂelu k))
k=1

2

X wfi(unzdu)

4
_ Bz, ) /nmn e maE(Z] )
dnw? A2 —amy 27 A2(k,/A)P
E(Z{T JA)In?(nA)
- 2 (nA)P/?
using m, <nA and recalling that k, = (C3/4)(4/n/In(nA)). Taking p = 2, which

is possible because E(Zf) < 400, gives a bound of order lnz(nA)/(nA).
Proposition 8.1 is proved. [

9’

PROOF OF PROPOSITION 8.2. For v, >, the variables are bounded without
splitting, and the function f; is replaced by f;(z) = 2w A) ™! (t*, eiz'wg). We just
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check the orders of M, H? and v for the application of Lemma A.1. For ¢ € S,» =
Sm + Sm and ||7]] < 1, we have

fgﬂglﬁ(@lin\//nm (= u>|2duf7:" W )2 du

5~/_(Z) <CVm" =M.

Next,
( ) e
E sup [n2(H)]7) < / A" du
tESu+S,.lItlI=1 ! 2rnA? A
2072
MEZAD)
- nA
Following the same line as previously for v, we get
Var(f(Z1))

1 200 2041 2 172
<[ Jo o sl 0PI PIYE (o) dudv)
As Y = A(¢' + A@* 1A, we get (recall that Mg = |b| + |h*|; is the upper bound
of [¢(u)])
2A%(|h*||* + 2m” A2 M)
42 A2

1 nm//
Var(fiZ0) < s [ RGP dx <

I 12 + M3
< — (Il + MjmA%) < ———F =

asm,A><nA3<1. O
PROOF OF PROPOSITION 8.3. Here, f; is replaced by f;(z) = Z]l|z|5k’\/Z<t*’

e'“ ). Using now that [) (u)| <E(]Z]) < ,/IE(Z%), we obtain here that M =

ki~/m” \JE(Z3/A). On the other hand, we find H> = m"E?(Z%)/(nA?). Last, we
find

Var(f:(Z1))

1,2
soom ([, R w— ol W@l dud)

With the bounds for [/, | and fzgfm// 1Y% (2)|> dz, we obtain v = cE(Z2/A)v/m”.
]
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8.5. Proof of Proposition 42. Let us take m = O((nA)"/?4+D) When p €
C(a, L), the first two terms of (4.4) are of order O ((n A)~2%/(2¢+1) The third term
is O(A?m?>@=9+) If a > 2, its order is A? and is less than 1/(nA) if nA3 < 1.

If a € (0,2), A’m??=® = 0(A%(nA)?>?~®)/(1+2a)) which has lower rate than
0((HA)—2a/(2L1+1)) if AZ(HA)4/(1+2a) < 0(1), thatis I’lAl+(l+2a)/2 — I’lA3/2+a <
O(1). We must consider in addition the terms A2m3 and A*m’. As previously,
A’m? < (nA)~24/atD jf p A6a+3)/Qa+3) < (1) thatis n A>3 < 1ifa > 0 and
nA%ifa > 1/2. Moreover, A*m? < (nA)~2a/QatD) jf y A10a+1D)/2a+T) < | that
isnA'/7 <1lifa>0and nA?> <1ifa>1/2.

8.6. Proof of Proposition 4.1.  As previously, || pm — plI* = %(Ilp* — pi >+
lpy — P ). The variance of p,, satisfies

1
= 2 - 2
E(lpm = pmll™) = EE(IIPZZ =Pl

1 am
= /_ (Var(57* ) + [EG5* ) — p* () |?) du,

where

E(Z]) _EZ{/A)
nA? nA
We have |7*(u)| < |h|1. By Lemma 2.2, |¢ ()] < |b| + [ul(|h]; + 0?) < C(1 +
|u]). Inserting these bounds in (4.3) implies
IE(p* () — p* )| < CAlp™()||ul(1 + |u])
+ C'A(L+ |ul) + C"A*(1 + |u])’.

