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ASYMPTOTIC EXPANSIONS FOR SUMS OF BLOCK-VARIABLES
UNDER WEAK DEPENDENCE!

BY S. N. LAHIRI
lowa State University

Let {Xi}?i—oo be a sequence of random vectors and Y;,, = fi,(X; ¢) be
zero mean block-variables where X; y = (X;, ..., X;41¢_1),i > 1, are over-
lapping blocks of length ¢ and where f;j, are Borel measurable functions.
This paper establishes valid joint asymptotic expansions of general orders for
the joint distribution of the sums Z;’Zl X; and 2?21 Y;,, under weak depen-
dence conditions on the sequence {X; }?i_ oo When the block length £ grows
to infinity. In contrast to the classical Edgeworth expansion results where the
terms in the expansions are given by powers of n=Y2 the expansions de-
rived here are mixtures of two series, one in powers of n~12 and the other
in powers of [%]_1/2. Applications of the main results to (i) expansions for
Studentized statistics of time series data and (ii) second order correctness of
the blocks of blocks bootstrap method are given.

1. Introduction. Let {X;};cz be a sequence of R%-valued (dy € N) ran-
dom vectors such that EX; = 0 for all i € Z, where Z = {0, +1,+2,...}
and N = {1,2,...}. The sequence {X;};cz need not be stationary. Let x; , =
(Xi, ..., Xiye—1), i, £ € N, denote (overlapping) blocks of length ¢ for some given
integer £ = ¢, € [1,n] and let

(1.1) Yin = fin(Xi.0) i,n €N,

denote the block-variables, where fi, :R%t s R4 4, € N, are Borel-measurable
functions such that EY;, =0 for all i, n € N. Let b = [n/{], where for any x € R,
[x7 denotes the smallest integer not less than x. The main results of the paper give
asymptotic expansions for the scaled sums

1 & AN
(1.2) Spi=|— X, — Y | =(S;,.55), n>1,
n \/"—Z ; i m l:ZI in 1n° “2n
under some weak dependence conditions on {X;};cz when ¢, becomes unbounded
as n — oo. Here and in the following, d = dy + d; denotes the dimension of S,
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and A’ denotes the transpose of a matrix A. The block-variables Y;, serve as ba-
sic building blocks for many important statistical methods used in the analysis of
weakly dependent time series data. Some important examples are given below.

EXAMPLE 1.1 (Spectral density estimation). Suppose that {X;}icz is a
second-order stationary process with values in R such that > 72|y (k)| < oo,
where y (k) = Cov(Xy, X14%),k > 0. Then {X;};cz has a spectral density
fi(—=m,m) — [0,00). A general class of nonparametric estimators of f (cf.
Priestley [26]) is given by

¢
(1.3) Fn0) =)' Y o Pa(k) cos(kr), e (—m,m),
k=0
where wy, € R are ngnrandom weights and where for 0 <k <n — 1, y,(k) =
n-! Z?:_{‘ X;Xiyk — X2 is a version of the sample lag-k autocovariance. The es-

timator fn plays a fundamental role in the frequency domain analysis of time
series data; see, for example, Priestley [26]. Note that f, of (1.3) can be ex-
pressed as a function of the sum S, of (1.2) where the block variables Y;, are
given by Y, = X; [Zizo Wikn Xi+k cos(kr)],1 <i < n, for some suitable con-
stants @;x, € R, depending on the wy,,’s.

EXAMPLE 1.2 (Block bootstrap methods). Let én =t,(X1,...,X,) be an es-
timator of a parameter of interest 6 € R where #, is a symmetric function of its
arguments. For estimating the distribution of 6,, Kiinsch [16] and Liu and Singh
[23] proposed the moving block bootstrap (MBB) method. We now briefly de-
scribe the MBB for later reference. Let £ = ¢, € (1,n) be a given integer such
that (for simplicity) n/¢ € N, and let x{,, ..., x; , be selected at random, with
replacement from the “observed” blocks {x1.¢, ..., xn ¢}, where b= [n/] =n/¢
and N=n—{+1.Let0F =t,(X7,..., X)) denote the MBB version of én, where
X7, ..., X, are elements of the resampled blocks x,, 1 <i < b. Then the MBB

estimator of the distribution function G, (x) = P(é,, <x) of é,, is given by
Gn(x) = POF <x|X1..... Xn),
the conditional distribution function of 6,", given X1, ..., X5, and the MBB es-

timator of a functional of G, is given by “plugging in” G, for G,. Since
X1.¢»--» Xp ¢ are conditionally independent and identically distributed (i.i.d.) with
Pr(xf‘,g = Xi¢) = N~ 1<i <N, it follows that Gn (x) and its functionals can
be represented as functions of the block-variables Y;, = fin(xi¢),1 <i < N, for
suitak)le functions fi, (with Y;, =0 for N + 1 <i < n). For example, if dy = 1
and 0, =n~! Y7 X; is the sample mean, then it is easy to check that the MBB
estimator &nz of the variance of 6, is given by

N N 2
(1.4) 62 =n_1[N_1 > Uf - (N‘1 ZUU) ]
i=1 i=1



1326 S. N. LAHIRI

where Uy; = Uyjp = (X; + --- + Xize—1)/~/€ is the scaled sum of the ith block
Xi,l-

The subsampling method of Politis and Romano [25] and Hall and Jing [13],
and the block empirical likelihood method of Kitamura [15] are other important
examples of resampling methods that naturally lead to sums of block-variables.

EXAMPLE 1.3 (Studentized statistics). Suppose that dg = 1 and {X;}icz is
stationary. Let 6, = H(X,) be an estimator of & = H(EX), where H:R — R is
a smooth function. This is a version of the “smooth function” model (cf. Hall [11])
that covers many commonly used estimators. For constructing confidence intervals
for 6, one considers the approximate pivotal statistic

(1.5) Ty = /n(0y — 0) /%,

,% is an estimator of the asymptotic variance of \/n (6, — 6). For example,

we may use fnz =h(X ,,)6”2 where A (-) denotes the derivative of H(-) and 53 is ei-
ther 27 fn (0) of Example 1.1 or the scaled bootstrap estimator nc}n2 of Example 1.2
above. In both cases, T}, is a function of the sum S,,.

The examples above show that the scaled sum S, of (1.2) plays a fundamen-
tal role in statistical inference for weakly dependent processes. In a seminal pa-
per, Gotze and Hipp [8] derived asymptotic expansions for the scaled sum Sy, of
weakly dependent random vectors under an exponential mixing condition. This
paper builds upon the work of Go6tze and Hipp [8] and proves asymptotic expan-
sions for the augmented sum S, under a similar general framework. The proofs of
the main results are based on some extensions and refinements of the techniques
developed by Gotze and Hipp [8] and Lahiri [17].

To highlight some of the major differences between the present problem and
the case of the regular sum ) 7 | X; treated by Gotze and Hipp [8] and others,
note that even when the X;’s are strongly mixing at an exponential rate (e.g., as in
[8]), the block-variables {Y,-n}l’le, being defined on overlapping blocks of length
£, in general have a strong mixing coefficient equal to one for all lags of order
< (£ —1). Since £ — oo with n [in this paper, £ could grow as fast as omn'—)
for a given « € (0, 1)], this leads to a very strong form of dependence among an
unbounded number of neighboring block variables Y;,’s, thereby destroying the
weak dependence structure of the original sequence {X;};cz. The “local strong
dependence” of the Y;,’s has a nontrivial effect on the accuracy of approximation
and on the growth rate of the variance of Y !, ¥;,. Indeed, the sum of Y¥;,’s over
a block of size ¢ is of the order O p (£) compared to the order Op Y2y for weakly
dependent variables and hence, the componentwise variance terms of > 7 ;| Y;,
typically grow at the rate O (n€). This leads to the normalizing constant (n£)~!/2
for the sum ) 7, Y;, in (1.2). Intuitively, the “local strong dependence” of the
Y;,’s makes the sum Y_"_, Y;, essentially behave like a sum of O (n/£)-many “ap-
proximately independent” variables. As a result, the accuracy of an (s — 2)-order

where T
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asymptotic expansion for S, is only o([n/£]~¢~?/2), which should be compared
to the order o(n_(s =2/ 2) for Sy,,. Further, in contrast to the case of Sy,, asymp-
totic expansions for S, of (1.2) are now given by a mixture of two series of terms,
one in powers of n='/? (corresponding to ﬁ >.7_1 Xi) and the other in powers of

[n/ﬁ]_l/2 (corresponding to ﬁ Yo Yin).

