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This paper studies the residual empirical process of long- and short-
memory time series regression models and establishes its uniform expansion
under a general framework. The results are applied to the stochastic regres-
sion models and unstable autoregressive models. For the long-memory noise,
it is shown that the limit distribution of the Kolmogorov—Smirnov test sta-
tistic studied in Ho and Hsing [Ann. Statist. 24 (1996) 992-1024] does not
hold when the stochastic regression model includes an unknown intercept or
when the characteristic polynomial of the unstable autoregressive model has
aunit root. To this end, two new statistics are proposed to test for the distribu-
tion of the long-memory noises of stochastic regression models and unstable
autoregressive models.

1. Introduction. Let the time series {y;} be generated by the model
0.¢]
(L.1) yi=BX/+¢& and &= Zdiet—i,
i=0

where X;’s are a sequence of p-dimensional time series which are measurable with
respectto F;_1 = o{e;_1, &2, ...} or independent of {¢;}. The coefficients a; sat-
isfy 32, ai2 < 00; ap =1 and a; = k=3/2Ly(k) for some slowly varying func-
tion Lg [see Feller (1971)] with H < 1; and {e;} is a sequence of i.i.d. mean zero
random variables with 062 = Ee,2 < 0o. The process {¢;} exhibits a long-memory
(short-memory) phenomenon when H € (1/2,1) (H < 1/2), which has been con-
siderably studied in the literature; see, for example, Robinson (1995a, 1995b) and
the references therein. When model (1.1) is used to construct forecasting inter-
vals or value-at-risk (VaR), knowledge on the distribution function F(x) of & is
of crucial importance. This motivates the study on testing of F'(x) and on related
empirical processes of {&;}.
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When H € (1/2,1), Ho and Hsing (1996) established a strong expansion for
the empirical process of {g;} in (1.1). Specifically, let

1 n
(1.2) Kn(x)=—) [I(e: <) = F()],

nr=1

where I (-) is the indicator function and 0”2 =var(}_/_, &). They proved that

(1.3) sup K, (x) + GLF/(X)Z& =o(l) as.,

n t=1

n
(1.4) o2 ~k(Hn* L3(n) and ;'Y e 5 N (O, 1);

t=1
see also Taqqu (1975) and Hosking (1996). Herein, sup, = sup, g, k(H) =

L
fooo(x + xZ)H_3/2 dx, a, ~ b, means that a, /b, — 1 as n — 0o and — denotes
convergence in distribution as n — oco. By (1.3),

-
(1.5) [sup F/<x>} sup | K ()] 5 N (0, 1)),

if sup, | F/(x)| < oo. This is the Kolmogorov—Smirnov test statistic of Ho and Hs-
ing (1996) for testing the distribution F (x). Contrary to the standard weak conver-
gence of the empirical process in the short-memory case, the result (1.5) is some-
what striking as sup, |K,(x)| does not converge to the maximum of a Brownian
bridge as in the traditional case. Weak convergence of {K, (x)} was established in
Dehling and Taqqu (1989) when {¢;} is a long-range dependent Gaussian process.
Koul and Surgailis (1997) obtained some related results when H € (1/2,1). Wu
(2003) showed that (1.3) holds in probability under a weaker condition and a gen-
eral setup and characterized the limit behavior of K, (x) when H < 1/2; see also
Ho and Hsing (1997).

Note that since {¢;} is unobservable in model (1.1), the Kolmogorov—Smirnov
test has to be evaluated based on the residual process of {;}. In this situation,
a key issue of interest is to determine the validity of (1.5) for the Kolmogorov—
Smirnov statistic when {¢;} is replaced by its corresponding residual process. Fur-
thermore, when (1.5) becomes invalid, how can one test for the distribution of {&;}?
These two issues have been studied extensively when {&;} is i.i.d.; see Bai (1994,
1996, 2003), Ling (1998), Lee and Wei (1999), Koul (2002), Lee and Taniguchi
(2005) and Koul and Ling (2006) for further discussions. But for model (1.1) and
for the Kolmogorov—Smirnov statistic studied in Ho and Hsing (1996), these two
important issues still remain unresolved. When B’X; is a constant and &; is an
ARFIMA(p, d, g) model, the distribution of {¢;} can be determined by {e;} once
the parameters of the ARFIMA model are estimated. In this case, it would be suffi-
cient to test for the distribution of {e;}, for which standard procedures for residuals
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from a model with i.i.d. noises, such as those given in Bai (1994) and Lee and Wei
(1999), can be adopted. To study the general residual process of {¢;}, however,
substantially different arguments need to be employed which rely heavily on the
results of Ho and Hsing (1996, 1997) and Wu (2003).

