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Distance correlation is a new measure of dependence between ran-
dom vectors. Distance covariance and distance correlation are analogous to
product-moment covariance and correlation, but unlike the classical defin-
ition of correlation, distance correlation is zero only if the random vectors
are independent. The empirical distance dependence measures are based on
certain Euclidean distances between sample elements rather than sample mo-
ments, yet have a compact representation analogous to the classical covari-
ance and correlation. Asymptotic properties and applications in testing inde-
pendence are discussed. Implementation of the test and Monte Carlo results
are also presented.

1. Introduction. Distance correlation provides a new approach to the prob-
lem of testing the joint independence of random vectors. For all distributions with
finite first moments, distance correlation &R generalizes the idea of correlation in
two fundamental ways:

(i) R(X,Y) is defined for X and Y in arbitrary dimensions;
(i) R(X,Y) =0 characterizes independence of X and Y.

Distance correlation has properties of a true dependence measure, analogous to
product-moment correlation p. Distance correlation satisfies 0 < R < 1, and
R =0only if X and Y are independent. In the bivariate normal case, R is a func-
tion of p, and R(X, Y) < |p(X, Y)| with equality when p = +1.

Throughout this paper X in R” and Y in RY are random vectors, where p
and ¢ are positive integers. The characteristic functions of X and Y are de-
noted fx and fy, respectively, and the joint characteristic function of X and Y
is denoted fx y. Distance covariance V can be applied to measure the distance
I fx.y(t,s)— fx(@) fr(s)|l between the joint characteristic function and the prod-
uct of the marginal characteristic functions (the norm || - || is defined in Section 2),
and to test the hypothesis of independence

Ho: fxy=fxfr vs. Hi:fxy# fx[r.
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The importance of the independence assumption for inference arises, for example,
in clinical studies with the case-only design, which uses only diseased subjects
assumed to be independent in the study population. In this design, inferences on
multiplicative gene interactions (see [1]) can be highly distorted when there is a
departure from independence. Classical methods such as the Wilks Lambda [14] or
Puri—Sen [8] likelihood ratio tests are not applicable if the dimension exceeds the
sample size, or when distributional assumptions do not hold (see, e.g., [7] regard-
ing the prevalence of nonnormality in biology and ecology). A further limitation
of multivariate extensions of methods based on ranks is that they are ineffective
for testing nonmonotone types of dependence.

We propose an omnibus test of independence that is easily implemented in ar-
bitrary dimension. In our Monte Carlo results the distance covariance test exhibits
superior power against nonmonotone types of dependence while maintaining good
power performance in the multivariate normal case relative to the parametric likeli-
hood ratio test. Distance correlation can also be applied as an index of dependence;
for example, in meta-analysis [12] distance correlation would be a more generally
applicable index than product-moment correlation, without requiring normality for
valid inferences.

Theoretical properties of distance covariance and correlation are covered in Sec-
tion 2, extensions in Section 3, and results for the bivariate normal case in Sec-
tion 4. Empirical results are presented in Section 5, followed by a summary in
Section 6.

2. Theoretical properties of distance dependence measures.

Notation. The scalar product of vectors ¢ and s is denoted by (¢, s). For
complex-valued functions f(-), the complex conjugate of f is denoted by f and
| £1? = f f. The Euclidean norm of x in R? is |x| p- A sample from the distribution
of X in R” is denoted by the n x p matrix X, and the sample vectors (rows) are
labeled X1, ..., X,,. A primed variable X’ is an independent copy of X that is, X
and X’ are independent and identically distributed.

DEFINITION 1. For complex functions y defined on R” x R? the || - ||, -norm
in the weighted L; space of functions on R”19 is defined by

2.1 ly . )1y, = A; [y (. 9)Pwe, s)drds,

where w(t, s) is an arbitrary positive weight function for which the integral above
exists.

2.1. Choice of weight function. Using the || - ||-norm (2.1) with a suitable
choice of weight function w(t, s), we define a measure of dependence

VEX,Y;w) = || fxy(t,s) — fx@) fr)3
2.2)

:/IZMJW | fxr(t,s) — fx(®) fr()|Pw(t, s)dt ds,
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such that 'V2(X, Y; w) = 0 if and only if X and Y are independent. In this paper
V will be analogous to the absolute value of the classical product-moment covari-
ance. If we divide V(X,Y; w) by /V(X; w)V(Y; w), where

VA(Xiw) = /R ,, [ xX(@9) = fx @ fx () Pw(r, ) deds,

we have a type of unsigned correlation R, .

Not every weight function leads to an “interesting” [R,,, however. The coeffi-
cient R, should be scale invariant, that is, invariant with respect to transformations
(X,Y)— (eX,€Y), for € > 0. We also require that R, is positive for dependent
variables. It is easy to check that if the weight function w(z, s) is integrable, and
both X and Y have finite variance, then the Taylor expansions of the underlying
characteristic functions show that

V2(eX,eY; w)

lim

=0 /V2(eX; w)V2(eY; w)
Thus for integrable w, if p = 0, then R, can be arbitrarily close to zero even if X
and Y are dependent. However, by applying a nonintegrable weight function, we
obtain an R, that is scale invariant and cannot be zero for dependent X and Y. We
do not claim that our choice for w is the only reasonable one, but it will become
clear in the following sections that our choice (2.4) results in very simple and
applicable empirical formulas. (A more complicated weight function is applied
in [2], which leads to a more computationally difficult statistic and does not have
the interesting correlation form.)

The crucial observation is the following lemma.

=% (X, ).