The main results of the paper give an (s — 2)th order expansion for Ef(S,)
for Borel-measurable functions f:R¢ — R for any integer s > 3. For smooth
functions f, expansions for Ef(S,) are established without requiring any type
of Cramér’s condition. For i.i.d. random vectors, such results were first proved
by Gotze and Hipp [7] for the regular sum }_"_, X;. Further, moderate deviation
bounds for S, are also proved in Section 2 below. In each of these results, the
block length variable £ is allowed to go to infinity at a rate O (n'~%) for an arbi-
trarily small « > 0.

Three important applications of the main results are considered in Section 3. The
first result establishes moderate deviation bounds for the MBB moments. These
bounds are useful for studying accuracy of MBB variance and distribution func-
tion estimators. The second result gives a general order Edgeworth expansion
(EE) for a version of the Studentized sample mean, where the conditional Cramér
condition is verified explicitly. It may be noted that the standard EE theory based
on sums of finite-dimensional random vectors has severe limitations in this prob-
lem, as the Studentizing factor in the dependent case is no longer a smooth function
of finitely many sample means. A second notable feature of this EE result is that
the (s — 2)-order (s > 3) expansion for the Studentized sample mean is proved
here solely under a conditional Cramér condition on the variables X;’s. This is in
sharp contrast to the i.i.d. case, where some additional conditions, like a Cramér
condition on the joint distribution of (X1, X %)/ , are required (cf. Bhattacharya and
Ghosh [2]). Intuitively, here the block variables become subjected to a central limit
theorem (CLT) effect due to block averaging, and this entails the required condi-
tional Cramér condition for the joint distribution of the linear and quadratic parts.

The third application of the main results of Section 2 is to studying higher-
order properties of the blocks of blocks bootstrap (BOBB) method of Politis and
Romano [24]. It is shown that under some regularity conditions, the BOBB ap-
proximation to a class of Studentized statistics is second-order correct (s.0.c.), that
is, it is more accurate than the limiting normal distribution. This result is partic-
ularly useful for constructing s.o.c. confidence intervals for infinite-dimensional
parameters of the underlying process, such as the spectral density.

The rest of the paper is organized as follows. Section 1 concludes with a brief
literature review. Section 2 gives the main results on expansions for S,, while
Section 3 gives results on the MBB moments, the Studentized sample mean, and
the BOBB method. Proofs of all the results are given in Section 4.

There is a vast literature on asymptotic expansions for Sy, and for statistics
that are smooth functions of Sy,. A detailed account of the theory for sums of
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independent random vectors is given in Bhattacharya and Ranga Rao [3]. The the-
ory under the “smooth function model” is treated by Bhattacharya and Ghosh [2],
Skovgaard [27] and Hall [11], among others. For sums of weakly dependent ran-
dom vectors, Gotze and Hipp [8] obtained expansions under a very flexible frame-
work. Applicability of [8] results in different time series models has been verified
in [9]. Lahiri [17] relaxes the moment condition used by Gotze and Hipp [8] and
settles a conjecture of [8] on the validity of expansions for expectations of smooth
functions of Sj,. Expansions for Sj, under polynomial mixing rates have been
given by Lahiri [18]. EEs for Studentized statistics under weak dependence are
given by Gotze and Kiinsch [10] and Labhiri [19] to the second order for general
weakly dependent processes, and by Velasco and Robinson [30] to higher orders
for Gaussian processes. EEs of a general order without the Gaussian assumption
have recently been established in Lahiri [21].

2. Main results. Let {X;};cz be a sequence of (possibly nonstationary) zero
mean R%-valued random vectors (as in Section 1) and let Y;,,,i > 1,n > 1, be as
defined in (1.1). In this section, we establish asymptotic expansions for the scaled
sum S,, of (1.2) under a framework similar to [8]. Suppose that the X;’s are defined
on a probability space (2, #, P) and that {D j}(J?.;—OO is a given collection of sub-
o-fields of F. Let DE =o({D;:j€Z,p<j<q}),—00<p<gq<oo. For
k=1,...,b,define

B klAn _ klAn
Xen=0" > Xi, V="' > Y,
i=(k—1)¢+1 i=(k—1)0+1

2.1) A VN

Wi = (VX3 T,
where b = [n/¢] and x Ay = min{x, y},x,y € R. Let || x| = (x12+- . --1—x,f)1/2 and
x| = lxtl 4+ Al x = (ep, .. x)" € R¥ and let | B| denote the size of a set B.

Let b = n/£. For notational simplicity, we drop the subscript n in £, b, b. Unless
otherwise stated, the limits in the order symbols are taken by letting n — oo.

CONDITIONS.

-1 1

C.1. There exists k € (0, 1) such that x logn < ¢ <« n'=% foralln > k1.
C.2. (i) There exist p € (0, 00) and s € {3, 4, ...} such that

(2.2)  max|{Eh(|Yinll), Ehs(H«/Z)_(k,, N} <p foralll <k<b,n>1,

where A (1) = u*[log(1 + u)]*®), u > 0, and a(s) = 2s°.
(i) Foralli >1,n>1, EX; =0= EY;;,, and

(2.3) lim Cov(S,) = Ex exists and is nonsingular.
n—oo
Further, there exists a « € (0, 1) such that infj, = ¢’ Cov(Zj:(’:jle Wit > km

for all integers jo, m,n with 0 < jo <b —m, kV'<m<+/bandn>rk L.
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C.3. There exists « € (0, 1) such that for m,n > «~! and for j=1,1<i<n,
: j+m T i+m+¢ il
tlﬁere exist a D i —m -measurable X im and a O;7, " -measurable Yl-n’m such
that

Q@4 max{E|X;— X, I € E|Yy — Y], I} <k exp(—xm).

in,m

C.4. There exists a constant « € (0, 1) such that for all m € N,
sup{|P(ANB)—P(A)P(B)|: A € D! Be i)io_fm,i e} < k! exp(—km).

—00°?

C.5. There exists a constant k¥ € (0, 1) such that for all i, j, k,r,m=1,2,... and

Aei)l.jwithi<k<r<jandm>/<_1,

E}P(AlJDj :j¢lk,r)—P(AIDj:jeli—m,k)U (r, j+ml)|
<! exp(—km).

C.6. There exist a € (0,00),x € (0,1) and sequences {m,} C N and {d,} C
[1,00) with m; ' + m,b~1/2 = 0(1),d, = O + b*) and d>m, = O(b'~)

such that
Jo+mp ~
E{exp(tt/ Z an)‘i)j()]

J=Jo—mn

1

(2.5) max sup E <l—« foralln >k,

jOeJn [eAn

where J, = {mu+1,....b—my+1}, Ay = {t € R? :kedy < |It]| < [b*+€]'F*),
and Djy =0 ({D;:j € Z, j ¢ [(o— LFDE+ L Go+ L5+ Delk

Now we comment on the conditions. C.1 is a growth condition on the block
length ¢ and covers optimal block sizes in most applications. For example, for
an exponentially strongly mixing process, the optimal block size for the spectral
density estimation problem (cf. Example 1.1) is O (logn), while for the block boot-
strap estimation of variance and distribution functions (cf. Example 1.2), the opti-
mal block lengths are of the order nV/kfork=3,4,5 (cf. Hall, Horowitz and Jing
[12]), all of which are covered by C.1. Next consider C.2—-C.6. As in [8], here we
formulate the conditions in terms of the auxiliary o-fields &; in order to allow for
greater generality. Condition C.2(i) is a moment condition on VX, and Yy, that
is optimal up to the logarithmic factor. Since /,(-) is convex and nondecreasing,
Ehs(|Yenl) < €71 35 4 _1yes1 ERs(1YinlD), and a sufficient condition for (2.2)
is max{Ehs(||Yinl):1 <i <n,n > 1} < p. Equation (2.3) ensures a nondegener-
ate normal limit for S, with the given scaling constants. If the process {X;}°_
is second-order stationary and if, for each n > 1, the collection {Yin}f’ | 18 also
second-order stationary, then the last part of C.2(ii) follows from (2.3). Condi-
tion C.3 connects the variables X; and Y;, to the strong-mixing property C.4 of
the auxiliary o-fields ;. For suitably well-behaved functions f;,, the bound on

E|Yin— Y;m || follows from the bounds on the E|| X; — sz |I’s. C.5 is an approx-
imate Markov property.
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Finally, consider the conditional Cramér condition C.6, which is weaker than a
direct analog of the conditional Cramér condition of [8] for the summands in S,
on two counts. First, the range of values of ¢ in (2.5) has a lower bound, namely,
kdy, that may tend to infinity at a suitable rate. By setting d,, = 1 for all n > 1, one
gets the more standard version of the Cramér condition, as formulated by Goétze
and Hipp [8]. Second, the conditioning o -field D jo in (2.5) is only a sub-o-field
of the standard choice D_;y = o ({D;:j € Z, j # jo}) (cf. (2.5) of [8]). Indeed,
if i);‘o C ¥ is a o-field of ¥ containing D jo» then one can show (cf. Lahiri [22])
that a sufficient condition for (2.5) is given by

