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We consider the problem of estimation of a shift parameter of an un-
known symmetric function in Gaussian white noise. We introduce a notion
of semiparametric second-order efficiency and propose estimators that are
semiparametrically efficient and second-order efficient in our model. These
estimators are of a penalized maximum likelihood type with an appropriately
chosen penalty. We argue that second-order efficiency is crucial in semipara-
metric problems since only the second-order terms in asymptotic expansion
for the risk account for the behavior of the “nonparametric component” of
a semiparametric procedure, and they are not dramatically smaller than the
first-order terms.

1. Introduction. Semiparametric statistical models are the ones containing a
finite-dimensional parameter of interest 8 and an infinite-dimensional nuisance pa-
rameter f which is a member of some large functional class. The goal is then to
estimate 6 efficiently without knowing f. A comprehensive account of the the-
ory of semiparametric estimation is given in the book of Bickel, Klaassen, Ritov
and Wellner [3]. In particular, it is shown that for many semiparametric models
there exist estimators attaining the same asymptotic performance as efficient para-
metric estimators constructed for the problem where f is completely specified. In
other words, for such semiparametric models there is no loss of efficiency as com-
pared to the corresponding parametric models with known f. These semiparamet-
ric models are usually called adaptive, but we prefer here to call them S-adaptive,
or semiparametrically adaptive, in order to avoid confusion with nonparametric
adaptivity to unknown smoothness of f. Estimators attaining parametric efficiency
in S-adaptive models will be called S-adaptive (or efficient) estimators. Here and
in what follows efficiency is understood in a local asymptotic minimax sense.

There exist various methods of constructing S-adaptive estimators. A general
feature of these methods is that they proceed by “eliminating” the nonparamet-
ric component f, thus reducing the original semiparametric problem to a suitably
chosen parametric one. The most common approach is to specify a least favorable
parametric submodel of the full semiparametric model, locally in a neighborhood
of f, and to estimate 0 in such a submodel ([3, 22, 24, 30-32] and the references
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cited therein). Least favorable parametric submodels turn out to depend on f only
via a score function. “Elimination” of f under this approach means to estimate
nonparametrically the efficient score function. Resulting estimators of 6 are often
defined via one-step procedures that involve preliminary estimators of 8 and non-
parametric estimators of the efficient score function. We note here, in connection
with the discussion that follows below, that results on efficiency and S-adaptivity
are not very sensitive to the choice of preliminary nonparametric estimates of
the efficient score function. For example, kernel, orthogonal series, nonparamet-
ric maximum likelihood and other estimates can be used, under rather wide as-
sumptions on their parameters, such as kernels, bandwidths, etc. The important
question of how to choose these parameters in practice is left open. Among other
approaches that allow one to eliminate f efficiently we mention profile likelihood
techniques [25] and invariance-based inference [13].

Thus, for a variety of semiparametric models, the statistician actually has an
entire library of efficient (S-adaptive) estimators of 6. Which estimator is the best
one? The theory discussed above does not answer this question because it deals
only with the first-order asymptotics, which is the same for all S-adaptive estima-
tors in a given model. Distinguishing between these estimators is possible on the
basis of higher-order asymptotics. This motivates us to study here second-order
asymptotics and second-order semiparametric efficiency. We would like to em-
phasize that a study of second-order effects is more important for semiparametric
models than for purely parametric ones and it is crucial for practical implementa-
tion, at least for the following reasons.

e This is a compelling way to distinguish between various efficient semiparamet-
ric methods and to choose the best among them. More specifically, it allows one
to choose optimally the smoothing parameters that define the ‘“nonparametric
component” of a given family of efficient semiparametric procedures.

e Second-order terms in asymptotics for semiparametric estimators are not dra-
matically smaller than the first-order terms; they might be in fact quite compa-
rable to each other for moderate sample sizes. Second-order terms depend on the
smoothness of f. For example, in a typical case of twice differentiable f we get
second-order terms ~ n~'/10  the first-order asymptotics being as usual n~!/2,
where n is the sample size. This differs from the purely parametric situation
where the second-order terms decrease as n~! (cf. [20]).

Whereas first-order efficiency considerations for semiparametric models are es-
sentially of a parametric flavor, the second-order ones come from nonparametric
function estimation. Therefore, it is not surprising that the importance of second-
order semiparametric asymptotics was first realized in the literature on nonpara-
metric smoothing. Hirdle and Tsybakov [15] pointed out that, in the single index
model, the second-order term of the risk of the average derivative estimator is not
significantly smaller than the first-order one and suggested choosing the optimal
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bandwidth by minimizing an asymptotic approximation of the second-order term.
Mammen and Park [21] proceeded in a similar way to derive the optimal band-
width for estimation of the efficient score function in the symmetric location prob-
lem. These papers considered specific families of estimators and did not deal with
second-order efficiency among all estimators. Golubev and Hérdle [9, 10] studied
partial linear models and suggested second-order efficient estimators as well as
their nonparametrically adaptive versions. These results rely strongly on the lin-
earity and additivity of the parametric component in partial linear models. The
problem of how to treat second-order efficiency for essentially nonlinear models
has remained open, and our aim here is to give a solution to this problem.

We restrict our study to one basic model that seems to capture the main diffi-
culties in deriving second-order efficiency, being at the same time simple enough
to avoid unnecessary technicalities. Namely, we consider the estimation of a shift
parameter 6 based on observations

1) x5(t) = f(@t —0) +en(t), tel[—-1/2,1/2],

where n(t) is the standard Gaussian white noise process on [—1/2, 1/2] (cf. [16],
Chapter 3) and f(-) is a smooth symmetric [i.e., f(t) = f(—t), V¢] periodic func-
tion with period 1, and 0 < ¢ < 1 is a known noise parameter. With ¢ = 1//n,
where n is an equivalent sample size, model (1) can be viewed as a “Gaussian
white noise analog” of the classical symmetric location model [2, 26, 27].

If the signal f is known, the maximum likelihood estimator

1/2

O, = arg max/ f(t—1)x%(t)dt
. 12

is locally asymptotically minimax (e.g., [17]). In particular, its mean square risk
satisfies

2) lim sup Eg_ r[(Gmr — 0)*1¢(f)]1 =1,

e>00c@

for any sufficiently small interval ®, where
1/2
rin=e? [ P
—-1/2

is the Fisher information associated with model (1) and Ey_ ¢ is the expectation
with respect to the distribution of the observation X® = {x®(¢),r € [—1/2,1/2]} in
model (1). The corresponding probability measure will be denoted by Py, ¢.

In a semiparametric setup where f is not known, an efficient and S-adaptive
estimator of 0 is suggested by Golubev [8] for a model close to (1) where the ob-
servations are available for all # € R and f is not periodic. Hirdle and Marron [14]
discussed semiparametric estimation for models with discrete observations similar
to (1) involving also a scale parameter.
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Here we construct an S-adaptive and second-order efficient semiparametric es-
timator of 6 in model (1). It is of penalized maximum likelihood type with an
appropriately chosen penalty. To derive this estimator, we introduce a prior on f
and then maximize both in 6 and f the posterior density of f given the observa-
tions. This procedure is of a Bayesian type w.r.t. f for fixed 6. It can be viewed in
the following way: we “eliminate” the nonparametric component using a Bayesian
argument, while the final estimation of 6 is realized by maximum likelihood.

We conjecture that the penalized maximum likelihood approach using similar
arguments would be a proper tool to get second-order efficient estimators for other
semiparametric models, and we believe that our technique of proving minimax
lower bounds with second-order terms might be useful there as well.

This paper is organized as follows. In Section 2 we give some heuristics con-
cerning the first- and second-order efficiency in model (1). Section 3 contains the
argument leading to a class of estimators defined by a sequence of weights: we
show how these estimators (that are of penalized maximum likelihood type) are
derived from Bayesian considerations. In Section 4 we show that, under certain as-
sumptions on the sequence of weights, the estimators from this class are S-adaptive
and we study their second-order asymptotics. Section 5 discusses a minimax prob-
lem for the second-order term. In Section 6 we give a locally asymptotically min-
imax lower bound and suggest a second-order efficient estimator obtained with a
particular choice of weights. Sections 7-9 contain the proofs.