LEMMA 1. If0 <« <2, then for all x in RY

/ 1 —cos{t, x) dt = C(d. a)x|®
—_——dt = ,o)|x|%,
RA |t|2+a

where

2721 (1 — /2)

a2¢T'((d +w)/2)
and T'(-) is the complete gamma function. The integrals at 0 and oo are meant in
the principal value sense: limg_, ¢ fRd\{sBJrglec}, where B is the unit ball (cen-
tered at 0) in R? and B€ is the complement of B.

Cd,a)=

See [11] for the proof of Lemma 1. In the simplest case, « = 1, the constant in
Lemma 1 is

()2
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In view of Lemma 1, it is natural to choose the weight function
1 14+gy—1
(2.4) w(t, s) = (cpcq ltl,PIslFH™

corresponding to o = 1. We apply the weight function (2.4) and the corresponding
weighted Ly norm || - ||, omitting the index w, and write the dependence mea-
sure (2.2) as V3(X, Y). In integrals we also use the symbol dw, which is defined
by

1 1 -1
do = (cpcqlt],Plsl )™ dids.

For finiteness of || fx,y (¢, s) — fx (t) fr(s) 1% it is sufficient that E|X|, < oo and
E|Y|; < 0o. By the Cauchy—Bunyakovsky inequality

[Fry @) = fr@ fre)P =[EEX — fx@) e = fr)]
< E[ei(t,X) o fX(l)]zE[ei(s’Y> o fY(S)]2
= (1= 1fxOP)(1 =)
If E(|X|p+ 1Y) < 00, then by Lemma 1 and by Fubini’s theorem it follows that

f | fx.y(t,s) — fx(®) fr(s)]*dw
Rp+4q

1—|fx®)? 1= fr(s)?
< [ OB, [ LEOR,

1 1
2.5) ol culsly’”
' 1 —cos(t, X — X’ 1 - Y —Y
_ E|:/ cos( X ) dti| ' E[/ cos(s r ) ds:|
e cpltlp” R cqlsly

= E|X — X'| )E|Y — Y|, < 0.

Thus we have the following definitions.
2.2. Distance covariance and distance correlation.

DEFINITION 2 (Distance covariance). The distance covariance (dCov) be-
tween random vectors X and Y with finite first moments is the nonnegative number
V(X,Y) defined by

VIX,Y) = fx.y(t,5) — fx(®) fr ()|
1 / | fx.y(t,s) — fx (@) fr(s)?
Rr+aq

= 1+p, 1+q
CpCq ltlp " lslg

(2.6)
dtds.

Similarly, distance variance (dVar) is defined as the square root of

VAX) = VHX, X) = | fx.x(t,8) — fx(®) fx ()|
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REMARK 1. If E(|X]|, + |Y]4) = oo but E(|X|§‘7 + |Y|g) < oo for some 0 <
a < 1, then one can apply V@ and R (see Section 3.1); otherwise one can
apply a suitable transformation of (X, Y) into bounded random variables (X,Y)
such that X and Y are independent if and only if X and Y are independent.

DEFINITION 3 (Distance correlation). The distance correlation (dCor) be-

tween random vectors X and Y with finite first moments is the nonnegative number
R(X,Y) defined by

_VEY) vy s o
2.7) RAX, V) =1 [v200v2(y) ’
0. V2(X)V3(Y) =0

Clearly the definition of &R in (2.7) suggests an analogy with the product-
moment correlation coefficient p. Analogous properties are established in The-
orem 3. The relation between V, R and p in the bivariate normal case will be
established in Theorem 7.

The distance dependence statistics are defined as follows. For an observed ran-
dom sample (X,Y) = {(Xx, Yx):k=1,...,n} from the joint distribution of ran-
dom vectors X in R” and Y in RY, define

I ) 1<
ag; = | Xk — Xilp, ar.=— Y au, aj,=-Y_ au,
nl:l nk:1

Z agl, Ay =ay — ax. —ag +a..,
kl 1

k,l=1,...,n. Similarly, define by = | Y — Y|, and By = bg; — by. — by + b..,
fork,l=1,....n

DEFINITION 4. The empirical distance covariance V,(X,Y) is the nonnega-
tive number defined by

(2.8) Va(X,Y) = Z AxiBu.
kl 1

Similarly, V,(X) is the nonnegative number defined by

(2.9) VIX)=ViX,X) = Z A
2 e

Although it may not be immediately obvious that 'V,%(X, Y) > 0, this fact as
well as the motivation for the definition of V,, will be clear from Theorem 1 below.
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DEFINITION 5. The empirical distance correlation R,(X,Y) is the square
root of

M V2(X)V2(Y) >0
(2.10) R2X,Y) = VZX)V(Y) ’ ’ ’ ’
0, ViX)Vi(Y) =

REMARK 2. The statistic V,,(X) = 0 if and only if every sample observation is
identical. Indeed, if V,,(X) =0, then Ay; =0fork,[=1,...,n. Thus 0 = Ay =
—dk. — a. +a.. implies that ay. =a., =a../2, and

0=An =ay —ax.—aj+a.=an =X — Xilp,
soX;=---=X,.

It is clear that &R, is easy to compute, and in the following sections it will be
shown that R, is a good empirical measure of dependence.

2.3. Properties of distance covariance. It would have been natural, but less
elementary, to define V,,(X,Y) as ||f}’}’y(t, s) — fx (@) fy (s)|l, where

1 n
fry(t.s)= - > expli(r, Xi) +i(s, i)}
k=1

is the empirical characteristic function of the sample, {(X, Y1), ..., (Xu, Y»)}, and
1 <& 1<
fr@=~3 explift, X)), fy@s)=—3 expli(s, ¥
k=1 k=1

are the marginal empirical characteristic functions of the X sample and Y sample,
respectively. Our first theorem shows that the two definitions are equivalent.

