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University of Toronto and Harvard University

Antithetic coupling is a general stratification strategy for reducing Monte
Carlo variance without increasing the simulation size. The use of the anti-
thetic principle in the Monte Carlo literature typically employs two strata via
antithetic quantile coupling. We demonstrate here that further stratification,
obtained by using > 2 (e.g.,k = 3-10) antithetically coupled variates, can
offer substantial additional gain in Monte Carlo efficiency, in terms of both
variance and bias. The reason for reduced bias is that antithetically coupled
chains can provide a more dispersed search of the state space than multiple
independent chains. The emerging area of perfect simulation provides a per-
fect setting for implementing thie-process parallel antithetic coupling for
MCMC because, without antithetic coupling, this class of methods delivers
genuine independent draws. Furthermore, antithetic backward coupling pro-
vides a very convenient theoretical tool for investigating antithetic forward
coupling. However, the generation bf- 2 antithetic variates that arega-
tively associated, that is, they preserve negative correlation under monotone
transformations, anextremely antithetic, that is, they are as negatively cor-
related as possible, is more complicated compared to the casé with In
this paper, we establish a theoretical framework for investigating such issues.
Among the generating methods that we compare, Latin hypercube sampling
and its iterative extension appear to be general-purpose choices, making an-
other direct link between Monte Carlo and quasi Monte Carlo.

1. Paired antithetic coupling. Monte Carlo estimation of the expectation of
an estimand functiorf with respect to a probability measuten = [ f (x)7(dx),
can be done in many ways. The simplest method, known as “crude Monte Carlo,”
proceeds by simulating a (not necessarily independent) sampl&>,, ..., X,
from 7 and estimating: by the sample average, = %Zi f(X;). More refined
methods, collectively known asvindles, take advantage of well-known statistical
principles to construct more efficient designs and/or more efficient estimators. In
this paper we focus on antithetic coupling, which can be viewed as a way to induce
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stratification. For other type of swindles see Hammersley and Handscomb (1965),
Simon (1976), Kennedy and Gentle (1980) and Gentle (1998), among others.

In the context of classic independent sampling, antithetic coupling [Hammersley
and Morton (1956)] is commonly described as a method of producing two nega-
tively correlated copies of an unbiased estimator. The average of the two, each
based onmn draws, will then have smaller variance compared to the estimator
based on the = 2m independent draws. Substantial reductions have been doc-
umented throughout the literature from early works, such as Page (1965) and
Fishman (1972), to most recent ones such as Frigessi, Gasemyr and Rue (2000),
who demonstrate the power of the antithetic principle in the more complicated
(forward) MCMC setting.

The negative correlation between the two copies is typically induced via
antithetic quantile coupling by using a p@lv, 1 — U}, whereU ~ Uniform(0, 1),
in the sample generating process. The amount of variance reduction is governed
by the degree of symmetry in the distribution of our estimator. In the extreme
case when this distribution is symmetric, the use of paired antithetic variates
can entirely eliminate the Monte Carlo variance when the underlying draws are
independent or reduce the variance from the ustalrate ton—2 rate when the
draws are realizations of a genuine MCMC algorithm, as observed by Frigessi,
Gasemyr and Rue (2000). This emphasizes the stratification aspect of the antithetic
principle as a way to divide the sample space into a “negative” stratum and a
“positive” stratum. The equal amount of draws from each stratum ensured through
pairing brings in further variance reduction compared to using simple random
sampling within each stratum. Generalizing the antithetic coupling frea? to
k > 2 processes is quite natural from this stratification point of view, as often more
than two strata can produce substantial additional gain. A main goal of this paper
is to demonstrate such gains in the context of MCMC, as well as the additional
benefit of improving the mixing of the original Markov chains.

The paired quantile coupling vi@/, 1— U} has the followingextreme antithesis
(EA) property that is usually not emphasized in the literature. Specifically,i$f
anarbitrary univariate cumulative distribution function (CDF), alid = F~(U),

X» = F~1(1 — U), whereU ~ Uniform(0, 1), then CortX1, X») achievesthe
minimal possible value subject to the constraint that1, X, ~ F. The proof
[Moran (1967)] relies on the elegant Hoeffding identity

1) CovXy X9 = [ [[F(xa.x2) — FGF (xo)li(dxad),
and the equally elegant Fréchet (1951) inequality
(1.2)  maxF(x1)+ F(x2) — 1,0} < F(x1, x2) <min{F(x1), F(x2)},

where F(x1, x2) is the joint CDF. The fact that the single strategy of using
{U,1— U} achieves EAsimultaneously for all F also implies that it achieves
EA for Corr(g(X1), g(X2)), where g is any monotone function such that
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[ g%(x)F(dx) < oc. It is known that negative correlation is not even preserved by
monotone transformations, so the above discussion implieg&hdt— U} must
satisfy a stronger conditiomegative association (NA) [Joag-Dev and Proschan
(1983)], which requires exactly that the negative correlation be preserved by
monotone functions of the variates (see Section 3.1). The fact{thdt — U}

is automatically NA appears to be responsible for the general silence of the NA
requirement in the literature of antithetic coupling, but once we move beyond
k =2, NA (as well as EA) becomes a key notion in our general theoretical
foundation.

The rest of the paper is divided into three sections. Section 2 presents the general
k-process parallel antithetic coupling technique, illustrated with a backward
MCMC mixture sampling and two forward MCMC sampling schemes. However,
for k > 2, as we demonstrate in Section 3, there is no general strategy that achieves
EA simultaneously even just for uniform and normal distributions. As a result, it is
harder to ensure NA and EA for a given problem, especially in theory. Section 3
is thus devoted to a general theory for ensuring NA and EA for arbifrawhich
is our main theoretical contribution. Section 4 discusses several common methods
for generatingk antithetic variates and their general properties with respect to
achieving EA and NA.

2. k-process paralld antithetic coupling and illustration.