2. Some heuristics. This section provides some useful heuristics about first-
and second-order semiparametric efficiency in model (1).

We first explain the result (2) obtained for known f. An intuitive way to do this
is based on a local linear approximation of the signal f (¢ — 6). Suppose that 6
belongs to a small interval [6y — A, g + A¢], where A, > 0 and 6y are known
and A, — 0 as ¢ — 0. This assumption is essentially equivalent to the existence
of a A,-consistent estimator of 8. For simplicity, we assume that A, ~ ¢ [for
rigorous proofs one needs to take A, slightly larger than ¢, so that A.;/e — oo,

as € — 0, e.g., Ay = &,/log(¢~2)]. Then, replacing f(t — ) in (1) by its linear
approximation f (¢t — 6y) — f'(t — 6p) (0 — 6p), we get the linear model
(3) xp(t)=f(t—60) — f'(t —60)(6 — 6p) + en(r), re[-1/2,1/2].

When f is known we can subtract f(t — 6y) from these observations, thus obtain-
ing an equivalent model,

ye(t) = f'(t —60) (B — ) + en(t), te[-1/2,1/2].

Estimation of 8 — 6y in this linear regression model is now straightforward.
Multiplying the observation y®(¢t) by f’'(t — 6p), integrating over the interval
[—1/2,1/2] and dividing by I¢(f) we get the Gaussian shift model

4) YE=0—60+[I°(f)17 %,
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where & ~ N (0, 1). Clearly, Y*¢ is an efficient estimator of & — 6. Thus, the ar-
gument here is based on replacing the original nonlinear estimation problem by
a Gaussian shift experiment. A deep theoretical background for this argument is
given by Le Cam’s theory of asymptotic equivalence [19].

Suppose now that f is an unknown symmetric function. Then again we can use
model (3) to approximate the initial model (1). But the approximating model is
now nonlinear since it contains the product of unknown parameters (6 — 6y) and
f'(t —6p). Fortunately, this is not a problem, and in this case one can also construct
an efficient estimator.

Indeed, since f’ is an odd function and f is an even function, projecting the
observations (3) on the spaces of even and odd functions we get

5) x5 (@t) = f(t —0p) + ene(t),
(©6) x5(t) = f/(t — 00)(0 — 6p) + eno(t),

where n(¢) and ne(¢) are two independent Gaussian white noise processes. Based
on xZ(t), we estimate the derivative f'(t — 6p) and then plug this estimator into (6)
to recover the parameter of interest from the observation x§ (). This allows us to
obtain an efficient (S-adaptive) estimator of 6.

We turn now to a heuristic derivation of second-order asymptotics. In order to
do that we simplify our approximate statistical model (5)—(6) assuming that 6y = 0
and translating the observations x{ (¢), x¢ (f) in a sequence space.

We will suppose throughout the paper that the unknown function f can be rep-
resented as

(e e]
(7 fO=v2Y" ficos@rkt),

k=1
where the Fourier series converges for all ¢ and the Fourier coefficients f; are
defined by

1/2
fi=+2 f_ o f(t) cos(2mkt)dt.

Using this and projecting (5) and (6) on the trigonometric basis functions we obtain
the sequence model

(8) X = fr + €&, k=1,2,...,
) X;=00Qrk) fi +ekf,  k=1,2,...,

where (&, E,:", k=1,2,...) are i.i.d. standard Gaussian random variables. The
nuisance parameters f; can be estimated from (8) by well-known techniques for
the Gaussian sequence model (see, e.g. [29]). In particular, it is natural to use
linear estimators of f; defined by fir = hi Xy, where hy = hi(¢) are such that
> h? < 0o. An example is iix = 1ix<p,)} where 1, is the indicator function
and N, is an integer such that N, — oo as ¢ — 0.
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Next, considering separately model (9), it is not hard to show that if f; were
known the maximum likelihood (least squares) estimator

(10) by =Y @k fiX; | > ek 2
k=1 k=1

would be asymptotically minimax for 6. At first sight, it seems natural to plug in
Jfi instead of f; in the expression for 6 ¢, thus obtaining the estimator

o0 (0,0]
(11) 6= Z(znk)hkxkx;g/ > @rk)*hiX;.
k=1 k=1

However, this estimator is not optimal: it can have a very large bias. The reason is
that the functional > 72, (2rk)? sz in (10) is not estimated correctly. An improved
version of 6 can be suggested in the form

(12) 0" = Quioh Xy X} [ 3@k he (X} — ).
k=1 k=1

As compared to (11), we replace h% by Ay in the denominator and replace X,% by
the unbiased estimator X ,% — &2 of sz. This turns out to improve significantly the
asymptotics of the risk.

We now give a heuristic analysis of the risk of 8*. Using (8)—(9) and the notation
I /112 = &215(f) = Y52, (2k)? f, we obtain

* / Xe__rf
13 6* —0),/1¢ = ,
(13) ( WIEH=If ||Z,‘§il(2nk)2hkf,f+f‘§
where

X° =) Quihi fif + &) Quk)hi&E],

©§ =0 Quk)?hy fibi +0e Y Qrk)*hie (G — 1),
k=1 k=1

5 =26y Quk)hy fidi + &> Y@k hi (5 — 1).
k=1 k=1

In order to simplify the expression in (13) we assume that Y 22 l(27'rl<)4 sz < 00
and that h; are chosen so that ez,fil(an)Qhk < 00. Under these conditions,
using |#]| < A, ~ ¢, one obtains that

Eo (T 1= 0(),  Eg ([(T51=0().
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It is also straightforward to see that Eg_¢(x°I'{) =0, and to show, with some easy
algebra, that

o0 0
Eo r[(x)*T51=48> Y hi@nk)* fZ+26* Y hi@nk)* = 0(e?).
k=1 k=1

Next note that we are allowed to drop the terms of order O (€2) since their contri-
bution in the risk (asymptotically, in the mean absolute value) is smaller than the
final second-order asymptotics that we are going to obtain. Up to these terms, we
get from (13)

-1
*__ £ ~ ”f/” &E_ 1€ _ ,ETE = 2 2
OO D o sz><[>< I xrz(lgznk) hkfk> }
and thus
00 -2
Eg ([(0* —0)*I° ()]~ ||f/||2(2(277k)2hkfk2> Eo r[(x%)*]
k=1

o0 o0 _2
=117 @rk)’hie® + ) (Z(znk>2hkfk2> .

k=1 k=1

This expression can be simplified if we assume that 0 < i; < 1 and

o0 2 o0
(14) [Z(l - hk)<2nk>2f£] = o(Z(l - hk>2<2nk>2f£)

k=1 k=1

as ¢ — 0. Then, in particular, > 72, (1 — hk)(271k)2fk2 = 0(1), and one obtains

o0 —2 o0 -2
(Z(znk>2hkfk2> = (nf/u2 + Y @k (he — l)sz)

k=1 k=1
~ IIf/II“{l =20 £172 > @rk)* (hye — l)sz}-
k=1

Using this and (14) we derive the following expansion for the risk:

Eo ;[0 —0)2I°(f)]1~ {1 + IIf/II‘Z(Z@ﬂk)Z(eZh;% + (hg — 1>f13)>}

k=1

15) x [1 =217 Y k) (i — l)sz]

k=1
~ 14 | f/IT2RELS, R,
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where

(16) RELf.h]1 =Y Qrk)*[(1 — hi)? 7 + €7,
k=1

The second-order term in (15), that is, the functional || f” ||_2R8[ f, h], has a clear
statistical meaning. Suppose that we know 6 and we want to estimate the derivative
f'(t — 0) based on observations (1). To measure the quality of an estimator f "(t —
6) we choose the relative mean integrated squared error,

1
17112

Consider a linear estimator

Err(f, f)) =

172 7~/ / 2
mjﬁﬂgfa—w—fa—wlm.