This paper first establishes a uniform expansion of the residual empirical
process of {&;} under a general framework. The result is used to study the stochas-
tic regression model of Robinson and Hidalgo (1997) and the unstable AR model
of Chan and Terrin (1995), Truong-Van and Larramendy (1996) and Wu (2006).
It is shown that the test statistic (1.5) of Ho and Hsing (1996) is no longer valid
when the stochastic regression model includes an unknown intercept or when the
characteristic polynomial of the unstable AR model has a unit root. Our results not
only encompass the long-memory {g;}, but also the short-memory {¢,}. Further-
more, two new statistics are constructed to test the distribution of the long-memory
noises in the stochastic regression model and the unstable AR model.

This paper is organized as follows. A general result is given in Section 2. The
residual processes of stochastic regression and unstable time series are presented
in Sections 3 and 4, respectively.

2. A general result. Let ,3" be an estimator of 8 in (1.1). Let & = y; — ,BA,QX P
be the residual of model (1.1). Further, define the empirical process based on resid-
uals {&;} by

. 1
Ky(x)=— 11 <x) — F(x)].
On 12

For H € (1/2,1), o, is given in (1.4). For Z?‘;O laj| < oo, which implies
H <1/2, Ho and Hsing (1997) show that ol = limn_moa”z/n exists and is fi-
nite; see also Wu (2003). Let Go be the common distribution of {e;}. Write
e =e; + &1 and let A;(x) = Gy(x — &-1) — E[Gy(x — &—1)], where &_| =
Y2 aier—i. Denote || - || = tr(M’M) for some matrix or vector M. We need the
following two assumptions.

ASSUMPTION 2.1. (a) H < 1/2 and ¢ >0, or H =1/2, 0 > 0 and
Z?‘;O laj| < oo, 0or 1/2 < H <1, and (b) Gy is three times differentiable with
bounded, continuous and integrable derivatives such that | x*d Go(x) < o0.

ASSUMPTION 2.2. Let §, be a p x p constant matrix depending on n such
that the following statements hold:

@) 8, (B — B) = 0,(1),
(b) o, 'Y ENS, X, | = O(1),

(©) o, 'YV ElI8,X,11> = o(1),
(d) o, tsup, I X0, Ar(0)8, Xl = 0,(1).
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Assumption 2.1(b) can be replaced by a general condition in Wu (2003). §,, is
the rate of convergence of Bn Assumptions 2.2(b) and (c) automatically hold if
8;1 = /nl, and X, is strictly stationary with E| X, > < oo, where I,isthe p x p
identity matrix. As will be seen in Sections 3 and 4, §, ! may not always be equal
to /nl p- Assumptions 2.2(b)—(d) are sufficient for the remainder term in the fol-
lowing expansion to be negligible, although they may not be the weakest ones. We
state a general result as follows.

THEOREM 2.1. Assume that Assumption 2.1 and Assumption 2.2 hold. Then
sup | K, (x) — Ky (x) = Ry F' ()| = 0, (1),
X

REMARK 2.1.  According to this theorem, if R, = 0,(1), then sup, |I€n (x) —
K, (x)| = 0p(1) and, hence, sup, |I€n(x)| and sup, |K,(x)| have the same limit
distribution. If R, # 0,(1), then the limit distribution of sup, |I€n (x)| may be
different from that of sup, |K,(x)|, as seen in Theorems 3.1 and 4.1. When
H € (1/2,1), K, (x) can be replaced by —F'(x) >_/_, &;/0,. When H < 1/2 with
EX;=0o0rwhen H € (1/2,1), (Sn_l = /nl, and {X,} is strictly stationary, then
R, =o0p(1).

REMARK 2.2. We require {ax} to have the form kH=3/21,(k) because we
have to use the tightness condition of empirical processes of {€;} of Ho and Hs-
ing (1996) and Wu (2003) for H € (1/2,1); and Theorem 3 and Corollary 2
of Wu (2003) for H < 1/2. Without this condition, Theorem 2.1 is still valid if
>0 lail < oo as long as the empirical process of {¢} is tight on R.

