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ASYMPTOTIC EXPANSIONS OF THE NON-NULL DISTRIBUTIONS
OF LIKELIHOOD RATIO CRITERIA
FOR COVARIANCE MATRICES!

By C. G. KHATRI®> AND M. S. SRIVASTAVA
Gujarat University and University of Toronto

In this paper, asymptotic expansions of the non-null distributions of
the likelihood ratio criteria are obtained for testing the hypotheses:
(@) Hi: = ¢%l, 62 >0, (b) H: I; = 3, against alternatives which are
close to the hypothesis. These expansions are of chi-square type. The
first problem has been considered by Sugiura (1969) but because of the
singularity at the hypothesis, his expansion will not be good for alterna-
tives close to the hypothesis. The second problem has been considered by
de Waal (1970) but the expansion given by him is invalid.

1. Problem (a). Let x,, ---, X, be a p-variate random sample of size N from
Nx| g, Z), £ > 0. In this section, we give two asymptotic expansions of the
non-null distribution of the likelihood ratio statistic for testing sphericity against
two sequences of alternative hypotheses that approach the null hypothesis. Let

n=N-—1, i:N“Z{VX

and
— S§= Zf’=1 (xi - i)(xi - ’_‘)I .

Then the likelihood ratio statistic for testing H, against the general alternative
A, I # ol is (A*)¥® where

(1.1) 2% = |S|/(p~ttr ).
Let
n=m+ 2a, where a = (2p* + p + 2)/12p.

Then, under H,, the asymptotic expansion for P{—mini* < z} up to O(m™®) in
terms of a linear combination of chi-square distributions has been obtained by
Sugiura (1969) (same as Anderson (1958), page 263). However, under 4,,
Sugiura (1969) gives an asymptotic expansion up to O(n~%) in terms of a linear
combination of normal probability and its derivatives. This breaks down for
alternatives that are too close to H,. In this section we give asymptotic ex-
pansions of P{—mini* <z} in terms of linear combinations of chi-square
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distributions for the following alternatives:

(1) (—¢Z)=@2/mpP, (2) (I—-q'Z)=2/mQ
where P and Q are fixed matrices as m — oo, and 0 < ¢ < oo.

In order to derive the asymptotic expansion we need the following lemmas.
The notation used in this paper corresponds to that of James (1964).

LeMMA 1. Let f=4p(p+1)—1, and B, = (p + 2)(p — 1)(p — 2)2p® +
6p® + 3p + 2)/288. Then

A(k) = pimrr,(3m(1 + h) + )T (3mp + pa + k)
L,(3m + a)T'(3pm(1 + k) + pa + k)

(1 4 h)~*-4s [1 + (1 ~ 3 j_ h) k(k — 1 + 2ap)

pm
' 1 1 1 2.2
ay o+ {(1- i h)z)oso — §k(k — D)2k — 1 + 6ap) — 2a%p'%)
2 1 -
(1= T ) e

+ k(k — )(k — 2)((k — 3) + 4(1 + ap))
+ (2 + Sap + da?pk(k — 1))} + O(m““):l.

The proof can be obtained on the lines given in Anderson (1958).

LEMMA 2. Let ||B|| = maximum characteristic root of B < 1 and
d, = Btr B(I — B)™*, i=1,2,3,4,8>0.
Then,
@) dy(|l — BI™f) = Xz Zc k(B)Cu(B)/K!
(b) (d; + dP)(II — B|™%) = Lo X k(k — 1)(B). Cu(B)/!

(©)  (2d, + 3dyd, + dP)(|I — B|™%) = Xiilo L. k(k — 1)(k — 2)(B). C(B)/k!
d)  (6d, + 8d,d, + 3d? + 6d}d, + d)(|I — B|**)
= 2i%-0 L k(k — 1)(k — 2)(k — 3)(8).C(B)/k!