THEOREM 1. If (X,Y) is a sample from the joint distribution of (X, Y), then
Ve Y) = 11% y (s) = fR0) 761

PROOF. Lemma 1 implies that there exist constants ¢, and ¢, such that for
all X inR?, Y in RY,

1 —exp{i(t, X)} _
2.11) /R A=l
1 —expli(s. )} ,
(2.12) _/quTds—cqlqu,

1 —expfi(t, X)+i(s,Y)}
2.13 / / dtds =cpcy | X|,|Y|,,
( ) rr JRra |t|1+p| |1+f] P q| |p| |l]



DISTANCE CORRELATION 2775

where the integrals are understood in the principal value sense. For simplicity,
consider the case p = g = 1. The distance between the empirical characteris-
tic functions in the weighted norm w(z,s) = 7w =2t ~2s~2 involves | fx y(t, )%,

|f,’}(t)f;’(s)|2 and fﬁ’y(t, s) fx (@) fy (s). For the first we have

- 1 X
fxy @ ) fyy(t,s)= 3 Z cos(Xy — Xp)tcos(Yx — Y))s + Vi,
k=1

where V| represents terms that vanish when the integral || fy y (¢, s) — fx () fy () K
is evaluated. The second expression is

fx @) fy () fx (@) fy (s)
1 & 1 Z
=— Y cos(Xx — X)t— Y cos(Yi — Y)s + Va
=t =
and the third is
fx.y (@, s) fx @) fy(s)

n

1
= 3 Z cos(Xyx — X)tcos(Yy — Yy,)s + V3,
k,l,m=1

where V, and V3 represent terms that vanish when the integral is evaluated. To
evaluate the integral || fy y (Z,5) — fx (1) fy (s)]1?, apply Lemma 1, and statements
(2.11), (2.12) and (2.13) using

cosucosv=1— (1 —-cosu) — (1 —cosv)+ (1 —cosu)(l —cosv).

After cancellation in the numerator of the integrand it remains to evaluate integrals
of the type

dt ds
A;z(l —cos(Xx — Xp1t)(1 — cos(Yx — Yl)s)t_z =

dt
= A‘&(l — cos(Xg — Xt) pl

/]R(l_ (Y —Y) )—
X CcoS N

k l B
——C1|Xk — X/ 1Y = Yl.

For random vectors X in R” and Y in R?, the same steps are applied using
1+ I4+g,—
w(t,s)={cpcqltly lslg ?} L. Thus

(2.14) 1%y 8) = [R@OFF )7 = S1 + 52— 283,
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where
1 n

(2.15) Sl=n—2 71Xk = XilplYe — Yilg,
k,[=1

(2.16) Z | Xy — Xz|p " Z 1Yk — Yilg.
kl 1 k,l=1

(2.17) 32 Z | Xk = Xilp|Ye = Ynlg-
k=11,m=1

To complete the proof we need to verify the algebraic identity
(2.18) VX, Y) =S + $» — 255.
For the proof of (2.18) see the Appendix. Then (2.14) and (2.18) imply that
V2X,Y) =l f4y(t.8) = fr@®) fF©1> O
THEOREM 2. If E|X|, < oo and E|Y|,; < 00, then almost surely

(2.19) Tlim V, (X, ¥) = V(X,Y).

PROOF. Define
L& inxoditsry L inxn L (5.Y0)
Ealt,5) = 3l PRI — = Tt Ze"”,

k=1 k=1 Ly

so that 'V,% = ||&,(t, 5)||%. Then after elementary transformations

1
En(t,s) = Z”kvk - - Zuk— Z Uk,
=
where u; = exp(i (t, Xx)) — fx(¢) and vx = exp(i (s, Yi)) — fr(s).
For each § > 0 define the region
(2.20) D) ={(t,s):6 <|t], <1/8,6 <|s|g < 1/8}

and random variables
Vis= [ la.oPdo.
D(6)

For any fixed § > 0, the weight function w(¢, s) is bounded on D(§). Hence 'V,%’ 518
a combination of V-statistics of bounded random variables. For each § > 0 by the
strong law of large numbers (SLLN) for V -statistics, it follows that almost surely

n—>oo

lim V; 5—vza—/D(S)|fX,Y(t,S)—fX(t)fY(S)lzdw-
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Clearly V? 5 converges to V2 as § tends to zero. Now it remains to prove that almost
surely

(2.21) lim sup limsup |'V2 5 — V2| =0

§—~0 n—>00

Foreach § > 0

Ve s — Vil S/p

60t )2 doo+ [ 1E0 (2, ) deo
lt]>1/6

|p<
(2.22)
[ lasPdot [ jg P do.
‘S|q< |S|q>1/(S
For z = (21, 22, ..., Zp) in R? define the function

1 —coszg
G( ):f ——dz.
Y ey T

Clearly G(y) is bounded by c;, and lim,_.o G(y) = 0. Applying the inequality
|x 4+ y|> <2|x|> + 2|y|? and the Cauchy—Bunyakovsky inequality for sums, one
can obtain that

] SR LS B b
|sn<r,s>|252’—2ukvk +2‘—Zuk—2vk
= = Mo
(2.23)
4
—Z|uk| —Z|vk|
n
Hence the first summand in (2.22) satisfies
lug|?dt 1 |vk|2ds
(2.24) / 1€, (2, 5)|? do < — / f
tlp<s Z It]p<8 c,,|t|1+an R 5|yt

Here |vg> = 1+ | fy (5)|? — /Y00 fy () — e 7100 £y (s), thus

ol ds :
[ = @EYIY~ Y~ EIY — Y')) < 2(%] + EIY)),
Rt cqlsly

where the expectation Ey is taken with respect to Y, and Y’ 2yis independent
of Y. Further, after a suitable change of variables

|ug|? dt , ,
f — 5 = 2Ex| Xk — X|G(| Xk — X18) — E|X — X'|G(|X — X'|5)
tlp<d cplt]p?