N o0 12
Fit —0) =23 hy k) sin[27k(t — 0)] / cos[2k(r — 0)]x® (1) dt.
k=1 -172

Using (7), it is easy to show that Err(fé, ) = lf'I"2Ré[ £, h]. Thus, the expres-
sion || f/|| —2Re[ [, h] is a relative mean integrated squared error for nonparametric
estimation of the derivative of f in the Gaussian white noise model. We see that
the second-order expansion (15) relates two statistical problems: semiparametric
estimation of 6 and nonparametric estimation in L;-norm of the Fisher informant
f'(t — 0). It also reveals a presumably general fact that second-order asymptotic
terms in semiparametric problems account for the mean integrated squared error
of recovering of the Fisher informant.

3. Penalized maximum likelihood estimator. In Section 2 we have sketched
second-order asymptotics for the estimator 6* in model (8)—(9), which is only a lo-
cal approximation of the original model (1) in a neighborhood of 6y = 0. Thus, 6*
is not directly applicable for model (1). Of course, the procedure can be corrected:
instead of replacing 6y by 0, one should replace it by a preliminary e-consistent
estimator of 6. This would lead to a two-stage estimation procedure that would
presumably have the desired second-order behavior under some conditions. There
exists, however, a direct and more elegant estimator achieving the same result. This
estimator is inspired by the Bayes argument that we are going to describe now.

Given model (1), we have at our disposition the following series of discrete
observations:

Xx = frcos(QmkO) + e&,
(17)
xXg = fisin(2nk6) + e&;, k=1,2,....

Here (&, &7, k=1,2,...) are i.i.d. standard Gaussian random variables,

1/2 1/2
Xp = \/Ef x°(t) cos2mkt) dt, xp = \/5/ x%(¢) sin(Rmkt) dt,
—-1/2 —-1/2
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and (17) is obtained by projection of (1) on the trigonometric basis functions on
[—1/2,1/2] using (7).

Our aim is to define a suitable estimator of 6 using these observations. A general
idea is to “eliminate” first the nonparametric component of the model represented
by the sequence of Fourier coefficients f; (which we consider to be nuisance pa-
rameters). We will proceed as follows. Assume for a moment that the f;’s are in-
dependent zero-mean Gaussian random variables with variances 0,3. Assume also
that they are independent of the noise sequence {&, &;}. We will replace the se-
quence { fr} by the most probable, with respect to the posterior distribution of { fx}
given {x, x;'}, sequence { f;*}. Clearly, this sequence will depend only on {xx, x;}
and 6, and thus { fi} will be eliminated. The final step will be to maximize over 8
the remaining likelihood, thus obtaining an estimator of 6.

To define the procedure formally, note that the problem factorizes: it is sufficient
to find f;’s for a fixed k, since the triples xg, x;, fi with different k are indepen-
dent. Maximizing over fj the posterior density of fi given x, x; is equivalent to
maximizing the joint density of x;, x;, fr, which equals

5 Ly f?
ot 0= ( 75z ) o e =505

(xXk — frcosQmk0))? + (xf — fi sin(znke))z]
X exp| —
2¢2
= A(xg, xf)
(/2 172 202 2
X exp fszf cos[2mk(r — 0)]x®(t) dt — M]
& —172 2e%0;

where A(xg, x;) does not depend on f; and 6. The maximizer of py(xx, x, fi)
over fi has the form

12
F10) = V2 /_ OS2k~ ),

2
Uk
where Ay = —— and
of + &2
max po (x, xg, fx)
Ji
(13) = po(xk, X, fi ()
172 2
= A(xk, X;) exp[kk (/ cos[2mk(t — 0)]x% (1) dt) ]
—1/2
Set

OpmL = argmaxnpe Xk, X5 f7(9)) —argmax[maxnpe(m,xk fk):|
0€0® ;4 geo | Ui
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where © is a parameter set associated with the model. Thus, épML is the
6-component of the overall maximum likelihood estimator corresponding to the
infinite product density [172; po (xk, X7, fi)- In view of (18), we may write this

estimator as
o0

1/2 2
Z)‘k (/ cos[2mk(t — 1)]x%(2) dt) }

(19) épML = arg max
Te® k=1 1/2

or as

12
fonL = arg maxmax|: Z gk/ cos[2mk(t — v)]x%(¢) dt
/2

T€® {gi}
& 1
2
Yt |
k=1 2¢e 2Uk

where maxg, ) denotes the maximum over sequences {gi} belonging to a subset
of £, and we suppose that f satisfies conditions such that the infinite sums con-
verge almost surely. We will call fpuL a penalized maximum likelihood estimator
(PMLE), although this is not a PMLE in the usual sense. Comparing Gpar with
the maximum hkehhood estimator GML, we see that GPML can be interpreted as a
penalized version of HML correspondlng to a function f(-) = f;(-) whose Fourier
coefficients are the maximizers {g{ ()} of the term in square brackets in (20) over

{gk} for fixed T and to the penalty } 7> (8% (1))> ( 213) (up to a multiplica-

(20)

2¢2
tive constant, cf. definition of GML). Thus, the difference of épML from the “pure”
PMLE is in the fact that f(-) = f;(-) is not fixed and known: it depends on the
parameter 7 over which the maximization is carried out.

To make the estimator GPML feasible, it is natural to consider only finite sums
in (19), (20), including the terms with k < N,, for some N, that depends on &
and tends to co as ¢ — 0. In particular, this will be the case for the second-order
minimax estimator that we derive below.

Note that the estimator (12) defined in Section 2 is nothing but a local version
of the estimator (19) in a neighborhood of 6y = 0. In fact, differentiating formally
the expression in curly brackets in (19) we obtain that GPML is a solution of the
equation

e}
Z M (2mk) (f cos[2mk(t — 7)]x° (1) dt)
k=1
2D
X (/ sin[2mk(t — ©)]x° (1) dt) =0.
The integrals in (21) are equal to yx = xx cos(2wkt) + x; sin(2rkt) and y,/( =

x; cos(2mkt) — xi sin(2wkt), respectively, allowing one to reduce (21) to

Z)\k(2nk){xkxk cos(4mwkt) — (xk) Isin(4nkt)/2} =
k=1
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Linearizing this equation in the vicinity of © = 0, we get the following approximate
formula for a solution of (21):

(22) Bon Y Qrloreex; [ D@0l — ()71
k=1 k=1

It can be shown, using the argument from Section 2 that (22) is asymptotically
analogous to the estimator 6* given by (12) with &; = A;. One difference is that
here we have xi, x; instead of X, X}, but x; ~ X and x; ~ X; for 6 close
to 0. Another point is that these estimators have somewhat different denominators.
However, for small 6 both denominators estimate the same quadratic functional
Pyl 1(27Tk)2 sz and one can show that they are quite close to each other, so that
their difference does not appear in the second-order asymptotics of the risk.

4. Second-order asymptotics of the estimators. In this section we consider
the class of estimators defined by

N 00 1/2 2
(23) Oap = arg max{ > hk (/ cos[2k(t — 7)]x%(¢) dt) }
k=1 —1/2

T€®

where {h;} is a sequence of real numbers satisfying some general conditions. For
a particular choice h; = Ay the estimator éAD is equal to the penalized maximum
likelihood estimator (19) obtained from a Bayesian argument with A; = okz / (ok2 +
82), but we also allow other weights /. In particular, the weights {/;} such that
hi =1 for some initial values of k play an important role in our further argument,
while we always have Ay < 1 for épML.

We will show that under some assumptions on {h;} the estimator éAD is
S-adaptive and we will give explicit second-order asymptotics for the risk of OAD.
In what follows we will suppose that /i # O for only a finite (typically, depending
on ¢ and growing to oo, as € — 0) number of integers k. This assumption is nat-
ural, since otherwise the estimator éAD is not feasible. In order not to specify the
set where /1 # 0 we keep in the notation the sums over all integers k.