Jo+mn
ol £
=jo—mn
Indeed, these two refinements allow us to establish valid EEs for the Studentized
sample mean solely under Go6tze and Hipp’s [8] Cramér condition on the X;’s (cf.
Section 3.2).
Next define the functions P, ,(¢) for t € R4 by the identity (in u € R)

2.7) exp(Z<r!>—1u’—2z5“—2)/2xr,n(r)) =14 Y u" Pa(t),

r=3

(2.6) max sup E

Jo€Jn teA,

<1—«k.

r=1

where x, ,(t) denotes the rth cumulant of #'S,, [multiplied by (:)"], defined by

r

d
o log E exp(wut’S,)

(2.8) Xran (1) =
u=0

Under C.1-C.5, the P, (¢)’s are bounded for each ¢. Define the (s — 2)th order EE
W, , of S, through its Fourier transform lils,,,(t) = fe”/xd\lls,n(x), reRY, by

s—2
(2.9) lifs,n(r):exp(xz,n(r)/z)[l+ZEf/zPr,nm}, teRY.

Next, let so = 2|s/2] and for any positive definite matrix A of order k € N, let
®4 and ®(-; A) both denote the normal distribution on R¥ with mean zero and
covariance matrix A. Then we have the following result on expansions for Ef(Sy).

THEOREM 2.1. Assume that conditions C.1-C.6 hold for some a > (s —2)/2
in C.6. Let f:R? — R be a Borel measurable function with My = sup{(1 +
||x||s0)_l|f(x)| X € ]Rd} < 00. Then there exist constants C1 = Ci(a), Cy €
(0, 00) (neither depending on f) such that for all n > C,

Q10 [E£() — [ FdWa] = Clo(Fi0) + oty 2 logn) 2

where f(x) = f()/(1+x[*).x € RY, and o(fie) = [sup{|fx + y) —
FOI: Iyl = e}®(dx; Eoo), € > 0.
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A direct consequence of Theorem 2.1 is that sup4ce [P (S, € A) — ¥, (A)| =
O(b;(s —2/ 2(log n)~2), where C is the collection of all measurable convex sets
in R%,

Next consider expansions of Ef(S,) when f is smooth. When the X;’s are
i.i.d., Gotze and Hipp [7] established an (s — 2)th order expansion of E f (Sy,) for
fecC S=2(RD), without any Cramér type conditions, where C” (R¥) denotes the
set of all r-times continuously differentiable functions from RFtoR, 7 >0,k eN.
For weakly dependent X;’s, Lahiri [17] proved a similar result for Ef(Si,)
for f € CS~1(R®%), settling a conjecture of Gotze and Hipp [8]. In the same
spirit, Theorem 2.2 below establishes validity of an (s — 2)th order expansion
for Ef(S,) for f € C5~1(R?), without the conditional Cramér condition C.6. To
state it, let D = 3l%l /3¢ - 3t%, for & = (a1, ..., ) € (Z1)F, k € N, where
Z,=1{0,1,...}.

THEOREM 2.2. Assume that conditions C.1-C.5 hold. Let f:R? — R be
a function such that (i) f € C*~YRY) and (ii) for each a € (Z+)? with 0 <
la| < s — 1, there exists a p(a) € Zy, with p(0) = so, such that My, =
sup{|D* f (x)|/(1 + [|x]|”P@):x € R?} < co. Then there exists a constant C3 €
(0, 00), depending only on s, d, p,k and on {M ¢y : |a| < s — 1}, such that

‘Ef (Sn) — / fdV,,| <C3b="22ogn)™>  foralln=>2.

The next result is a moderate deviation inequality for S, and its moments up to
order sg. Let 1(B) denote the indicator of a set B.

THEOREM 2.3. Let Ly denote the largest eigenvalue of E~. Then under con-
ditions C.1-C.5, for any A > Ao, there exists a constant C4 € (0, 00), depending
onlyons,d, A, p, k, such that for all n > 2,

EQ+ S, ")1(ISull > [(s — 2)xlogn]'/?)
(2.11)
< C4b~ 67D 2 (logn) 2.

For the regular sum Sy,, sharper bounds are available (cf. [8, 17]). Let A be
the largest eigenvalue of Z; 1 = lim,_, o Cov(S1,). Then Lahiri [17] proved that
E(1+ ISt 1I°0)1(|S1all > [(s — 2)Alogn]'/?) = o(n=$~2/2) for A > A. For the
marginal distribution of S, the following bound is slightly better than (2.11) (as
A2 < Xo).

THEOREM 2.4.  Suppose that 83 7 = lim,_, oo Cov(S2,) exists and is nonsin-
gular, and conditions C.1-C.5 hold for Y;,’s only. Then, for any A > A;, there
exists a constant Cs € (0, 00), depending only on s,d, A, p, k, such that for all
n>?2,

(2.12)  E(1+ (1S *)L(IS2n | > [(s — 2)Alogn]'/?) < Csb~ 22 (logn) 2,

where Ly is the largest eigenvalue of B 2.
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REMARK. Analogs of Theorems 2.1-2.4 are known for the sum S[2 =
g n
2 2 .
(=", X/, _«}E > f’zl(Yi[n])/)’, where Yj[n] = Y(j—1)¢e+1,n, j € N, denote the

7

block-variables based on nonoverlapping blocks of length ¢. See [22] for details.
3. Applications.
3.1. Moderate deviation bounds for MBB moments. Let {X;}icz be an

R%-yalued stationary process. As described in Example 1.2, let Uj; =
(X;i+ -+ Xi+g_1)/\/z denote the scaled-sum of the X;’s in the ith block

Xie= X, ..., Xiqe—1),i > 1. Forv e (Z+)d0, we define the vth MBB moment
as
N
~ _ a1
3.1) i =Ny Uy,
j=1

where N = n — £ + 1. For estimators 6, that can be represented as smooth func-
tions of means, the MBB estimators of Var(é,,) and the distribution of Studentized
6, can be approximated through functions of the MBB moments. For example,
the MBB variance estimator for the sample mean é,, =X, fordy=11is given by
52 =n~ ({0, (2) — [fin(D1?) [cf. (1.4)]. Similarly, the leading terms in the two-
term EEs of the MBB distribution function estimators of the normalized and Stu-
dentized sample means are rational functions of i, (v), 1 < |v| < 3 (cf. Lahiri [19,
20], Gotze and Kiinsch [10]). As a result, moderate deviation bounds on the MBB
moments are important for investigating accuracy of such MBB estimators. The

following result gives a moderate deviation bound for [, (v).

THEOREM 3.1. Suppose that v € Ndo, E X =0, and that conditions C.1, C.4,
C.5 hold and that condition C.3 holds for the X;’s only. Also, suppose that A3(v) =
lim,— o0 Var(b/2 (1, (v)) € (0, 00) and that

(3.2) p = E(I1X111*{log(1 + | X1 1)}’ ®) < 00

for some y (s) > s> and g € N with 2q > s|v|. Then, for any A > A3(v), there exists
a constant C¢ = Cq(v,d, s, k, L) € (0, 00) such that for all n > 2

E[{1+[vb(jin (v) — EU}))[*}
(3.3) x 1(|vb(fta(v) — EUD)| > [(s — 2)1logn]'/?)]
< Ceb™ 6722 (logn) 2.
For an exact expression for A3(v), see [22]. The following result is a simple con-
sequence of Theorem 3.1 and serves to illustrate how the bounds on the (i, (v)’s

can be used for deriving similar bounds on the MBB estimators of population pa-
rameters, such as on the MBB estimator 8”2 =n" (2, (2) = [ (D]?) of Var(X,,).
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COROLLARY 3.1. Suppose that dy = 1 and that the conditions of Theorem 3.1
hold with v =2. Let A,, = n[&n2 - E&nz]. Then for any A > 2)13(2), there exists a
constant C7 = C7(s, k, L) € (0, 00) such that for any n > 2,

E[(1+ [Vb|AL]°)1(VbIA,| > [(s — 2)alogn]'/?)] < C76~ =D/ 2 (logn) 2.