<2Ex|Xy — X|G(|Xx — X19),
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where the expectation Ex is taken with respect to X, and X’ 2 xis independent
of Xy. Therefore, from (2.24)

/ 160 (2, ) doo
1], <8

2
<4? Z<|Yk|+E|Y|)nZEX|Xk—X|G<|Xk—X|8>
k 1 k=1

By the SLLN
lim sup 1€,(2, )P dw <4-2-2E|Y|-2E|X| — X2|G(1X1 — X2|5)
n—o00 J|t|p,<$

almost surely. Therefore by the Lebesgue bounded convergence theorem for inte-
grals and expectations

lim sup lim sup 1€, (2, $))Pdw =0
§—~0 n—oo0 Jt],<6

almost surely.
Consider now the second summand in (2.22). Inequalities (2.23) imply that
ug|> <4 and L 37, |ugl? <4, hence

2
ur|-dt
/ | l I+p <16 1+p _/ Z
ty=1/5 ¢, t]) tlp=1/8 ¢, |t T7 JRI 1 cq|s|

<168= Z(lYk|+E|Y|)
k 1

Thus, almost surely
lim sup lim sup 1€, (2, $)|? dw = 0.
§—~0 n—o0 Jt|p,>1/

One can apply a similar argument to the remaining summands in (2.22) to ob-
tain (2.21). O

COROLLARY 1. IfE(|X]|p +|Y|g) < 00, then almost surely,

lim R2(X,Y) = R*(X,Y).
n—0o0

The definition of dCor suggests that our distance dependence measures are
analogous in at least some respects to the corresponding product-moment correla-
tion. By analogy, certain properties of classical correlation and variance definitions
should also hold for dCor and dVar. These properties are established in Theorems
3 and 4.
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THEOREM 3 (Properties of dCor).

W) IFE(IX|p +1Y]|g) <00, then 0 < R <1, and R(X,Y) =0 if and only if
X and Y are independent.
) 0<R, <1.
(i) If R, (X,Y) = 1, then there exist a vector a, a nonzero real number b and
an orthogonal matrix C such that Y = a + bXC.

PROOF. In (i), R(X,Y) exists whenever X and Y have finite first moments,
and X and Y are independent if and only if the numerator

VEX,Y) = fxr(t,s) — fx(@) fr)I
of R2(X,Y) is zero. Let U = &!{"X) — fy(t) and V =&/} — fy(s). Then
| fx.r(t,s) — fx (@ fr()* = |E[UVI* < (E[U|IVID* < ENUPIVI?]

== 1fxOP)(1 =)
Thus

L et = fx @ fr )P do

= fR (1= 1 OP) (1 = 1 fr©)P)] da

hence 0 < R(X, Y) <1, and (ii) follows by a similar argument.

(iii) If R, (X,Y) =1, then the arguments below show that X and Y are similar
almost surely, thus the dimensions of the linear subspaces spanned by X and Y
respectively are almost surely equal. (Here similar means that Y and ¢X are iso-
metric for some ¢ # 0.) For simplicity we can suppose that X and Y are in the
same Euclidean space and both span R”. From the Cauchy—Bunyakovski inequal-
ity it is easy to see that R, (X, Y) =1 if and only if Ax; = & By; for some factor ¢.
Suppose that |¢| = 1. Then

| Xk — Xilp = Yk — Yilg +di + d

for all k, [, for some constants dy, d;. Then with kK =/ we obtain d; = 0 for all k.
Now, one can apply a geometric argument. The two samples are isometric, so Y
can be obtained from X through operations of shift, rotation and reflection, and
hence Y = a + bXC for some vector a, b = ¢ and orthogonal matrix C. If |e| # 1
and ¢ # 0, apply the geometric argument to ¢X and Y and it follows that Y =
a+bXC whereb=¢. U

THEOREM 4 (Properties of dVar). The following properties hold for random
vectors with finite first moments:

(i) dVar(X) = 0 implies that X = E[X], almost surely.
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(i) dVar(a + bCX) = |b|dVar(X) for all constant vectors a in R, scalars b
and p X p orthonormal matrices C.

(i) dVar(X 4 Y) < dVar(X) + dVar(Y) for independent random vectors X
inRP and Y in RP.

PROOF. (1) If dVar(X) =0, then
| fx.x (@, s) — fx @) fx ()

(dVar(X))* = / / dtds =0,
Rrr JRP C%|t|$+l|s|z+l

or equivalently, fx x(t,s) = fx(t +5) = fx(t) fx(s) forall ¢, s. Thatis, fx(t) =
eHe1) for some constant vector ¢, and hence X is a constant vector, almost surely.
Statement (ii) is obvious.