2.1. Perfect simulation and time-backward dual sequence. Since the seminal
work by Propp and Wilson (1996) oooupling from the past (CFTP), there
has been an array of methodological and theoretical papers on how to use
backward coupling methods for exact MCMC sampling. David Wilson's web
site (http://dimacs.rutgers.edu/"dbwilson/exact) is the most comprehensive single
source for learning about the fast-growing field efct sampling or perfect
simulation, so named because, for this class of sampling methods, the thorny
issue of deciding the running time for an acceptable error in approximating the
distribution of interestr, completely vanishes. A CFTP algorithm, or Fill's
algorithm (1998), or many of their variations and generalizations [e.g., Fill,
Machida, Murdoch and Rosenthal (2000), Meng (2000) and Wilson (2000b)]
will terminate itself with probability 1 in a finite amount of time and yet
delivers authentic (and henegact/perfect) independent draws from the limiting
distribution.

This can be achieved by constructing, for a Markov chéi};>o with
stationary distribution, the “dual” sequenceX, such that it has the same
distribution asX; but it purposely violates the Markovian property. This is perhaps
most easy to illustrate by first consideriagime-inhomogeneous Markov chain
defined byX; = v, (X;_1, U;), where{U;, t € N} are i.i.d. random variables. For
anyt > 0 and any starting valug¥*, we can compute ime-forward sequence

(2.1) Xe=v(VYr-a(.. . v2(X*, Uy ..., Ui—1), Uy),
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as well as dime-backward sequence
(2.2) X, =ya(a(... (X5, Up) ..., Ug), Un).

Clearly, X, is Markovian becaus&; = v, (X;_1, U;), but X, is not.

Evidently, wheny, is time-homogeneousy, and X; have identical distribu-
tions for anyz. What is gained by giving up the Markovian property is that the
backward sequenck, can “hit and stay at” the limit [Thorisson (2000), Chap-
ter 1] in a finite amount of time when its forward counterp#yt cannot. This
is easiest to see in an extreme case whe(¥, U) = U, which, say, is uniform
on (0, 1). Then it is obvious that, = U;, but X, = Uy, for all t > 1. In other
words, while bothX, and X, converge, trivially, to Uniforni0, 1) in distribution,

X, wanders off fromU; to U,.1, even if it hits the right limiting distribution al-
ready atr = 1. In contrast,X; stays at the exact same valUeg for all ¢ > 1. In
general, assuming, is uniformly ergodic, one can conclude that whie con-
vergesin distribution, there exist an updating and a finite stopping tim& such
that X7 hits the same limitvith probability 1 [Foss and Tweedie (1998)]. By map-
ping ¢ to —¢ in (2.2), and thereby creating a convenient forward execution of the
time-backward sequence given in (2.2), Propp and Wilson (1996) devise the CFTP
method for finding such &.

At the crux of CFTP implementation is the ability to follow a large, possibly
infinite, number of paths in time and to assess whether these paths have all merged
after a certain tim@. For a good introduction to CFTP we refer to Casella, Lavine
and Robert (2001). In real applications, the most challenging problem is that for
many routine statistical problems, such as posterior sampling, the state space is
both uncountable and unbounded. Although intense work has been done in this
area, in terms of both general strategies and specific implementation [e.g., Kendall
(1998), Murdoch and Green (1998), Mgller and Nicholls (1999), Mgller (1999),
Murdoch (2000), Hobert, Robert and Titterington (1999), Casella, Mengersen,
Robert and Titterington (2002) and Philippe and Robert (2003)], the difficulties
exhibited in Murdoch and Meng (2001) in the context of posterior sampling with
at likelihood and normal mixture priors indicate that much more research is
needed before CFTP and its variants and extensions can become a method of
choice in common statistical applications.

2.2. Multiprocess antithetically coupled CFTP. Since CFTP delivers i.i.d.
draws from the target density, when viewed as a “black box,” it is no different from
many classical Monte Carlo sampling methods, such as inverse CDF transform
or rejection sampling. It is then natural to consider antithetic coupling for CFTP.
However, unlike classical methods, the CFTP black box is a mapping from an
infinite product space fofU;,t < 0} to the state spacd, which makes the
underlying theory for guaranteeing NA (and EA) of the samples more complicated
than those available in the literature. A theoretical foundation is therefore needed,
and this is established in Section 3. Here we focus on the description of the method
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itself.
At the core of our method is the generation bfnegatively associated
(UD, ..., UM}, each having the same marginal distribution as theequired

by ¥ (-, U). There are many ways for doing so for a given distributioi/ofsee
Section 4. Given such a method, one can kuBFTP processes in parallel, the

jth one usingU,(-’),t <0}, j=1,...,k, where{U,(l), s Ut(k)}, t <0, arei.i.d.
copiesoff UD, ..., UW}, as sketched in Figure 1. Within thiéh process of CFTP
all paths are positively coupled because they use the $H;Hét < 0}. At each
update,{U,(l), e, U,(k)} are NA, a property that clearly does not alter the validity
of each individual CFTP process.

To obtainn = km draws, we repeat the above procedumdependently m

times and coIIect{Xi(j),l <i<m;1<j <k}, wherei indexes the repli-

cation, as our sampléXq, Xo,..., X,}. Let oj% = Var;[f(X)] and p,if) =

Corr; (f(Xgl)), f(Xiz))), which is intended to be negative. Then

n 2
(2.3) Var(% Zf(Xi)> = Un—f[1+ (k — 1),0]5)‘)].
i=1

Consequently, theariance reduction factor (VRF) relative to the independent
samplingwith the same simulation size, is

(2.4) SO =14k —1p".

We emphasize here the dependencﬁ,ﬁéf on k and more importantly orf, and

1 s
Process 1 U( ) Positively
- coupled
time —t 0 Negatively
coupled
U @ Positively
Process 2 . coupled
time —t 0
Negatively
coupled
Process k _ > Positively
- coupled
time —t 0

FiG. 1. Parallel antithetic backward CFTP processes.
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thus the actual gain in reduction can be of practical importance for gomg not
for others.