We first define the parametric set ® where 6 lies. Since f is symmetric and
periodic with period 1, we get that s(¢) = f(1/2 — ¢t) is also symmetric and pe-
riodic with period 1. Hence, the observations x®(¢) corresponding to parameters
@, f(-)) and (6 — 1/2,s(-)) have the same probability distribution. So we can-
not discriminate between values 6,60 + 1/2,6 + 1, ... in model (1) if we suppose
that f belongs to the class of symmetric and periodic functions with period 1. In
order that the model be identifiable, ® should be strictly included in an interval of
length 1/2. For definiteness, we assume the following.

ASSUMPTION Al. © ={0:|0]| < 1o} where 0 < 79 < 1/4.
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Next, we define the class of functions F where f lies. Let p and Cy be positive
constants. Denote by F = F(p, Co) the class of all functions f:[—1/2,1/2] - R
that admit the Fourier expansion (7) with coefficients fj satisfying the following
assumptions.

ASSUMPTION A2.  f2>p.
ASSUMPTION A3. || f”|I*> < Co.

Here and in the sequel, for a sequence of real numbers {a;}, we use the notation

o0 o0 o0
2 2 2 2 2 2 2 4
lall*=">"a;, ld' 1> =" a;(2mk)?, la”1* =" a;@mwk)*.
k=1 k=1 k=1

Assumptions A2 and A3 imply that
(24) Coz|f'IP=@m)’p VfeF.

Furthermore, we impose some conditions on the weight sequence {h}, assuming
that it depends on &.

ASSUMPTION B. The weight sequence {A;} is such that 1y =1,0 < h; <1
for all k£, and

Bl. |i|| = p logz(s_z) maxy hi (2w k), where p; > 0 is a constant that does not
depend on ¢,
B2. &2 Z,fil hk(an)4 < C1, where C is a constant that does not depend on ¢.

We remark that the condition 0 < iy < 1 here is quite natural: if Ay ¢ [0, 1],
projecting hj on [0, 1] only improves the second-order asymptotics (cf. the ex-
pression for R?[f, h] in (16)). Note also that Assumption B2 and the fact that
0 < hy < 1 imply the finiteness of ||4’|| for any &. Assumptions B1 and B2 are not
very restrictive. For example, consider the projection weights /iy = 1ix<y,} where
N is an integer such that N, — 0o as ¢ — 0. Then Assumption B1 is equivalent
to Ng >C 10g4(8_2) for some constant C > 0, and Assumption B2 is satisfied if
N, = 0(8_2/5) ase — 0.

Finally, we will need the following assumption involving both f and {Ay]}.

ASSUMPTION C. The weight sequence {Ay} is such that, uniformly in f € F,

o0 2 o0
[2(1 — hk)(an)szz] = 0(2(1 — hk)z(an)szz) as e — 0.
k=1 k=1

Note that, again, Assumption C is quite mild. For the projection weights sy =
T{k<n,} it means that } ;- . (271/{)2fk2 — 0 as ¢ — 0, uniformly in f € F, which
is true due to Assumption A3.
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THEOREM 1. Let Assumptions A1-A3, B and C be satisfied. Then, uniformly
infeFandinf €O,

R[S, h]
I1£/112

Eo. r[(Oap — I ()] =1+ (1+0(1))

as € — 0,
where the functional RE[ f, h] is defined in (16).

Proof of Theorem 1 is given in Section 7.
Assumptions A3, B and C imply that

sup R°[f, h] = o(1) as e — 0.

feF
In fact, it follows from Assumptions B1 and B2 that g2 Y h%(2nk)2 =0(1),
while Assumptions A3 and C yield Y52, (1 — h)?(2nk)? fZ = o(1) as & — 0.
Thus, Theorem lAshows that éAD has thAe same first-order asymptotics as the ef-
ficient estimator Oy, [cf. (2)], that is, Oap is S-adaptive under the assumptions

of Theorem 1. But Theorem 1 says more than that, because it also provides an
asymptotically exact second-order expansion for the risk of 6zp.

5. Minimax problem for second-order term. It follows from Theorem 1
that the second-order term of the risk of éAD depends on the coefficients {1} only
via the functional R?[f, h]. We would like to make this term as small as possible
by minimizing it over Ax. Since we do not know the nuisance parameters f; we
consider a minimax setting: we look for 7 = {h} that minimizes the maximum of
the functional R®[ f, h] over a suitably chosen set of sequences { fx}. Namely, we
consider a Sobolev ball

WB.L)y=1f:y Qui* fF <Ly,

k=1

where B > 1 and L > 0 are given constants. A minimax sequence of weights g =
{qi} € €2 is defined by

sup  R°[f,q]= inf sup R°[f, h].
feWB.L) hetz few(p,L)

It is well known (see, e.g., [1] or [23]) that such a sequence ¢ exists and it has the
form

25 1 kP
(25) qk—[ ‘(W) L,

where x; = max(x, 0) and W, is a solution of the equation

(26) gzgjl[(%)ﬂ] - 1L(2nk)2ﬂ =L.
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As & — 0, we have
L (B+2)Q2B+ 1))1/@/3“)
g2 Qm)*P(B-1) '
Moreover, the functional R®[f, k] has a saddle point on 'W(B, L) x £ (cf. [1],

[23] or [29], Chapter 3) with components s, g, where s = {s;} is any sequence
satisfying

W\ P!
28) g=erto =) 1]
1 — gk k +

The existence of a saddle point at (s, g) means that

inf  sup R°[f,h]= sup inf R°[f, h]= R’[s,q].
heba fewp.L) fewp.Lyhets

27 We=(1 —I—o(l))(

Using (25), (26) and (28), the value R®[s, q] can be expressed explicitly, which
yields

29) inf sup R[f,h]l= sup R[f, q]=¢> Z(znk)2 Lef e,
hety few(p.L) feW(B.L) =1
Note finally that, as ¢ — 0,
e _ (277) B-1 2W3
3(B+2)
= C*(B, L)e ™= HICHD (1 4 0(1)),

(14 o(D))
(30)

where

-1 28-2)/(2B+1)
p ) (LB + 1))/ P,

27 (B +2)

The rate ¢ “8=4/2F+1) in (30) characterizes the ratio of second-order terms to first-
order terms in the asymptotic expansion for the nonnormalized risk Eg, f[(ég —
6)?]. This ratio is not dramatically small for 8 not too large; for example, it equals
¢4/ for B = 2. Thus, the second-order terms might be comparable with the first-
order ones. In absolute value, the first-order term of nonnormalized risk decreases
as £ and the second-order term as ¢ 86=2)/CA+D)

C*(B, L) = %(

6. Locally minimax lower bound and second-order efficiency. In this sec-
tion we obtain a lower bound for the minimax risk and construct a second-order
efficient estimator of .

Let f be a fixed function from F(p, Cp) with the Fourier coefficients denoted
by fx. For § > 0 define a vicinity of f by

€19 Fs(f)={f=f+v:lvll <8, veW(B. L)}
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It is assumed that 8 > 2. Recall that || f"|l < oo since f € F(p, Co) (cf. Assump-
tion A3). If § is small enough, F5(f) S F(p', Cj)) for some p’ > 0, Cj > 0 de-
pending only on p, Cy, L.

THEOREM 2. Let the real number § = 8. be such that limg_, 38, = 0 and
limg_ ¢ 83/(82W81+°‘) = 00 for some o > 0, where W, satisfies (27). Then, as
e — 0,

&
(32 inf  swp Egf[@ — 021N = 1+ (1+0(1) =
b 9cO, feFs, (f) (Wl

Here and in what follows inf, (or infy) is the infimum over all estimators based
£
on the observation X®, and r® is the minimax value defined in (29).