(iii) Let A = fx1y x+v(t,5) — fx (@ +5) fr (t +5), Ay = fx(t,5)— fx(@) fx(s)
and Ay = fy(t,s) — fr(¢) fr(s). If X and Y are independent, then
A= fxtyx+y (A, s) — fx+y (@) fx+v(s)
= fx(t+5) fr(t+s)— fx(@) fx () fy @) fr(s)
=[fx(t+s)— fx(@O) fxOfr @ +5)
+ fx@ fx @y (& +5) = fr @) fr ()]
=A1fy(t+s)+ fx(@) fx(s)Az,

and therefore |A|> < |A1]? + |A2]? + 2|A1]|As|. Equality holds if and only if
A1A; =0, that is, if and only if X or Y is a constant almost surely. [

2.4. Asymptotic properties of nV,%. Our proposed test of independence is
based on the statistic n'V,% /S2. If E(|X]|, + 1Y) < 0o, we prove that under in-
dependence n'V,% /S2 converges in distribution to a quadratic form

o
(2.25) 023 4,7,
j=1

where Z; are independent standard normal random variables, {A ;} are nonnega-
tive constants that depend on the distribution of (X, Y) and E[Q] = 1. A test of
independence that rejects independence for large n'V,% /82 is statistically consistent
against all alternatives with finite first moments.

Let ¢(-) denote a complex-valued zero-mean Gaussian random process with
covariance function

R(u, u0) = (fx(t —t0) — fx(®) fx (t0))(fr (s — s0) — fr (s) fr (50)),

where u = (t, s), ug = (o, so) € R? x RY.



DISTANCE CORRELATION 2781

THEOREM 5 (Weak convergence). If X and Y are independent and E (| X|, +
|Y|4) < 00, then

2 D 2
n'v, v s, )"

PROOF. Define the empirical process
En(u) = §u(t, 8) = /n&u(t,5) = Vn(fy y(t,9) — fR () f7 (5)).

Under the independence hypothesis, E[¢, ()] = 0 and E[&, ()&, (uo)] = ”T_l X
R(u, up). In particular, E[5; )] = "2H(1 = | fx 1) (1 = | fr(s)P) < 1.

For each § > 0 we construct a sequence of random variables {Q,,(§)} with the
following properties:

(1) O, (8) converges in distribution to a random variable Q(§).

(i) E[Qn(8) — &nl <.

(i) E|Q(d) —¢l=<3d.
Then the weak convergence of ||, % to ¢ | follows from the convergence of the
corresponding characteristic functions.

The sequence Q,(8) is defined as follows. Given ¢ > 0, choose a partition
{Dk},i\’:1 of D(8) (2.20) into N = N (¢€) measurable sets with diameter at most €.
Define

N 2
2(0) = | dw.
0(5) k§:1ﬁka|;| w

For a fixed M > 0 let
B(€) = sup E||&, (u)|* — & (uo) |

u,uo

’

where the supremum is taken over all u = (¢,s) and ug = (tp, so) such that
max{|7], [tol, Is], [sol} < M, and |t — 19> + |s — s0|*> < €2. Then lim._,o B(¢) =0
for every fixed M > 0, and for fixed § > 0

2, 2 _
B[ 16wPdo=0,0)|<5© [ 16w do— =0,

On the other hand,

‘/ eatwdo— | Ig“n(u)lzda)‘
D Rpr+q
2 2
E/Hdlzn(un dw+/|,|>1/s'§”(”)' do

+ Izn(u)lzdw+/|| 1/5|g,1(u)|2da).

|s|<d
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By similar steps as in the proof of Theorem 2, one can derive that

E[/ 160 (u))? dow + |¢n(u)|2dw]
|t]<& /8

lt]>1

n—1
=<

(E|1X1 — X2lG(|1X1 — X218) + w,8)E|Y) — 1|8 —0,

where w), is a constant depending only on p, and similarly

2
E[/|S|<8|¢n<u>| do +

Similar inequalities also hold for the random process ¢ (¢, s) with

N 2
$) = dow.
005) k§:1:ka|¢<u>| o

The weak convergence of 0, (5) to Q(8) as n — oo follows from the multivariate

|{n(u)|2da):| —0.
/8 §—0

|s|>1

. D
central limit theorem, and therefore n"V,% = ¢ 1% =2 ¢ 12. O
n

COROLLARY 2. IfE(|X|p +|Y|y4) < 00, then:

(1) If X and Y are independent, n'V,%/ S ”ngo QO where Q is a nonnegative
quadratic form of centered Gaussian random variables (2.25) and E[Q] = 1.
(i1) If X and Y are dependent, then nvr% /S2 njpgo 00.

PROOF. (i) The independence of X and Y implies that ¢, and thus ¢ is a zero-
mean process. According to Kuo [5], Chapter 1, Section 2, the squared norm || ||
of the zero-mean Gaussian process ¢ has the representation

o0
D
(2.26) I =" 2,23,
j=1

where Z; are independent standard normal random variables, and the nonnegative
constants {A;} depend on the distribution of (X, Y). Hence, under independence,
n'V,% converges in distribution to a quadratic form (2.26). It follows from (2.5) that

E||z||2=/ R(u, u)dw
RI"H]

= [ 0= 1P = 1y )P do
RP+a
=E(X = X'|,|Y =Y'|p).
By the SLLN for V-statistics, S» —> E(]X — X'|plY —Y'|). Therefore nv?/
n—oo

S nngo Q, where E[Q] =1 and Q is the quadratic form (2.25).
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(i1) Suppose that X and Y are dependent and E(|X|, + |Y|;) < 0o. Then
V(X,Y) > 0, Theorem 2 implies that 'V,%(X, Y) najsgo V2(X,Y) > 0, and there-

fore n"V,%(X, Y) njpo)o oo. By the SLLN, S, converges to a constant and therefore

nV2/S) = co. [

THEOREM 6. Suppose T(X, Y, a, n) is the test that rejects independence if
nV2(X,Y)
— >
AY)

where @ (-) denotes the standard normal cumulative distribution function, and let
a(X,Y,n) denote the achieved significance level of T(X,Y,a,n). If E(|X|, +
|Y|4) < 00, then for all 0 < a < 0.215

(@11 —a/2))%,

1) lim, s oa(X,Y,n) <a,
(ii) supy y{limy— oo (X, Y, n): V(X,Y) =0} =a.