The size-fixed VRFS(f) ignores the possible different computational require-
ments between generatlrfg independent draws ani antithetically coupled
draws. A completely fair comparison is typically impossible with any simula-
tion study because the overall computational time is seldom exactly linear in
size and it can depend critically on software, hardware, programming skill and
the actual implementation. Nevertheless, a useful approximation can be derived
by assuming linearity and by ignoring any “overhead.” Specifically,zlebe
the average CPU time needed to makmiat draw from a particular antithetic
k-process. Then, under our assumptions, for a given total CPU Tijrtee av-
erage number of dependent draws we can makeds= Tk/t;, and the num-
ber of independent draws igngep= 7/71. Consequently, théme-fixed VRF is
given by

w/k

(2.5) Tk(f ) = CkS,Ef ) whereCy =
71

Note Cy is free of f, but a largeC; may offset the gain mSkf) (i.e.,

by making T(f) > 1), as seen in the next section. Also note that, although
we use therl notation for consistency, there can be a substantial difference
between setting = 1 in a generak-process subroutine and using a specifically
designed subroutine for making independent draws; the latter was used in all our
examples.

2.3. An illugtration with a mixture CFTP. Hobert, Robert and Titterington
[HRT (1999)] considered the mixture modelfo(x) + (1 — p) fi(x) where
0< p <1 is the estimand. Given i.i.d. observatiops, xo, ..., x,} from this
model, and a flat prior op, the posterior fop is proportional tq [7_;[pfo(x;) +
(1 — p) fa(x;)]. To deal with the continuous distribution gf, HRT use the
natural discrete data augmentation that comes with the latent mixture indicator
{z1,22,...,2x}, Wherez; = 0 if x; is from fp andz; = 1 if x; is from f1. Starting
from T =1, the following steps define the HRT algorithm:

1. Start a “bottom chain” ayb(_l)T =0 and a “top chain” ap<2) =1.
2. At each—T <t < —1 and for j = 1,2: generaten i.i.d. uniform r.v.s
(J)

So(xi)

Ui, Us, ..., U} = u;, and then set(j) =0if u;; < —
a1, s2 m) = e f ST o

andz(’) 1 otherwise.

Letm be the number oif{)’s equaltoOandlet; = {w;,r=1,...,n+2},
where thew;,’s are i.i.d. samples from an exponential distribution with mean 1.

ComDUtePz(i)l = W(P(J) Ur, Wy) = Z +1 Wy / Zr 1 Wer-
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3. If pc()l) = pc(,z) = po, then po is our sample. If not, sefyq = 7 and go to
step 2 withT = 2T, g while keepingu;;, wy, forall —To g <t <0,1<i <n,
1 <r <n+ 2 unchanged.

Although ¢ (p, u, w) of step 2 is not monotone (in the same direction) in all
its arguments, the variance reductions obtained with antithetic variates are still
significant in all the simulation examples we have looked at. Figure 2 gives an
illustration based on .83V (3.2,3.2) + (1 — 0.33)- N (1.4, 1.4). The first two
columns in Figure 2 plot the size-fixed VF{‘l'—,ﬁf) againstk. The plots on each

row correspond to a different generating method: the permuted displacement (PD)
method, Latin hypercube sampling (LHS) and iterative Latin hypercube sampling
(ILHS); see Section 4. The simulation size here is 7500 for dgcand the

Monte Carlo variance for estimatingﬁf ) is on the order of 10°. We see that
S,Ef) decreases from 0.5-0.6 with= 2 to 0.2-0.3 wherx > 6 (all numbers

are from the ILHS method, which performs best). It appears S{'@t stabilizes
after aboutt = 10. The second column shows the results for three nonmonotone
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PD PD PD
@ w bl o //
o o o o !
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FiG. 2. Normal mixture example. Sze-fixed variance reduction factor (left) and time-fixed variance
reduction factor (right) plotted against the number of parallel chainsfor different functions. Note the
values of the time-fixed VRF for PD at k = 15 are too large for the plotting range.
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estimand functions. The theoretical guarantee given in Section 3 does not apply
to such functions, but nevertheless.gﬁf) < 1. Even for f (x) = sin(5x), S,Ef) is
around 0.4, implying a 60% reduction in variance wlken 6.

The last two columns in Figure 2 plot the time-fixed VFII,?,f) of (2.5). From
the first row, it is seen that using> 10 becomes too costly for PD, at least in

our implementation. In contrast, the monotone patterns for the second and third

rows resemble that foS,Ef ), albeit the reduction is less because the factor

tends to be more than 1. Nevertheless, we still seel}{wé)t reduces from B

with k = 2 to about 6 whenk > 6, and the empirical finding that usirkg> 10

is not practically beneficial remains true. These conclusions are based on the best
performing method, LHS (ILHS is obviously more costly because of the iteration).
However, we emphasize that in our implementation we have made no attempt to

optimize our code. It is thus important to separate the gain in statistical efficiency,

as measured by’,ﬁf), which does not depend on the particular implementation,

from the possible offset, as measured @y, which depends critically on the
particular implementation and thus could be further reduced with a more refined
code/implementation.

2.4. Forward antithetic coupling and dice sampling. The next application
used for illustration is a forward slice sampler. A graphical scheme of the antithetic
principle applied to forward chains is shown in Figure 3. In this situation the
parallel chains are started from different points in the sample space. After the so-
calledburn-in period, the realizations of each path are used, typically as positively
correlated samples from the stationary distribution of the chain. Like CFTP, we

Burn—in Period Sampling from the MC path
Chainl -~ " t
- time 0 t Negatively
() coupled
.- U,
’ a \\ (/ \\ o -
Chain2 SO tme 0 ¢
* Negatively
. ® coupled
o~ U, b
Chain k Y ) ; time 0 .

Fic. 3. Paralld antithetic forward MCMC chains.
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can updatek chains usingk antithetically coupled variates. However, unlike
CFTP, the within-chain autocorrelation for the forward implementation makes
the determination of the VRF a bit more complicated. Specifically, we need to
generalize (2.4) to

Sk L, CouTIy (XYY, Sy £(X7?))

) _
06 W Sk Var(oy £(x7)
Zk ) m (f).. )
— 14 JiFj2 2 Pt 1.2
S S Vi
wherey(f ) and ﬂ(f ) are respectively, theithin-chain andbetween-chain

11,123 11,125 j1. j2
autocovariance, that is,

2] ) )
y) = Cov(f (X)), F(X)).

