The Annals of Statistics

2009, Vol. 37, No. 1, 35-72

DOI: 10.1214/07-A0S563

© Institute of Mathematical Statistics, 2009

SMOOTHING SPLINES ESTIMATORS FOR FUNCTIONAL
LINEAR REGRESSION

BY CHRISTOPHE CRAMBES, ALOIS KNEIP AND PASCAL SARDA

Université Paul Sabatier, Université Paul Sabatier and Universitdiit Bonn

The paper considers functional linear regression, where scalar responses
Y1, ..., Y, are modeled in dependence of random functions X1, ..., X,. We
propose a smoothing splines estimator for the functional slope parameter
based on a slight modification of the usual penalty. Theoretical analysis con-
centrates on the error in an out-of-sample prediction of the response for a new
random function X, 1. Itis shown that rates of convergence of the prediction
error depend on the smoothness of the slope function and on the structure of
the predictors. We then prove that these rates are optimal in the sense that they
are minimax over large classes of possible slope functions and distributions
of the predictive curves. For the case of models with errors-in-variables the
smoothing spline estimator is modified by using a denoising correction of the
covariance matrix of discretized curves. The methodology is then applied to a
real case study where the aim is to predict the maximum of the concentration
of ozone by using the curve of this concentration measured the preceding day.

1. Introduction. In a number of important applications the outcome of a re-
sponse variable Y depends on the variation of an explanatory variable X over time
(or age, etc.). An example is the application motivating our study: the data consist
in repeated measurements of pollutant indicators in the area of Toulouse over the
course of a day that are used to explain the maximum (peak) of pollution for the
next day. Generally, a linear regression model linking observations Y; of a response
variable with p repeated measures of an explanatory variable may be written in the
form

1 p
(1.1) Yi=a0+;ZOth,-(tj)+8;k, i=1,...,n.
j=1

Here #; < --- <, denote observation points which are assumed to belong to a
compact interval / C R. The possibly varying strength of the influence of X; at
each measurement point ¢; is quantified by different coefficients « ;. Frequently
p > n and/or there is a high degree of collinearity between the “predictors”
Xi(tj),j=1,..., p, and standard regression methods are not applicable. In ad-
dition, (1.1) may incorporate a discretization error, since one will often have to
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assume that ¥; also depends on unobserved time points ¢ in between the observa-
tion times 7;. As pointed out by several authors (Marx and Eilers [22], Ramsay and
Silverman [26] or Cuevas, Febrero and Fraiman [10]) the use of functional mod-
els for these settings has some advantages over discrete, multivariate approaches.
Only in a functional framework is it possible to profit from qualitative assumptions
like smoothness of underlying curves. Assuming square integrable functions X; on
I C R, the basic object of our study is a functional linear regression model

(1.2) Yi:a0+/a(t)Xi(t)dt+8i, i=1,...,n,
1

where ¢;’s are i.i.d. centered random errors, E(g;) = 0, with variance E(siz) = 082,
and « is a square integrable functional parameter defined on / that must be esti-
mated from the pairs (X;, ¥;),i =1, ..., n. This type of regression model was first
considered in Ramsay and Dalzell [24]. Obviously, (1.2) constitutes a continuous
version of (1.1), and both models are linked by

1 p
(1.3) 8;k=d,'+8,', Wheredi=/o¢(t)X,~(t)dt——Za(tj)Xi(tj)
I P iZ
j=1

may be interpreted as a discretization error, and a(7;) = «;.

As a consequence of developments of modern technology, data that may be
described by functional regression models can be found in a lot of fields such
as medicine, linguistics, chemometrics (see, e.g., Ramsay and Silverman [25, 26]
and Ferraty and Vieu [14], for several case studies). Similarly to traditional re-
gression problems, model (1.2) may arise under different experimental designs.
We assume a random design of the explanatory curves, where X1, ..., X, is a se-
quence of identically distributed random functions with the same distribution as a
generic X. The main assumption on X is that it is a second-order variable, that is,
E(/, X2(t)dt) < 400, and it is assumed moreover that E(X; (£)&;) = 0 for almost
every t € I. This situation has been considered, for instance, in Cardot, Ferraty
and Sarda [7] and Miiller and Stadtmiiller [23] for independent variables, while
correlated functional variables are studied in Bosq [2]. Our analysis is based on a
general framework without any assumption of independence of the X;’s. We will,
however, assume independence between the X;’s and the &;’s in our theoretical
results in Sections 3 and 4.

The main problem in functional linear regression is to derive an estimator & of
the unknown slope function «. However, estimation of « in (1.2) belongs to the
class of ill-posed inverse problems. Writing (1.2) for generic variables X, Y and ¢,
multiplying both sides by X — [E(X) and then taking expectations leads to

E((Y —EM))(X —E(X)))
(1.4)

= E(/I a(t)(X (1) —EX)(1))dr (X — IE(X))) = T(a).
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The normal equation (1.4) is the continuous equivalent of normal equations in the
multivariate linear model. Estimation of « is thus linked with the inversion of the
covariance operator I' of X defined in (1.4). But, unlike the finite dimensional
case, a bounded inverse for I' does not exist since it is a compact linear opera-
tor defined on the infinite dimensional space L>(I). This corresponds to the setup
of ill-posed inverse problems (with the additional difficulty that I" is unknown).
As a consequence, the parameter « in (1.2) is not identifiable without additional
constraint. Actually, a necessary and sufficient condition under which a unique
solution for (1.2)—(1.4) exists in the orthogonal space of ker(I") and is given by
Zr(E((Y_]E(Y))f’(X(i)_E(X)(t))gr(t)dz))2 < 400, where (A, &), are the eigenele-
ments of I" (see Carrdot, Ferraty and Sarda [7] or He, Miiller and Wang [19] for
a functional response). The set of solutions is the set of functions e which can
be decomposed as a sum of the unique element of the orthogonal space of ker(I")
satisfying (1.4) and any element of ker(I").

It follows from these arguments that any sensible procedure for estimating « (or,
more precisely, of its identifiable part) has to involve regularization procedures.
Several authors have proposed estimation procedures where regularization is ob-
tained in two main ways. The first one is based on the Karhunen—Loeve expansion
of X and leads to regression on functional principal components: see Bosq [2],
Cardot, Mas and Sarda [8] or Miiller and Stadtmiiller [23]. It consists in project-
ing the observations on a finite dimensional space spanned by eigenfunctions of
the (empirical) covariance operator I';,,. For the second method, regularization is
obtained through a penalized least squares approach after expanding « in some ba-
sis (such as splines): see Ramsay and Dalzell [24], Eilers and Marx [12], Cardot,
Ferraty and Sarda [7] or Li and Hsing [21]. We propose here to use a smoothing
splines approach prolonging a previous work from Cardot et al. [5].

Our estimator is described in Section 2. Note that (1.2) implies that Y; —
Y = [;a()[Xi(t) — X(t)]dt + & — &. Based on the observation times #; <

- < tp, we rely on minimizing the residual sum of squares Y ;(¥; — Y —
%Zle a(tj)(X;(tj) — Y(Ij)))2 subject to a roughness penalty. A slight modi-
fication of the usual penalty term is applied in order to guarantee the existence of
the estimator under general conditions. The proposed estimator @ is then a nat-
ural spline with knots at the observation points ;. An estimator of the intercept
ap =E(Y) — [, a(t)E(X)(t)]dt is given by @y = Y — [, @(t) X (¢) dt. For simplic-
ity, we will assume that 7; < --- <1, are equispaced, but the methodology can
easily be generalized to other situations. It must be emphasized, however, that our
study does not cover the case of sparse points for which other techniques have to be
envisaged; for this specific problem, see the work from Yao, Miiller and Wang [32].

In Section 3 we present a detailed asymptotic theory of the behavior of our es-
timator for large values of n and p. The distance between & and « is evaluated
with respect to L? semi-norms induced by the operator T, ||u||12~ = (T"u, u) with
(u,v) = [ u(t)v(r)de, or its discretized or empirical versions (see, e.g., Cardot,
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Ferraty and Sarda [7] or Miiller and Stadtmiiller [23] for similar setups). By us-
ing these semi-norms we explicitly concentrate on analyzing the estimation error
only for the identifiable part of the structure of & which is relevant for prediction.
Indeed, it will be shown in Section 3 that ||&@ — oe||% determines the rate of con-
vergence of the error in predicting the conditional mean ag + [; (¢) X, 41 (t) dt
of Y, 41 for any new random function X, possessing the same distribution as X
and independent of X1, ..., X:

2
E((oTo + /] &() Xs1 (1) di — atg — /1 (1) X (r)dt) &, a)

(1.5) ) |
= o —allf+0pn™).

We first derived optimal rates of convergence with respect to the L? semi-
norms induced by I' in a quite general setting which substantially improved
existing results in the literature as well as bounds obtained for this estimator
in a previous paper (see Cardot et al. [5]). If o is m-times continuously dif-
ferentiable, then it is shown that rates of convergence for our estimator are of
order n~(m+2q+1)/C2m+24+2) " \where the value of ¢ > 0 depends on the struc-
ture of the distribution of X. More precisely, ¢ quantifies the rate of decrease
Zf‘;kﬂ)»r = O(k~2) as k — oo, where A > Ay > --- are the eigenvalues of
the covariance operator I'. If, for example, X is a.s. twice continuously differen-
tiable, then ¢ > 2. As a second step, we show that these rates of convergence are
optimal in the sense that they are minimax over large classes of distributions of X
and of functions «. No alternative estimator can globally achieve faster rates of
convergence in these classes.