Gathering the terms gives the announced bound for the risk of p,,. This ends the
proof of Proposition 4.1.

Var(p*(u)) <
(8.13)

8.7. Proof of Theorem 4.1. The proof follows the same lines as for the adap-
tive estimator of /4. We introduce, for 0 < o < 1,

[(1/(nA)) S0_, Z8] ’
Qp = —1 .
b H (E(Z8/A)) = Q}

Provided that E(Z %4) < 00, we can make use of the Rosenthal inequality to obtain:
E(| pi — plIlag) < C/nA.

For the study of E(|| p — p||2]ng), the decomposition is similar to the previous

case [see (8.4)] where fz,h, h are now replaced by p;;, p. The processes R, (¢) and
v, (t) are given by

1 1
v (2) = 2—(13* —E(p*), %), R, (1) = =—(E(p*) — p*,1¥).
T 2
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The term R, (¢) is dealt using (8.13). For the term containing v, (¢), we need ap-
ply Lemma A.1. So, v, is split into the sum of a principal and a residual term,
respectively denoted by v,f and vR with

vl () = = Z[ft(zm E(f,(Zi))]

(8.14) =

With f(2) = ——231_o_, elt*, %),
27-[A IZ‘ Skn\/Z

and vR () = v, (1) — vP (t). Everything is analogous The difference is that,

for applying Lemma A.1, we have to bound < 2’ |1//(6) (u)|*du (instead of

2rm

27277’,",”,, Iw(4) w)|?du previously). Using v/, = AdYa [see (2.1)—(4.2)], we find
P = Ayad® + A2ya 669 + 159 (¢ ) — o?)]
+ A3YA[156 D2 + 609" (¢ () — 02) + 15(¢' () — 02)]
+ A%y (17976 4366 (¢' ) - 07)]
+ 12079 A (¢ () — 07) + AP ad®.

Now, ¢(u) < C(1 + |u|) and all the derivatives of ¢, ¢ are bounded. Moreover,
under (H6), [ ¢ (u)|>du = [ x5|p(x)|?> dx < +o00. Thus, we find the following
bound'

2wm
—2mm

as m < +/nA. The proof may then be completed as for h,ﬁ.

8.8. Proof of Proposition 5.1. Proof of (i). The assumptions and the fact that
r <1 imply

r

<) Ils—Ty "

s<A

ICal" =

Y Iy =Ty

s<A

Taking expectations yields E|[TA|" < A [ |y|"'n(y)dy.
Proof of (ii). Consider f a nonnegative function such that f(0) = 0. We have

EY f(X;—X,)=E)_ f(Br, — Br, ).

s<t st
—x2/2(Cy—T,
Then, > s, Ef(Br,—Br, ) =Y </ Jo f (x) (Ee—¥"/2(Ts rb_))ﬁ)dx.
Since, for all x,
1
EZ@(—xz/Z(Fx—Fs_)) _[/ _xz/zy ”I‘()/)dy,
= 27(Ty — Ty Vary
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we get the formula for ny. Setting my = E|X|%, for X a standard Gaussian vari-
able, yields

—+00
/R X[ () dx = me fo Y () dy.

Thus, E[Xal” = mETY?). As r/2 <1, T/? = (C,caTy — T, )72 <
>, ATy — I's_)"/?. Taking expectation gives the result.

Proof of (iii). The result is proved, for example, in Barndorff-Nielsen, Shephard
and Winkel [(2006), Theorem 1, page 804] [see also Ait-Sahalia and Jacod (2007)].

8.9. Proof of Proposition 5.2. 'We have E(Z;) = Ab and, for £ > 2, E(Z,f) =
Ac¢+o0(A). Therefore, b is an unbiased estimator of b and, for £ > 2, v/nA|Eé; —
cel = v/nAO(A). Hence, the additional condition nA3 = o(1) to erase the bias.