Proor. By differentiating |/ — ¢B|=% = 7., 3;.(B),C.(B)¢*/k! with respect
to ¢ successively four times and putting ¢ = 1, the lemma follows. []

It may be noted that (a) and (b) were proved by Fujikoshi (1970).
1.1 Asymptotic expansion of P{—mlini* < z}. Equation (2.8) replacing n by
m + 2a and h by {mh of Khatri and Srivastava (1971, page 203) yields
(1.3)  g(h) = EG*™)
= [qZ7 it T Lo (3m(1 + b) + ), C(I — g2 A(k)/K!
where 0 < ¢ < oo (can be taken 24,4,/(4, + 4,) for the rapid convergence of the
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series; 4, = 4, = - - -4, are the roots of X), and

A(k) = prorlGgm(l + h) + )L'(Gmp + pa + k) ,
L,(3m + )T (3pm(1 + h) + pa + k)

(1.4) <a>‘=m=1(a—%)(a+1—“;‘)~--(a+ka—1—“—‘),

Case 1. (I — gZ) = (2/m)P.

We use in (1.3) the approximation for A(k) as given by Lemma 1 and then
use Lemma 2 for the summation over k. Substituting / — 2P/m = qX~*' and
neglecting the higher order terms for m, we obtain an approximate value of
g(h) as

g(h) = |I — 2P[m|m+a |I — 2P[m(1 + h)|-Ama+b-«(1 4 h)=4f

X U+ (1= ) (e P o o )

+ (P + a1+ B+ (L + )]+ O

where
ay = B + Htr Py + (4 + 2ap)(tr PY + 2ap(l + ap)(tr PY,
a) = —(tr P)* — 4(1 + ap)(tr P)* + 2p(1 + 2 tr P + 2ap) tr P*
— (2 + 4ap + 4a’p’)(tr P)?
and

a +af +a’=0.
Now, using the asymptotic expansion

|l — 2P[m|tm+=|I — 2P[m(1 + h)|-#m0thr=a
1 1
—1——<1—___) tr P* + 2atr P
I+ (tr P* + 2atr P)

m

4 1

A - Y NPt gt P
3m2< (1+h)2>(r e P

1 <1 _ L)Qu P* 4 2atr Py + O(m™)

2m? 1 4+ h

in the expansion of g(k) obtained above, the final expression is

(1.5) g(h) = (1 + H~¥[1 + (efpm)(1 — (1 + B)7) + (1/pm)?
X (@ + a(l + )7 4 a1 + B~ + O(m™)],



112 C. G. KHATRI AND M. S. SRIVASTAVA

where

(1.6) ¢, = (tr PY* — ptr p*; a = By + 3¢ + 2ape, + 4c,,
¢, = (tr P* — p*tr P?; a, = —¢? — 4(tr P)e, — 2¢, — 4apc, ; and

a, = —(a, + a) .
B, is defined in Lemma 1.
Hence
P(—mini* < 2)
(1.7) = P(x/* = 2) + (a/pm)[P(i/ < 2) — P(}4s £ 2)]
+ (1/pm)’[a, P(x/* < 2) + a, P(x}1s < 2) + ay P(x%,, < 2)]
+ O(m=%).

Case 2. I — ¢7'2 = (2/m)Q.

We use in (1.3) the approximation for A(k) as given by Lemma 1 and then
use Lemma 2 for the summation over k.  Substituting / — ¢=-! =
—2Q(I — 2Q/m)~'/m and neglecting the higher order terms for m, we obtain an
approximate value of g(k) as

g(h) = | — 20m[¥™ |I — 2hQ[m(1 + K)|-ima+w=a (1 4 fy-is
x { 4+ (1 - i%;) (pm)=(tr Q)(tr Q — 2ap)

+ ()M + @ (L4 B+ @ (1t B 4 O(m)]

where
a6t = fo + Htr O — (4 + 2ap)(tr Q) + 2ap(l + ap)(tr O)°
+ 4p(tr Q*)(tr O — ap)
a* = —(tr Q)* 4+ 4(1 + ap)(tr Q)* — (2 + 4ap + 4a’p*)(tr Q)
+ 2p(tr Q*)(1 — 4tr Q + 4ap)
and

a2*, + ao*l + al*/ — 0 .
Now, using the asymptotic expansion
|1 — 2Q/m|™* |I — 2hQ[m(1 + h)|~ima+hi-a

=1+<1 _lj_h>2ater— tr Q?