PROOF OF THEOREM 2.1.  Let i, =8 '(B, — B). Then & = &, — it/,8/ X; and

“ 1 & R
Kn(0) = Kp(x) = — > F(x)it, 8, X,

=1

1 & ) X
= D (e < x4i1,8,X:) — I(e < x) — F'(x)it, 8, X,].
ny=1
To study the process K, (x), consider the process

1 n
Ap(x,u)y=—> [I(& <x+u'8;X;) —1(g, <x) —u'F'(x)8, X,]

m =1
for all u € R? and x € R. By Assumption 2.2(a), if we can show that

2.1 sup  sup|A,(x,u)| =o0p,(1) for every A € (0, 00),
ue[—A,AlP X
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then Theorem 2.1 is proved. Denote

Zn(x,u) = 1 YU (e <x+u'8, X)) — F(x+u'8;, X)) — I(g; <x) + F(x)].

o
ni=1

By the triangular inequality, |A, (x, u)| < |Z,(x,u)| + |H,(x, u)|, where

1 n
H,(x,u) = — Z[F(x +u'8) X;) — F(x) —u'8), X, F'(x)].

On ;.
Since sup, |Gy (x)| < oo, we have sup, |F”(x)| < oco. Using this fact, Assump-
tion 2.2(c) and the Taylor expansion, SUP,e(—a,Ajp SUPy | Hn(x, u)| = 0,(1). To
prove (2.1), it is sufficient to show that the following equation holds:
(22) sup  sup|Zy(x,u)| =op(1),

ue[—A, AP X

for every A > 0. For each u € R? and A € R, let

n

~ 1
Zn(x»”a)\) = O__Z[I(gl‘ =x +gl(u’)\'))
=1

(2.3)
— F(x 4 gi(u, 1)) — I(e; <x) + F(x)],

where g,(u,A) = u'8, X, + A8, X;|l. For every § > 0, partition the rectangle
[—A, A)? into m balls {C1, ..., C;;} each with radius §. Take one point in each
C, and denote it by u,. For any u € C,, we have

(2.4) |ge (u, 1) — gr(tr, M) < Nl — ur 118, X Il < 8118, X .

Thus, g;(uy, A —98) < g;(u, A) < g;(ur, A +96). Note that Z,(x, u) = Zn(x, u,0).
By the monotonicity of the indicator function, we obtain that

- 12
(2.5) Zn(x,u)5Zn(x,ur,S)—I——Z[F(x—l—gt(ur,S))—F(x—i—g,(u,O))]

On 121
and a reverse inequality holds when § is replaced by —38. Since sup, |G (x)| < oo,
we have sup, |F’(x)| < co. By the mean value theorem, when u € C,,

n

1
— Y [F(x + gi(ur, £8)) — F(x + g, 0))]

L

F’ 1
2.6) < S LONS gy, ) — g0w,0)

n t=1

0(1)8

D18 Xl = 0,(8),

S —
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where the last equality follows from Assumption 2.2(b) and the O, (1) holds uni-

formly for all x € 1%, alueC,andallr=1,...,m.
Given any ¢ > 0 and n > 0, by (2.6), there exists a §1, > 0 such that

el
— 3|76

when 6 < §1. and n — 0o. By Lemma A.3, there exists a 62, > 0 such that

n

D [F(x+ gi(up, £8)) — F(x + g1 (u, 0))]
t=1

1
P { — max max sup
oy, T ueCr x

P{maxsup|2n<x, iy, 8| > 5} < P{maxfgnwr, +8) > f} 4 P{5J4n > f}
rox 3 r 6 6

smmaxP{Jgn(ur,ﬁ) > f} +1on
r 6 3

when § < 83, and n — oo because m is an integer depending on § but not depend-
ing on n. By the preceding two inequalities, when § < min{é;,, 81},

P{ sup sup|Zn(x,u)|Zs}
ue[—A,AlP X

~ & ~ £
< P{maxsumzn(x,ur,an > —} + P{maxsumzn(x,ur, )= —}
r x 3 r X 3

n

1 e
+ P{a_nmﬁx}}éagf sup ;[F(x + g (ur, £8)) — F(x + g (u,0))]| > 5}
<n, when n — oo, proving (2.2). O

3. Residual empirical process of stochastic regression models. In this sec-
tion we apply the results in Section 2 to the stochastic regression model of Robin-
son and Hidalgo (1997):

(3.1) y: =g +a'x; + &,

where &; is defined in model (1.1), x; is a g-dimension vector time series inde-
pendent of {&;}, and B = (g, a’)" is a p = ¢ + 1 dimensional unknown parameter
vector. The least squares estimator (LSE) or generalized LSE of « is not asymptot-
ically normal when both x; and &; exhibit long-range dependence; see Robinson
(1994). Robinson and Hidalgo (1997) proposed a class of weighted LSE which is
J/n-consistent and asymptotically normal.