The proof of Theorem 2 is given in Section 8.
Motivated by the above results, we introduce the following notion of semipara-
metric second-order efficiency.

DEFINITION 1. An estimator 6 is called second-order efficient at f € F if

rE

(33) sup  Eg f[(0F —0)IF(H)]=1+(1+0(D)) =
0O, feFs, (f) /1

as e — 0,

for some §; > 0 such that lim,_, 8, =0.

Comparing Theorems 1 and 2 we see that if there exists a sequence of weights
hi = A} for which Assumptions B and C are satisfied and

34) sup  R[f,A*1<r®(1 +o(1)),
ferSe(f_)

where \* = {AZ}, then the estimator éAD with this choice of weights is second-
order efficient. At first sight, it seems that one can take A} = g from (25). How-
ever, for iy = g Assumption C is not fulfilled. Therefore we correct g, taking

1, kSYSWS’
xz={

kP!
1—|— s k We,
[ (Wg> :|+ >y£ ¢

where W, is a solution of (26) and y. =1/ log(s_z). For k > y. W,, the weights
A% induce a prior on { fi} analogous to the one that appears in the proof of the
lower bound of Theorem 2. The corresponding penalized maximum likelihood
type estimator has the form

(35) Opy, = arg maxi

T€®

00 1/2 2
Z AL (/ cos[2mk(t — T)]x% (1) dt) }

k=1 1/2
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THEOREM 3. Let a function f € F be such that, for some p > > 1,

(36) > @rk)*? f < o0
k=1

and limg_,¢ 8, = 0, limg_, ¢ 88/(82W81+“) = o0, for some o > 0, where W, satis-
fies (27). Then, as ¢ — 0, the local asymptotic minimax risk admits the second-
order expansion

~ ré
@37 inf  sup  Ep s[6 — 0 I(N]=1+(1+0(1)—=.
0: 9cO, feFs, (f) 1

Moreover, the estimator 6pyy; defined in (35) is second-order efficient at f.
The proof of Theorem 3 is given in Section 9.

REMARK 1. Theorems 2 and 3 are local in f and nonlocal in 8. Inspection
of the proofs shows that they can be turned into local ones in 8 as well, that is,
that one can replace supycg by supjg_g, <, Where 7 > 0 is a small number (fixed
or tending to 0 with & not too fast) and 6y is an interior point of ®.

REMARK 2. In the argument of Section 3, A = akz / (crk2 + £2). The values

(o—,;*)2 corresponding to A} for k > y, W, are thus

w2 ME o[ We\ T
(o) = = 1] .

One can interpret these (o*,;k)2 as variances of the prior distributions of the fi’s
introduced in Section 3. These variances appear also in the proof of the lower
bound [cf. (46)]. The fact that the initial values of A} are equal to 1 means that
we do not put any prior distribution on the Fourier coefficients f; for k < y, W,.
Note that this is a particular choice of a prior associated with the Sobolev classes
of functions.

REMARK 3. It is interesting to compare results on nonparametric and semi-
parametric second-order efficiency. Golubev and Levit [11, 12] and Dalalyan and
Kutoyants [6] considered nonparametric problems where there exist ,/n-consistent
first-order efficient estimators (such as estimation of the cumulative distribution
function). In these problems there are simple efficient estimators, as the empirical
c.d.f. and smoothed estimators allow one to improve upon these simple estimators,
so that the second-order asymptotic terms are always negative. On the contrary,
in semiparametric problems, as in the one considered here, simple empirical esti-
mators are not efficient, and one has to use smoothing already to attain first-order
efficiency. As we see from Theorems 1-3 (cf. also Golubev and Hérdle [9, 10],
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who studied partial linear models), in semiparametric problems second-order as-
ymptotic terms are positive, so that they always spoil asymptotics. This suggests
that the choice of correct smoothing that allows one to optimize second-order as-
ymptotic terms is more important in semiparametrics than in nonparametrics.

7. Proof of Theorem 1. In what follows we use the same notation C for finite
positive constants that may be different in different occasions and can depend only
on 19, p, Co, p1 and Cj.

The first step of the proof of Theorem 1 is to show that estimator D is
g-consistent.

7.1. Consistency of éAD. The estimator éAD 1s a maximizer of the contrast
function

o0 1/2 2
L(t) = Z hk{ﬁ/ cos[2mk(t — 7)]x% (1) dt}
k=1 —1/2

3

hi(fr cos2k(t — 0)]+ €&, (0) cos(2kt) + €& (0) sin(27'tkt))2

~
Il
—_

hi £ cos?[2mk(T — 0)] + 2ell flIn1 (T) + e*n2(7),

e

k

Il
—_

where 6 is the true value of the parameter,

12
Ex(u) = \/Ef_l/z cos[2k(t — u)n (1) dt,

1/2
Ef (u) = fz/ sin[27k(t — u)In(t) dt
—1/2
and

”}/” Z hi fr cos[2mk (T — 0)1(5x(0) cos(2mkt) + & (0) sin(27wk7)),
k=1

n(r)=

M) = he(6(0) cos2kt) + & (0) sin2kT))’.
k=1

The following three lemmas allow us to control the first derivatives of n1(7) and
n2(7).

LEMMA 1. Uniformly in f € F we have
P{sup [0} (T)] > x} < c1exp(—cax?) Vx>0,

TEO®

where the constants c¢; > 0 and ¢y > 0 depend only on p and Cy.
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PROOF. Note that 7| (7) is a stationary Gaussian random process with mean 0
and twice continuously differentiable correlation function r(-) such that " (0) # 0.
It follows from the Rice formula ([18], Theorem 7.3.2, or [5], Chapter 13.5, page
294; see also Proposition 2 in [28]) that for all x > 0,

(38) P{sup|n3(r>|>x}sc[(r”<0)/r(0>)2+1}exp(— : )

X
T€® 2r2(0)

where C > 0 is a universal constant. Now, since f € F,

r2(0) =E (O =1/ 172 Y hi fEQrk)* = Q)2 /1 2p.
k=1

") =Em{ @21 = 1172 hi fE@rk)* < Coll f/1I72,
k=1

which together with (38) proves the lemma. [

We will use the following simple fact about moderate deviations of the random
variable:

c=> aiE - D),
i=1

where the &;’s are i.i.d. standard normal random variables and {a;} is a sequence
belonging to £, so that the random series converges almost surely.

LEMMA 2. Letay #0, {ar} € £3. For any 0 < x < ||a||/ maxg |ai| we have
P{ls| = x\/E[s?]} < 2exp(—x°/16).
This result follows, for example, from (27) of Lemma 2 in [4].

LEMMA 3. Forany 0 < x < ||h’||/ maxg hi (2mk)

o0
Pisup 15 ()| > 4 Z hi(2mk) —I—x||h/||} < 4exp(—c3x?),
TE® k=1

where c3 > 0 is a universal constant.

PROOF. Using the Cauchy—Schwarz inequality we get

sup |77/2(‘L')| <2 Z hix 2 k) sup{|&x(0) cos(2kt) + £ (0) sin(2m k)|
T k=1 T

X |—&(0) sin(2kt) + £ (0) cos2kt)|}

<2) i @rk)[E(0) + £2(0)].
k=1
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The rest follows from Lemma 2. [

Consider now the expectation of the contrast function L(-)
o
E[L(D)] =) hif¢cos*[2k(z — 6)].
k=1
LEMMA 4. Let Assumptions A1-A3 and B be satisfied. Then
E[L(t)]-E[L(®)]<—-C|t—6]> Vre0,

where the constant C > 0 depends only on 1y, p and Cy.

PROOF. The derivatives of the function G(t) = E[L(7)] satisfy G'(0) =0,
G"(0)=-2%32, hksz(erk)2 < —2(27)2p. Thus, the assertion of the lemma
holds for 7 in some neighborhood of 8. Since also E[L(7)] < E[L(6)] for all
T € ®, 1 #0,and O is abounded interval (cf. Assumption A1), the lemma follows.