Setting ¢c; = b, ¢| = b, as Var Z,f = Acy+o(A) forf > 1, wehave nA Varc, =
c2¢+ O(A). Writing VA @ —Eé) = (nA) V2 Y0 (Zg —EZp) = Y0 X
it is now enough to prove that > }_ | E|x » |2+¢ tends to 0. Under the assumption,
we have

n
C
24 -~ £(2+¢) £y 24¢
k§_1E|Xk,n| = ne/2ZA1+e/2 (E|Zk| + |E(Zk)| ) = (nA)e/Z’

which gives the result.

8.10. Proof of Proposition 5.3. 'The study of (5.3) relies on the following result
which is standard for r = 2.

LEMMA 8.3. Let Y; = 0t + oW, for 6 a constant and consider 5,@ =

1
a7 k=1 Yea = Ya—nal”

Then, for all r, \/n (&,Sr) — o) converges in distribution to a centered Gaussian
distribution with variance o*" (moy/ m% — 1) as n tends to infinity, A tends to 0,
nA tends to infinity, and n A? tends to 0.

PROOF. We have E&,fr) = m%EW\/K—i— o X|", for X a standard Gaussian vari-
able. Thus,
Es® _ " — Gr(e—OZA/Zaz —
n

1 d
4 g0*a/20? / |u|r(e9uﬂ/az _ l)efuz/(Zaz) u

my o2
Noting that e?V2/7" — 1 = Quv/Ajo? + A,y 3 ub/0?)y" AY*~! and that
[ ul"ue™"*/2* du /(o +/27) = 0, we easily obtain

B —o"| <cA.
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Thus, a|EG.” — 0" | = o(1) if V/nA = (nA?)/2 = o(1). Noting that E|8/A +
0X|k converges to akmk as A tends to 0, we get nVar&,Y) — o (mzr/mf —1).

Finally, we look at xx., = n~ (|07 A+0(Wia — We—1)a) /v A" —E|0V/A +
o X|"), which satisfies nE X,?’n < c¢/n3. Hence, Vn(5.” —EG&\") converges in dis-
tribution to the centered Gaussian with the announced variance which completes
the proof. [

PROOF OF (i). As noted above, L; = bot + oW; + I'; with by = b —
[xn(x)dx. Using that, for r < 1, || > a; + bi|" — | X a;i|"| < X |bi|", we get
1687 — &1 = L S ITka — Tnal”, where &, is built with ¥, =
bot + o W; as in the previous lemma. Thus, applying Proposition 5.1(i),

1
Evn|6" — 60| < —ﬁAI_’/Z/ Ix|"n(x) dx.
m

r

Since r < 1, the constraint nA2~" = o(1) can be fulfilled and implies n A% = o(1).
Hence, the result follows from the previous proposition.

PROOF OF (ii). The proof is analogous to the previous one [using Proposi-
tion 5.1(ii)] and is omitted. As o (r) = [6,,(r)]1/ ", we conclude for & (r) by using
the delta-method. [

APPENDIX: THE TALAGRAND INEQUALITY

The following result follows from the Talagrand concentration inequality given
in Klein and Rio (2005) and arguments in Birgé and Massart (1998) (see the proof
of their Corollary 2, page 354).

LEMMA A.1 (Talagrand inequality). Let Yi,...,Y, be independent random
variables, let v,y (f) = (1/n) Y7 [f(Y;) —E(f(Y:))] and let F be a countable
class of uniformly bounded measurable functions. Then for €* > 0

E[sup .y ()17 =201 +262)H2}
feF +
<i<ﬂe—K162nH2/v 98M*> e—2K1C(62)e/(7«/§)nH/M>
~ Ki\n K1n2C?(€?) ’

with C(€2) =~/1+€2—1, K, =1/6 and

1 n
sup [ flloe <M, E[sup vay(NI]<H,  sup— > Var(f(¥p) <v.
feF feF fern ;7

By standard density arguments, this result can be extended to the case where F
is a unit ball of a linear normed space, after checking that f +— v, (f) is continuous
and F contains a countable dense family.
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