Let f()A) be the spectral density of &; and ¢ (1) be a real-valued, even and inte-
grable periodic function with period 27 such that ¥ (1) = ¢2(A) f(A) is continu-
ous. Denote ¢; = Qm)~2 i fn ¢ (A) cos jAdA. Robinson—Hidalgo’s weighted LSE
of « is defined as

n

non -1 n
ap = |:Z Z(xt — X) (x5 _)E)/¢t—s:| |:Z Z(xt —X)(ys — 5’)¢t—s:|,

t=1s=1 t=1s=1
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where X =) 7 | x;/nand y =3/, y//n. Let y; = E(e;&:4) and Kapea (s, u, v,
w) be the fourth cumulant of x,, xpy,, Xcy and x4y, Where x,; is the ath element
of x;. Recall the assumptions of Robinson and Hidalgo (1997) as follows.

ASSUMPTION 3.1, (a) %0 ; < o0 and (X1 [yj| +n7m)[(X—o b)) +
n®,] = 0(n) as n — oo, where y, = max >, |y;l, ¢~>a =max>q |¢;| and &, =
Z|j\>a |¢j|

(b) {x;} is fourth-order stationary, I'y, = E[(x; — Ex) (X144 — Ex1)'] — 0 and
max|y| |w|<oc |Kabed (0, u, v, w)| = 0 as [u| - oo, 1 <a,b,c,d <q.

(¢) =y is finite and T4 and T, are nonsingular, where £, = [ x(A)dH()A)/
(2r) and H (1) is the Hermitian matrix such that I'; = [*_e"/*dH()).

Discussions on this assumption, the choice of ¢ and its computational pro-
cedures can be found in Robinson and Hidalgo (1997). Under Assumption 3.1,
Robinson and Hidalgo (1997) showed that
(32) S, —a) 5 NO, 22,00,

The intercept term « is estimated by
Qon =y —a X =ap+&— (&, —a)'%,
where e =) &/n. When H € (1/2,1) or H < 1/2 with Ex; =0, we see that

non_l Qp —a)x= op(1) and hence, in these cases, we have

(3.3) o (Gon — o) S N(O, 1).

The results of Robinson and Hidalgo (1997) hold not only for long-memory {&;}
but also for short-memory {¢;}. The following result entails the residual empirical
process for both long- and short-memory cases.

THEOREM 3.1. If Assumptions 2.1 and 3.1 hold, then the results of Theo-
rem 2.1 hold with B, = (Qon, &))", 8, = diag(o,n=', n=121,) and X, = (1, x])’.

PROOF. It is readily seen that Assumptions 2.2(a)—(c) hold. Note that

1 u 1 & 1 u
—su A (x)8 X, | <sup|— Y A (x)||+ su Ay (x)x,].
. xp; ()8, X1 ‘xp",gl () + xpt; £ (V)1
To check Assumption 2.2(d), we only need to show that
1 n
(3.4) sup sup|[ Y Ay (x)x; | = 0p(1).
X NNOn x| 5

Similarly, it can be proved that sup, |} ;_;A;(x)|/n = o,(1). Since
sup, |Gy (x)| < oo implies limjx|—o0 Gy(x) = 0 [see Lee and Wei (1999)], we
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see that Esup|x|>M{G (x —&—_D|lx|l} = 0 as M — oo. Since /n/o, = O(1),
for any given € > 0, there exists a constant M > 0 such that

sup n
<|x|>M’f0nt 1 )

2./n
<2V p (Ghx — &0l <€,
Onll  |x|>M

A (x)x;

(3.5)

uniformly in n. Partition [—M, M] into m = [4M 8711 subintervals such that
—M=cy<c1<---<cy=M with ¢, 1 — ¢, < § for any given constant § > 0.
Let Uy, = (/non) ' S Ar(cr)x;. When H € (1/2,1), Uy, || < 2n~1/27H
Yo Ilx:ll = 0p(1). When H < 1/2, since A;(c;) and x; are independent for
each ¢,, we can show that Uy, = 0,(1). Thus, we have

sup
lx|<M

f ZAz(x)xt

<max sup
" xelererpi]

Z[A,(x) As(cr)]x

[ o + mraX 1Unrll

<26 sup |G (x)|0 (D) +o0,(1)

(3.6)

= 0,(8) +o0,(1).
Using (3.5)—(3.6), (3.4) is established. [J

We see that R, = O, (1) and K,,(x) = O,(1). When Ex; =0, we have R, (x) =
no*n_1 (&on — at9) # 0p (1) by virtue of (3.3). In this case, the estimated mean affects
the limit distribution of K, (x) by Theorem 3.1. By (1.3) and (3.3), we have the
following result.