B o = COMS (X)) £ (X)),
In many applications expression (2.6) can be greatly simplified because of the
ergodicity of the antithetically coupled joint chain (whichrst an automatic
consequence of the ergodicity of the marginal chains; see Section 3.2). Here we
retain the full generality of (2.6) to show that as long as all the between-chain
covariances are nonpositive, the use of antithetic coupling will always guarantee

S,Ef) < 1 regardless of the mixing properties of the individual chains (e.g., still
in burning periods) or its within-covariance structure—that is, using antithetic

coupling cannot hurt as long 1},?2;11,12 < 0 for all (11, 2, j1, j2); See Section 3
for conditions to guarantee this. The definition of time-fixed VRF remains the same
as in (2.5) becausg; is unaffected by the autocorrelation.

To illustrate possible gains, we adopt an example of Damien, Wakefield and
Walker (1999), who use slice sampling [Neal (2003)] to draw fraix) o

x2e—¢" Iix>0;. The resulting Gibbs sampler has the updating function,

(2.8) Xi1= (X, &1, 82) = & log(e*" —log(1 - £)).
where &, and & are i.i.d. Uniform{0, 1). Since vy (x, &1, &2) is nondecreasing,
Theorem 1 of Section 3 guarantees tﬁé‘? < 1 for any monotone functiory.
Note (2.8) is an example wheig is made to be nondecreasing by using-1&»
instead o€, inside the second logarithm.

Figure 4 is the counterpart of Figure 2 for the forward case, with similar general
patterns (the simulation size here is 5000). In particular, for monotone functions

S,ﬁf) decreases from between 0.35-0.45 witk 2 to 0.1-0.15 whert > 6. For

highly nonmonotonef (x) = sin(5x), in contrast tok = 2, S,Ef) <1 whenk > 3.

For less variable nonmonotone functiofigr) = 2x(1+x%)~tand f(x) = x(1—
5x), S,ff) goes below (. Partial theoretical support for this phenomenon can be

2.7)
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FiG. 4. Sice sampling example. Sze-fixed variance reduction factor (left) and time-fixed variance
reduction factor (right) plotted against the number of parallel chainsfor different functions. Note the
change of scalein the vertical axis from the sized-fixed VRF to time-fixed VRF.

found in Owen (1997), whose result implies that, under LE}fé) <k/(k—1) for
any square-integrablg. This suggests that there is more roomSéfr to exceed 1

than forS(f) with k > 2. However, in terms of the time-fixed VRF, the clear winner

is the LHS method with monotone functions. For highly nonmonotone functions,
our implementation becomes too costly, suggesting that if such estimand functions
are of main interest, then it would be generally safer to just use the independent
implementation of multiple chains, as recommended in Gelman and Rubin (1992).

2.5. A real-data application with Bayesian probit regression. We conclude
our empirical investigation by presenting a multidimensional real-data application.
The data are taken from van Dyk and Meng (2001) and consist of measurements
on 55 patients, of whom 18 have been diagnosed with latent membranous lupus.
Table 1 shows the data with two clinical covariates, IgA and IgG, that measure
the levels of immunoglobulin of type A and of type G, respectively. Of interest
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TABLE 1
The number of latent membranous lupus nephritis cases, the numerator,
and the total number of cases, the denominator, for each combination
of the values of the two covariates

1gA
1gG3 — 1gG4 0 05 1 15 2
-3.0 0/1 — — — —
-25 0/3 — — — —
-2.0 o/7 — — — 0/1
-15 0/6 0/1 — — —
-1.0 0/6 0/1 0/1 — 0/1
-0.5 0/4 — — 11 —
0 0/3 — 0/1 11 —
0.5 3/4 — 1/1 1/1 1/1
1.0 1/1 — 1/1 11 4/4
15 1/1 — — 2/2 —

is the prediction of disease occurrence using the two covariates 1g{g&4
and IgA. As in van Dyk and Meng (2001), we consider a probit regression
model. For each patienf we model the disease indicator variables as independent
Y; ~ Bernoulli(®(x B)), where®(-) is the CDF of N (0, 1), x; is the vector of
the covariates and is a 3x 1 vector of parameters. We want to sample from the
posterior distribution corresponding to the flat prior for

To illustrate the impact of antithetic coupling on mixing, we adopt the standard
Gibbs sampler with the latent variablgs ~ N(xl-T,B, 1), of which only the sign
Y; is observed, as the augmented data [e.g., Albert and Chib (1993)K lbet
the n x p matrix whoseith row is x; andy = (Y1, ..., ¥,); for our example
n =55 andp = 3. The resulting Gibbs sampler alternates between sampling from
() Bly ~ NB, (XTx)~Y with g = (X" X)~2xTy and from (ii) ;8. Y; ~
TN(xIB,1,Y), where TN(u,02,Y) is N(u,o?) truncated to be positive if
Y > 0 and negative it < 0. Our parallel chains are then coupled antithetically
at each of these two updating steps.

In the first step we want to generate exchanged@é, ..., 8®} with
BY) e RP forall 1< j <k, such that marginallg) ~ N(8, = = (XT X)~1) and
Corr(,b’i(]),ﬁl.(’/)) is minimum possible, forall ki < p and all 1< j # j' <k.

This can be realized by generatipgi.i.d. multivariate normatZi(l), e, Zi(k))T

such thatz” ~ N(0,1) and Corcz!”, z"Y)) = —1/(k — 1). We then let
B = 51270 1+ g wherez() = (Zi”,...,Zl(,’))T and ©1/2 is the Choleski
decomposition of.