3.2. Expansions for the Studentized sample mean. Let {X;}icz be a real-
valued (i.e., dy = 1) stationary process. As an application of the main results of
Section 2, here we establish EEs for a version of the Studentized sample mean,
given by

(3.4) T, =n""%(X, — EX1)/6,,

where &7 = max{n~", b= Y0_ [Uig-nes1 — 07 X0_ Urg—1yer)T?) is the
nonoverlapping block bootstrap (NBB) (cf. Carlstein [4]) estimator of n Var(X},)
based on blocks of length £, truncated from below at n~! and where b = n /¢ (as-
sumed to be an integer, for simplicity). We also assume that

3.5 £~ ﬂ0n1/3 for some By € (0, 00),

where, for {u,}n>1, {Un}n>1 € (0, 00), we write u, ~ v, if lim,_ o u, /v, = 1.
Note that (3.5) covers the optimal block size for estimating Var(X,,) by the NBB
(cf. Hall, Horowitz and Jing [12], Lahiri [20]). Since the block variables in this
problem are smooth functions of the X;’s, we may impose regularity conditions
on the X;’s directly, without any reference to the block variables.

CONDITIONS.

S.1. {Xi}iez is stationary, p = E|X1|*“TD{log(1 + | X1}’ € (0, 00) for some
s>3,seNand y(s) > s, EX;=0and 62 =Y ;.7 EXoX; € (0, 0).
S.2. (i) The o-fields O; are generated by a sequence of independent d;-
dimensional (d, € N) random vectors Z;, thatis, D; =0 (Z;), j € Z.
(ii) There exists « € (0, 1) such that for all m > « ! and Jj =1, there exists
a @j::'f—measurable Xj'm such that E|| X ; — ij I3 <k~ Vexp(—km).
(iii) There exists k € (0, 1) such that for all m, jo € N with kl<m< Jjo,

sup{ E| E{exp(tt[X j—m + - + XjormDIDj 1 j # jo}|: 1t >k} <1 — k.

Condition S.2(iii) is the conditional Cramér condition introduced by [8] for de-
riving valid asymptotic expansions for S,. Validity of a general order EE for the
Studentized mean 7, under S.2(iii) is somewhat surprising as the validity of a
similar expansion for the Studentized sample mean for i.i.d. variables requires
a stronger version of the Cramér condition that involves both the linear and the
quadratic parts. This phenomenon can be explained by noting that in the dependent
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case, the block variables Uj; tend to behave like their limit, that is, like N (O, O'go)
variates as the block size £ — oo and the (stronger) Cramér condition for the bi-
variate random vector (Z o, Zgo)’ holds when Z, is a N (0, crgo) variate. We now
describe two important classes of weakly dependent processes for which condi-
tion S.2 holds. See [8] and [9] for more examples.

EXAMPLE 3.1 (Linear processes). Let X; =) ;.zaiej_;, j € Z, where
{ei}icz are ii.d. random variables with Ee; = 0 and o? = Es% € (0, 00),
and where {a;}icz € R is such that ) ;.ya; # 0 and for some x € (0, c0),
la;| = O(exp(—«li])) as |i] — oo. Then S.2 holds with D; = o(¢j),j € Z,
provided E le1]? < oo and & satisfies the usual Cramér condition (cf. [8])
limsupy,_, o |E exp(iter)| < 1.

EXAMPLE 3.2 (m-dependent processes). Let X; = he(&i, ..., i4rmg—1), 1 €
Z, where {¢;}icz are i.i.d. random variables with Lebesgue density f;, mg € N,
and h, € C'(R™0). Then, {X;};ez is an mo-dependent process. In this case, con-
dition S.2 holds with D; = o (¢;), and Xj-’m = X for m > my, j € Z, provided
(cf. [8]) that there exist points yp, ..., y2m,—1 € R and an open set @ C R such
that y; € O for all 1 < j <2mg — 1, the density f; is strictly positive on @ and

mo 9
0?52]':1 ths(xlv ---,xm0)|(x1 ..... Xmg)=(Vjsees Vjtmg—1)*

The following is the main result of this section. Write ¢ (x) and ®(x) to denote
the standard normal density and distribution function, respectively.

THEOREM 3.2. Suppose that (3.5) and conditions S.1 and S.2 hold. Then
there exist polynomials py,, 1 <r <s — 2, with bounded coefficients such that

sup
xeR

s—2
P(T, <x)— {q><x> + Zn—’/3pm(x>¢<x>” = 0(n~“"? (logn)7?).

r=1

The coefficients of p,, are O(1) as n — oo and typically contain smaller-order
terms. For example, the third-order EE for 7,, (with s = 5) has the form

P(T, <x) = /_ SO+ (™ p1(3) + 172 pa(y) + 023 p3()

+n70ps(y) + 1 ps(n)1dy
+ 0(n_1(10gn)_2)

uniformly in x € R, where the p;’s are some polynomials whose coefficients are
rational functions of the moments of the block variables Uy;. In particular, for
yeR,

Py =% — 1)[chOv<X1, Xk+1>][oo;2][n”3/a,
k=1
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()_[ El/zEZnVn}

1
+6[(n1/2Ezg)(EUﬁ)—3/2 — (EZ,%)(WZEZ,,V,,)]

(EU})S/?
x (y° = 3y),

where Z, =n'/2(X,, — EXy) and V,, =b~'/23°%_|[UZ — EU?]. As in the inde-
pendent case (cf. Bhattacharya and Ghosh [2]), the terms in the EEs can be derived
by “formally” expanding the cumulant generating function of the polynomial sto-
chastic approximation to the Studentized statistic, and then by Fourier inversion
of the resulting series. See Lahiri [21] for more details. Note that, as mentioned in
Section 1, the expansion for the Studentized sample mean here is a combination of
two series in powers of n~!/3 and n~1/2, the first corresponding to the (cumulants
of the) Studentizing factor and the second coming from the expansion for Sy,.

3.3. Second-order correctness of the blocks of blocks bootstrap. For boot-
strapping estimators of infinite-dimensional parameters of a weakly dependent
process, Politis and Romano [24] formulated the BOBB method, (a version of)
which is now described briefly. Given {X1,..., X,}, let Yi, = fin(xi0),i =
1,..., N, be a set of block variables based on overlapping blocks ;. of length
¢, where N =n — £ + 1 and the f;,’s are Borel measurable functions [cf. (1.1)].
To approximate OC(TN), the distribution of TN =tNY1in, ..., YNu; 0) using the
BOBB, one defines the blocks of block variables {B; = (Yin, ..., Yite,—1)n) il =

., N —¢€; + 1}, resamples [N /€] many blocks from {Bj, ..., By_¢+1}, and
uses the first N resampled block variables {Y :=1,..., N} (say) to define the
BOBB version of TN as TN = tN(Yln, D A é), where én is an estimator of
0 based on X1,..., X,. Then £(Tn*) (conditional on X1,..., X,) is the desired
BOBB estimator of £(TN).

Politis and Romano [24] established consistency of the BOBB method for sta-
tistics of the form TN = bY/2(Yy — EYy), where Yy = N— Zl 1 Yin. We now
show that the BOBB is indeed s.o.c. for a Studentized version of Ty, given by

(3.6) Ty =vb(Yy — EYN)/&H,
where 62 = max{n~!, [p2(0) + 237¢ lk))?o(k)]b/N} and 70(k) =
N~ Z (Y,n — YN)(Y(,+k)n — YN) k = 0 — 1. To define the BOBB

version of Ty, let Y* 1= E_ Zlfl((l 1 +1 Ym, i=1,...,b1, where b =
N/€;, which for snnphc1ty of exposition is assumed to be an integer. Then
the BOBB version of Yy is given by Y]"\‘, =b1~ Z Y in.1- And for a , We

use a truncated version of the sample variance of the Y:Z |’s, namely, [O’n] =
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max{n~', b ™! Zf'zl[?i* - 17;{‘,]2}, to define the BOBB version of Ty as (cf.

n,l

Gotze and Kiinsch [10])
3.7) Ty =Vbi(Y§ — EYy) /oy

Since the rate of normal approximation to Ty is O(b~'/?), here s.o.c. refers to
an error of approximation that is of smaller order than O(b~!/?). The next result
gives sufficient conditions for the s.o.c. of Ty.