COROLLARY 3.1. If Assumptions 2.1 and 3.1 hold and H € (1/2, 1), then

-1
[sup F/(x)] sup | K ()| 5 [N, 4)].

REMARK 3.1. This corollary gives a statistic for testing the distribution of the
long-memory noises in model (3.1) when « is unknown. The asymptotic variance
of this test statistic is four times bigger than that in (1.5), which reflects the effects
of the slower convergence rate of the estimated parameter &q,. When «q is known,
the test statistic (1.5) is still valid, however. As pointed out by the reviewer, when
F = F(x, 0) involves an unknown parameter 6, one should consider K n With F(x)
being replaced by F(x, 6,). Under such circumstances, the limit distribution of
the statistic is usually different from that of Corollary 3.1. This fact serves as a
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reminiscence of the classical Kolmogorov—Smirnov statistics problem when the
underlying parameters are estimated; see Durbin (1976). When H < 1/2, it can be
shown that the limit distribution of the statistic exists by means of the result of Wu
(2003). The closed form of such a limit distribution is rather complicated and does
not possess a simple expression, however, and is not presented here.

4. Residual empirical process of unstable AR(p) models. This section con-
siders the unstable AR(p) model with starting value {yo, y_1,..., y—p+1} inde-
pendent of {&;:s < 0} such that

(41) yl‘=ﬁ/Xt+8ta
where X; = (yi—1,...,Yi—p), B=(¢1,...,¢p)’, and the characteristic polyno-
mial ¢(z) =1— ¢z —--- — ¢,z” has the decomposition,
1
4.2) $(2)=(1-2"A+2)" TTI = ze") (A + ze' %)%,
k=1

a,b,l,dr,k=1,...,1, are nonnegative integers, p =a+b+2(d; +---+d;), and
{e;} is defined in model (1.1). Here, a denotes the multiplicity of the root z = 1 for
¢ (z) = 0. Same interpretations are given to b and /. We estimate 8 by the LSE:

n -1 n
Bn = (ZXIX;) ZXth-
=1 t=1

For the special case with ¢ (z) = 1 — z, Wu (2006) obtained the limiting distri-
bution of Bn under Assumption 2.1(a); see also Sowell (1990) and Wang, Lin and
Gulati (2003). For the general case, the limit distribution of B,, was obtained by
Chan and Terrin (1995) and Truong-Van and Larramendy (1996) under the follow-
ing Assumption 4.1(a) and (b), respectively. It can be seen that Assumption 2.1(a)
is much weaker than Assumption 4.1.

ASSUMPTION 4.1. (a) Lo(j) ~ ¢, c is a constant, H € (1/2,1) and ¢; ~
N(0,072), or (b) X3 jla;| < oo and o > 0.

Let 8, = G'J!, where G is the constant matrix given in Chan and Wei
(1988) and Jn = diag(Nl, Nz, ey N1+2) with N] = diag(n, nz, ey n"), N2 =
diag(n,n?,...,n?) and Ny = diag(nl,...,n%L), k = 1,...,1. Define
En(t) =[fo(r), ..., fam1(D], fo(r) = Bu(r) and f;(v) =[5 fi-1(s)ds, j =
1,...,a, where By (7) is a fractional Brownian motion with covariances

E[By(m)By(s)l = s{s™ + 72 —|s — 7} for0<s,v<1.

‘We now state the results for model (4.1).
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THEOREM 4.1. For model (4.1), if Assumption 2.1 holds with ¢(z2) =1 — z,
or if Assumption 4.1(a) holds, or if Assumptions 2.1(b) and 4.1(b) hold, then the
result of Theorem 2.1 holds with R, = 0,(1) for a =0 and

£L
R, —

1
C+apyeh [ ap@an  H<12
1
2 [ en(dr, ifH e (1/2.1),

for a > 1, where T = (y,0,...,0) ., v = 1/2(1 — Ee?/0?), ¢y =
Jo En(¥)dBy (1), Qu = (@ij)axa and wij = [y fi(7) fj(T)dT.

Let DI[O0, 1] be the Skorokhod space and D” = D x D x --- x D denote the
p-Cartesian product space of D = D[0, 1]. To prove Theorem 4.1, we need the
following lemma. Using the results in Chan and Wei (1988), Truong and Larra-
mendy (1996) and Wu (2006), its proof is similar to that of Lemma 2.1 in Ling
(1998) and the details are omitted.