In an interesting paper Cai and Hall [4] derive rates of convergence on the error
ag + (o, x) — dp — (@, x) for a pre-specified, fixed function x. Their approach
is based on regression with respect to functional principal components and the
derived rates are shown to be optimal with respect to this methodology. At first
glance this setup seem to be close, but due to the fact that explanatory variables
are of infinite dimension, inference on fixed functions x cannot generally be used
to derive optimal rates of convergence of the prediction error (1.5) for random
functions X,,1 1. We also want to emphasize that in the present paper we do not
consider the convergence of & with respect to the usual L? norm. Analyzing ||& —
a|? = [ (@) — a(1))?dt instead of ||&@ — « ||12~ must be seen statistically as a very
different problem, and under our general assumptions it only follows that |j&@ —
«||? is bounded in probability (see the proof of Theorem 2). It appears that to get
stronger results one needs additional conditions linking the “smoothness” of o and
of the curves X; as derived in a recent work by Hall and Horowitz [18]. A detailed
discussion of these issues is given in Section 3.2.

In practice the functional values X;(z;) are often not directly observed; there
exist only noisy observations W;; = X;(¢;) + §;; contaminated with random er-
rors §;;. In Section 4, we consider a modified functional linear model adapting
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to such situations. In this errors-in-variable context, we use a corrected estimator
as introduced in Cardot et al. [S] which can be seen as a modified version of the
so-called total least squares method for functional data. We show again the good
asymptotic performance of the method for a sufficiently dense grid of discretiza-
tion points.

We devote Section 5 to the application of the proposed estimation procedure
to the prediction of the peak of pollution from the curve of pollutant indicators
collected the preceding day. Finally, the proofs of our results can be found in Sec-
tion 6.

2. Smoothing splines estimation of the functional coefficient. As explained
in the Introduction, we will assume that the functions X; are observed at p equidis-
tant points 1, ..., 7, € I. In order to simplify further developments, we will take
I = [0, 1] so that #; :ﬁ and t; — ;1 :%forallj:l...,p.

Our estimator of « in (1.2) is a generalization of the well-known smoothing
splines estimator in univariate nonparametric regression. It relies on the implicit
assumption that the underlying function « is sufficiently smooth as, for example,
m-times continuously differentiable (m =1, 2,3, ...).

For any smooth function a the discrete sum % 2521 a(tj)X;(t;) is used to ap-

proximate the integral_fo1 a(t)X;(r)dt in (1.2), whereas expectations are estimated
by the sample means Y and X, and an estimate is obtained by minimizing the sum
of squared residuals (¥; — Y — % §=1 a(t;)(X;(t;) — X(tj)))2 subject to a rough-
ness penalty. More precisely, for some m = 1,2, ... and a smoothing parameter
p > 0, an estimate & is determined by minimizing

p

2

12 1 _

- Z(Yi Y- ” > a@) (X)) — X(fj)))
i=1

2.1) =

1 & !
+p<—2nj(t,~)+/ (a<’”>(z))2dz>
P 0
over all functions a in the Sobolev space w™2([0, 1]) c L*([0, 1]), where

payia B2,

Obviously, , denotes the best possible approximation of (a(t), ..., a(t)) by
a polynomial of degree m — 1. The extra term % 27:1 u(t j)z in the roughness
penalty is unusual and does not appear in traditional smoothing splines approaches.
It will, however, be shown below that this term is necessary to guarantee existence
of a unique solution in a general context without any additional assumptions on
the curves X;.

It is quite easily seen that any solution @ of (2.1) has to be an element of the
space NS™(t1,...,tp) of natural splines of order 2m with knots at 71, ..., 1.
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Recall that NS™(t1,...,t,) is a p-dimensional linear space of functions with
v e L2([0, 1]) for any v € NS™(t1, ..., 1p). Let b(t) = (b1 (1), ..., by(1))" be a
functional basis of NS™(t1, ..., ). A discussion of several possible basis function
expansions can be found in Eubank [13]. An important property of natural splines
is that there exists a canonical one-to-one mapping between R” and the space

NS™(t1,...,tp) in the following way: for any vector w = (wy, ..., w,)" € R?,
there exists a unique natural spline interpolant sy, with sy (f;) =w;, j=1,..., p.
With B denoting the p x p matrix with elements b; (z;), sw is given by
2.2) sw(?) =b()*(B'B) " 'B7w.
The important property of such a spline interpolant is the fact that
1 1

(2.3) / sI(1)* dt < / f™@?ar

0 0

for any other function f € W™2([0, 1])
with f(tj)) =w;,j=1,...,p.
Note that in (2.1) only the integral fol a™ ()2 dt depends on the values of a in

the open intervals (¢;_1,;) between grid points. It therefore follows from (2.3)
that @ = sg, where & = (@(t1), ..., ®(t,))" € R” minimizes

1 & 1Y Y
SNV =Y —=>a@p)(Xit;) — X(1)))
i3 P4
2.4)
1 & 2 ! (m) (22
ol Yomup+ [ simaran):
P 0
with respect to all vectors a = (a(t1), ..., a(tp))" € RP. B
_Acloser study of a requires the use of matrix notation: Y= (Y} — Y, ..., ¥, —
o, X = (Xi(h) — X(tl),...,Xi(tp) — X(l‘p))r for all i =1,...,n, a =
(a(ty),...,a(tp))", e =(e1—8, ..., — )" and let X be the n x p matrix with a

general term X;(¢;) — X(¢;) foralli =1,...,n, j=1,..., p. Moreover, P,, will
denote the p x p projection matrix projecting into the m-dimensional linear space
Ep :={w=(wi,...,w,)" €RP|lw; =¥, 660", j=1,..., p} of all (dis-
cretized) polynomials of degree m — 1. By (2.2), we have fol sém) (1)2dt = aA’a,
where A% = B(B"B) [ /¢ b" ()b (1)" dt](B'B) "B isa p x p matrix.
When defining A,, := P, + pA’,, minimizing (2.4) is equivalent to solving

m>
2

(1 1 .
(2.5) miny—|Y — —Xa| + —a'A,a¢,
acR? | n p p
where || - || stands for the usual Euclidean norm. The solution is given by

1 1 1 -1
XY= - (—XTX + pAm) X7Y.

n\np

e
(2.6) &:—(—fox+ BA,,,)
np \np p
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Then @ = sg constitutes our final estimator of « while &y =Y — (@, X) is used to
estimate the intercept 9. Based on a somewhat different development, this esti-
mator of « has already been proposed by Cardot et al. [5].

In order to verify existence of &, let us first cite some properties of the eigen-
values of pA” which have been studied by many authors (see Eubank [13]). For
instance, in Utreras [28], it is shown that this matrix has exactly m zero eigen-
values wy p =--- = up,p = 0. The corresponding m-dimensional eigenspace is
the space E,, of discretized polynomials as defined above. The p — m nonzero
eigenvalues O < p;41,p < -+ < Wp,p are such that there exist constants 0 < Dy <
Dy < oo such that Dy < Mj+m,p(7rj)_2m <Djfor j=1,..., p—m and all suf-
ficiently large p. Therefore, there exist some constant 0 < Cyp < +o00 and some
po€{0,1,2,...}suchthatforall p > pgpand k =0,...,p—m —1

1

2.7 | —
Mk+m+1,p

< Cp.
We can conclude that all eigenvalues of the matrix A,, are strictly positive, and
existence as well as uniqueness of the solution (2.6) of the minimization prob-
lem (2.5) are straightforward consequences. Note that Introduction of the addi-
tional term % Z‘;’:l 7T, (1 j)2 in (2.1) is crucial. Dropping this term in (2.1) as well
as (2.4) results in replacing A, by pAY in (2.5). Existence of a solution then
cannot be guaranteed in a general context since, due to the m zero eigenvalues of
PA;,, the matrix (#XTX + pA;;,) may not be invertible.

REMARK. Our requirement of equidistant grid points #; has to be seen as
a restrictive condition. There are many applications where the functions X; are
only observed at varying numbers p; of irregularly spaced points ;1 < --- < t;p,.
Then our estimation procedure is not directly applicable. Fortunately there ex-
ists a fairly simple modification. Define a smooth function X ;€ LX([0, 1)) by
smoothly interpolating the observations (e.g., using natural splines) such that
)?i(tij) = X;(tj), j =1,..., pi. Then define p > max{py,..., p,} equidistant
grid points #1,...,1,, and determine an estimator & by applying the smooth-
ing spline procedure (2.1) with %Zle a(tj)(X;(tj) — Y(Ij)) being replaced by

% Z?;] a(tj)(f(,' (tj) — )?(tj)). For example, in the case of a random design with
i.i.d. observations f;; from a strictly positive design density on I, it may be shown
that the asymptotic results of Section 3 generalize to this situation if min{py, ...,
pn} is sufficiently large compared to n. A detailed analysis is not in the scope of
the present paper.

3. Theoretical results.

3.1. Rates of convergence for smoothing splines estimators. We will de-
note the standard inner product of the Hilbert space L2([0,1]) by (f.g) =
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fol f(t)g()dt and || - || by its associated norm. As outlined in the Introduction,
our analysis is based on evaluating the error between @ and « with respect to the
semi-norm || - ||r defined in Section 1,

lul? := (Cu,u),  we L0, 1D),
where [" is the covariance operator of X given by
Tu:=E((X —EX)),u)(X —E(X))),  ueL*0,1]).

The above L2 semi-norm has already been used in similar contexts as the one
studied in the present paper; see, for example, Wahba [30], Cardot, Ferraty and
Sarda [7] or Miiller and Stadtmiiller [23]. By (1.5) the asymptotic behavior of
o —a ||% constitutes a major object of interest, since it quantifies the leading term
in the expected squared prediction error for a new random function X, .