PROOF. (i) The following inequality is proved as a special case of a theorem of
Székely and Bakirov [9], page 189. If Q is a quadratic form of centered Gaussian
random variables and E[Q] = 1, then

P{O= (071 ~a/2)’} <«

forall 0 < o <0.215.

(i1)) For Bernoulli random variables X and Y we have that R,(X,Y) =
|0(X,Y)|. By the central limit theorem, under independence /np(X,Y) is as-
ymptotically normal. Thus, in case X and Y are independent Bernoulli variables,
the quadratic form Q contains only one term, Q = Z?, and the upper bound « is
achieved. [J

Thus, a test rejecting independence of X and Y when /n'V2/S, > o1 -

«/2) has an asymptotic significance level at most «. The asymptotic test criterion
could be quite conservative for many distributions. Alternatively one can estimate
the critical value for the test by conditioning on the observed sample, which is
discussed in Section 5.

REMARK 3. If E|X|7 < oo and E|Y|] < oo, then E[|X|,|Y|4] < 00, so by
Lemma 1 and by Fubini’s theorem we can evaluate
VXX, Y) = E[|X1 — Xa|p|Y1 = Yalg] + E|X1 — Xa|, E|Y1 — Y2l
—2E[|X1 — X2l p|Y1 — Y34l

If second moments exist, Theorem 2 and weak convergence can be established
by V-statistic limit theorems [13]. Under the null hypothesis of independence,
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'V,% is a degenerate kernel V-statistic. The first-order degeneracy follows from
inequalities proved in [10]. Thus nV,% converges in distribution to a quadratic
form (2.26).

3. Extensions.

3.1. The class of a-distance dependence measures. We introduce a one-
parameter family of distance dependence measures indexed by a positive expo-
nent «. In our definition of dCor we have applied exponent o = 1.

Suppose that E (| X |% +|Y |g‘) < 00. Let V@ denote the -distance covariance,
which is the nonnegative number defined by

VEOX, Y) = || fxy(t,s) — fx@) fr)3
1 | fxx(t,s) — fx(®) fr(s)]?

e dtds.
C(p,0)C(q, @) Jrrta 15T Ps|otd

Similarly, R denotes a-distance correlation, which is the square root of

VEO(X,Y
R = XY 2@y, V@) <o,

JVEOx)vAe(y)

and R@ =0 if V2@ (X)V2@)(y)=0.

The «-distance dependence statistics are defined by replacing the exponent 1
with exponent « in the distance dependence statistics (2.8), (2.9) and (2.10). That
is, replace ay; = | Xy — X|p with agy = | Xy — Xll‘;’7 and replace by = Y — Yilq4
with by = | Y, — Y1|g, k,l=1,...,n.

Theorem 2 can be generalized for || - ||-norms, so that almost sure convergence
of "V,(,O’) — V@ follows if the a-moments are finite. Similarly one can prove the
weak convergence and statistical consistency for « exponents, 0 < o < 2, provided
that « moments are finite.

The case o = 2 leads to the counterpart of classical correlation and covariance.
In fact, if p =g = 1, then R = |p|, R = || and V> =2|6,,|, where &,, is
the maximum likelihood estimator of Cov(X, Y).

3.2. Affine invariance. Group invariance is an important concept in statistical
inference (see Eaton [3] or Giri [4]), particularly when any transformation of data
and/or parameters by some group element constitutes an equivalent problem for
inference. For the problem of testing independence, which is preserved under the
group of affine transformations, it is natural to consider dependence measures that
are affine invariant. Although R (X, Y) as defined by (2.7) is not affine invariant,
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it is clearly invariant with respect to the group of orthogonal transformations
3.1 X—a +b1C1 X, Y = ar + bCrY,

where aj, a> are arbitrary vectors, by, by are arbitrary nonzero numbers and Cy,
C, are arbitrary orthogonal matrices. We can also define a distance correlation that
is affine invariant.

For random samples X from the distribution of X in R? and Y from the distri-
bution of Y in RY, define the scaled samples X* and Y* by

-2, ~172,

3.2) X* =XSy Y'=YS,

where Sy and Sy are the sample covariance matrices of X and Y, respectively. Al-
though the sample vectors in (3.2) are not invariant to affine transformations, the
distances | X} — X| and |Y;" — Y}*|, k,l =1, ..., n, are invariant to affine transfor-
mations. Then the affine distance correlation statistic R (X, Y) between random
samples X and Y is the square root of

V2(X*, Y*)
JV2X9) V(Y

Properties established in Section 2 also hold for V, and R}, because the trans-

RIX,Y) =

formation (3.2) simply replaces the weight function {c,cy 2|, 1+p |s |61]+q}_1 with the

weight function {cpcq|S1/2 |1+p|S11/2 |;+q} 1

4. Results for the bivariate normal distribution. Let X and Y have standard
normal distributions with Cov(X, Y) = p(X, Y) = p. Introduce the function

R 5 dt ds
FO= [ [ i - ofror S5

Then V*(X,Y) = F(p)/c? = F(p)/m? and

VX, Y) _F(p)
JVIX, X)V2(Y,Y) F()

4.1) RIX,Y) =

THEOREM 7. If X and Y are standard normal, with correlation p = p(X, Y),
then

1) RX,Y) <|pl,
.. 2 __ parcsin p++/1—p2—parcsin p/2—+/4—p2+1
(1) R(X,Y)= /33 )

. RX,)Y) ~
D= limpo BT = S & 0.89066.