LEMMA 4.1. Let & =&y if H € (1/2,1) and & = &2 if H < 1/2. If the
assumptions of Theorem 4.1 hold, then:

1 [}’l‘f] £ T _ /
— > 85X = (/ S/(s)ds,O) in D?, ifa>1,
0

o,
n =1

(a)

1 [nT]
(b) —ZS;X,:%(I) uniformly for all T € [0, 1] ifa =0,
0,

=1

1 n
© —Y ElsX|=0(),

=1

d) % S EI8, X = 0(1).

n =1

PROOF. For simplicity, we only prove Theorem 4.1 for ¢ (z) = (1 — z), that
is, model (4.1) only has one unit root. The general case can similarly be proved
by Lemma 4.1. When ¢(z) = (1 — 2), 6, = n~and X, = Vi1 = Z?;{ gi. By
Theorem 6.1 of Chan and Terrin (1995) and Theorem 3.1 of Truong-Van and Lar-
ramendy (1996) or Theorems 3 and 4 of Wu (2006), Assumption 2.2(a) holds. By
Lemma 4.1(c) and (d), we see that Assumption 2.2(b) and (c) holds.

We now consider Assumption 2.2(d). First, note that £ SUP||> M Atz(x) — 0 as

M — oo and maxj<;<y on_zEth = O(1). Thus, for any given € > 0 and n > 0,
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there exists a constant M > 0 such that

P| sup >N
|x|>M

Esupj, -y |A/(x)|2 2
Y S VEIXP <e,

"7Mn =1

ZAAx)Xt

no
=1

(4.3)

uniformly in n. Partition [—M, M] into m = [4M5~1] subintervals such that
—M=x9<x1 <---<xpu =M with x, 41 — x, <6 for any given é > 0. Thus,

sup ZAAx)Xt
lx|<M|10n .=
<max sup ZAt(x)Xt
r Xp—1 <X=<Xp ndnt 1

(4.4)

n

D TA(x) = A (x)]1X;

noy =1

< max sup
r Xp—1 SX=Xp

Jin + Jon, say.

+mrax ZAt(xr)Xt

L

Since sup, |A}(x)| < oo, by Lemma 4.1(c) and the Taylor expansion, we have

Z|X, } = 0,(3).

L

4.5) Jin < 0(3)[

For J,,, we need the following decomposition:

— ZA,(x)Xt - [Z At(x)}el
=1 i=1Lt=i+1

= non (ZE 8’) [2 Af(x)} 2 1[21 At<x>}l

=Uin(x) — U2y (x), say.

By the ergodic theorem, > ' | A;(x)/n = o0,(1) for each x. Furthermore, since
Y i1 &i/on = Op(1), we have max, |Uy,(x,)| = 0,(1) for a given § > 0.

We next consider Uy, (x) When H < 1/2, by Theorem 2 of Wu (2006), we
know that Z[m] A (x) /o, £ S(t) in D for each x and Z[m] NG £ &(t)in D,
where S(t) and &(7) are standard Brownian motions. By Theorem 3.1 of Ling and
Li (1998), Uz, (x) = 0p(1) for each x and, hence, max, |Uz, (x;)| = 0, (1) for any
given § > 0. Thus, Assumption 2.2(d) holds when H < 1/2.
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When H € (1/2, 1), we decompose Uj, (x) as follows:

G//
Z[Z&(x)]e, 0 )Z(Zsf l)sl—Uan<x>+U4n(x>

On i Z1li= On 21 \i=1

(4.6)

say, where R;(x) = A;(x) — Gg(x)&_l. For each x and any ¢ > 0, by Corollary 1
of Wu (2006) [see also Theorem 3.1 in Ho and Hsing (1997)], we have

i 2
4.7 E|:Z R,(x)} — O(imax{1,4(H—1/2)+2§}).