THEOREM 3.3. Suppose that {X;}ic7, is a sequence of stationary R%-valued
random vectors, Yin = fn(xi.¢) for some f; ‘Rt 5 R, Also, suppose that:

() for some k € (0, 1) and 8y € (0, 1/5), £ <« 'n'/> and €, < k~'n%¢ for
alln >k, and [logn]/€+£/€1 =0(1) as n — oo;
(i1) for some k € (0, 1) and for some integer ro > 12[(1 — 569) (4 — 580)] !
[where 8 is as in (i) abovel, sup,,~| E|Y1, |40 < o0;
(ii1) ago = lim,,_, oo Var(b'/?Yy) exists, 0020 € (0, 00); and
(iv) conditions C.4, C.5 hold and condition C.6 holds with d, = 1 and A,, re-
placed by AY == {(0/,5)":5 € R, |s| > k}. Then

(3.8) sup |P(Ty < x) — Po(Tj <x)|=0p(b™ %)  asn— oc.
xeR

Theorem 3.3 shows that for s.o.c. of the BOBB, the BOBB block size £; must
be of a larger order than £. In addition, we also need an upper bound on the growth
rate of £1/£. Since Ty, is defined in terms of bj-many resampled blocks, its EE
has an error of the order o(bl_l/z), which must be o(b~1/2) for the BOBB to
be s.o.c. A large ¢; can make b too small compared to b and s.o.c. cannot be
attained. See [22] for more details. We also mention that the Cramér condition (iv)
is only on the sum of the block variables Y;,, not on the joint distribution of Y,
and Y(i41)nYin, 0 < k < £1. Under this setup, the proof heavily depends on the
arguments developed in Lahiri [19], which established a similar s.o.c. result for
the MBB method in the finite-dimensional parameter case.

For a concrete example where Theorem 3.3 can be readily applied, suppose
that the X;’s are real-valued and that Y;, = (2ﬂ£)_1|2’;;€._] X; exp(—Lja))|2,
w € [—7, ). Then, Yy gives an estimator of the spectral density f of {X;}icz
and it is asymptotically equivalent to the estimator (1.3) of Example 1.1 with
weights wg, = 1 (cf. Politis and Romano [24]). In this case, ago exists and
02 = (2/3)f*(w) for 0 < |w| < 7 and 62 = (4/3) f*(w) for w =0, 7. Thus,
condition (iii) of Theorem 3.3 holds if f(w) € (0, c0). If, in addition, we sup-
pose that {X;};cz is a linear process as in Example 3.1, then by the arguments
of Janas [14], condition (iv) holds, provided £(e1) has an absolutely continuous
component. Thus, for this class of linear processes, the BOBB approximation to
the distribution of the Studentized spectral density estimator is s.0.c.
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4. Proofs. For x,y € R, let x V y = max{x, y}, x; =x Vv 0, and |x] =k if
k<x<k+1,keZ. Let m3 = [(logn)loglog(n + 2)]. Let a! = H?:laj! and
=TI 11 Yofor @ = (a1, ....aq) € (Z)4 t=(11,....1a) € R Let FF =
G(X, [ G Z a<i<c)for—oo<a<c<oo.LetCg, C and C(-) denote generic
constants, depending on their arguments (if any), but not on n and ¢; dependence
on dy, dy, d, k, p will be often suppressed to ease notatlon For ¢ > 0, define the
truncation function g(-; c): ‘RF > RK by g(x;¢c) = ”x” w(”x”)]l(x # 0), where
¥ € C*°(R) is nondecreasing, satisfying v (1) = u4 for u <1 and ¥ (u) = 2 for
u>2. Let

IWin =X jn,aWjn=Yj, and Wj,=GW},;2W},),  1<j<b.
With ¢, = bl/ 2(log n)~2, define the truncated and the centered versions of
kW]n by kWJn = g([ijn] cn), ijn = [kWJn] - E[kW]n] and set kSn =

b2k Wind and 1S, = b2 30 kWl k= 1,2, Let Wiy = (L W],

[2 an] )" and similarly, define an, S and S . For any random variable (r.v.) Z
on (2, F,P),let

E,Z = E[Zexp(t'S,)1/H, (1), reR?,

where H,(t) = E exp(ut’ S,.). Define the semiinvariants of the r.v.s Vi, ..., V), by
KI(VI’ ey Vp)
4.1) 3 9
- .2 log Eexp(it'S, +e1Vi+---+&,Vp),
91 0€pley=r=e,=0

t € RY. Write K, (V{, Vs') = K (Vi, ..., Vi, Va, ..., V2) where, on the right-hand
side, V; appears p times and V, appears g times. Then, by Taylor’s expansion, we
get

(4.2) log Hy(t) = > Ko(t'S)) + Ri(1),
r=2

where R¥(1) = [ o (1 — n)* K ¢/ S5V dn) /s,

LEMMA 4.1. Let conditions C.1-C.4 hold. Then there exists C = C(p, s, k)
such that for any ay, ...,a, € RY with lail=1,2<r <s, and forall n > P
(i) |Ko(@|Sn, ... alSy) — KodSu,...,a.8)| < Cb= 6722 x
(logn)Zs—Z—[a(s)/s],
(il) |Ko(a|Su,...,a.S)| < Cb==2/2,

PROOF. The left-hand side of the inequality in part (i) is bounded above by

b—1(i,r)

(4.3) b PY SN Ko (Vs oo Vi) = Ko(Vjpu ., Vi),
i=0
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where the summation Z(’ ") extends over all 1 < 1= =jr = b with maxi-
mal gap i, and where VJ =a ijn and VJ =da WJ n, 1 < p<r.Since W;, €

Fo bt Wit jn € FELi_yppy and [+ j — DE— (i + DE] = (j —2)¢, by C.3

and C.4 above and by (3.13) and (3.14) of [8], we have (see [22])
W) N 3
@4) > > KoV, ..., Vi)l < Clk, r)|J2|b" c)t exp(—3slogn).
i>C (k)
Truncating the W;,,’s at ¢; = exp(«i) and using C.3 and C.4, we get (cf. [22])

(i,r)

S 1Ko (Vys o Vi)

i>ip
)
<> D |Ko@ig(Wjn: e, ....a,8(Wju; )l

i>ig
oo (i,r)
(4.5) +) ) ca, p)max{E(]‘[ W 12U W jen |l > e») tkel,
i=ig pel
L<|I|< r}
<C(p,k,r, S)lr a$)fsy,

for all 2 <r <s, where ip = [logn]. Also, by similar arguments, for 2 <r <,

@r)
DD 1KoV, oo Vi) = KoV, .., Vil

i<ig
(4'6) r (s—r) a(s)/s
< Cb(logn)" /{c,logn] }.

Hence, part (i) follows from (4.3)—(4.6). Proof of part (ii) is similar; see [22]. [

For the next lemma, let Wn(l) 1_[]61 ]_[p 1a jp jn and S;r) = S;r)(m) =

bV Wiy, I C {1, ..., b}, r >0, m >3, where aj, € R? with |la;,| =1,
rj € N, and where >_*" extends overall 1 < j <bwith|j—k|>mrforallkel.

LEMMA 4.2. Let conditions C.1-C.4 hold. Then, for any n € (0, %), there
exists C(n, p) > 0 such that for every 3 <m <nb/|I| and 1 < K <nb/(m|I|),
| Hy ()| | E, W (1)| < |EW, (I)|[max{|Eexp(S\”)|: 1 <r < K} +nX]
+ C(|I|)bc,71/K2KE exp(—C(k)ml)
forall ||t]| < C(n, p)[b/m]'/?, where y = > jerTj-
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PROOF. Let Ay, =[exp(S; ™" = ;) = 1] and Wy ; = W, (I) exp(tb™"/ x
> jel t Win), r = 1. Using Tikhomirov’s [29] iterative method, one can show

that the left-hand side of (4.7) < LK, |EW /(IT/Z} Arj)exp(Sy )| +
|EW1,1(]_[§<:1 Al,j)exp(S;K))L Now, approximating Aj ;’s and S}r)’
Xt sand Y s (with mo = [m€/12]), and using conditions C.3, C.4 and

J>mo Jn,mo

the bound “max{E(Zf’jﬁJrl an)2 1 <jo<b-—m}<C(p)m,m>3",one can

complete the proof. See [22] for details. [

s using

LEMMA 4.3. Let C.1-C.4 hold and let 11,1, C {1,...,b} with min{lp} —
max{l1} > my for some 3 <my; <b — |I1| — |I2|. Then, given n € (0, %) and an
integer m € [3,m1/3], there exists C1 = C(p, x,n) € (0, 00) such that

| EcWa (1) Wa(12) — E;Wy (1D E W (1)
(4.8)
< C(r, k, n)bel [K2X Lexp(—C ()me) + || H, (1) >
forall ||t]| < Ci[b/m]1"?, 1<K <mi/m,andn > 1, where y = Zi:l Zj-e,p rj.
PROOF. One can prove (4.8) by using Tikhomirov’s [29] method and argu-

ments in the proofs of Lemma 3.1 of [17] and Lemma 4.2 above. See [22] for
details. [

LEMMA 4.4. Let conditions C.1-C.4 hold. Given n € (0, %) and q € 74,

C(s,q,p, i, M)A+ Bu(H)P)(1 + [|2]|P)
b(s—2)/2(10gn)[oz(s)—2s—1]

q

8 *
(49) | SR+ xou)‘uzo‘ <

for all ||xoll <1 and forallt € A, ={x eR?:||x|| < C(n, p, k)b1=D/2 B, (x) <
oo}, where B, (1) = |Hy ()| [sup{|E eXP(SY))I 1 <r <C(po)b'~", 11| < po} +
exp(—C(n, k, po)yms3l)], po=s+1+q, and S}r) is as in Lemma 4.2.