In the second step, we use the inverse CDF method suggested by Gelfand,
Smith and Lee (1992) to sample frofiN (i, o2, 1). Namely, we simulate
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U ~ Uniform(0, 1) and then take
(2.9) Z=pu+o0d d(—p/o)+ UL - d(—p/o))]

The methods of Lew (1981) and Bailey (1981) were used to approximateand
&~1(x) needed for (2.9). The antithetic coupling is then realizediiralependent
vectors of NA uniform random variablesli(l), ey Ul.(k); 1 <i <n} sothatforthe

jth chainwi(j) is generated by using = Ul.(j) in (2.9). We used only two iterations

of ILHS, to increase the speed of the antithetic sampler. The computational
overhead is small even in the first step as all the matrix inversions required there
were performed once outside the inner loop of the stochastic algorithm.

The improvement brought about by the antithetic coupling is twofold because
it can reduce both the variance and the bias of the original sampler. Van Dyk and
Meng (2001) demonstrate the slow mixing of the standard algorithm and propose
a much more reliable marginal data augmentation algorithm. Our antithetic
implementation does not, and cannot, remedy all the problems with the original
sampler, but it can provide noticeable improvement without requiring a new
algorithm or a substantial increase in the computational load. This is seen in
Figure 5, which contains scatter plots(@p, 81) using draws fronk independent
chains of the original sampler (left column) and frdmantithetic chains (right
column). The true contour plots, obtained via numerical methods, are from van
Dyk and Meng (2001). Each scatter plot is based on 9000 sample points, divided
equally among thé chains used. All the starting points were set to the same MLE;
we did this on purpose to see to what extent the antithetic coupling can “spread out”
despite the fact that all chains are started at the same point. Although the antithetic
chains still have the serious problem of missing a good part of the “right tail,”
a problem that was avoided by van Dyk and Meng’s (2001) algorithm, in all rows
the scatter plot in the right column extends to the “right tail” no less, and sometime
substantially more, than the scatter plot in the left column.

To represent quantitatively the benefit of antithetic coupling, Figure 6 plots,
againstk, the relative bias, relative standard error (SD) and relative root mean
square error (RMSE) from antithetic chains, in estimating six posterior quantities,
with the results from independent chains as the baseline (e.g., a relative bias
0.4 means the antithetic implementation reduces the bias, in magnitude, by
1-0.4=60%). The six quantities we choose are, in the order of the rows in
Figure 6, Bfo| D], E[1|D], Var fo| D], Var1|D], E[—po/B1|D] and EQ|D],
whereQ = [®(Bo — 0.582 + 1.582)]/[1— ®(Bo — 0.582 4+ 1.582)] andD denotes
the observed dat&X, Y). Whereas the first four are usually required in a Bayesian
analysis, the last two are specific to the example at haffd; 81 is the so-called
LD50 level (i.e., with 50% chance the corresponding dosage becomes lethal) for
covariatex; whenx, = 0, andQ represents the odds of having the disease when
x1=—0.5 andx2 = 1.5. In particular, four out of these six estimand functions are
nonmonotone.
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FiGc. 5. Bayesian probit regression example. Scatter plots of (Bg, 81) generated by using k
independent chains (left) and k antithetic chains (right) for different values of k; the contour lines
are from the targeted bivariate posterior distribution. Each plot contains 9000draws.

The simulation sizes in Figure 6 are the same as in Figure 5, and the reduction
factors are then computed using 1000 replicates of the simulation process. No
burn-in period was discarded because we are interested in comparing the mixing
properties of the two implementations. Because the total sample size is fixed at
9000 for each plot, using a largkmeans a smaller within-chain sample sizg
and hence possibly more strong influence of the starting point. To investigate the
effect of the starting point, we use three starting strategies: 1. MLE (columns 1-3
in Figure 6). 2. At two standard deviations (SD) from the MLESs, in this case,
Bo+23D andp; — 29D, i = 1, 2 (columns 4-6). 3. From extreme points (more than
three SD away from the MLE) in the support of the distribution (columns 7-9). In
general it is seen that the RMSE is reduced due to a decrease in variance, bias or
both. Best results correspond ta<X < 6, reflecting the aforementioned trade-off
betweenk andm. As expected, the reduction factors vary with the starting points,
as well as the estimand of interest. Nevertheless, witi3 the antithetic coupling
in general does not inflate the RMSE and may result in reduction factors as low as
0.1, that is, up to 90% of saving.
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FiG. 6. Relative Monte Carlo bias, standard error (SD) and root mean squared error (RMSE), from
the antithetic chains, relative to that of independent chains, as functions of &, the number of parallel
chains. Same simulation configurations as in Figure 5, and with 1000replication for each k. Each
row represents a different estimand function; from top to bottom: E[Bg|D]; E[B1]|D]; Var(Bo|D);
Var(B1|D); E[—Bo/B11D]1; E[Q|D]. Columns 1-3 use MLE as the starting points, 4—6 use MLE
+2 3D, and 7-9 use some extreme points situated more than three SD away from the MLE.

3. A theoretical foundation.

3.1. Negative association and dependence. In general, a qualitative measure
of negative dependence should adequately reflect the following intuitive behav-
ior among a set of variables: if one subset of the variables is “high,” then a
disjoint subset of the variables is “low.” Different ways to define such negative
dependence have received a great deal of attention in the last twenty years or
so. Due to the success of thesitive association concept of Esary, Proschan and
Walkup (1967), the main challenge has been to build the negative association con-
cepts as “duals” of the positive ones, but so far there has not been a universally
acceptable construction [e.g., Pemantle (2000)]. Specifically, the set of random
variables{X1, ..., X, } is said to bepositively associated (PA) if for any non-
decreasing (or nonincreasing—we will not state both hereafter) funclinns,
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Cov(f1(X1, X5, ..., X,), fo(X1, Xo,...,X,)) > 0. Here a functionf :R" - R
is called nondecreasing if it is nondecreasing in all of its arguments.

The closest negative counterpart of positive association we can find is the
negative association concept introduced by Joag-Dev and Proschan (1983).

DEFINITION 1. The random variable$X;}1<i<,, where eachX; can be
of arbitrary dimension, are said to be negatively associated (NA) if for every
pair of disjoint finite subsetdl;, A2 of {1,2,...,n} and for any nondecreasing
functions f1, f>

(3.1) Cov(f1(X;.i € A1), f2(X, j € A2)) <0

whenever the above covariance function is well defined.