By (4.7), for any n > 0 and § > 0, we have

P(mraxlU3n(xr)| > n) =< Z U3 (x7)|

1
n,

(4.8)

IA

g nele]

Mon . Z1i= =1

=0n 7Ly (n) — 0,
when n — 0o, where y = min{H — 1/2,1 — H — ¢} > 0. Note that

3 (3e)e+ DO 3 e

i=1 \r=1 On 21 \i=1

Gy

noy,

Ugp(x) =

By Theorems 3.2 and 3.3 of Chan and Terrin (1995) or Theorem 3 of Wu (2006),

n

Z( Z&‘r> o —>/ By (s)dBpg(s).

i=1

Thus, the first term in U, (x) is 0, (1) uniformly in x € R. Note that )"}, |e,|/n =

O,(1) by the ergodic theorem and maxj<j<y| th] e|//n —>
maxo<r<i |B1/2(7)|. Since /n/oy = O(n=H+1/2/Ly(n)) = o(1), the second term
in Uy, (x) is 0, (1) uniformly in x € R. Thus, we have max, |Us, (x)| = 0,(1).
Furthermore, by (4.6) and (4.8), max, |U2,(x;)| = 0,(1) for any given § when
H € (1/2,1). Thus, Assumption 2.2(d) holds when H € (1/2,1). U

REMARK 4.1. From this theorem, we see that the empirical process of {&;}
is not affected if {g;} is replaced by {&;} when ¢ (z) does not have a root equaling
one. It has a profound effect when ¢(z) has a unit root, however. In particular,
using Theorem 3 of Wu (2006), we have the following corollary.
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COROLLARY 4.1. If ¢(z) = (1 — z) and Assumption 2.1 holds with H €
(1/2, 1), then it follows that

—1
[sgp F/(x>] sup | (1)

1 1 1 -1
i>‘BH(1)+UO BH(t)dBH(t)M/O BH(r)dero Blzi(r)dr} .

REMARK 4.2. Corollary 4.1 gives the limit distribution of the Kolmogorov—
Smirnov statistic. It can be used to test for the distribution of the long-memory
noises in model (4.1). For instance, using & as a proxy for g;, H may be esti-
mated by Robinson’s (1995a) semiparametric method. Although the asymptotic
validity of such a procedure still needs to be examined, for a given H € (1/2, 1),
the percentiles of the limit distribution can be tabulated by means of simulations.
Corollary 4.1 thus provides a means to apply the Kolmogorov—Smirnov statistics
to model (4.1).

APPENDIX: TECHNICAL LEMMAS

Let x, = reo, ! for any r € Z and some € > 0 and decompose the real line R
as R =, cz[xr, xr41]. Let g;(u, 1) be defined in (2.3) and

ani(x) =1 (e, <x + g (u, 1)) — F—1(x) — I (&; <x) + Go(x — &_1),

where Fr_1(x) = E[I(e; < x — &1+ & W, \)|Fr—1]=Golx — &1+ g (u, V)],
ue[—A,Al? with A > 0and X € [—1, 1]. We have the following lemma.

LEMMA A.1. Let Zln(x, u,A) =371 an(x)/0,. For every u and A, if As-
sumption 2.1 and Assumptions 2.2(b) and (c) hold, then:

] n
(a) max max — Z‘F(XH—I + g, 1)) — F(x + g (u, M) = 0p(e),

o xe€lxr,x41] Oy P

(b) suplZln(x,, u,\)|=op(1) for any given € > 0.
r

PROOF. By Assumption 2.1(b), F’(x) exists and is bounded; see Ho and Hs-
ing (1996). Since n/ 0,22 = O0(1), by the Taylor expansion, part (a) holds.

For part (b), since Y ;an;(x) is a martingale array with respect to %, =
o{(es, X;), t < n}, by the Rosenthal inequality [see page 23 of Hall and Heyde
(1980)1,

n 4 n 2 n
E[Zamm} SCE{ZE[Q,Z,,(X)|5F¢—1]} +¢Y  Elay,(x)]
t=1

=1 t=1

(A.])
<cn)y E{E[ay,(x)|F-11}* +2¢ Y Elag, (x)]

=1 t=1
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for some constant ¢, where we use ant(x) < 2am(x) Denote g;(u, A) by g; and let
H(x) = Go(x — &—1 £ |g). Since E[I(e; < x — &_1)|Fi—1] = Golx — &—1)
and Go(x) is nondecreasing, we have

[an, (D1 Fi—1] < |Fi1(¥) = Golx — &-1)| < H' (¥) — Hy (x).