PROOF. It is enough to consider b~"/? Zib:_ol Z(i’r) | Kut (Vi ..., V)| for
s+1<r<poand 0 <u <1 [cf. (4.2)], where V; = Lt/an and Y07 is as
in (4.3). By Lemma 4.1, forany s +1 < r < po, E[|W;,|" < ¢, E||W,, "+ <
C(p, s)cfl_s(logn)_“(s), uniformly in 1 < j < b. Next, define 'y ={i € Z:1 <
i<ap},ITh={ie€eZ:a, <i<b"and I'3={i € Z:b" <i <b — 1}, where
a, = m%. Now using Lemma 4.2 (with m = [b"] and K = m) for i € I'y,
Lemma 4.3 (with m = K = L\/ﬂ + 1) for i € T'; and again Lemma 4.3 (with
m =K = |b"] 4+ 1) for i € '3, one can complete the proof of the lemma. See [22]
for more details. [
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LEMMA 4.5. Suppose that conditions C.1-C.5 hold. Then, for any I C
(1,....bYwith|I|=r < C, and foranyt e R?,3<m <b/C,

|Hy () E, Wy (1| < Cel [Bin (1K + Clie, 1)K el [1 4 |It]|€m] exp(—C (k)m¥)
Jor some K > C[b/m], where Bi1n(t) = maX{ElE(exp(Ll;_l/zt’le_jolfm Win)l
Dj)l:m < jo<b—m},y =Y jc;rj and Dj, is as in condition C.6.

PrOOF. Let! ={ji,...,jr}, Jon=1{1,...;0}and J1, ={j € Jon:|j — jk| =
2m + 1 for all 1 <k <r}. Define j{ =infJy, and j) | =inf(j € J1,:j > jp +
Tm}, p=1,2,...,K — 1, where K is the first integer p for which the infimum is
over an empty set. Also, define the variables A, = exp(th~1/2¢' le_j2|<m Win),

By = expb™" 1 o i ic0 oy Win) and R = Wy(1)exp(b™" 1’ x

Y ics, Win), where Joy = {j € Jou: j < j) —m or j > j% —m}. Then it follows
that

K-1
Hy()E W, (1) = E[( I APB,,>R]
p=2

Let A;, B;r, and R be defined by replacing X;’s and Y;,’s by Xj.’q, Y;n’q in
Ap, By and R with ¢ = m¢ for Al, and with ¢ = m¢/12 for Bf and RY. Then,
by C.2,

K-1 K—1
ER ] AyB,— ER" [] Al B}
p=2 p=2

(4.10)

< C(x, |[IDKc) ||t €m exp(—c(k)mP).
Next, let i)p =o({Dj:j €L,j¢lcp,dpl}) and :D; =o{{Dj:j € lap —
ml,cp)U(dp, by+mll]}), where a, = (j) —m)e+1—ml, by = (j)+m+1)t+
mt,cp=(j)—m/2))t+1and d, = (j) + [m/2] + 1)£,2 < p < K — 1. Then,

by condition C.5, max,—>  g—1 |E(A;|i~)p) — E(AI,IJD;)I < C(k)exp(—«kmt)
and hence,

K-1 K-1
T N T T T
ER'[] A},B), —ER" [ BJE(A}|D)
p=2 p=2

g—1 K—-1

T ~ .

ER <]_[ ALB},)B;[A; —EANID)] ] BJEAT D))
p=2 p=q+1

K—-1
=2
q=2

4.11)
K-1

+Ccl Y E|E(Ag|Dy) — E(A}| D))
q=2

< C(k)c) K exp(—kml),
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since by construction, RT(]_[‘;:2 ) BJf and H p=q +1 BTE (AT |;D ) are mea-

surable w.r.t. @q for every 2 < g < K — 1, making the first term vanish.
Now using (4.10), (4.11) and the fact that i); and JDI”; 41 are separated by
a distance > Cm{ for all p, one can retrace the arguments in [8] to con-
clude that |H,(t)E,W,(I)| < CC%H§;;E|E(APIJDP)I + C(x, [IDKch (1 +
llt]|€m) exp(—C (k)mL). Lemma 4.5 follows from this. [J

LEMMA 4.6. Let C.1-C.5 hold and n € (0, 1). Then, for any o € Zi,

|DYHy, ()| < C(at, 0, k)b [exp(—C (ic) |2 ]|%) + exp(—C (k)m, £)]
forall ||t]| < C(x, p,s)bY""/2 where m, = [b"/?].

PROOF. For any R?-valued zero mean r.v. Z on (Q, ¥, P) with E||Z|? <
oo and sub-o-field @ C F, one can show (cf. [22]) that |E exp(it’ Z|C)|> < 1 —
E((t'Z)%C) +2E(|f'Z?|@) for all € R?. Taking Z = bh~1/2 zm* W;, and
using C.2 and Holder’s inequality, one can show (cf. [22]) that

E[exp(zt’ [5‘1/2 .J'of:w W;nD ’@”T < eXp(—%b_lmolllllz)

J=Jjo+1

Jo+1

4.12) |:E

for all ||#|| < C(«, p,s)bl/z/m%, provided n > k~!. Now applying Lemma 4.5
with m = (b”/ 2] and using (4.12) to estimate 81, (¢) of Lemma 4.4, one can com-
plete the proof of Lemma 4.6. See [22] for more details. [

LEMMA 4.7. Let conditions C.1-C.4 hold. Let f:R? — R be a Borel mea-

surable function with sup{% x eRYy = My < 0. Then, for any y > 0,

£ - [ rav,
f C(p’ S,V EOOs Mf)

y [b—(s—z)/z(logn)zs—z—[a(s)/s]

+osup [ |DU[(Hat) — By Kn(0)]| dt + o (F b—V)},

le|<pi

where py =d +so+ 1, f(x) = 1+”xl)|yo, xeR K,@t) = Ko(37) and Ko €

CPV(R?) is a characteristic function that vanishes outside a compact set.

PROOF. Let A| = {||Sy|| > logn}, Ay = {||S’,,|| > logn} and Az = {2||S,| >
logn}, n > 3. Then, it can be shown (cf. [22]) that
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11 =|Ef(Sy) — Ef (S)|
(4.13) < 12M ¢[(logn)* P(S, # Sy)
+ ESuI01a, + |ENSa 10 = E[S,]10]]-

By Markov’s inequality and Jensen’s inequality, for all n with ¢, > 1, one gets

b b
P(Sy#58) < Y P(IVEXju| > cn) + Y PUIYjull > cn)
j=1 j=1
b jt
(4.14) < pblhs(e)] ™ +[hse))™ ' D ETH > hg(1Yiml)
j=I1 i=(—1)¢+1

< C(p,s)b~6D/2(1og pn)~le )21,
@.15)  1ESull < Cp, )b~ =22 (logn) >~ D=0,

Let g,(x) = [x[[©12]x| > logn) and g,(x) = gu(x)(1 + ||Ix[|*)~", x € RY,
n >2. Then, for any a > 0, w(g;b™%) + [ gn(x)d¥s n(x) < C(p, Eco,a)n™%;
see [22] for details. Hence, by Lemma 4.1 and by (4.13)—(4.15), forall n > C,

Lemma 4.7 now follows by two applications of the smoothing inequality of Sweet-
ing [28] and Lemma 11.6 of Bhattacharya and Ranga Rao [3]. O

I < C(p. Eeon s)Mf[(logn)2S—2—[““>/“19—“—2>/2 -

Egn(5y) — / ndW,

PROOF OF THEOREM 2.1. By Lemma 4.7, it is enough to show that for 0 <
la| < p1,

[ 1D 1,0 = dra0) Ko=) di
(4.16)
<C(,s,p, K)bf(sfm/z(logn)d.
Suppose that Ieo(t) = 0 for all ||z]] > Co. Then partition the set {||¢|| < Cob®}
by {ll7]l < an}. {an < |lt]l < C(k, p,s)b' "} and {C(k, p,s)b' ™" < ||| < Cob“},
where a, = m;/z, C(k, p,s) is as in Lemma 4.6 and n € (0, «/2). Then, using
Lemma 4.4, one can show (cf. Lemma 3.33 of [8]) that for all « € Z< ,