As first steps, we will consider in Theorems 1 and 2 the error between & and «
with respect to simplified versions of the above semi-norm: the discretized empir-
ical semi-norm defined for any u € R” as

1 1
a2 :=—u’[—X"X|u,
Ty p
v p \np

and the empirical semi-norm defined for any u € L?([0, 1]) as

n

1 _
lullf, = = 3 ((Xi = X), u)* = (Tpu, u),
" n
i=1
where [',, is the empirical covariance operator from X1, ..., X, given by

n

1 _ _
Lot =~ i:Zl«Xi —X), u)(X; — X).

Obviously, [[& —ellf, = 3l5 X, @) — a))(Xi(t)) — X(1;)]* and
lod — o ||%n = % Yilf; @) —a() (X (1) — X (1)) dt]? quantify different modes of
convergence of (@, X — X) to (o, (X — X)).

As mentioned in Section 2, the function « is required to have a certain degree of
regularity. Namely, it satisfies the following assumption for some m € {1, 2, .. .}:

(A.1) o is m-times differentiable and o™ belongs to L2([0, 1]).

Let C; = fol a™ ()2 dt and C; = fol a(t)?dt. By construction of P,,, P,,a pro-
vides the best approximation (in a least squares sense) of a by (discretized) poly-
nomials of degree m — 1, and %a’Pma < %a’Ama —> C5 as p — o0. Let C2
denote an arbitrary constant with C; < C2 < oco. There thenexistsa p; € {0, 1, ...}
with p; > po such that %oﬁPmoc < Cj forall p > p;.

Recall that our basic setup implies that X1, ..., X, are identically distributed
random functions with the same distribution as a generic variable X. Expected
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values E.(-) as stated in the theorems below will refer to the probability distribu-
tion induced by the random variable ¢, that is, they stand for conditional expecta-
tion given X1, ..., X,. We assume moreover that ¢; is independent of the X;’s.
In the following, for any real positive number x, [x] will denote the smallest
integer which is larger than x. In addition, let Ay | > Ax2 > -+ > Ay, > 0 de-
note the eigenvalues of the matrix #X’X. We start with a theorem giving finite
sample bounds for bias and variance of the estimator & with respect to the semi-
norm || - |, -

THEOREM 1. Under assumption (A.1) and the above definitions of Co, C1q,
Ca, p1, the following bounds hold for alln =0,1,..., all p > p1, all p > n=2m
and every n X p matrix X = (X;(t;));,j:

_ 1 4 -
IE:@) —ellf,  <2p(—a'Pua+Ci)+-) (d—d)?
mr p Ll
(3.1)
4 & —2
=p(Cr+C)+ 3 (d —d)’,
i=1
as well as
a7

32 Edle-E@lE, )< (m +[p V@m0 4 C . CO)),

n
for any C > 0 and q > 0 with the property that Zj'):k—‘rl Ay, j <C- k=24 holds for
k= [p~1/@m+2q+1)],

The rate of convergence of ||& — ocll%n ) thus depends on assumptions on the

distribution of X and on the size of the discretization error. In order to complement
our basic setup, we will rely on the following conditions:

(A.2) There exists some constant k, 0 < k < 1, such that for every § > 0, there
exists a constant C3 < 400 such that

P(IX(t) — X(s)| < Calt —s|“, 1,5 € 1) = 1 —38.

(A.3) For some constant C4 < oo and all k =1, 2, ... there is a k-dimensional
linear subspace L£j of L2([0, 1]) with

E( inf sup |X (1) — f(t)|2> < C4k™2,
fely ¢
Before proceeding any further, let us consider assumption (A.3) more closely.

The following lemma provides a link between assumption (A.3) and the degree of
smoothness of the random functions X;.
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LEMMA 1. Forsome g1 =0,1,2,...and 0 <ry <1 assume that X is almost
surely q1-times continuously differentiable and that there exists some Cs5 < 00 such
that

E( sup |X(q1)(t) _ X(QI)(S)’2> < C5d2r2
|t—s|<d
holds for all d > 0. There then exists a constant Cq < 00, depending only on q1,
such that forallk=1,2, ...

E( inf sup |X () — f(t)|2) < CeCsk 21472
feé ¢
where &) denotes the space of all polynomials of order k on [0, 1].

PROOF. The well-known Jackson’s inequality in approximation theory im-
plies the existence of some Cg < 0o, only depending on ¢p, such that for all
k=1,2,...

p
inf Y (X(1) = f(t))” < Cek™01 sup  |XD)(r) — X (5)[?
€& — [t—s|<1/k

holds with probability 1. The lemma is an immediate consequence. [

The lemma implies that if assumption (A.2) can be replaced by the stronger re-
quirement E(sup“_s‘fd | X () — X(s)lz) < Csd=22,d > 0, then assumption (A.3)
necessarily holds for some g > «. Indeed, g > « will result from a very high de-
gree of smoothness of X;.

On the other hand, assumption (A.3) only requires that the functions X; be
well approximated by some arbitrary low dimensional linear function spaces (not
necessarily polynomials). Even if X; are not smooth, assumption (A.3) may be
satisfied for a large value of ¢ (the Brownian motion provides an example).

Theorem 1 together with assumptions (A.2) and (A.3) now allows us to de-
rive rates of convergence of our estimator &. First note that assumption (A.3)
determines the rate of decrease of the eigenvalues Ay ; of XfX For any

k-dimensional linear space L C LZ([O, 1]), let P, denote the correspondmg pXp
projection matrix projecting into the k-dimensional subspace £y , = {v € R’|v =
(f(t), ..., f(tp))*, f € Li}. Basic properties of eigenvalues and eigenvectors
then imply that

1
D k< infTr((Ip — ?k)—XTX>
j=k+1 Tk np

(3.3)

_ L Z inf S (Xi(t) = X — 1))

fecﬁj1



FUNCTIONAL LINEAR REGRESSION 45

and assumption (A.3) implies that for any é > O there exists a Cs < oo such that
Pl haj < Csk™21) > 1 =36,
Assumptions (A.1) and (A.2) obviously lead to

1 & -
(3.4) = (di—d)* = 0p(p™™).
i=1
Ifn, p— o0, p—0,1/(np) — 0, then relations (3.1), (3.2) and (3.3) imply that

lla — oe||12~n‘p = Op(p + (np!/@n+2a+D)~1 | =2,

In the following we will require that p is sufficiently large compared to n so that
the discretization error is negligible. It therefore suffices that np=2¢ = O(1) as
n, p — oo. This condition imposes a large number p of observation points if «

is small. However, if the functions X; are smooth enough such that k = 1, then
np_z" = O(1) is already fulfilled if % = 0O(1) as n, p — oo, which does not
seem to be restrictive in view of practical applications. The above result then be-
comes

o -1
(3.5) e — a||12~n’p = Op(p + (np"/@m+2a+D)~1),
Choosing p ~ n~@m+24+D/@mH2442) e can conclude that
(3.6) & — o ||%w = Op(n~@m+2a+D/CGm+24+2))

The next theorem studies the behavior of the estimator for the empirical L2-
norm || - ||r,. It is shown that if p is sufficiently large compared to n, then based
on an optimal choice of p, the rate of convergence given in (3.6) generalizes to the
semi-norm || - ||r,,.

THEOREM 2. Assume (A.1)-(A.3) as well as npfz’( =0{), p—>0,1/
(np) > 0asn, p— oo. Then

3.7 ||a — a”%n — OP(P + (npl/(2m+2q+1))—1).

We finally investigate in the next theorem the behavior of ||[&@ — « ||%. The fol-
lowing assumption describes the additional conditions used to derive our results.
It is well known that the covariance operator I' is a nuclear, self-adjoint and
nonnegative Hilbert—Schmidt operator. We will use {1, {2, ... to denote a com-
plete orthonormal system of eigenfunctions of I" corresponding to the eigenvalues
A=Ay >

(A.4) There exists a constant C7 < oo such that

1
Var<; Z(X,- —EX), ) {X; — E(X), Cs))

(3.8) c
< 77E(<X —EX), i) )E((X —E(X), £,)?)
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holds forall n and all r, s = 1, 2, ..... Moreover, | X —E(X))||>= Op(n~1).

Relation (3.8) establishes a moment condition. It is necessarily fulfilled
if Xq,..., X, are i.i.d. Gaussian random functions. Then (X; — E(X), ) ~
NO,E({(X; —E(X), ;,)2)), and (X; —E(X), ¢-) is independent of (X; —E(X), &)
if r # 5. Relation (3.8) then is an immediate consequence.

However, the validity of (3.8) does not require independence of the functions
X;. For example, in the Gaussian case, (3.8) may also be verified if Cov({X; —
E(X), &)X —E(X), §s> (Xj —EX), &) (X —E(X), &) < GE(X; — E(X),
OE(X; —E(X), &)?) - q'l /1 for some 0 < g < 1, C7 < oo and i # j. This is
of importance in our application to ozone pollution forecasting which deals with a
time series of functions X1, ..., X,,.

THEOREM 3. Under the conditions of Theorem 2 together with assump-
tion (A.4) we have

(39) ||&~ _ aH% — OP(,O + (npl/(2m+2q+l))—1 + n—(211+1)/2).
Furthermore, (1.5) holds for any random function X, | possessing the same dis-
tribution as X and independent of X1, ..., X,.

Theorem 3 shows that if 2¢ > 1 and p ~ n~ @ +2¢+1D/@m+24+2) then the pre-
diction error can be bounded by

E((@0 + (@, Xnt1) — oo — (@, Xpt1))?|@0, @) = Op (n~CmH2atD/@m+24+2))

3.2. Optimality of the rates of convergence. For simplicity we will rely
on the special case of (1.2) with o9 = 0. In this case E(({«, Xy4+1) — @p —
@, Xni1)?|a0, @) > ||@ — all% if X possesses a centered distribution with
E(X) = 0. In Proposition 1 below we then show that for suitable Sobolev
spaces of functions « and a large class of possible distributions of X;, the rate
n~@m+2q+1/@m+29+2) s a [ower bound for the rate of convergence of the predic-
tion error over all estimators of « to be computed from corresponding observations
(Xi, Y;), i =1,...,n. Consequently, the rate attained by our smoothing spline es-
timator & must be interpreted as a minimax rate over these classes.