O

Now we are ready to show that éAD 1S g-consistent.

LEMMA 5. Let Assumptions A1-A3 and B be satisfied. Then, uniformly in
feFandinb €O,

Py {10ap — 01,/ 1°(f) > x} < caexp(—csx?)

for all x € [xq, |A'||/ maxy hy (2k)], where c4 > 0, c5 > 0, x9 > 0 are constants
depending only on 19, p, Co, C1.

PROOF. Due to Lemma 4 we have
Py ¢{10ap — 01/ 15 (f) > x}

< P{ max [L(z) — LO)] > O}
1€0: |t—0|>x/JT (f)

IA

P{ max [E[L(‘L’)] —E[L9)]
1€@: |t—0|>x/JT (f)

+ 2el f' [ (m(r) — n1(8))

+ 2 (n(0) — m@)] = 0}

< P{ max |:E[L(‘[)] —E[L()]
1€@: |t—0|>x/JT (f)
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+|r—9|(2e||f’||max|n1<r)|
te®
+ &2 max|n’2(t)|)} > 0}
te®
< P{max|n (¢ gmax |nh (¢ >Cx}
< Plmax 1] ()] + e max (1) =

< P{max AGIE= Cx} +P{8maxln/2(t)| > Cx}.
te® te®

The first probability on the last line is controlled by Lemma 1, whereas the second
probability can be bounded, in view of Lemma 3, by 4 exp(—Cx?), since according
to Assumption B2 one has ¢ Y 72 | hx(2mk) < C’, ¢||h'|| < C’, where C’ depends
only on Cy, and thus Cx > 4e Y 22 hy(2wk) + cex||h'|| for any x > x if x¢ is
large enough and ¢ > 0 is small enough. [J

7.2. Proof of Theorem 1. Let us introduce the event A = {|éAD — 0] <
cee /log(e=2) } where cg > 0 is a sufficiently large constant that can depend only
on 19, p, Cp and C. The risk of 84p can be decomposed into two terms,

(39) Eg ;[(6ap — 0)*] =Eg f[(Gap — 0)*14,] +Eg r[(Gap — 6)*Lsc].
Using (24) and Lemma 5 we find that, for cg large enough,
(40) Eg f[(Bap — 0)°I°(f)Lac] < Ce Py (A} = 0(?)  ase — 0.

Indeed, for x = 8\/18 (f)log(e—2) > C\/log(s—z), due to Assumption B1 and (24),
one has
xmaxy hy (2mk) - VColog™3/2(¢72)
1A B P
Thus we can apply Lemma 5, which yields (40) when cg is large enough. It remains

to find the asymptotics of the first term on the right-hand side of (39). The estimator
OAp satisfies

(41) L'(bap) =0.

—0 as e — 0.

Using Taylor approximation of the left-hand side of (41) in a neighborhood of 6
we may write, for some w € O,

(42) Lo(®) + (0 — 6aD)L1(0) + % (0 — Oap)*La2(w) =0,

where

Lo®) =&Y he(2mk) fi&f ©) + &> ) heQuk)EE(0)5(6),

k=1 k=1
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Li(0) =Y hQrk)*(fE + efiér(0) + 2 [£7(0) — £72(0)]),

k=1

o 1/2
Ly(w)=—8)_ hi(2mk)? ( / cos[2k(t — w)]x* (1) dt)
k=1 172

12
X (/ sin[2k(t — w)]x% (1) dt).

1/2
LEMMA 6. Let Assumptions A1-A3 and B be satisfied. Then

sup E@yf[(L] (0) —Eq, r[Ly (9)])2] = 0(82) as e — 0,
0e®, feF

and

sup Eg,¢| sup |La(@)] = C.
0e®, feF we®

PROOF. We omit the proof of the first relation since it follows from simple
algebra. To prove the second one, using trigonometric formulae and the Cauchy—
Schwarz inequality, we write

V2

/cos[27tk(t —w)]xf() dt‘

= | fr cos[2k(0 — w)] + €&, (0) cos[2mkw] + €& (0) sin[2mkw]|

< I fil + &,/5c(0)2 + ££(0)2.

Similarly, «/§|f sin[2mk(t — w)]x8 () dt| < | fi| + &,/ & (0)% + & (0)2. Therefore

ILa(@)| < C Y hiuk)® 2+ Ce* Y hi2mk)>[£2(0) + £2(0)].
k=1 k=1

The second inequality of the lemma follows easily from this and Assumptions
A3and B2. O

To analyze the behavior of éAD we compare it to the root 7 of the linear equation
(43) Lo(0) + (6 — 1)Eg, ¢[L1(0)] =0

representing an approximation of (42).

LEMMA 7. Let Assumptions A1-A3, B and C be satisfied. Then

Re[f. h
Eo f[(F —0)21°()]=1+(1 —I—o(l))%,

where o(1) — O uniformly in f € F andin 6 € ®, as ¢ — 0.
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PROOF. Using the inequality (1 — h2) f2(2wk)? < 2(1 — hy) f2(27k)?, As-
sumption C and (24), we get from (43),
Eo ([(2 = 0)*1°(f)]
LR [ — D) fE + ehi] 2 k)?
[+ 117222 (i — 1) fEQ2k)?]?

= [1 HIA172Y 1 — D f? +82h£](2nk)2}

k=1
X [1 =20 172> (he — 1) fEQ2rk)* + o(RE[ f, h])}
k=1
=1+ (L+oM)If I72RLf, hl. O

LEMMA 8. Let Assumptions A1-A3 and B be satisfied. Then Eg, f[(éA D —
f)zlleA,l] < Ce*log?(e7?).

PROOF. Since no confusion is possible, we omit the subscripts 6, f of the
expectation. Subtracting (43) from (42) we obtain
(6ap — D)E[L1(6)] — (6 — D) (L1(6) — E[L1(8)]) — 5(6 — 6ap)* La(w) =0,

Note that E[L1(0)] = Y, he(Quk)?f? > (27)?p and that (fap — 6)* <
cés2 log(¢72) on s;. Using these facts and Lemma 6 we get

E[(0ap — ©)*14,]

< (E[L1<6)]>—2{2E[(9 — 6Ap)2(L1(0) — E[L1(6)])*1.4,]

4 Ee,f[(e — Oap)* sup |L2<w)|2u1]}

we®

<cet 1og2(8_2). Il
Now Assumption B1 and the fact that 41 = 1 yield, for ¢ small enough,
00 2
RE[f.h] = &2 (2mk)*h; = pr&’ <m]?xhk(2nk)> log*(e72)
k=1

> p1(27)*e? logh(e ™),

which implies that E@ﬁf[(éAD — f)zls(f)]lm] = o(R?[ f, h]) uniformly in f € F
and in 6 € O, as ¢ — 0. This result together with (39), (40) and Lemma 7 com-
pletes the proof of Theorem 1.
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8. Proof of Theorem 2. Before proceeding to the proof of Theorem 2 we give
some preliminary results.

8.1. An auxiliary Bayesian problem. We consider a model with two observa-
tions that will be used as a building block for the subsequent proofs. Set

x = focos(2mkO) + €&, x* = fosinQmkO) + &*,

where &, &* are independent (0, 1) random variables and fj is an M ( f ,od)
random variable that does not depend on (&, £*), with f_ €R, 02> 0. Here 0 is
a parameter to be estimated based on the observations x, x* and k is an integer.
Define the Fisher information

70) = E[(j—@ log po x, x*))z}

where pg(x, x*) is the probability density of the observations.

o Y(2mk)?, for any k € Z.