2 > — C(Sa |a|’p’K)
o a
4.17) ||t||<a,1|[D (Hn (1) — Ws (1)) Ko(b™D)]| dt < bGS=D/2(log n)le)—s—11"
By condition C.2 and Lemma 4.6, for all « € 74,
| D, (1)| dt + |D*H, (1)| dt

(4.18) 1> an <] <C i pos)b11

S

<C(lal,n,k)n™".
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Next, using condition C.6, one can show (cf. [22]) that for n > C(k),
exp(—=C (k) (dab" ) 22]?),  forall [l1]| < kb'/?dy,
exp(—C (k)b*/?), for all b1=M/2 < |17|| < kb'/?d,,.
Hence, by Lemma 4.5 (cf. the proof of Lemma 3.43 of [8]), one gets

,Bln(t) = {

(4.19) |DYH, ()| dt < C(p,a,i)n"".

v/C(K,sp)bl’7<||t<C0b“
Theorem 2.1 now follows from (4.16)—(4.19). O

PROOF OF THEOREM 2.2. Let f,(x) = f(x + Eﬁn) and n € (0, 1/s). Then
a proof of Theorem 2.1 can be constructed by using the arguments in [7] and the
expansion

d
= > (—s)'“zaD“fn(x+ez>/<1‘[a,-!>
i=1

0<|a|<s—2

1 d
+(—) -1 Y /0(1—u)s_zD“fn(x+uet)du/<l_[a,-!>,
i=1

la|=s—1

withe = C({p(a):|a| <s —1},k, p) - b1~D/2_ See [22] for details. O

PROOF OF THEOREMS 2.3 AND 2.4. Use (4.17)-(4.18), Lemma 4.7, and the
arguments in the proof of Theorem 2.11 of [8]. See [22] for more details. [

PROOF OF THEOREM 3.1. LetY;, = (Ufj — EUl"j), I<j<NandY;,=0
for N + 1 < j < n. Then, by Theorem 2.4 and the stationarity of {Xi};cz, it is
enough to show that (i) limsup,,_, ., max;<;<p Ehs(?jn) < 00, (ii) condition C.3
holds and (iii) lim,,_, o Var(Sy,) exists and lies in (0, 00).

By Lemma 3.3 of [17], Ehs(Uy}) < C(Jv)(1 + E||U1; ||27) = 0(1), and hence,
(1) holds. Next consider (ii). Let yi o= Ulvj,m]l(”Ulj,m” <cim)—EU},1<j<

jn.m

Nand Y], =0for N+1<j<n, where Uyjm=(X], + +X , )/

and c1,, = exp(km/2|v|), m > 1. Then, using the bound E||U;1||*"! = 0(1) (cf.
Lemma 3.3 of [17]) and truncation arguments, one can show that

T

E|an,m_Yj”|

< EUY; = U100l < cum) + ENUGTTTA U > cim)
+ EUL AUl < cim) = LU < eim)]

—1
<CO[NITENUL ;= Uil + ENUGIP LU I > c1m/2)]

< C(v, K)ﬁﬁxp(—%)
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foralll1 < j <N,n>1,m > 1; see [22] for details. Hence, (ii) holds.

Finally, consider (iii). Using (3.2), C.3 and C.4, one can show that
Y am [ Cov(UY,, UY )| = o(1), where m = [Cl(k,s)logn]. Next let
S, j)=Xi+--+X;,i <j, r=1v|,and for I C {1,...,r}, let S;(J) =
[Trer S(1, i), where 1, ..., t, are unit vectors such that Uy, =[T;_, t,U1;. Then
the stationarity of the X;’s, (3.2), C.3 and C.4 yield (cf. [22])

EUZUY oy =LY Y ES;_gnUVES;_ps(JYES—j(DSe—j (J)+ Qe(j)
1 J

for /2 < j=<t— Y2 where >;and Y jrunover I,J C{l,...,r} and where
max{|Q¢(j)|:£'/? < j < —€'/2} = o(1). Next using the CLT, uniform integra-
bility of Szr under (3.2), and the above expansion for EU{; U 1”( j+1)> one can show

that Var(S»,) = (n€)~! ZZ_EW — j)Cov(Uy,, Ul"(j+1)) +o(1) =23(v) +0(1)
for some A3(v) € (0, 00); see [22] for details. This completes the proof of (iii).
O

PROOF OF COROLLARY 3.1. Without loss of generality (w.l.g.), we may set
p=0.Then, b'2A, = b'2[4,(2) — EUL] = b'*[1, (D)) + b [E (2, (D)) =
Tin + Ton + b2 E (1, (2)]?, say. Monotonicity of h.(x) = (1 +x0)1(x > ¢), x €
[0, 00) [for fixed ¢ € (0,00)] implies Eh.(|T1, + T2,]) < Eh.(2max{|T1,],
|Tonl}) < EheQ|Tinl) + Ehe(2|Toyl). Let g9 = (2X3(2) — A)/4. Then using the
bound [E(ft,(1)]> = O(n~") (cf. Lahiri [20]) and applying Theorem 3.1 to
Eh.(|Ti,]) with ¢ = [2{X3(2) 4+ &o}(s — 2) logn]l/2 for k = 1, 2, one can prove
the result. [

PROOF OF THEOREM 3.2.  Leto? = E(vEX2)2, Y = (U[H? - E(Ufm)z,
1<j<b S§=p712%"_ vPland s = (!X, 5[2])’ where U7 =
(X(j—tye1 +-- +Xje>/f €. Then T, = /nXy/lo} + b~ — b1 (/nXW)?]
is a smooth function of S[?! and hence, the EE for 7}, can be derlved from that of

S,Ez] (cf. Bhattacharya and Ghosh [2]). To derive an (s — 2)th order EE for S,Ez] , hote
that by (3.5) and the independence of {D; : j € Z}, it is enough to verify (cf. [22])

(4.20) lim Cov(sl?) = gl2! exists and is nonsingular;
n—oo
Jo+ny B
4.21) max sup E|E{explu’ ) W[-i] ‘Djo <1-—«,
Jo€JnteA, = jo—mn J

for some « € (0, 1), where J,, Djo are as in C.6, m,, = [C(x, s)logn], A, ={t €
R?:k < [t < 5“2} and WL is defined by replacing the Y;,’s in W, with
Y; m’s Using S.1 and S.2(i)— (11) one can show (cf. [22]) that (4.20) holds with

:EEO] = Diag(c2,, 262).
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Next consider (4.21). Set m, = m for notational simplicity. Let U2T im =
(XZj—l)Z—H,m + -+ ij m)/\/Z and cy,, = exp(km/4). Then it can be shown
that uniformly over ¢t € A, and jy € J,,,

Jo+m o1\ | =
E!exp <Lt’ > Wi, ) ‘ﬂjo}
Jj=jo—m

< E|E{exp(t(U2/0 me [Uz/o WIHD|DE

sup E

teA,

(4.22) !
4+ 2PIUS ol > cim),

where JD* =o({Dj:jeZ,j¢[(jo—Dl+m+1,jol —ml}) C 33]0 Next us-
ing the 1ndependence of the D;’s, one gets E|E{exp(L(U2j’m, [U2j,m] )t)|i)j}| =
Elfjm(t Z(I;))| for some function &;,/(t;z), where for I C Z, Z(I) =
{Z(i):iel}andwhere L; ={i € Z:(j — 1)l — m+1<l <({G-D¢+m}Ulie
Z:jt —m+1<i<jl+m} Let Zo ~N(0,ooo) Then, for any ¢ > 0, there
exists C(¢g) € (0, 0o) such that

(423) Sup{ | E exp(t(Zoo. ZZ)N)|: 1] > £} < =€

Now using (4.23) and the EE results of [8], one can show that for any & > 0,
SUp{E &) (t; Z(Ij))| 1€ < |t <672, j € J,} < exp(—C(g)) + o(1); see [22]
for details. Condition (4.21) now follows from (4.22), (4.23) and the above bound.

Jo

O

PROOF OF THEOREM 3.3. W.l.g., let EYy, = 0 for all n € N. For
k=0,...,N—1, let g0%k) = N~! zjvqk YmY(,-+k),1. Define 62 = [g2(0) +
2528 (1 = N"')g2k)1b/N and o2 = EG?2, where we let Zy = b'/>(Yy —

EYN)/on. Then by Taylor’s expansion,

(4.24) Ty =Zy— Zyl5; —0,1/[2071+ Riy = Tin + Rin, say,

where, on the set {|o — azl < 02/2} |[Rin| < ﬁa 5[0 — 0 242, (o
5)1/12021. Next let niin = Yinl[¥in + 22070 — N- k)Y(i+k>n], Nin =

Min — Eniin, i =1,..., N and V;(4() = S([(i — 1)4€ + 1], [i4¢ A N]), where
S(p,q) = Z?:p nin for any 1 < p < ¢ < N. Then, using the weak dependence of

alternate V; (4¢)’s and Markov’s inequality, with &, = b~!/#(logn) 2, one gets

P52 — 02| > 2¢,)
< P( Y. Vo
1<2i<N/[4¢]

oo

< ClexN? /b1 *[¢* (N /[4€1)*] = O (b~ ' (logn)®).