The following equivalence result is important for some of our subsequent
theoretical investigation.

PRoOPOSITION 1. The random variables {X;}1<;<, are NA if and only
if (3.1)holdsfor every pair of nonnegative, bounded and nondecreasing functions
fiand fa.

PrRooF The “only if” part is obvious. To prove the “if” part, le,,(X;,

i € Ay), m =1,2, be the two functions in (3.1). For any positive integelet
,%) be the truncation off,, to [—/,], that is,f,,(,l) = fm lvvhen | fml <1, and
,,(1) = 4/ depending onf,, > 1 or f, < —I. Clearly, |f,,(1)| < |fml, and thus

by the dominated convergence theorem, ling, Cov(fl(')(X,-,i € A1), f2<l)(Xj,

Jj€A2)=Cov(fi(X;,i € A1), fo(Xj, j € A2)). This allows us to conclude (3.1)

because

Cov(fP(Xi.i € A, £ (X, j € A2))
=Cov(f{P(Xiic A +1, fiP(X;,j € A))+1) <O,
where the last inequality holds becauﬁ%) + [ is a nonnegative, bounded and

nondecreasing function fat = 1,2. O

The notion of NA is most useful for our purposes primarily because, like PA, it
is closed under the independent union operation as well as monotone transforma-
tions, as proved in Joag-Dev and Proschan (1983). Specifically, we have:

PrROPOSITIONZ. If{X3,..., X, }and {Y1,..., Y,,} aretwo independent sets
of NA (PA) randomvariables, then their union, {X1, ..., X, Y1, ..., Yy,}, isaset
of NA (PA) random variables.
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PROPOSITION3. If {X;}1<i<» IS a sequence of NA (PA) random variables
and (y;)1<i<» are all nondecreasing functions, then (v; (X;))1<i<» iS a sequence
of NA (PA) random variables.

These two results enable us to prove the following fundamental result on
antithetic coupling of homogeneous and nhonhomogeneous Markov chains.

THEOREM 1. Suppose we run a k-process antithetically coupled chain,
xk=(x®, ..., xP}, forward for T iterations, where X\’ = v, (Xt(”l, U,
j=1,...,k and Uk = (w®, .. u*, r=1,...,T, are T independent sets
of NAvanabI% Assumlng Yy (X, U) isnondecreasing for all + < T, we have the
following results.

() The k-tuple {Xt(ll),...,Xt(f)} is a collection of k¥ NA variables for any
{t1,...,1,}€{0,1,..., T} ifand onlyifitissofor sy =--- =1 = 0.

(i) Assuming x’g, is a set of NA variables, then the variance reduction
factor, S(f ). defined by (2.6),is at most 1 for any monotone function f, and it
is strlctly Iessthan 1if and only if at least one of the between-chain covariances,

ﬂ(f).. _of (2.7),is strictly negative.

11,125 J1,J2

PROOFE For (i) the necessity holds by definition. For the sufficiency, because
{X(l) e Xg‘)} and{U,(l), e Ut(k)}, t=1,...,T, areT + 1 sets of independent
NA variables, by Proposition 2 their union is also NA. Consequently, bedaﬁ;{%e
is a nondecreasing function &) = {x{’, U, + =1,..., T} only, andZ® and

77 do not share any common variable fot j, by Proposition 3Xt(ll), e Xt(,f‘)}
are NAforanyr; <T, j=1,.
For (ii), by (i) all the between chain autocovananqegt)2 i < < 0, which

implies S(f) < 1 because the denominator in (2.6), being a variance, is always
positive. (In fact, by using the PA part of Propositions 2 and 3, we can conclude

all )/(f) > 0.) Furthermore, because H <o, by (2.6),S,£f) =1ifand

1,12;) — 1,12;J1,J2
N

onlyifall g’/ . .'sarezero. []

Since for a Gibbs sampler with attractive stationary density the updating
function can be expressed as a monotone function [e.g., Propp and Wilson (1996)
and Haggstrom and Nelander (1998)], Theorem 1 covers Frigessi, Gasemyr and
Rue’s (2000) Theorem 1 with = 2. For practical purposes, the requirement that
Xk = {X(l) .. Xék)} are NA is immaterial, because being fixed (even with the
choice tha‘rX(l) = Xg‘)) or more generally being independent is a trivial case

of being NA. Itis also evident that Theorem 1 does not reqﬁfg'e to be from the
stationary distribution.
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Theorem 1, however, does require that the random variables ik-tbple
Uk = {Ut(l), e U,(k)} are NA. Typically, for a particular distribution there are
many ways of achieving this, and some general recipes are described in Section 4.
A useful construction in practice is to use the fact that monotone functions of
distinctive subsets of NA variables are NA, a fact that allows us to build upon
known NA variables, such as permutation distributions, multinomial, multivariate
hypergeometric, Dirichlet and multivariate normals with nonpositive correlations
[see Joag-Dev and Proschan (1983)].

We remark that part (i) of Theorem 1 is actually stronger than we need, because
from (ii), in order to assureséf) < 1, we only need to ensure pairwise negative

covariance: CoQ/f(X,(ljl)), f(Xt(ZjZ))) < 0. This weaker version is sometimes easier

to establish, and thus we define the following notion.

DEFINITION 2. The random variableX¥q, X, ..., X, are said to be pairwise
negatively associated (PNA)({if;, X ;} are NAfor anyi # j € {1,...,n}.

Clearly, Propositions 2 and 3 still hold for PNA. In the next section, we will see
that only requiring our outcome to be PNA can avoid technical complications that
are not critical to MCMC applications in practice. In particular, the PNA property
is easier to verify because it is equivalent to tiegative quadrant dependency
(NQD) notion fora pair of random variables, as defined by Lehmann (1966). For
more than two variables, NQD is a consequence of NA, but not vice versa, as
formalized by the following result, also due to Joag-Dev and Proschan (1983).