2402

LEMMA 9. We have g5 (0) = 2(f? +

PROOF. Denoting by C multiplicative constants that do not depend on 6, we
have

2
1 _
po(x,x™) = C/exp{—zb;—z — 2—82[)6 — fcos(Qmkl) — ucos(2nk9)]2

— Lz[x* — fsin(anQ) —u sin(271k9)]2} du
2¢e
—C exp{ %[x cos(2kd) + x* sin(2m k)]
+ (1 = 1) fx cos(2mkf) + x* sin(27rk9)]}

A 1—x .77
= Cexp{ 5.2 [x cos(2mkO) + x* sin(2Qmkf) + —f] }

where A = 02 /(¢? 4+ 0%). Hence writing fo = f 4+ no where n ~ N (0, 1) and 7 is
independent of (£, £*), one obtains

P A d 1 A 2\ 2
Fi(0) = E[(2 270 [x cos(2mkO) + x*sin(2mkf) + —f] ) ]
_ 2
= (2nk)28_4A2E[(f+ no + €& cos(2mkO) + e&* sin(2wkf) + 1=2 : Af)

x (—¢k sin(2k6) + s&* cos(znke))z]
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= (2nk)28—2x2E[<(r1 f +10)(—& sin(2mk6) + £* cos(2k0))

€ ) 2
+ 5(5*2 — £%)sin(4mkB) + c££* cos(4ﬂk9)> }
= Qrk) e 2 AT 402 + €7 O

8.2. Lower bounds for Bayes risks. In this subsection we consider the se-
quence model (17) where we suppose that the fi’s are no longer fixed values but
independent random variables distributed as N ( fi, sz) with some o} > 0. By con-
vention, oy = 0 means that the corresponding f; is equal to f; almost surely. We
assume in what follows that o3 > 0 only for a finite (and possibly depending on ¢)
number of indices k. We also assume that the random sequence (fx, k=1,2,...)
does not depend on the noises (&, S,;", k=1,2,...). We will refer to this model
as the Bayes model with fixed 6. Let W, (df) denote the probability distribution of
f ={fx} € £ in this model.

Along with this, we will consider the full Bayes model defined in the same
way, except that in this new model 6 is supposed to be a random variable having
a density m(x), x € O, that vanishes at the endpoints of the interval ® and has
finite Fisher information I, = [ (7’ (x))?7w ~!(x) dx. It will be assumed that @ is
independent of (fi, &, &, k=1,2,...).

We denote by E the expectation with respect to the joint distribution of
(xk, x5, k=1,2,...) and @ in the full Bayes model and by Ey the expectation
w.r.t. the distribution of (xg, x;f, k=1,2,...) in the Bayes model with fixed 6.
Define

2
3

82+G]3’

Ak k=1,2,....

LEMMA 10. Assume that the density m(x) vanishes at the endpoints of the
interval © and has finite Fisher information I . Then

A - 1 &
(44) infE[0 — )21 = 1+ = 3 Cmh)h + 0(e?),
O k=1
where

ie;/”(f) Vo (df) =72 ) Quk)*(fi +0f).
k=1

The proofs of this and subsequent lemmas are given in the Appendix.

In the next subsection we will show that one can choose the sequence {o%} so
that the right-hand side of (44) coincides asymptotically with the lower bound
of Theorem 2. However, the left-hand side of (44) is different from that of (32).
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One difference is that in (32) the risk is normalized by the Fisher information
I2(f), while in (44) we have its average I° w.r.t. the distribution W, (df). The
next lemma shows that 7¢(f) is sufficiently close to I¢; in particular, its variance
is small enough.

LEMMA 11. Ifthe o*kz’s are such that
o0 o0
(45) > @rk)tof +supol = 0(82 Z(znk)zxk),
k=1 k k=1
then

/(Ig(f) — I’ W, (df) = o(e—2 Z(2nk)zkk> as e — 0.

k=1

LEMMA 12. Assume that the density mw(x) vanishes at the endpoints of the
interval ® and has finite Fisher information I, = f(n/(x))zn_l(x) dx. Then, for
any f e F,

| . I e
lgémﬂ@ DDA = o = T w gy

Proof of this lemma is omitted: this is the standard Van Trees inequality for the
problem of estimation of 6 with fixed f in model (1) ([33]; see also [7]).

LEMMA 13. Ifthe sequence {0y} satisfies relation (45) and § < </ p/2, then

o - i
/Fm<1 18(f)> W, (df) < 0(8 ];(an) xk> + CP(f ¢ F5(f)).

8.3. From Bayes to minimax bounds. The main idea of the proof of Theorem 2
is to bound from below the minimax risk by a suitably chosen Bayes risk. In the
rest of this section we consider the full Bayes model defined in Section 8.2 with a
special choice of the oy ’s. Namely, we set

0 k<y:.W,
2 _ ’ = VeWes
(46) %—{u—mﬁ, k> ye W,

where W, is a solution of (26), s,% is defined by (28) and y, =1/ log(s_z) (here
and later we suppose that ¢ is small enough, so that y, < 1). To derive the minimax
lower bound of Theorem 2 from the Bayes bounds of Section 8.2 we need first to
show that with a probability close to 1 the Gaussian random sequence { f} belongs
to the set Fs(f). In fact, the following result holds.

LEMMA 14. Forany 8% > e2Wey2 2P we have P{f ¢ Fs(f)} < e=C¥We.
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8.4. Proof of Theorem 2. Recall that we consider the full Bayes model with
the o7’s chosen according to (46) and A; = sz / (€2 + ak2). Note that in this case

(47) e2Y Qrk)y*a=rf(1+o(l)) ase—0.
k=1

Indeed, (25) and (28) imply that |Ag/qr — 1| < y. for k > y.W,, and hence
[cf. (29)]

&2y @rk)a = (1+o0()e* Y @rk)’q
k=1 k>ye We

:(1+0(1))<r8_82 Z (2nk)2qk).
k<yeW¢
Here [cf. (30)]
k2 kNP 171
&2 Z Qrk)’qr = 2m)*e* W, Z (Ws) [1_<Ws) }WE

k<y:W; k<y:W;
Ye
< C82W83/ (2 + 2Py dx < Cyle* Wl = o(r),
0

and thus (47) follows.

Next, we check that if the o;’s are chosen according to (46), then condition
(45) is satisfied, so that one can apply Lemmas 10-13. In fact, (27) yields W, =<
g2/ CB+D with B > 1, and using (47), (28) and (30) we get, as € — 0,

o
&2 > Qrk)a = W) — 0,

k=1
o0 o0
Yeriief <et Y3 @t W/ < cetwiy
k=1 YeWe<k<=W;
o
= o<82 Z(an}z)»k>,
k=1

o0
sup akz < 82)/81_/3 = 0(82 Z(2nk)2)»k>.
k k=1

Now we start the main body of the proof of Theorem 2. First note that, in a
standard way, conditioning on (xx, x;/, k=1, 2,...) and using Jensen’s inequality,
one can easily show that it is sufficient to prove the lower bound of Theorem 2 for
estimators ég depending on X® only via (xx, x;/, k=1,2,...). Let T, denote the
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set of all estimators ég of 6 measurable with respect to (xy, x,’;, k=1,2,...)and
satisfying the inequalities
&

(48) sup supEg r[(6: — 0I5 ()1 <1+ 10 < 1.

feFs, ()0€O 112

It is enough to restrict our attention to the estimators from 7, since for estimators
that do not satisfy one of the inequalities in (48) the lower bound of Theorem 2 is
evident.