> e, N2 /b)
(4.25)
> Vai—1(40)

1<2i—1<N/[4{]

> e, N° /b)
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Also, by moderate deviation bounds for Yy and Markov’s inequality, P(|0

62| > Cbh~12(logn)=2) = O(b~"/*(logn)~?) and hence, by (4.24)—(4.25), TN
and T;n have identical EEs up to order o(bY/?). With a = a, = = |b!/ 2 /ms], write
ZN = Zz(\}) + Zz(\%) and o 02 = s,(ll) + s,(lz), where Zz(v denotes the sum over
Yinb~ V% fori=1,...,2a¢l and s,g ) over N~ 2bn,-n,i =1,...,2af. Then it can be
shown that

4.26)  Tin=2Zy—Z3sP /20214 Roy = Tow + Ray, say,

where P(|Ray| > b~'2m;"*) = 0(am}”
have identical EEs up to order o(b=1/2).
Next define the EE W, (x) for T by its Fourier transform,

¥, () = /_ * exp(ux) dW, (x)

/b) = o(b~/?). Thus, Ty and Ty

(4.27) = exp(—12/2) [1 + E(tZ,)/6

bo
+o72 Y Z (W) EZinVinTa(i, j)i|
i=a+1 j=a+1

where by = [N/(20)] and for 1 <i,j < by, Zin = € V2Y 2 Yi_1y204%s
Vin=—N7"2025([(i —1)2¢ + 11, [2i¢ AN1)/[202] and T, (i, j) = X2, (rH ™! x
[etG,(i, j)), with G,(i, j) denoting the sum over all {Z,b —1/2, i — k| <1,

| — k| <1,1 <k <bg}. Also, let Oy = Z(z) (2)/[202] the quadratic part of
Ty . Using arguments in the proofs of Lemma 4 5 above and Lemma 3.5 of Lahiri
[19], one can show that

EBy(t) exp(tt Z Zjn/«/l;>‘

j=1

(4.28) < C1[exp(—Caa/m3)1(|t| > kb'/?)
+ exp(—Cst?a® /[bm3)1(|1] < kb'/?)]
for some constants C; = C; (0020, k), where By (1) = ]_[J a+1{]_[k a +oekj Zijn+

BkjVin)}exp(utZj,) for some oy, Brj € [—1,1] and r; € Z, with Zj=a+1 Zk=1
[lokj + |Bkjl] < 4. By Taylor’s expansion, for # € R,

Eexp(itThy) = Eexp(LtZN)|:1 + 1t On

1
(4.29) +27 ' on)? /0 exp(tthN)du:|

=W, (1) 4+ R, (1),
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where, using (4.28) and Lemma (3.30) of [8], one can show that |R3,(t)| <
C(|t)? + |t1Hb~ /273 for some § € (0, 1/2).

Now using Esseen’s smoothing inequality (cf. Chapter 15, Feller [5]) over the
interval {|¢| < b'/?logn} and using (4.29) for |¢| < (logn)*, the second term on
the right-hand side of (4.28) for |¢| € ((logn)*, kb'/?], and the first term on the
right-hand side of (4.28) for |¢]| > «b'/2, one can conclude that

(4.30) sup |P(Ty < x) — W, (x)| = o(b™"/?).
xeR

Next we derive an EE for the bootstrapped Studentized statistic. Let an =
1/OPIYE | = fnnls ZE, = Z3, /60 and Z = by~ /2 Y00 Z2,, where Y7,

is the average of the ith resampled BOBB block (of size £1), fty.1 = Ex Y 1 and

an = Var,(Z *). Using Taylor’s expansion and moderate deviation 1nequa11tles for
sums of independent random variables, one can show that

by
T =2%—27% [bl_l YUz - “3}}/(2&3} + Riy
j=1

where A, = {67} > 02 /2 N{EL|Z}|™ < C} and P (|R}y| > b~2(logn)~") <
Cbh~'2(loglogn)~!. Next define T,y by deleting the first a; = (b1 1729 -many

Z?’s from the quadratic term in 77, where o = é d 6550) Let RSy =T}y —

Ty Then, with &, = /b usmg arguments similar to the unbootstrapped case,

Jblog

one can show that on the set An,

(4.31) P.(|R;y| > 3e,b17Y?) < 3ay(e2b) "
Here the choices of a; and ¢, ensure that [snbl_l/z]\/[eg—}il] =0 "?ogn)™ 1.

Next define the EE \ifn (x) for T3, (and also for Ty) by its Fourier transform,

U¥(r) = /_ - exp(itx) d W, (x)

= exp(—12/2) {1 + E (utZ},)3/[6VD1]
(4.32)

1
b2 3 Z W) E(Z5L(ZE)? — 521

i=a;+1 j=a;+1

x (=201 TG, j))],
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where I (i, j) = Z l(r')_l[ttG*(i 17, with G, (i, j) denoting the sum over
all {Z;, b 12k e i, j}). Using the independence of the Z; ’s, the moment con-
dition and Taylor’s expansion, one can show (cf. Gotze [6]) that on the set A,,,

E, tT5h) — Wit 241t
/ |Exexp(utTyy) ()ldt§Cb11/ (7 + ]dt
[t]|<m3

7] ltl<ms |t

(4.33)

< Cb1_1m4
Since the integral of |\ii:f(t)||t|_1 over {|t| > m3} is O(exp(—Cm%)), in view of
Esseen’s lemma, it is enough to consider the integral of | E exp (it T,y )| lt]~1 over
{t :m3 < |t] < by} (say). Let Q% denote the quadratic part in 75,. Then

|Eexp(utTyy)]
ro—1 r
(4.34) —E, |:exp(LtZ}"v){ » [”QN ]
r=0 !

[LtQ ]rof E*exp(tthN)du”

Note that by the independence of the Zzn’s, the rth summand above for
r €{0,...,ro— 1} is bounded above by Ci(r)(b1)"|t|" exp(—Cz(r)tz), while the
last term is bounded above by C1|¢|"® exp(—Czaltz/bl). Hence
dt
(4.35) |Exexp(utT5y)|— < Clb]~ /2700 [m3)0 = o(b™/2).
m3<|t|<b1*ms3 |7]
Next, using the independence of {Z}, :k =1,..., a1} and Q%, one can show that
|Exexp(itTHy)| < exp(— Ct%ay /by) for all |t] < Kb11/2 for some x > 0, so that
t|7 | Exexp(itTyy)| dt
| G ]
(4.36)
[b ]1—2a

<C exp(—Cam3a1[b11%*~1) < Cam3? exp(—Cam?).

ai[ms]?
Finally, consider |¢| € [kb1'/?, b'/?1logn]. For any & > 0,
sup{lEexp(LtZ ) :e < |t] < by}

1
< sup[ ’N;l > [exp(it Yin,1(£1/0)'?)
i=1

(4.37) — Eexp(utYin 1(£1/0)"?)]

Z8<|t|<b1}

+ sup{|E exp(tt?l,,,1(£1/€)1/2)| re <|t| < b}
=Iin + D, say.
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Using a discretizing argument as in Lemma 4.2 of Babu and Singh [1], one can
show (cf. Lahiri [19]) that

(4.38) P(I1y > (log[n + 1])_1) -0 asn — o0o.

Note that 1,1 (€1/0)"/% = (€1/0)"" /2 5{V ¥y, where ¥y = £~ STy, [cf.
(2.1)]. Next, using Theorem 4.1 [with f(-) = exp(ut(-))] for k < |t] < (£1/0)"/?
and Lemma 4.5 and condition (iv) for |¢]| > (£; /E)l/ 2 one can show that there

exists a k € (0, 1) such that
(4.39) by <(1—k)
for all n > k~!. Hence, by (4.31)—(4.39), it follows that

(4.40) sup | Pu(T < x) — U (1) = 0p (b™'%).
xeR

Next comparing the EEs for Ty and T, using the blocking arguments as in deriva-
tion of (4.25) and observing that b1 =2 E{(¢1/0)/2 Y1, 1} = [b1=1/2¢1 /)72 x
[/ E{C Yiu 1= b~ 2[b E{X2_, ¥in)31(1 4 0(1)), one can complete
the proof of (3.8). [
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