. b (1 - _1_>” {Qatr @ — tr 0 + 4atr 07
2w\ 11k

4 3 1
—_ (2 = t 3 O(m-3
3m’< 1+h+(l+h)3>rQ+ ")
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in the expansion of g(k) obtained above, the final expression becomes

1.8)  g(h) = (1 + BV + (¢*[pm)(1 — (1 + #)7)
+ (Upmao* + a*(1 4+ A7 + a*(1 + B)7*) + O(m~)],

where
o* = (tr Q) — ptr Q*;
a* = By + 3(er*) — 4(tr Q)e,* + 2ape* + §oy*,
(1.9) ¥ = (tr Q) — pitr Q%
a¥ = — (¥} + 2¢,* + 8(tr Q)e,¥ — 4dape,* + 4c,*
a* = —(a* + %) .

B, is defined in Lemma 1.
Hence P(—min2* < z) is given by (1.7) with ¢, a,, @, and a, replaced by c*,
a*, a,* and a,* respectively. Some work for Case 2 can be found in Nagao
(1970).

It may be noted that when P = Q = 0, the expansion in the two cases reduces
to that of Anderson (1958, page 263) for H,.

2. Expansion of the distribution of the modified LR criterion for X, = X,.
The likelihood ratio criterion for testing the hypothesis H,: Z, = Z, against the
alternative 4,: 2, # X, is based on the statistic

@1 X = NS [ NS, B NS

where S, = X0, (x; — X)(x; —X), Sy =Xy, -y —¥), S=8+S,
and N= N, + N,. N, and N, are the sizes of the samples drawn respectively
from normal populations N(x | #,, Z,) and N(y|g,, Z,) Z,, Z, > 0. It has been
shown by Das Gupta (1969) that the test based on (2.1) is unbiased if and only
if N, = N,. However, if we modify the LRC 2’ to 2 by reducing the sample
size N,, to the degrees of freedom n, = N, — 1,i =1, 2,

2.2) 2= m S 17 S S ne=ntn,.

Sugiura and Nagao (1968) have shown that the test based on this statistic is
unbiased. The exact non-null distribution of 2 has been obtained by Khatri and
Srivastava (1971). In this section we give an asymptotic expansion for the
distribution of 2 under the alternative A4,; the asymptotic distribution of 2 under
the hypothesis is given in Anderson (1958). It may be noted that de Waal (1970)
provided an asymptotic distribution but his results are invalid, for the expan-
sions considered by him in terms of series do not satisfy the conditions of con-
vergence or validity of the series in general. Let

(2.3) A¥ = r,=nn, i=1,2, and
n=m+4 2d,

where d = (— -+ — 1) (2p' + 3p — )/12(p + 1).
2

n
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We assume that
2.4) (i) (I—2,71%,)=2/rym)P  and Pisfixedasm— co.
(i) o<limr, <1, i=1,2.
In equations (3.4) and (3.8) of Khatri and Srivastava (1971, page 205),

changing 2 — A*(n/n,"1n,"2)?, n — m + 2d, n, — r|(m + 2d), n, — ry(m + 2d), and
h — ymh, we can write

(2.5) E(aximhy = |Q|4™ g,(h)gy(h) ,
where
(2.6) gl(h) — (%n)immx

IIi- (%ni)him?h
X L,(3m + d) 2 l:]‘-‘p(%rim(l +h) + rid):l .
T,3m(1 +h) +d) T, (3r;m + rd)

@7) gy = F(m + d), Grm(L + B) + rd) bm(L 4 )+ d5 1 — Q7Y
and
(2.8) Q=1373".
Let
(2.9) f=%p(p+1),
or=pp+ D[ (7 =D +2)( 5+ ;= 1) = 24 a8,

2

Then from Anderson (1958, page 255),
(2.10)  gy(h) = (1 + Ay ¥[1 + (1/m)wy(1 + k)2 — 1) + O(m™¥)] .

In order to expand g,(k) in powers of m~!, we require the following Lemma 3
whose proof can be obtained from the results of Fujikoshi (1970, page 78-79)
as follows: (a) from (2.4), (b) from (2.6), (c) from (2.7), (d) from (2.9), and (e)
from (2.6), (2.9), and (2.10).