PROPOSITION4. Let X1, Xo,..., X, beaset of NA random variables. Then
they are also negatively lower orthant dependent (NLOD), that is,

(32 PXi1=<x1,....Xp<x) <[[PXi<x)  forallxy,...,x,
i=1
aswell as negatively upper orthant dependent (NUOD), namely,

n
(33) PX1>x1,...,Xp>xp) < 1_[ P(X; > x;) for all x1,...,x,.
i=1

3.2. Negative association in limit and joint convergence. Although Theorem 1
provides a theoretical foundation for antithetic coupling with forward MCMC,
it does not cover backward MCMC such as CFTP. This is becausd the
Theorem 1 is a nonrandom constant, whereas for CFTP it is a random variable
and, more importantly, it is not independent of the corresponding draw from the
CFTP. We thus need to extend Theorem 1 to the case,Mvitht-oo, namely, we
need to prove that the Iimitinlg-tuple{Xéi), e Xf,’é,)} is still NA, or at least PNA.

This would entail that the joint draw from a CFT{EX(()D, e Xg‘)}, is NA/PNA
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because we can identify its probability structure with tha{t}o&), o X C(,’Q} from
a forward process.

The extension td@’ = oo is not straightforward because the ergodicity of the
marginal chain does not guarantee that of the joint chain, so that a limiting
argument such as COf(X%), F(X¥)) = lim, o Cou( £ (X, f(X7) <0
needs qualification. The problem has been discussed also by Arjas and Gasbarra
(1996) and Frigessi, Gasemyr and Rue (2000) who have shown that, if the joint
chain is¢-irreducible and the closure of the supportgofcontains an open set,
then the joint chain is positive recurrent on the closure of the suppast dhis
can be used to prove that the above convergence of covariances holds. However, the
assumption that the support of the irreducibility meagtifeas nonempty interior
is violated even by simple examples such as the following Markov chain: take
Xo € S1, the unit circle; forr > 1, drawd; uniform on[0, ) and construct the line
that goes througtkX,_1 and has slope td#). The intersection of this line with
the unit circle isX,. The left panel of Figure 7 illustrates this construction with
t = 1. The right panel illustrates a pair of antithetically coupled chaits Y;)

(for r < 2) where theY; is constructed the same way &sexcept each timé&, is
updated using;, Y; is updated using — 6;. Algebraically, we have

- 0 = (=61 + 7 + 20,) mod(2r),
' ety = (_el‘Y—l + 7 — 29,) mOCKZJT),

where 6X and 6} are the polar-coordinate representations Xf and Y,
respectively. MarginallygX (and henc@/) are i.i.d. uniform variables of®, 2),
and hence{X;}; is trivially uniformly ergodic. However, the joint state space

X0

FiG. 7. Therandomwalk on the circle example. Illustration of construction of X; (left) and of the
antithetic coupling (X;, ¥;) (right).
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of (0X,0Y), S2 =1[0,2r) x [0, 2r), consists ofuncountably many absorbing
subclasses, defined by

(3.5) S(r)={(0%,0") € S52:6%X +6Y = 2k + 1)m £ 21, fork =0, 1},

wherer ¢ [0, r/2] is the acute angle between the lilgYy and the horizontal
diameter (see Figure 7). Hefgt) is an absorbing set because the joint updating
rule leaves the acute angle between the &, and the horizontal diameter,
denoted byr;, unchanged. Leb, () = Corr XY, vY), wherez( denotes the
X-axis coordinate of [i.e., Z®Y) = cog6%)]. Then, as proved in Appendix A.1,
p:(t) = —cog21), increasing from—1 to 1 ast increases from 0O tar/2. In
addition, for each of the ergodic classes, the joint chain has an irreducibility
measure whose support has an empty interior.

This example shows that the uniform ergodicity of the marginal chain is not
sufficient to guarantee the ergodicity of the antithetically coupled chain or to
directly justify the extension of the NA properties fro{IX,(l), . ..,X,(k)} to its
“limit” {Xé},), e Xé’é,)}. Here the “limit” is in quotes because while the marginal
distribution of X)) does not depend on the starting point, the joint distribution
of {X@,...,Xéﬁ)} may depend on it, as is the case in the previous example.
Fortunately, the time-backward dual sequence approach discussed in Section 2.1
provides a theoretical tool to bypass the issue of the joint chain’s ergodicity,
and thereby to establish the following counterpart of Theorem 1 for justifying
backward antithetic coupling for all monotone CFTP algorithms.

THEOREMZ2. Let X, =y (X,_1, U;) beauniformly ergodic Markov chain on
state space I' with 7 being its invariant distribution and with v nondecreasing.
Let XK = {X,(l), e X,(k)} be the corresponding antithetically coupled joint chain
asin Theorem 1. Then:

(i) For any given starting point X%, % = (x, ..., x¥} converges in
distribution to some x’go = {Xé?, e Xf,]é)}, whose joint distribution may depend
on X5.

(i) For any nondecreasing real functions f,,,, m = 1,2, on I' such that
Var, (f (X)) < oo, m = 1,2, and such that their discontinuity points are
contained in a 7 -null set, we have

(3.6) Cov(f1(X{Y), f2(x{?)|1%5) <0 for any j1 # jo.

PROOF For each marginal chain(,(’), let 5(,(’) be its dual sequence as
in (2.2). Then, by the equivalence of the implementability of CFTP and uniform
ergodicity [Foss and Tweedie (1998)], we know that there exists an almost
sure finite stopping timeS on the infinite-product spacE;” = [],>1 Uk such

that X’ ~ 7= and X/’ = X\’ for all + = § and all j. Therefore, by re-
expressing all relevant variables on their common sampling spgcewe can
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definex’< (w)—{X(l) (w), . X(k) y (@)}, which is a well-define@-component
joint random vanable oy’ becauseP(S(a)) < o0) = 1. Furthermore, because
k= (xP, ..., X} converges taxk_ with probability 1 by the construction,
and becauséc’; and X* have the same distribution for anyX* must converge
in distribution to XX, and hence (i).