We first have to introduce some additional notation. For simplicity, we will as-
sume that the functions X;(¢) are known for all ¢ so that the number p of observa-
tion points may be chosen arbitrarily large. We will use G, p to denote the space
of all m-times continuously differentiable functions & with f, LaWD@)2dt < D
for all j =0,1,..., m. Furthermore, let #; ¢ denote the space of all centered
probability dlstrlbutlons on L2([0,1]) with the properties that (a) the sequence
of eigenvalues of the corresponding covariance operator satisfies Y 2 jekt1 A =

Ck™24 for all sufﬁciently large k, and that (b) the smoothing spline estima-
tor @ satisfies @ — |3 = OP(n_(2m+2‘1+1)/(2m+2‘1+2)) for o € Gy p and p ~
n~Cm+2q+D/@m+29+2) (whenever p is chosen sufficiently large compared to 7).
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Finally, for given @ € Gy, p, probability distribution P € &, ¢ and i.i.d. random
functions X1, ..., X,, X; ~ P,leta(a, P) denote an arbitrary estimator of o based
on corresponding data (X;, Y;),i =1, ..., n, generated by (1.2) (with ag = 0).

PROPOSITION 1. Let ¢, denote an arbitrary sequence of positive numbers
with ¢, > 0 as n — 00, and let 2q = 1,3,5,.... Under the above assumptions,
we have

lim sup sup inf P(|la —a(a, P)||} > ¢, -n~FmH2atD/Cmi2q+2)) —
"0 pep, c aeCy pdl@,P)

It is of interest to compare our results with those of Cai and Hall [4] who ana-
lyze the error (o — @, x)? for a fixed curve x. Similarly to our results, the rate of
decrease of the eigenvalues A, of I" plays an important role. Note that, as shown
in the proof of Theorem 3, assumption (A.3) yields 72, | A, = O (k—%4). Since
A1 > Ay > --- this in turn implies that A, = O(r~—24—1), and one may reasonably
assume that B~ 1r=2¢-1 < ), < Br—24=! for some 0 < B < oo. However, Cai
and Hall [4] measure “smoothness” of « in terms of a spectral decomposition
a(t) =), a¢-(t) and not with respect to usual smoothness classes. Their quan-
tity of interest is the rate g > 1 of decrease |a,| = O(r—#) as r — o0o. But recall
that the error in expanding an m-times continuously differentiable function with
respect to k suitable basis functions (as, e.g., orthogonal polynomials or Fourier
functions) is of an order of at most k2" For the sake of comparison, assume
that 1, {», ... define an appropriate basis for approximating smooth functions and
that inf fegpanicy,....c0) ld — f Ik oS 1 oz = O(k=?™). This will require that
a? = O(r=?"=1) and, hence, 2,3 =2m + 1.

Results as derived by Cai and Hall [4] additionally depend on the spectral de-
composition x(¢) = Y, x,¢(t) of a function x of interest. The essential condition
on the structure of the coefficients x, may be re- expressed in the following form:

There exist some v € R and 0 < Dy < oo such that Dy Ly < Az < Dyr" for all

r=1,2,.... Rates of convergence then follow from the magmtude of v, and it is
shown that parametrlc rates n~ ! (or n~! logn) are achieved if v < —1.

Now consider a random function X, 4| and assume that the underlying distri-

bution is Gaussian. It is then well known that X, 1(¢) = >, xp41,,¢-(¢) for in-
2

n+l r

dependent N (0, A, )-distributed coefficients x,1 . Consequently, are 1.1.d.

Xi 2_distributed variables for all » = 1,2, ..., and if v < 0 we obtain IED(D0 v <
2
x”;% < Dor" forallr =1,2,...) =0 for all 0 < Dy < oo. This already shows

—1

that parametric rates n~' cannot be achieved for the error (¢ — @, X n+1)2. On

2
the other hand, for arbitrary v > 0 and 0 < § < 1 we have IP’(DO rV < ";’r“
Dor' forallr =1,2,...) > §, whenever Dy is sufficiently large. If B~ 1,=2q-1

IA |/\
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Ar < Br—24-1 and ozrz = Op(r~2m+1) then for a function x with Do_lr” <
2
X”IJ < Dor’, v > 0, the convergence rates of Cai and Hall [4] translate into

(a —a, x>2 — OP(n—(2m+2q+1—2v)/(2m+2q+2))’

which provides an additional motivation for the fact that the rates derived in our
paper constitute a lower bound. For non-Gaussian distributions a comparison is
more difficult, since under assumption (A.4) only the Chebyshev inequality may

be used to bound the probabilities D, v < x";% < Dgr".

Another statistically very different problem consists in an optimal estima-
tion of @ by @ with respect to the usual L?-norm. In a recent work, Hall and
Horowitz [18] derive optimal rates of convergence of ||& — « |2. These rates again
depend on the rate of decrease |o;| = O (r—P). Recall that our assumptions do
not provide any link between o and X;; part of the structure of @ may not even
be identifiable. Indeed, under assumptions (A.1)—(A.4) there is no way to guaran-
tee that the bias ||@ — E4(@)]||> converges to zero and it can only be shown that
& — «||> = Op(1) (see the proof of Theorem 2 below). This already highlights
the theoretical difference between optimal estimation with respect to ||&@ — oc||%
and ||@ — «||%. Based on additional assumptions as indicated above, although sen-
sible bounds for the bias may be derived, it must be emphasized that an estimator
minimizing |& — «||?> will have to rely on p >> n~(?7+24+D/@m+24+2) "which cor-
responds to an oversmoothing with respect to ||& — oz||%. This effect has already
been noted by Cai and Hall [4]. In our context, without additional assumptions
linking the eigenvalues of I" and of the spline matrix A,,, the only general bound
for the L,-variability of the estimator is |@ — E.(@)||> = Op( #) (this result may
be derived by arguments similar to those used in the proofs of our theorems). With
p = n—@m+2q+1)/2m+29+2) this leads to la — ES(&)HZ — OP(n_l/(2m+2q+2)),
and better rates may only be achieved with p >> n~ 3 +2¢+1D/@m+24+2) A more
detailed study of this problem is not in the scope of the present paper.

3.3. Choice of smoothing parameters. The above result of Section 3.1 implies
that the choice of the smoothing parameter p is of crucial importance. A natural
way to determine p is to minimize a leave-one-out cross-validation criterion. We
preferably adapt the simplified Generalized Cross-Validation (GCV) introduced
by Wahba [31] in the context of smoothing splines. For fixed m, in our application
the GCV criterion takes the form

_ U/m]lY = H,Y|?
(3.10) GCVn(P) = = i)

where H,, := (np)_1X($XTX + 5A)TIXE
Proposition 2 below provides a justification for the use of the GCV crite-
rion. Recall that the estimators & = @, depend on p as well as on the spline
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order m. Obviously, %X&p;m = H,Y is an estimator of the conditional mean
(X1 —X,a),...., (X, — X,a))" of Y given X1,..., X,. Let

2
1 — 1 —
ASEp(p) = ~ Z[(xi —X.a) - > (X)) - X(zj>)&p;m(tj)]

i J
denote the average squared error of this estimator. The only difference between
ASE,,(p) and ||, — o ”12“,1 ) is the discretization error encountered when approx-

imating (X;, «) by %Zj Xi(tj)a(tj), and hence ASE,(p) = ||62p — oc||121n’p +

Op(p~*).

If p denotes the minimizer of GCV for fixed m, we can conclude from rela-
tion (3.11) of Proposition 2 that the error ASE,,(p) is asymptotically first-order
equivalent to the error ASE,, (pqpt) to be obtained from an optimal choice of the
smoothing parameter. Furthermore, (3.12) shows that an analogous result holds
if GCV is additionally used to select the order m of the smoothing spline, which
means that the optimal rate can be reached adaptively.

PROPOSITION 2. [n addition to assumptions (A.1)—(A.3) as well as np_z" =

O(1), suppose that E(exp(ﬁsiz)) < 00 for some B > 0. If for fixed m, p denotes
the minimizer of GCV (p) over p € [n~2"%%_ 00) for some § > 0, then

(3.11) |ASEn (5) — ASEp (popt)| = Op (n™ /2 ASEy, (pop)'/?),

where popy minimizes MSEy, (p) := E¢(ASE},; (p)) over all p > 0.
Furthermore, if m, p denotes the minimizers of (3.10) over p € [n
§>0,andm=1,...,M,, M,, <n/2, then

(3.12)  |ASE;(p) — ASEpy (pop)| = Op(n™ ' 2ASE,,, (popt)'/* log M),

—2m+8’ OO),

where popt, Mopt minimize MSEy, (p) := E¢(ASEy,(0)) over all p > 0 and m =
1,...,M,.

4. Case of a noisy covariate. Inanumber of important applications measure-
ments of the explanatory curves X; may be contaminated by noise. There then ad-
ditionally exists an errors-in-variable problem complicating further analysis. Our
setup is inspired by other works dealing with noisy observations of functional data
(e.g., Cardot [3] or Chiou, Miiller and Wang [9]): At each point 7; the correspond-
ing functional value X;(z;) is corrupted by some random error §;; so that actual
observations W;(t;) are given by

4.1 W,'(lj)IX,'(l‘j)—l-SU, i=1,....n,j=1,...,p,

__________ p 1s a sequence of independent real random variables
such thatforalli =1,...,nandall j=1,...,p

(4.2) Ec(3ij) =0,  Ee(8;) =05 and E.(8}) <Cg
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for some constant Cg > 0 (independent of n and p). We furthermore assume
that §;; is independent of ¢; and of the X;’s.