Again, since Go(x) is nondecreasing, for any positive integer M, we have

M
> E[H(x,) — H (x,)]

r=—M
M

iy EU;’“ Ht+(x)dx_/xxr H;(x)dx]

r=—M -

= %E{/;MH Ht+(x) dx + /:MA: H; (x)dx
(A2) + f M[Ht’L(x) —H,—(x)]dx}

o, XM & ,
SZ‘{‘?E{/ . |G0(x_§t—1+y)dyd)6}
8t

|8t
[~ G;)(x—s,_1+y>dxdy}
—|gr| /=00

<2+— {

Similarly, we have

M M
S EMH () —H )PP <c Y. E{lgllH"(x,) — H (x,)]}
r=—M r=—M
(A.3)

2

=2cE|g; nEgt,

where ¢ =2 sup, Gé)(x). Using (A.2)—(A.3) and Assumptions 2.2(b)—(c),
M

1
4ZZE[am(xr) =) oo Z ZE[H+(xr) H (x,)]
(A4) rot=1 On —Mt=1
2n
<= o +— 3 ;Elgtl =o(1),

(A.5) 4ZZE{E[an,<xr>|ff 1 <—ZE|gt|+ ZEgl =o(1),

rot=1 ntl ntl
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as n/o? = O(1). By the Markov inequality, (A.1), (A.4) and (A.5),
n y q y

P(sup|21n(xr,u,x)| > n) <Y P(1ZinGxr u, M| = 1)
u

r

4
1 n

= 7]4—0,‘,1 Z E[;am(xr)}

=o(),

as n — oo, for any given € > 0. Thus, part (b) is proved. [

LEMMA A.2. Let Zzn(x,u,k) =Y [F—1(x) — Go(x — &—1) — F(x +
gr(u,))) + F(x))/on. If Assumptions 2.1 and 2.2(b)-(d) hold, then
Zzn(x,u,k) = AMin(x) + Jou(x,u,X) such that sup, |J1,(x)| = Op(1) and
sup,. sup,, sup; |J2, (1, x, 1) =0, (1).

PROOF. By Assumption 2.1(b) and Lemma 6.2 of Ho and Hsing (1996),
F” (x) exists and is bounded. By the Taylor expansion and Assumption 2.2(c),

n

~ 1 1 2 1% Iy
zzn<x,u,x>=—Z{At<x>gz<u,x)+5g, . WIGYE-) ~ F @t_l)]}

On ;2
1 n

= — > A)giw, 1) +op(D)
n =1

= LS A1 X 0+ [ L3 A8 X, + 0, (1)
0,

On 125 =1
:)"Jll’l(x)+‘]2}’l(x’ uy)")v saY7
where we use F'(x) = EGy(x — &_1), & | =x —&_1 +60g:(u, ») and 51*_1 =
x + 0g(u,1) with 6,0 € (0,1) and 0,(1) being held uniformly in x,u, A.
Since sup, |A;(x)| <2, by Assumption 2.2(b), sup, [J1,(x)| = Op(1). Since u €

[—A, Al?, by Assumption 2.2(d), sup, sup,, sup; |J2,(x,u, A)| = 0,(1). The de-
sired conclusion follows. [

LEMMA A.3. If Assumptions 2.1 and 2.2(b)—(d) hold, then it follows that

Sup | Zy (x, 1, )| < J3, (ut, 1) + A Jan,
X

where Zn(x, u, ) is defined in (2.3), 0 < J3,(u, A) = 0,(1) for each u and A, and
0 < Jan = O, (1) is independent of u.
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PROOF. Since I (e; < x) and F(x) are nondecreasing, for any x € [x,, x,41],

~ ~ 1 &
Zn(x’u»)\)fZn(xr+1»“,)h)+_2[F(xr+l+gt)_F(x+gt)]

On 121
1 n
+ — > (e xr11) — F(xp41) — 1 (& <x) + F(x)],
=1

where g; denotes g;(u, ) and a reverse inequality holds when x,, is replaced by
Xp. Since | Z, (tr1, 1, M < 1 Z1n g1, 1, M| 4 1 Zon (Xr41, 1, V)], we have

Sup |Z}'l(-xa uv )")| S m’?lx IZZI’l(xra M, )")| + Rl’l(uv )")’
X

where
Ru(u, ) = max| Zi (xy, u, 1)|
1
+max max Z|F(Xr+l +8&)— F(x+g)l
r xelxy,xr41]1 Op =1
(A.6)

n

+  sup iZU(e,sxn

Ix) —x2|<ea, ! On =1
— F(x1) —I(& <x2) + F(x2)]].

For any e, > 0, by Lemma 4.1(a), we can take ¢ small enough such that the
second term of (A.6) is less than n happens with probability being at least 1 — /4.
For this €, the first term of (A.6) is 0,(1) by Lemmas A.1(b), and the last term
of (A.6) is 0, (1) by the tightness of the empirical process of {&;} of Ho and Hsing
(1996) and Wu (2003). Thus, R, (u, ) = 0,(1) for each u and A. By virtue of
Lemma A.2, the conclusion holds. [
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