Clearly,
&€
@) s [ Bofl@. 0PI (r@do <1+ o VheT.
feFs ()7 /1
We have
inf  sup  Eg ;[0 —0)*I(f)]
6T, feFs(f)
> inf E[(0 — 0)°I°()Lg, 7, ()]
0T,
(50) = inf E[@ —0)* 11y, 7,(f)] = sup E[O — 0)*(I* = I* ()15 5]
feT: HeT,
> inf E[(0 — 0)*I] — o(e?) — sup E[(0 — 0)*(I* — I*(f))Lp, ()]
6eT: beT,

> ing[(é —0)*1°] = o(e®) — sup E[(6 — 0)*(I° — I°(f)) Ly, 7,()].

beT,
where we have used the inequality

sup E[(6 — Q)ZI_SJng(f)(f)] < Ce 2exp(—=Cy>*W,) = o(&?),

ée’fg

which is a direct consequence of the estimates |é | <1, 10| < 1/4, I < Ce™2,
relation (27) and Lemma 14. The last term in (50) can be represented as

EL@ — 0)*(I° = I°())Lg, 7, ()]

51) _ _(1— r )%(df)
Fs(f) I(f)

+E([6 —6)*1°(f) = (1= I/ 1°()) 1y 1, ())-

Due to Lemmas 13 and 14, the second term on the right-hand side of (51) is as-
ymptotically negligible with respect to g2 Dok Qrk)? i, = ré(1 4 o(1)) [cf. (47)].
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To evaluate the first term, note that

E(L©O —6)*1°(f) — 1I(1 = I*/T°())Lg, 7, ()

(52) < sup || Eg f[(é—e)zlg(f)—1]”(9)619‘E(|1—I_8/16(f)|)
feFs(HIVO
<Ce? sup ‘/ Eo i[(6 —6)*1° ()] (6)do — 1‘ [E(I° — I°(f))*]"*.
fers(HYO

It follows from (58) and Lemma 11 that e*E(I¢ — I°(f))? is o(1). Now,
Lemma 12, inequality (49) and the fact that sup FeFs(f) L /I5(f) < Ce? = o(rf)
[cf. (§8)] imply that

(53)  sup ‘/ Eo r[@: —0)*I¢ ()17 (0)d6 — 1‘ <Crf Vé.eT..
feFs(HMO
Plugging (51)—(53) in (50) and using Lemmas 10, 13 and 14, we get

inf  sup  Eg [0 —0)* ()] = infE[( — 6)*I°] + o(r®)
0€Te 9eO, feFs(f) 0

> 1+ = > Q@rk)’ A+ o(r®)
k=1
r&‘
IF112
where for the last equality we have used (47) and the fact that, due to (28) and (46),
21 =11 < Y @rk)of
k>yeWe

<e® Y @rkE(We/ kP!
VSWSSkSWs

1+ +o(r),

< C?Wiy =P =o(1),

as ¢ — 0.

9. Proof of Theorem 3. It is enough to check that Assumptions B and C are
satisfied for iy = A} and that (34) holds. We first check Assumption C. Recall that

we supposed w.l.o.g. that y, < 1. Then 1 — A} > ygﬁ_l for k > y. W, and we have

Y A=aperky’ =Y (1=rHQrk)* [

k=1 k>yeWe

o0
<y Py A -2k fE < v Fre
k=1
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This and (30) show that Assumption C is satisfied for 4 = A}. Using (27) we find
that Assumption B also holds. Indeed, Assumption B2 amounts to checking that
g2 Ws5 < C1, which is clearly the case for 8 > 1, whereas Assumption B1 follows
from the relation ~/W, / log2 (e72) = 400, as € — 0. Now we are ready to check
(34). For any « € [0, 1] one obtains [recall that the g;’s are defined by (28)]

o0
sup RE[£,A*1< sup Y (1 =)@k (fi +ve)?
feFs, (f) veW(B,L) =1

o0
+ > Qemka})?

) k=1 N
<40 + 23— APk 2
k=1
+e2 Y (1—gh@mh)’,

k<yeWe

where for the last inequality we have used (29). From (36) we obtain

o0

U=k’ R Y Qrk)?fE < CreWe)> P =o(r).
k=1 k>ye We

Note also that due to the relations r¢ > CeZWg3 [cf. (30)] and y. — O we get
k\A!
e > (gi—D@rk* <2 > (—) Qrk)? < C2yPH2we = o(r®).
k<y:Wg k<y:W; €

These inequalities and (54) prove (34), since « can be arbitrarily small.
APPENDIX

PROOF OF LEMMA 10. We start by applying the Van Trees inequality ([33];
see also [7]):

-1
. Y e
(55) (G, 9)]2(/@ g(e>n<9>d9+1ﬂ) ,

where g°(0) is the Fisher information on 6 contained in the observations (xi, x;/,
k=1,2,...) for the Bayes model with fixed 6. Since these observations are in-
dependent, () is the sum over k of the Fisher information of pairs (x¢, x;). So
using Lemma 9 we get that 4°(6) does not depend on 8 and equals

FEO) =72 Q) (ff + o) =1° = > Qwk) M.
k=1 k=1
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Therefore
-1
4

(56) 1'8(/0 ge(e)n(e)dewﬂ) 31+%Z<2nk)2xk— j—g
- k=1

To complete the proof, it is enough to remark that, in view of (24),
(57) IF =) f'I1P =z e 2n)p. O

PROOF OF LEMMA 11. Using the independence of the f;’s for different val-
ues of k, we get

f (I°(f) = 1) Wy (df) = Z(znk)“ / (f2— 2 — oD Uy (df)
= Z Qrk)y* (@4 flof +2070)

[Ilf”ll supof + Z(znk)‘*ak}

k=1
The assertion of the lemma follows now from (45). [

PROOF OF LEMMA 13. First note that using Assumption A2 one obtains

(58) e21°(f) = Qn)2 fE = Qm)2(ff — 8%) > 2n)*p/2,
for any f € Fs(f) and for any § < «/p/2. Furthermore, by (24),
(59) 21°(f) <2(If' 1>+ L) <2(Co+L) Y feF5f).

The elementary identity 1 — y =y~! — 1 — y(1 — y~1)? yields

/Fa<f>(1 - Igi;))w”(df) :/Fg(f)(lglf‘f) a 1)%(df)

£ 2 ge
+/Fa(f)(1 z(f) B 1) Igl(f) Yo ldr).

To estimate the first integral on the right-hand side we note that I¢ = [I°(f) x
W, (df); therefore using (57) and (59) we get

I5(f) ‘ 1°(f) ’

— 1)V, - 1) W,(d
< CP(f ¢ Fs(f)).

where F{(f) = ¢?\ Fs(f). Finally, due to (57) and (58),

I5(f) 2 e A .
—— —1 Y, df)<C I W, (d
/m(f)( I¢ ) 15(f) @f) = 8/( ()= 1) Vo (df).
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The rest follows from Lemma 11. [

PROOF OF LEMMA 14. Let n; bei.i.d. N (0, 1) random variables. We have

P{f¢Fs(f)}§P{ 3 n,%s,%>62}

k>y, We

L
+ P{ Z (2nk)2ﬁn,%s,% > }
k>yeWe 1- €

We use Lemma 2 in order to evaluate the second probability. Note that

Y @rkyst < cetwift!
k>ye We

and maxy s,f (27rk)25 <C 82W32 b . Therefore, by Lemma 2, for any x < C/W, we
have

(60)

P{ Y @k — Dsg > xezwfﬁ“/z} < exp(—Cx?).
k>ye We
Applying this inequality for x = y,L/s? Wg2 12 [note that in view of (27) x is

less than C /W, ], and using the fact that Zbys W, (27rk)2/3s,§ < Cég? Wszﬁ ygl_’g =
o(ye), one obtains

L
P{ 3 @rky¥pist > } §P[ S e mE - s> - }
k>ye We (1 o J/g) k>ye We 2

272
< expi_ CV&4§+_1 ] < exp(—C)/SZWg).
et W,

The first probability on the right-hand side of (60) can be estimated similarly.

2843 —p+1
We have Zk>y€W€ s,‘(1 < C84W8yg A+3 and maxgs, w, s,% < Cszyg P+l Hence,

by Lemma 2, for any x < C/y.W,,

P{ S — D)sf > xe? Wy 24 2} < exp(—Cx?).
k>yeWe

So with x = C4/y, W, noting that Zk>yg W, s,f < 82W8ygz_ﬂ, one obtains

P[ > n%s%>82]:Pi > om-Dst=8 -y sg}

k>yeWe k>yeWe k>y W,
2 2 2 —28+2
SP{ > p—Dsg>Ce? W,y 2P }
k>ye We

< exp(—Cy:We). 0
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