In this situation, an analogue of our estimator & of Section 2 can still be com-
puted by replacing in (2.6) the (unknown) matrix X by the n x p matrix W with
general terms W;(z;) — W,i=1,...,n, j=1,..., p. However, performance of
the resulting estimator will suffer from the additional noise in the observations.
If the error variance 052 is large, there may exist a substantial difference between
X*X and W™W. Indeed, W*W is a biased estimator of X" X:

1 T 1 T 0(32
(4.3) —SWW=—7XX+-51I,+R,
np np 4
where R is a p x p matrix such that its largest singular value is of order
o p(nl%) (see the proof of Theorem 4 below). This result suggests that we use
%W’W I as an approximation of ~ X’X A prerequisite is, of course,
np

the availablhty of an estimator 05 of the unknown variance 0’5 . Following Gasser,
Sroka and Jennen-Steinmetz [16], we will rely on

1 n 1 p—1
4.4) G5 = Z ) D IWi(tj—1) — Wilt)) + Wiltj1) — Wi ()1
;2 5P =2

These arguments now lead to the following modified estimator ey of & in the case
of noisy observations:
1 02 -1
(4.5) aw = — < SW'W + Lam—2 =1 ) wrY
np \np? p p?
An estimator of the function o is given by ow = sgy, Where sg,, is again the
natural spline interpolant of order 2m as defined in Section 2.

We want to note that alw is closely related to an estimator proposed by Cardot
et al. [5]. The latter is motivated by the Total Least Squares (TLS) method (see,
e.g., Golub and Van Loan [17], Fuller [15], or Van Huffel and Vandewalle [29])
and the only difference from (4.5) consists in the use of a correction term slightly

different from — —I

Of course there are many alternative strategies for dealing with the errors-
in-variable problem induced by (4.1). A straightforward approach, which is
frequently used in functional data analysis, is to apply nonparametric smoothing
procedures in order to obtain estimates X (¢j) from the data (W;(¢;), ]) When re-
placing X by X in (2.6), one can then define a “smoothed” estimator &@s. Of course
this estimator may be as efficient as (4.5), but it is computationally more involved
and appropriate smoothing parameters have to be selected for nonparametric esti-
mation of each curve X;.

Our aim is now to study the asymptotic behavior of @w. Theorem 4 below pro-
vides bounds (with respect to the semi-norm I", ,) for the difference between atw
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and the “ideal” estimator & defined for the true curves X1, ..., X,. We will impose
the following additional condition on the function «:

(A.5) For every § > 0 there exists a constant C, < 0o such that

1
Pl

1
—X"Xa H > Cy,
np

holds with probability larger or equal to 1 — 4.

THEOREM 4. Assume (A.1), (A.2), (A.5) as well as np_z" =01), p—0,
1/(np) — 0asn, p— oo. Then

~ ~ 1 1
(4.6) law —al, = OP(— + —).
' npp n

Together with assumption (A.3) we can therefore conclude from Theorems 1
and 4 that

law = al?,, = 0p(p-+ (/@ 2040) 7 4 ),
" npp

We have already seen in Section 3 that the optimal order of the two first
terms is reached for a choice of p ~ n~@n+2a+D/Cm+24+2) From an asymp-
totic point of view, the use of &w results in the addition of the extra term
1/(npp) in the rate of convergence. For p ~ n~(m+2a+D/Cm+24+2) e have
1/(npp) ~ n~Y/Cm+2a+2) /1 This term is of order n~@n+24+D/@m+24+2) for
p ~ n@n+2q=1D/@m+24+2) This means that the Gw reaches the same rate of con-
vergence as & provided that p is sufficiently large compared to n. More precisely, it
is required that p > C, max(n!/2<, n(2m+24=1/@m+24+2)) for some positive con-
stant C .

As shown in Theorem 5 below, these qualitative results generalize when con-
sidering the semi-norms I, or I'.

THEOREM 5. Assume (A.1)—(A.3), (A.5) as well as np~ = O(1), p — 0,
1/(np) - 0asn, p— oo. Then

1 1
@7 law — @l = op(— + —),
npp n

and if assumption (A.4) is additionally satisfied,

11
(4.8) law —al% = Op <_ L n—(2q+1)/2>.
npp n
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5. Application to ozone pollution forecasting. In this section, our method-
ology is applied to the problem of predicting the level of ozone pollution. For our
analysis, we use a data set collected by ORAMIP (Observatoire Régional de I’ Air
en Midi-Pyrénées), an air observatory located in the city of Toulouse (France).
The concentration of specific pollutants as well as meteorological variables are
measured each hour. Some previous studies using the same data are described in
Cardot, Crambes and Sarda [6] and Aneiros-Perez et al. [1].

The response variable Y; of interest is the maximum of ozone for a day. Re-
peated measurements of ozone concentration obtained for the preceding day are
used as a functional explicative variable X;. More precisely, each X; is observed at
p = 24 equidistant points corresponding to hourly measurements. The sample size
is n = 474. It is assumed that the relation between Y; and X; can be modeled by
the functional linear regression model (1.2). We note at this point that X, X, ...
constitute a time series of functions, and that it is therefore reasonable to suppose
some correlation between the X;’s. The results of an earlier, unpublished study
indicate that there only exists some “short memory” dependence.

Now, for a curve X,;; outside the sample, we want to predict Y,;1, the
maximum of ozone the day after. Assuming that (X1, Y,+1) follows the same
model (1.2) and using our estimators & of « and &g of «g described in Section 2,
a predictor )7,1+1 is given by the formula

o~

5.1) Pt o= @ + /1 F(0) X1 (1) d1.

It cannot be excluded that actual observations of X; may be contaminated with
noise. We will thus additionally consider the modified estimator &w developed
in Section 4 and the corresponding predictor ?w,nJr 1. For simplicity, the integral
in (5.1) is approximated by %Z;}:l a(tj) X, 41(tj). With additional assumptions
on the ¢;’s we can also build asymptotic intervals of prediction for Y;,4 . Indeed, let
us assume that ¢q, ..., &,41 are i.i.d. random variables having a normal distribution
N (O, ‘752)- The first point is to estimate the residual variance 032- A straightforward
estimator is given by the empirical variance

1 S I N
(5.2) G2 :=;Z(Y,- ~-Y - ;Za(tj)(xi(tj)_x(tj))> :
i=1 j=1

Our theoretical results imply that &, is a consistent estimator of 082. Furthermore,

~

we can then infer from Theorem 3 that %

> 2+l asymptotically follows a standard
normal distribution. Given 7 €]0, 1[, an asymptotic (1 — 7)-prediction interval
for Y41 can be derived as
(5.3) [Yot1 — 21—2/28e, Vo1 + 21—1/26:],

where z1_¢ /> is the quantile of order 1 — 7 /2 of the & LO, 1) disﬁribution. Of course,
the same developments are valid when one replaces Y,,+1 by Yw ;1.
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In order to study performance of our estimators we split the initial sample into
two sub-samples:

o A learning sample, (X;, Y;)i=1,...n;» 11 = 300, was used to determine the esti-
mators & and ow.

o Atestsample, (X;, Yi)i=n;+1,... nj+n,» N: = 174, was used to evaluate the quality
of the estimation.

Construction of estimators was based on m = 2 (cubic smoothing splines), and

the smoothing parameters p were selected by minimizing GCV(p) as defined

in (3.10). Note that GCV for @w requires that the matrix HI?XTX in the definition
~2

of H, has to be replaced by nl?W’ — %I p- Figure 1 presents the daily predicted

values Y and ?W of the maximum of ozone versus the measured Y -values of the
test sample. Both graphics are close, which is confirmed by the computation of the
prediction error given by

ni+n;
Y (i - Y2

i=n;+1

1
EQOM (@) .= —
ny
with a similar definition for ayw. We have, respectively, EQM (&) = 281.97 and

EQOM (obw) = 270.13, which shows a very minor advantage of the estimator awy.
In any case, in Figure 1 the points seem to be reasonably spread around the diag-
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FI1G. 1. Daily predicted values Y (left) and ?W (right) of the maximum of ozone versus the mea-
sured values.
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FIG. 2. Measured values of the maximum of ozone (solid line), predicted values (dashed line) and

95% prediction band (dotted lines).

onal ¥ =Y, and the plots do not indicate any major problem with our estimators.
Corresponding prediction intervals are given in Figure 2.