:R(X

(iii) inf,-o
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PROOF. (i) If X and Y are standard normal with correlation p, then
F(p) = /OO /oo |€—(12+S2)/2—pts _ e_tz/ze_52/2’2 ﬂ d_s
- - 12 S2

_/ —12—s2 (1 2e—pl€+ —2pt9) dt ds
2 52

2" -2 dt ds

S —— n
= e (—pts)' 5 —
R? ”gz n! 12 52

X, 2% 2 o dt ds

—t2—sz
= — ot —_
¢ 2 aor TP E

2
R k=1

_ 2 2 2% -2 2(k—1) R 2= g4 4
=p pr /12&28 (ts) tds |.

k=1

Thus F(p) = p>G(p), where G(p) is a sum with all nonnegative terms. The func-
tion G (p) is clearly nondecreasing in p and G(p) < G(1). Therefore

F(,O)_ 2G(10)< 2

2 -
RUX,Y) = O - e =P

or equivalently, R(X,Y) <|p|.
(ii) Note that F(0) = F'(0) =0 so F(p) = [ J§ F"(z)dzdx. The second
derivative of F is

d? 12 d ds z
F — _/ —T=ST (] TS —2zts =4 ( >’
(2) 22 Jro© ( e +e ) = 732 V(z) — 3

where

2 2 T
Vi(z =/ e TSRS gy ds = .
@ R? V1-2z2

Here we have applied a change of variables, used the fact that the eigenvalues of
the quadratic form 2 + 52 + 2zts are 1 £ z, and [°%, et = (r/2)'/2. Then

(p)—/ / (\/1_2 —\/linzz/4>dzdx

=4r /(; (arcsin(x) — arcsin(x/2)) dx

=4n(parcsinp ++/1 — p — parcsin(p/2) — /4 — p2 + 1),

and (4.1) implies (ii).
(iii) In the proof of (i) we have that R /|p| is a nondecreasing function of |p]|,
and lim 0 R(X, Y)/|p| = (1 + /3 — +/3)~1/2 /2 follows from (ii). O
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FIG. 1. Dependence coefficient R2 (solid line) and correlation p2 (dashed line) in the bivariate
normal case.

The relation between R and p derived in Theorem 7 is shown by the plot of R?
versus p” in Figure 1.

S. Empirical results. In this section we summarize Monte Carlo power com-
parisons of our proposed distance covariance test with three classical tests for
multivariate independence. The likelihood ratio test (LRT) of the hypothesis
Hy: X1 =0, with ¢ unknown, is based on

det(S) _ det(S2 — $2157' S12)
det(S11) det(S») det(522)
where det(-) is the determinant, S, S7; and S>; denote the sample covariances of

(X,Y), X and Y, respectively, and S is the sample covariance C/O\V(X, Y). Under
multivariate normality,

W =2log = —nlogdet(I — Sy,' S21 S, S12)

has the Wilks Lambda distribution A(g,n —1— p, p) [14]. Puri and Sen [8], Chap-
ter 8, proposed similar tests based on more general sample dispersion matrices 7' =
(Tij). The Puri-Sen tests replace S, S11, S12 and S22 in (5.1) with T, Tyq, T12 and
T»;. For example, T can be a matrix of Spearman’s rank correlation statistics. For a
sign test the dispersion matrix has entries % 2?21 sign(Z jx — Zk)sign(ij —Zm),

(5.1)

k]

where Z; is the sample median of the kth variable. Critical values of the Wilks
Lambda and Puri—Sen statistics are given by Bartlett’s approximation: if # is large
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TABLE 1
Empirical Type-1 error rates for 10,000 tests at nominal significance level 0.1 in Example 1 (p = 0),
using B replicates for V and Bartlett’s approximation for W, T and S

(a) Multivariate normal, p =g =5 b)t(1),p=qg=5
n B 14 w T S 14 w T S

25 400 0.1039  0.1089  0.1212  0.1121  0.1010  0.3148  0.1137  0.1120
30 366 0.0992 0.0987 0.1145 0.1049 0.0984 03097 0.1102  0.1078
35 342 0.0977 0.1038  0.1091 0.1011  0.1060  0.3102  0.1087  0.1054
50 300 0.0990 0.0953 0.1052 0.1011  0.1036  0.2904  0.1072  0.1037
70 271 0.1001  0.0983  0.1031  0.1004  0.1000 0.2662  0.1013  0.0980
100 250  0.1019  0.0954  0.0985  0.0972  0.1025 0.2433  0.0974  0.1019

©1tQ2),p=q=5 @t3),p=q=5
n B 14 w T S 14 w T S

25 400 0.1037 0.1612  0.1217  0.1203  0.1001  0.1220  0.1174  0.1134
30 366 0.0959 0.1636  0.1070  0.1060  0.1017  0.1224  0.1143  0.1062
35 342 0.0998 0.1618 0.1080  0.1073  0.1074  0.1213  0.1131  0.1047
50 300 0.1033  0.1639  0.1010 0.0969  0.1050 0.1166  0.1065  0.1046
70 271 0.1029  0.1590  0.1063  0.0994  0.1037  0.1200  0.1020  0.1002
100 250  0.0985  0.1560 0.1050 0.1007 0.1019 0.1176  0.1066  0.1033

and p,q > 2,then —(n — %(p +q+3))logdet(] — Sz_zl So1 Sl_llSlz) has an approx-
imate Xz( pq) distribution ([6], Section 5.3.2b).