LEMMA 3. Let

a(k) = Diokake — @), ae) = T2 k(4k,? — 6ak, + 3a¥),
(k) = —a(k)/2,  and 7y(x) = [3(ay(r))’ — ay(x) + k]/24 .
Then

(@)  (m)e = (1 — n(e) + m77(6) + O(n~Y)

(®) Zi D.CAP)(k~ ) = (rPyetr P, j=0,1,2, ..

(©) Do T ri(RCAPYKL = —(tr P(etr P2

() i SLr(RCAPYK! = [(tr PY + tr P* 4 41tr P* 4 (tr P)(etr P)/4
(€)  Nre X, 7a(#)C(P)/Kk! = [8 tr P + 3(tr PY)?](etr P)/24 .
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Now, let

(2.11) y=1+ 2dm™, Vo= +h, and y;, =y, y,7%.

Then, using Lemma 3(a) in (2.7), we can write

9:(h) = Zio L (K)T'C(n P — (2/my))ra(x) + (2/my,)'ro(x)]
X [1 = (2[mr y)ri(k) + (2[mry y,)'ry(x)]
(2.12) X [1 — (2[mys)ri(x) + (2/my,)'ry(£)]™" + O(m™)
= 2imo e (R)TCOn PY[1 — (2/my)(1 4 17y — yo)ra()
+ (2/my (A + 17y — yihra(x)
+ 2[my)y(r7t — (A = yo)ri’(x) + O(m~#)].

Using Lemma 3(b)—3(e), we get

9u(h) = (etr yy P)[1 + (n/m)(1 + n7ys — yo) tr P2
+ /6m*)(1 4 n7hyst — p’)(8 tr P 4 3y,(tr PPY)
+ sfm)(n™ — (1 — ya)((tr P)* + tr P* + 4y, tr P
(2.13) + O tr PY’) + O(m™)]
= (etr y, P)[1 + (yu/m)(1 + (r,™! — L)y, tr P
+ (1/6m*)(1 + (r,™ — 1)(1 + A)~*)(8 tr P® + 3(tr P%)?)
+ (/m) (7 = I 4 B — (1 + b))
X ((tr P} 4 tr P* 4 4tr P® + (tr P*)*) + O(m™)].
Now, we have, from (2.4) and (2.11)
Q174 = [ — (2frm)P]rim]e
and
[l — (2[rym)P}rs™ = exp [— F7.0 (2/rym)’ tr P+Y(j 4 1)] .
This gives (see, e.g., [10] page 943, equation (1.20))

|Q|~# = (etr — y, P)[1 — (y,/r,m) tr P*
— (4y,/3rm?®) tr P®
(2.14) + O[2r’m?)(tr P?Y] + O(m™)
= etr (—y, P)[1 — (y,/rym) tr P* — (4/3rm?) tr P
+ (1)2r’m?*)(tr P?)*] + O(m~3).
Multiplying (2.13) and (2.14), we get the asymptotic expansion as

Q4 gy(h) = [1 + (am)((1 + B)™ — 1)
(2.15) + (1m)(bo + @, + (1 + b6, + (8, — w,)(1 + B
+ O(m™)]
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a=(r"t—1)trP?
by = —(@)(n™* = D tr P* + (F)(n ™" — 1)(tr P?y

(2.16) —2d(r,™* — 1) tr P* — w,,
by = (' — 1)[4tr PP + (4d + 1) tr P* — (r;7* — 1)(tr P?)* 4 (tr P)*]
by = (n = DIE(n™ = 2 tr PP+ (B)(r™" — 1)(tr Py’

— (2d + 1) tr P* — (tr P)’] + o,,
and o, is defined in (2.9).
Thus, using (2.15) and (2.10) in (2.5), we get an asymptotic expansion as

(2.17) E(2eimt)y = (1 + B)~/7[1 + (afm) Tio (1)1 + k)~
+ (/m?) Lice bl + k)~ + O(m~*)] .

Hence,
P(—min2* < z)
(2.18) = P(x/ = 2) + (a/m)[P(3}.2 < 2) — P(x/* < 2)]
+ (1m*)[bo P(x, < 2) + by P(A1a < 2) + b, P(X31s £ 2)]
+ 0(m™)

where, a, b,, b,, and b, are defined in (2.16).
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