6. Proof of the results.

6.1. Proof of Theorem 1. First consider relation (3.1), and note that
1 /1 - 1/ 1 -
E. @) = —2<—2er + ﬁA,,,) X" X + —(—ZX’X + ﬁAm> X7d,
np=\np p np \np p

whered = (d| —d, ...,d, —d)*.
It follows that E; () is a solution of the minimization problem

(1t 1> o,
m1n{— —Xo+d——Xa| +—a Ama}.
acRr (n |l p p p
This implies
11 1 2 1
| =-Xe+d— “XE.@)| +2FE. @) ALE.@) < Lot Apa+—|d|?.
nip p p p n
But definition of A, and (2.3) lead to
1

1 1 1 1
~a'Apo=—a'P,a +/ siM () dt < —aPa +f o™ (1) dt
p p 0 p 0
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and (3.1) is an immediate consequence. Let us now consider relation (3.2). There
exists a complete orthonormal system of eigenvectors uy,uz,...,u, of lX’X

such that - X’X Z Ay, jujus. Let k= [p~ 1/@m+2q+1)] By our assump-
tions we obtaln

Ee(la — E@IF, )

1 1 -1
—_E, ( ’X(—X’X+ Pa )

p n? P ”P p
|- v Pa \ e
x—XX(—XX+ A) Xe)
np ”P p
9 o[ Ly Tl
(6.1) < Tr XX+ pA, X'X
n np np

[\S)

1 -1
= %211l ((pan) (XX ) (oA 2 41, )
n np

x (pAer(éXfX) (pAmr”z}

2
Gs
= Tr(Dy,p + D2,p),
where
-1
Di,: —((,OA ) 1/2(2)\)(]”] )(/)Am) 1/2+I>
j=1
k
X(pAm)_l/z(Z x,juju >(,0Am) 172
and

—1
Dz,p:=<pA )" ‘/2< Y hjuju )(pAm)—1/2+1,,)

Jj=k+1

X(/OAm)_l/Z( Z Ax JUuju )(,OAm) 172

Jj=k+1

which are symmetric p x p matrices with

(6.2) sup v'Dy ,v<1 and sup v'D,v<l.
Ivl=1 [Ivll=1
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Furthermore, D1 , is of rank k and therefore only possesses k nonzero eigenvalues.
Hence

(6.3) Tr(Dy,,) <k.
Let aj p,..., 80, p,4n11,p,...,ap p denote a complete, orthonormal system of
eigenvectors of A, corresponding to the eigenvalues w1, =--- =, p =1 and

Mm+1,p < -+ =< tp,p. By (6.1), (6.2) and (6.3) as well as (2.7), we thus obtain

T
o2 p
& T
= o k+ Zaj,pDZ pdj.p
j=1

k+m+k+ Z a; ,(pAn) /2
I=m+k+1

(6.4) ( > Ay juju )(pAm> 12q, )

Jj=k+1

Q

2
e

Mm+k+l IOJ =k+1

Q
[\

< £ (m + 2k + CkCyp)

n
2
— %(m + [p—l/(2m+2q+l)])(2 + CC())

This proves Relation (3.2) and completes the proof of Theorem 1.

6.2. Proof of Theorem 2. With 671 = [;a®)X;@)dt — % 57:1 atj)X;(t;) we
have

n

2 _
& — e, <~ Z[«X,- ~-X).a@ —a)

i=1

“BI'—

» 2
D (X)) — X (1)) (@) — a(fj))}
(6.5) =

S|

n'M:

P 2
[ Z(X X)(t)) ot(tj)—a(t])):|

=|4>

~, 4 _ _
Z(d,- ~dP S - 37 + 218 - al},

i=l
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By assumptions (A.1)—(A.3), it follows from Theorem 1, (3.3) and (3.4) that the
assertion of Theorem 2 holds, provided that

Il 4 ~ =
(6.6) = (di—d)*=0p(p™™).
i=1

The proof of (6.6) consists of several steps. We will start by giving a stochastic
bound for %fx\’(’x\ and then study the stochastic behavior of fol @™ (t)>dt. The use

of a suitable Taylor expansion will then lead to the desired result.
By definition of & we have

1. 3 .1 1 21
—a'a < —ocf—X’X(—X’X + pAm> —X" X«
p p np np np
1 T 1 T - T
(6.7) +3-5—d'X| —X X+pAm> X'd
n-p np
1 T 1 T -2 T
n=p np
Since all eigenvalues of the matrix #XTX($XTX + ,oAm)_zﬁfo are less
than or equal to 1, the first term on the right-hand side of (6.7) is less than or
equal to %(xta = O(1). It is easily seen that the smallest eigenvalue of the matrix

%X(#XIX + pA,,)2X" is proportional to 1/p, and thus the second term can be

bounded by a term of order p~2¢/p. By (2.7) the expected value of the third term
is bounded by

2 ) 2
O¢ 1 1 T T O¢ -1
£ Tr —X(—X X+,0Am) X" | < = Trl(pAn) "' 1= 0(1/(np)).
n np \np n
We therefore arrive at

1 BRI
6.8) —aa= Op(l + 24 —).

p o np
As a next step we will study the asymptotic behavior of fol @™ (1)%dr. Since @ is

solution of the minimization problem (2.5), we can write
2

1 1 1
-lY - —Xa& +£&’Pm&+p/ a™ (1) dt
n p p 0
1 1 2 Pt ! (m) 1 \2
<—1Y— Xa| +-—«a Pma—l—p/a (1)~ dt,
n p p 0

and therefore

1 2 1 1 1
,0/ a™m)dr <@ —al> + —<Y — —Xa, —Xa — —Xoe>
6.9) "roon p P p

1
+ p/ «™ 02 di — LatP,a + LaP,a.
0 p p
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We have to focus on the term

2 1 1.1 2 1.1
—<Y — —Xo, —Xo — —Xa> = —<d+ e, —Xo — —on>.
p

n p p p n p
The Cauchy—Schwarz inequality together with the definition of | - ||12~n ) yield
L /1o 1 ki~
(6.10) LA (-Xa - Xa) = 0p (v 1@ - allr, ).
n p p ’
Note that
20 1. 1
—<e, —Xo — —Xoc>
n p p

2 (1 - 1 2 (1 1 -
=—¢ (—XEg(ot) — —Xoc) + —¢ (—Xoc — —XIES(oc)>.
n P 4 n p P
Obviously, %et (%XES (@) — %Xa) is a zero mean random variable with variance

2
bounded by % ||E¢ (@) — ||, . By definition of &, (3.3). (6.1) and (6.4) we have

1 T l ~ 1 ~ G£92 1 T B 1 T
]Eg<—e (—on — —XJES(oc)>> <—=Tr (—X X+,0Am) —X*'X
n p p n np np

1
=Op (npl/(2m+2q+1))'

We can conclude that

2 1 1 1 ~
(6.11) ;<e, ;Xa - ;Xoc> = OP(WIIEg(Ot —o)lr, , + W)

When combining (6.8), (6.9), (6.10) and (6.11) with the results of Theorem 1 we
thus obtain

1 —2K 1
~(m) 2 _ I4
(6.12) /0 a™ (1) dt—OP(1+ P +np<zm+zq+z>/<2m+2q+l>)'

Let us now expand & into a Taylor series: &(¢) = P(¢t) + R(¢) forall t € [0, 1] with

m—1 ]

Pt)=>) %&(1)(0), R(t) :/Otr(s)ds

=0 °

and

_[Ta—wm
r(t)—/o Wa (w)du.

It follows from (6.8) as well as (6.12) that [@(0)| = Op(1 + (1’%)1/2 +

1 1/2 — i
(np<2m T O ) /2y for 1 =0,...,m — 1, and some straightforward calcu-
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lations yield
)||a|| — —A’A‘ ’/l (P(1) + R(t)) dt — ! i(P(l-) + R(t-))z‘
0 » J J

j=1

P rorti+1/2p) 2\ 1/2
= (Z[/f ’ (P(t)+ R+ P(tj) + R(rj))zdr] )
j=1

i—1/2p)

1j+1/(2p) 2\ 1/2
[/ P'(s)] + |r(s)|ds] ) ,

i—1/2p)
which leads to

A||2 AT~

&) — —a" o
(6.13)
p—2K .
—0p <p—1 _ <1 + Ty [np @242/ Cm+2q:+1)) ))
Using again (6.8) and our assumptions on p, p, n, this implies
(6.14) @)= 0p).

At the same time, (6.8) and (6.12) together with assumptions (A.1) and (A.2) imply
that with X; = X; — X

tJ+1/(2p)

—Z(d _dre 1(2 [ @0 =a6) %0

j=1 -1/2p)

2

+a@)(Xi() - X;i (rJ-))dt)
p
(z

1T rti+1/2p) 2
—[/ ()] + |r<t>|dr}
= pll-yep

11’ t+1/(2p)~ - )

-1/ (2p)

and thus

p—2K 1
- Z(d d) = 0P< (1 + + np(2m+2q+2)/(2m+2q+1))

i=1 p
—2K 1
+p2K<1 +2 4 —))
o np

By our assumptions on p, p, n, relation (6.6) is an immediate consequence. This
completes the proof of Theorem 2.

(6.15)
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6.3. Proof of Theorem 3. In terms of eigenvalues and eigenfunctions of I we
obviously obtain

(Tu, u) ZA (&r,u

Let t,; = (X; —E(X), &) forr=1,2,...and i = 1,...,n. Some well-known
results of stochastic process theory now can be summarized as follows:

(1) E(t;) =0, E(rrzl.) = A, and E(7,;75;) =0 for all r,s, s £ r and i =
1,...,n.
(i) Forany k=1,2,..., the eigenfunctions {1, ..., {x corresponding to A1 >
-+ > A provide a best basis for approximating X; by a k-dimensional linear space:
q 2
X —EX) =) (X —E(X), )& )
s=1

S

—q+1
(6.16) i

<]E< inf ||X —E(X) — f||2>,

for any other k-dimensional linear subspace £ of L2([0, 1]).
By (A.3) we can conclude that

o0
(6.17) Y h=0()  ask— o
r=k+1
At first we have

n

28 2 —
1@ = allf, <=3 (@ -, X —E(X0) + = (@ — o, B(X) = X)?,

n: .
1= i=1

and by (6.14) and with assumption (A.4) the last term is of order O p(n~1). The
relevant semi-norms can now be rewritten in the form

oo o0
(6.18) 1@ —allf =Y Arler @ —a)? =) W&

r=1
and

@ —alf, =la—«lf + Zzaras — D TriTsi = Al (r =)
r=1s=1

(6.19)
+0p(n™h,

wherel(r:s):lifr:s,andI(r:s):Oifr;és.Deﬁne

Ty = Z(‘L’” Ar) and T3 = Zfrzfsz, r#s

W
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(with T, := 0 if min{A,, A;} = 0). The properties of 7,; given in (i) imply that
E(75) =0 for all r, 5, and we can infer from assumption (A.4) that for some C1g <
o0

(6.20) E, ) = Cio,

holds for all r, s =1, 2, ... and all sufficiently large n. Using the Cauchy—Schwarz
inequality we therefore obtain for all k =0, 1, ...