To implement the distance covariance test for small samples, we obtain a ref-
erence distribution for n"V,% under independence by conditioning on the observed
sample, that is, by computing replicates of n'V,% under random permutations of the
indices of the Y sample. We obtain good control of Type-I error (see Table 1) with
a small number of replicates; for this study we used [200 + 5000/n] replicates.
Implementation is straightforward due to the simple form of the statistic. The sta-
tistic n”V,% has O(n?) time and space computational complexity. Source code for
the test implementation is available from the authors upon request.

Each example compares the empirical power of the dCov test (labeled V') with
the Wilks Lambda statistic (W), Puri—Sen rank correlation statistic (5) and Puri—
Sen sign statistic (7'). Empirical power is computed as the proportion of significant
tests on 10,000 random samples at significance level 0.1.

EXAMPLE 1. In 1(a) the marginal distributions of X and Y are standard mul-
tivariate normal in dimensions p = ¢ =5 and Cov(Xg, ¥;) = p fork,l=1,...,5.
The results displayed in Figure 2 are based on 10,000 tests for each of the sample
sizesn =25:50:1,55:100:5, 110:200: 10 with p = 0.1. As expected, the Wilks
LRT is optimal in this case, but power of the dCov test is quite close to W. Table 1
gives empirical Type-I error rates for this example when p = 0.
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FI1G. 2. Example 1(a): Empirical power at 0.1 significance and sample size n, multivariate normal
alternative.

In Examples 1(b)-1(d) we repeat 1(a) under identical conditions except that
the random variables Xy and Y; are generated from the #(v) distribution. Table 1
gives empirical Type-I error rates for v = 1, 2, 3 when p = 0. Empirical power for
the alternative p = 0.1 is compared in Figures 3-5. (The Wilks LRT has inflated
Type-I error for v =1, 2,3, so a power comparison with W is not meaningful,
particularly forv =1, 2.)

EXAMPLE 2. The distribution of X is standard multivariate normal (p = 5),
and Yy; = Xyjexj, j=1,..., p, where &; are independent standard normal vari-
ables and independent of X. Comparisons are based on 10,000 tests for each of
the sample sizes n =25:50:1, 55:100:5, 110:240: 10. The results displayed in
Figure 6 show that the dCov test is clearly superior to the LRT tests. This alterna-
tive is an example where the rank correlation and sign tests do not exhibit power
increasing with sample size.

EXAMPLE 3. The distribution of X is standard multivariate normal (p = 5),
and Yy; = log(X,%j), j=1,..., p. Comparisons are based on 10,000 tests for each
of the sample sizes n =25:50:1, 55:100:5. Simulation results are displayed in
Figure 7. This is an example of a nonlinear relation where n"V,% achieves very good
power while none of the LRT type tests performs well.

6. Summary. We have introduced new distance measures of dependence
dCov, analogous to covariance, and dCor, analogous to correlation, defined for
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Fi1G. 3.  Example 1(b): Empirical power at 0.1 significance and sample size n, t (1) alternative.

all random vectors with finite first moments. The dCov test of multivariate inde-
pendence based on the statistic n"V,% is statistically consistent against all dependent
alternatives with finite expectation. Empirical results suggest that the dCov test
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0.4

0.2

50 100 150

n

FI1G. 4. Example 1(c): Empirical power at 0.1 significance and sample size n, t (2) alternative.
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FI1G. 5. Example 1(d): Empirical power at 0.1 significance and sample size n, t (3) alternative.

may be more powerful than the parametric LRT when the dependence structure is
nonlinear, while in the multivariate normal case the dCov test was quite close in
power to the likelihood ratio test. Our proposed statistics are sensitive to all types of

1.0

Power
0.6

0.4

0.2
|

FI1G. 6. Example 2: Empirical power at 0.1 significance and sample size n against the alternative
Y = Xe.
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Power
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F1G. 7. Example 3: Empirical power at 0.1 significance and sample size n against the alternative
Y =log(X?).

departures from independence, including nonlinear or nonmonotone dependence
structure.

APPENDIX

PROOF OF STATEMENT (2.18). By definition (2.8)
i axibi; —aklék- —akzé-l +ak11§--
nzvr% _ Z _Eik'bkl ‘H_fk-[_?k- -1-6_51(.?.1 —c_ik.?..
—atby  +aibe. +agby  —ajb.
+a.by —a.b,. —a.b; +a.b..

= Zaklbkl — Zak.gk. — Za.lg.z +a.b.
k,l k l
(A.D) — Y arbr.+n) arbi.+ Y arb;—n)_arb.
k k k,l k
— Zc_l.lb.l + Z L_Z.ll;k. +n Z 6_1.115.1 —n Z 6_1.11;..
l k,l [ l

+a.b.—nYy a.bg.—n)y a.bs+na.b.,
k l

k=1
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where ag. = nag., a; = na., by. = nby. and by = nb,. Applying the identities

1 n
(A.2) Si=— Y aubu,

=1

1 & 1 &
(A3) 2= D au— D bu=a.b.,

= k=1

- b " -
A4 w2 =nYab.==3" = 3 Gk,
n n
=1 Ki=1

1 n n n n _
(A.5) $3=— akibkm = — Zak-bk =- Zak by

=1 m=1 k=1 k=1

to (A.1), we obtain

nzv,% = n2Sl — n253 — n2S3 + n2S2
— nzS3 + n2S3 + n252 — n252
—n%83+n%S) +n%S3 —n’$,
+ 128y —n%S —n%Sy +n%S =n*(S + S — 253). O
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