Zfrzfst )\rl(r=s))‘

( i=
[cellNe]
= Z Z & &s ()\r)\s)]/z?rs

(6.21)

Relation (6.14) leads to [|@ — «|* > 3-°° , &> = Op(1), which together with (6.18)
implies that for arbitrary &

(Z > A ~2~2>1/2 < ((i W?) (iﬁf))m = 0p(la@ —alir).

r=1s=r r=1 s=1

Choose k proportional to n'/2. Relation (6.17) then yields 322, | >°%° A, <
Qi A D2 =0m ") and Z I A= O (max{logn, n"=29/2}) Since
by (6.20) the moments of 7, are uniformly bounded for all 7, s, it follows that

koo 1/2
(szs?rzs> = Op(max{logn, n1720/4}),

00 00 1/2
(Z Zxrxﬁfs> =0p(n™9).

r=k+1s=r

When combining these results we can conclude that

ZZ‘W“S(I Ztrifsi _)‘vrl(r:S)>‘
i=1

r=1s=1

= Op(max{n="?logn - |&@ — a|r,n" %4 1@ — a|p, n=RaTD/2Y),
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Together with (6.19) assertion (3.9) now follows from the rates of convergence of
lod — o ||%n derived in Theorem 2.

It remains to prove (1.5). Note that by our assumptions on ¢; and assump-
tion (A.4) we have |E(Y) — Y |> <282 + 2(a, E(X) — X)? = Op(n~"). Together
with (6.14) and assumption (A.4) this implies

IE(@ + (@, Xnt1) — a0 — (@, Xp1)?1@0, @) — |G — |1}

<2E(Y) - YP* +2@ E(X) — X)> = 0p(n™ "),

which completes the proof of the theorem.

6.4. Proof of Proposition 1. In dependence of g we first construct special
probability distributions of X;. For 2¢g =1, t € [0, 1] and r := 0 set )N(r;o(t) =1
fort € [0, ] and )N(t,o(t) :=0fort e (r,1].For2g >3,7€[0,1],andr :=¢—0.5
let )?,;r(t) = %tr for ¢t € [0, 7] and )?T;r(t) = Z; (1)(r lj),r’ J(t — 1)) for
t e(r, 1]

For k =1,2,... let L(,41)x denote the (r —I— 1) - k dimensional linear space
of all functions gg of the form gg(r) := X5_((X7_o Br.jt") - 1(t € [£. LED). It

is then easily verified that SUD;ef/k,(j+1)/k] mlnlg lgp(t) — ,.,(t)| =0if v ¢

[, 541, while supy ek 1)/ ming lgp () — Xoyr (O] <k if T € [f, 52 Tt

follows that there exist constants B, < 1 such that the functions B, X . (1) sat-
isfy infgyes e Jo (BrXeor (t) — gp(0)?dt < C(r +2)~ @Dk~ +D = C(r +
2)" %k forall k=1,2,....

Now let 11, ..., 7, denote i.i.d. real random variables which are uniformly dis-
tributed on [0, 1] and let X..., = B, X...,(t) — E(B,X,,.,(1)). Obviously, 7; —
X g,), (t) is a continuous mapping from [0, 1] on L2([0, 1]), and the probability
distribution of 7; induces a corresponding centered probability distribution P, on
L?([0, 1]). Since the eigenfunctions of the corresponding covariance operator pro-
vide a best basis for approximating X; by a k-dimensional linear space, we obtain
from what is done above

0
> B it Xy - gjl?) =ch,

ekt 88 €L 1l /1)

for all sufficiently large k and °C>(kr+1)k ={gp — E(B;, }?,l rgp € Lk}

In order to Verlfy that P, € #; c,itremains to check the behavior of |& —«a||r =
fo —7 ) dr. First note that although assumption (A.2) does not hold for
2g =1, even in this case, with ¥k = 1/2, relation (3.4) holds and arguments in the

-~

proof of Theorems 1 and 2 imply that for sufficiently large p, % (X a —
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2 _ —(2m42q9+1)/2m+2q+2) 2m+42q+1 -~
a)” = Op(n ). For some 1 > § > T2 define a par

tition of [0, 1] into n® disjoint intervals I, ..., I,s of equal length n=%. For
j=1,..., nd, let s j denote the midpoint of the interval /;, and use n; denote
the (random) number of 7y, ..., 7, falling into ;. By using the Cauchy—Schwarz
inequality as well as a definition of X.., it is easily verified that there exists a con-
stant L, < oo such that [(X;.,,@ —a) — (X¢+.,, @ — )| < Lyt — o*|'/?||@ — «|
for 7, 7* € [0, 1] (|t — t*|'/? may be replaced by |t — v*| if 2¢ > 1). Then

I(Xr;r»a_a>2_(Xt*;r,a_Ol)Zl
<2L,|t — t*|"2)|@ — el min{[(X;.,, @ — &) |, (Xpr, @ — )|}
+ L7t —t*[l@ — o>

By (6.14) another application of the Cauchy-Schwarz inequality leads to

1 —~ 1 s ~ _

P (X @ — ) = 230 0 (X, @ — )P op (n G2 D/Qm2442)),
|"J E("J)l

..... n;j

2 (E@ ,) 502 @ — a)? = Op(n~ M2+ D/@mH24+2)) Finally,

Since sup i=1 =O0p(l)withE(n;)=n-n —3_ we can conclude that

)
1 1z
‘fo (Xer, @ —a)?dr - _ZIEm,-)(XS,.;,,a—aF

6
1 _
n—52sup| @ — )’ — Xy, @ — )’
J=

1T€;

( —(2m+2qg+1)/2m+2q +2))

and the desired result |@ — a||r = Op (n~@"+T2a+D/Cm+24+2)y j5 an immediate
consequence. Therefore, P, € &,

We now have to consider the functionals (X<;.,, @) more closely. Let C*(m +
r + 1, D) denote the space of all m 4 r 4 1-times continuously differentiable
functions & satisfying [y &@(1)dt = 0 as well as [y @) (t)>dr < D for all j =
0,1,....m+r+1as well as @0)=a(1)=0forall j=0,...,r + 1,
and set C*(m,r, D) = {a|la = &"+tD, & € C*(m + r + 1, D)}. Then, for any
a € C*(m,0, D) thereisad € C*(m + 1, D) such that

(Xei0.0) = Bo [ alydi = (E(BoKg0),)
0
1
= Boa(t;) — BO/ a(t)dt = Bya(t;)
0

while for any o € C*(m,r, D), r > 1 and & € C*(m +r + 1, D), a = a"*D,
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partial integration leads to
_ -1 ~
(Xgr, @) = (=1 x U0 &)

= (XU @a? @) - x0V0a® )
T; Ti
—I—B,(—l)’f aVydr — B,(—l)’E(/ 62(1)(t)dt)
0 0

+ (X, 0a® ) - x 7P @)a® @)
= B, (=D"a(r;) — E(B,(=1) (1)) = B-(—=D"a(%w).

Obviously, @* = B,(—1)"a@ € C*(m + r + 1, B, D). By construction, with
fa(ti) := (X4, r, a) we generally obtain

~ 2 1 2
le — aa, P)|2 = /0 (fu(©) = faa.p (D) dx.

By definition, fy (1) = &*(t) = E(Y;|t; = 1) is the regression function in the re-
gression model Y; = @*(t;) + ¢;, and we will use the notation S, (&*) to denote an
estimator of &* from the data (Y;, ;), ..., (Y,, 7,). Note that knowledge of (Y;, 7;)
is equivalent to knowledge of (¥;, X;,,), and an estimator f; p,) of &@* can thus
be seen as a particular estimator S, (&*) based on (Y;, 7;), ..., (Ys, T,). We can
conclude that as n — oo,

sup  sup _inf P(Jle —a(e, P)|3
PePy c aeCpy, pd(@,P)

> cn .n—(2m+2q+l)/(2m+2q+2))

> sup inf ]P’(/Ol(&*(r) — S, @)(1)) dr

F@*eC*(m+r-+1,B, D) Sn (@)

> ¢ 'n—(2m+2q+l)/(2m+2q+2)) 1

Convergence of the last probability to 1 follows from well-known results on opti-
mal rates of convergence in nonparametric regression (cf. Stone [27]).

6.5. Proof of Proposition 2. We first consider (3.11). The set {H,},~( consti-
tutes an ordered linear smoother according to the definition in Kneip [20]. Theo-
rem 1 of Kneip [20] then implies that |MSE,, (5*) — MSE (popt)] = Op(n~1/? x
MSE,, (popt)l/z), where p* is determined by minimizing Mallow’s Cr, Cr(p) :=

2
% Y — HpY||2 + 20; Tr(H,). Note that although we consider centered values Y; —

n
Y instead of Y; all arguments in Kneip [20] apply, since (¥, ...,Y)*X = 0. The
arguments used in the proof of Theorem 1 of Kneip ([20], relations (A.17)-(A.22))




FUNCTIONAL LINEAR REGRESSION 65

imply that for all p the difference Cp(p) — Cr(popt) — (MSEy, (0) — MSE;; (0opt))
can be bounded by exponential inequalities given in Lemma 3 of Kneip [20] [the
squared norm ¢, (H,,, H,Oopt)2 appearing in these inequalities can be bounded by
2MSE,,(p)]. These results lead to

Cr(p) = Cr(popt) = MSE;n(p) — MSEy (popt)

(6.22) (1, —1/2 1/2

+ 1P MSEn(p)' 2,
6.23 ASE, (p) — ASEy, (popt) = MSE,(p) — MSEy, (popt)
(6.23)

+ 1y PMSEn (p)'?,

1

(6.24) Y —H, Y =02 + MSEp (pop) + 1,n "2,
where n;v;]m are random variables satisfying sup,,_ g |n£f;]m| =0p(1),s=1,2,3.

By our assumptions and the arguments used in the proof of Theorem 1 we can infer
that n=! Tr(H,) = Op([np!/@m+24+ D171y = (1) for all p € [n72"3, 00) as
n — oo. Furthermore, there exists a constant D < oo such that n~! Tr(H,) <D -
MSE,,(p) = Op(p+[np'/@?m+24+D1=1) Together with (6.24) a Taylor expansion
of GCV,,(p) with respect to n-! Tr(H,) then yields

1 , 1 ,Tr(H,)
GCVm(p):;”Y_HpY” +2;”Y—HpY” —

2
(6.25) +ab <¥H”)>

_ Tr(H,)
= CL(0) + 1y, (02 + MSEp () — =,

where again n'Ef,]m are random variables with SUp -, —2m+5 |n£f_1m| =0p(l), s =

4,5. Together with MSE,;,(popt) = Op(n~2m+2a+1/Gm+24+2)y " Relation (3.11)
now is an immediate consequence of (6.22)—(6.25).

Since Lemma 3 of Kneip [20] provides exponential inequalities, it is easily ver-
ified that uniform bounds similar to (6.22)—(6.25) hold for all p € [n~2"%%, 0c0)
andallm=1,..., M, if an;]m are replaced by ﬁ'Ef;]m -logM,,s=1,...,5. Then

.....

lows the arguments used above.

6.6. Proof of Theorem 4. Consider the following decomposition:
1 -1 1
adw — o = (—2X7X+ BAm) —STY—I—S[—WTY],
np p np np
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where
1 ! 1 -
S:= (—X’X—l— Am—l—T) — (—X’X—l— —A ) ,
np? np? p
~2 2
T:=R-2_%],
p

and where § is the n x p matrix with generic element §;; —§;,i =1,...,n, j =

1, ..., p and the matrix R is defined in (4.3). Thus one obtains

-1
1
law — oenrp_H( XX+ Am> Lty

np
+ HS(—WTY)
np
Note that IEE((n]?XTX + %Am)q%SIY) = 0 , whereas with assumptions
(A.1) and (A.2)
2
v,

1 I
E5(|<—2X’X+ Pa ) 5Y
p
1 -1 1 -1
=E, (—Yf&( Xfx+pAm) —X’X(—X’X+pAm) afY)
np np

Iy,
(6.26) 8

Cu,p

np
n2p np

o2 1 -1
=O0p (—5 Tr((-XfX + pAm) ))
np np

This leads with the properties of the eigenvalues of (#XTX + pAy) "' to

1
=0p|——=).
r P((npp)l/z)

n,p

1 I
6.27) H(—ZX’X-i— Pa ) —5TY
np p np

The next step consists in studying the behavior of the matrix R defined in (4.3). Its
generic term is Rr,s = ﬁ Z?zl (Xi (tr) - X(tr))(gis - 55) + (Xi (ts) - X(ts))(3ir -
8:) + iy — 8,)(8is — 85) — a2 1[r = s], forr, s—l ..., D, so that for any u € R”
such that ||ul| = 1 one has ||E;(Ru)|| = O p( >) whereas it is easy to see that with
assumptions (A.1) and (A.2) and (4.2), E (||Ru||2) = Op(n—pz) and then |R|| =

0] p(#). Now to derive an upper bound for the norm of the matrix T, we use
n/2p

the convergence result given in Gasser, Sroka and Jennen-Steinmetz [16] which in
our framework implies that &, 05 = 05 + Op (ﬁ). Together with the order of ||R||

this yields

1
6.28) IT) = op(m).
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For the second term in (6.26) we consider at first its Frobenius norm. We have

$G)

F

1 1 I 1 -1
<) (XX L Am-l—T) - (soxx+24,) |
p np? np? p
1/2
X < WTYYTW)
n? p F
1 1 -1 -1
<—5 (—X’X-I— A) —W’Y WTY' :
p np? np np

where the second inequality comes from the first inequality in Demmel [11]. Note
that with assumptions (A.2) and (A.5), for every é > 0, there is a positive constant
such that p!/2||E( %W’Y) || is greater than this constant with a probability larger

than or equal to 1 — 8. We also have E,(|| #WfY - EE%WW) %), which is of
order #. This gives finally when combining (6.8), (6.28) and the condition on p
and p as well as assumption (A.2)
1
)=or(5)
F n

(L

which concludes Theorem 4 with (6.26) and (6.27).

1
(6.29) H S—W'Y
np

6.7. Proof of Theorem 5. We first prove (4.7). Obviously,
law —@lf, < Z(dl w—dw)> +2law - alf, .
i=1

where

1 P
d.w= [ @wo —aw)x; [ dr = @) = 87)Xi0),

j=1

Then, assertion (4.6) implies that (4.7) is a consequence of

1 1
6.30 — d; d =0 + —).
(6.30) ,Zl( we—dw?= P<npp -

The proof of (6.30) follows the same structure as the proof of (6.6). Indeed, we
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have

1 =,
= (di,w —dw)
i3

? 1 ti+1/2p) 2
S2X§m(2—[/1 IP/(t)|+|P6V|+|r(t)|+|rw|dt]

= pUy-yep
6.31)

L. 5
+2—|lew — ]|
p

1 tji+1/(2p) o o
X—Z /, 3 (X (1) = X)) — (Xi(t)) — X (1)) dt,

nl 1j=1 -1/2p)

where Py () = Y §,aw(0) rw(t) = [§ (f(m“ o L@w () du and P(t) and r ()
are similarly defined for @ (see the proof of Theorem 2).
Replacing the semi-norm I', , by the euclidean norm in (4.6) following the

same lines as the proof of Theorem 4, one can show that

1 PO BN o . 1 1
632)  —law—al’*=—@w - (aw—a):op( 2+_>,
p p npp n

which together with assumption (A.2) implies that the second term on the right-

hand side of (6.31) can be bounded by O P(i’pﬁﬁ 4

Now the remainder of the proof consists in studymg fo &&1 ) ()% dt. Recalling
the definition of ey, we have

1 2
—Y — —Waw H + E&%Pm&w + ,0/ )(t)zdt — —8&€Vaw
n p p I p?

1 1 A2 P ~r ~ ~(m) 1\2 85/\1/\
<—\Y——Wa| +—« Pmoe—l—p/a (1) dt——zocot
p p I p

n
and then
p / 2l (12 di
_1j! T
< H Ww — oz)H <Y——Woz —Woc——Wozw>
n
(6.33) ) pop P
ap

R OW + oc 3
p

05 ~T ~ 35 AT~ ~(m) 1 \2
+ S awow — —a oc—l—,o/a (1)~ dt.
p? p? 1
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First consider the term %H %W(&w —@)||%. By (4.6) and (6.32) we obtain

2 11
o)
npp n
We focus now on the second term in the right-hand side of (6.33), for which we
have the following decomposition:

11
(6.34) — H —W(aw —a)
nlp

1 1.1 1__
—<Y — —Wuo, —Wa — —Wocw>
p p

n p
1/1 1. 1. . 1.
= —<—Xa — —Wuo, —Wa — —Wocw>
n\p p p p
1 1. 1. 1 1. 1
+ —<d, —Wa — —Wozw> + —<e, —Wa — —Wocw>.
n p p n p p
We have
1 IX IWA
m E (X—; o
1 |1 1. 1 1.
<— —Xa——Wa—E8<—Xa——Wa>
n'/2| p p p p
E 1X IWA
+m e ; ot—; o .

Some straightforward calculations and previous results lead to ﬁH%Xa —
%W& — Ee(%ch — %w&)u = Op((1/np"/@m+2a+Dy1/2 4 1/p1/2) whereas
||E£(%Xa — %W&)n = Op(p'/? + p~). This finally leads with the Cauchy—
Schwarz inequality to

1/1 1.1 1__
—<—XO( — —Waoa, —Wa — —Waw>
ni\p p p p

(6.35) —op (=o)L g e
: = OP\\\pi/2m+2g+1 P72 P P

1 1
8 (<npp>1/2 * n1/2>)‘

Using again the Cauchy—Schwarz inequality and (6.34) we have

1 1. 1. p - p_K>
6.36 —(d, —Wa — —W =0 .
(6.36) n< p aw> P<(npp)1/2 T
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The last term is such that

| A S
—e'| —W(a — aw)
n p

1 /1 1 -1 1 /1 1

=g (—W(—ZX’X + £Am> STY> + —&° (—WS(—W’Y)).

n p np p n p np
Using the same developments as above and using assumptions (A.1) and (A.2) we
obtain that %e’(%W(#XTX—i- LARTI8TY) = OP(W) while %ef(%WS X
(#WTY)) = OP(%). This finally leads to

| e R 1 1
Finally using the same arguments as in the proof of Theorem 2, assertion (6.30) is
a consequence of (6.31), (6.8) and (6.12) as well as the bounds obtained in (6.32)—
(6.37) and the conditions on n, p and p.
It remains to show (4.8). The proof follows the same lines as the proof of The-
orem 3. We have the following relation:

~ a2
low —allr,

00 00 n
= ”aW _a”%‘ + ZZ&W,raW,s <; Zfrifsi — AL (r =S)> + OP(n_l)»
i=1

r=1s=1

with dw , = (¢, &w — @). Using the Cauchy—Schwarz inequality as in (6.21),
the remainder of the proof consists in showing that ||&w — @|| = Op(1). This is
obtained by using the bounds obtained in the proof of (4.7) and following the same
lines of argument as for showing (6.8).
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