For (ii), we only need to prove (3.6) when bojtis are bounded, following
the same argument as in the proof of Proposition 1. Sifigen = 1,2, are
almost surely continuous with respect to the distribution)ofg, Xé{?} because
its margins arer, we can conclude by part (i) thafl(X,(i)), fz(X,(j))} converges
in distribution to{fl(X&)), fz(Xéé))}. This implies

(3.7) Cov(f1(XY). f2(XL)1x6) = lim Cov(f(X;"), f2(X”)1%5) <O,

where the limiting argument holds because bfthare bounded. [

Part (ii) of Theorem 2 shows thaK(l) e, Xé’é)} are PNA when the monotone
functions are almost surely continuous with respect to the underlying dominating
measure, which is the case if the latter is the Lebesgue measure, as is common
in Bayesian computation. We emphasize that the conditionywhet monotone
is not needed for part (i), but it is important for part (ii). This is seen in the unit
circle example, where (i) holds with uncountably many limiting distributions for
the joint chain, depending on the initial However, (ii) does not hold because
the ¢ function there is obviously not monotone. The fact th&t) < O when
Tt < /4 in that example also illustrates that the monotonicity is a sufficient but
not necessary condition for preserving negative correlation.

3.3. Extreme antithesis. The concept of NA provides a qualitative description
of negative dependence. Quantitatively, it is desirable to gen¢kate ..., X;}
(corresponding tqX®, ..., X%} in previous sections) such that Cof(X;),

f (X)) is as negative as possible. Formally, we define the following notion.

DEFINITION 3. Asetofvariable$X1, Xo, ..., Xi} is said to achieve extreme
antithesis (EA) with respect to a (marginal) distributiBrif they are exchangeable
and

Corr(X;, X;) =min{Corr(Y;,Y;) Y1, ..., Y, exchangeable; ~ F Vi}.

For k = 2, the single strategy of using quantile coupling Wa = F~1(U)
and X, = F~1(1 — U) achieves EA for anyF, as discussed in Section 1. For
k > 2, the matter is much more complicated, even justHoe Uniform(0, 1) and
F :=N(0,1). Indeed, it is not hard to establish the following negative result [see
Craiu and Meng (2002) for a proof], whedeis the CDF ofN (0, 1).
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PROPOSITION5S. Itisimpossibleto find a joint distribution £ (Uy, Us, Us)
on (0, 1)2 such that all its univariate margins are Uniform(0, 1) and the following
holds almost surely (with respect to joint Lebesgue measure):

(3.8) Ui+ Us+U3z=3/2 and & LU+ @ LU+ d L(U3) =0.

Fork even, sayk = 4, one may be tempted to use two pairs of quantile coupled
variates, namelyl/, =1 — Uj, U4 = 1 — Us, whereU1 andUs are i.i.d., to make
the k = 4 version of (3.8) hold. Consequently, for agly pflf) = péf)/B, where
,oéf) = Corr(f(Uy), f(1 — Ujy)) and py) is the correlation between any pair of
{(f(U),i=1,...,4}. ThisimpliesSy = 1+3p{) = 14 o5’ = 85/, and thus it
is just a disguised version of quantile coupling wita- 2, not a real generalization
tok =4.

For lack of a universal strategy, we seek methods that are effective in common
practice. In the exchangeable setting, the quest for EA is the same as that for
minimizing the variance of the mean (and sudt} = (X1 +---+ X))/ k because
[see (2.3)]

(3.9) pr=CormX;, X;) =

1 [Vark()‘((k)) ]> 1
k—1 Var(Xy) - k=1

where the subscript in both p; and Vag(X*)) emphasizes the dependence on
the joint distributionF ® (x1, ..., xx). In particular, if anF® is constructed such
thatX ® = consrant (almost surely), then EA is achieved [hence (3.8)]. However,
although this approach works for some common distributions such as uniform and
normal, it is not always possible because the minimal value gf(¥4F) may not
achieve zero even whén= 2. For example, the minimah is 1 —72/6 = —0.645

when bothX1 and X, are exponentially distributed with mean 1, as reported in
Moran (1967).

For specific families of distributions, several methods may be available to
achieve EA. Snijders (1984) explores various approaches for binary random vari-
ables. For a unimodal symmetric and differentiable dension R, Rischendorf
and Uckelmann (2000) propose the following. Suppose the center of symmetry is
zero and thapp(x) = —xp’(x) is also a Lebesgue density &1 let Q ~ pg.

Then X = QU ~ p for any U ~ Uniform(—1, 1) that is independent of).
Consequently, for any set dUy, ..., Uy}, independent ofQ, such thatU; ~
Uniform(—1,1) and Y¥_, U; = 0, {X1 = QU1 ..., Xx = QU;} achieves EA
with respect top becausezf-‘:1 X; =0. In fact, Cor(X;, X;) = Corn(U;, U;) =
—(k — 1)L for anyi # j. This construction, however, does not guarantee NA in
general. As an alternative, we can draw i.{.@, ..., Q«} from po, and then use
X; = Q;U;,Vie{l,...,k}. This will guarantee the NA property, but it sacrifices
the EA property, because now we have C&it X ;) = —ﬁ[l + CV2(O) 1,
whereCV(Q) is the coefficient of variation 0. Nevertheless, whe@V(Q) is
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small, the loss of EA may be negligible for practical purposes. In general, if one
has to make a choice between NA and EA, we recommend choosing NA, for it
is preserved by all monotone transformations. With NA in place, the variance re-
duction factor is guaranteed to be at most 1 when the monotonicity assumption
holds.

4. Generating antithetic uniform variates. Since generating uniform vari-
ates is, explicitly or implicitly, the most basic component of almost any simulation
method, in this section we compare several methods for genekatingthetically
coupled uniform variates. For each method, we investigate whether it leads to NA
and/or EA variables, and propose remedies whenever possible if it does not. We
emphasize that although there are many different ways of achieving NA and/or EA
[e.g., Bondesson (1983) and Gerow and Holbrook (1996)], no method dominates
whenk > 3, as demonstrated by Proposition 5. Any of these methods can be more
suitable than others in a particular application. Nevertheless, the three methods
described below are more or less representative of what has been proposed in the
literature.

4.1. The permuted displacement method. This is a modified version of the
one documented in Arvidsen and Johnsson (1982), which first generatgs-an
Uniform(0, 1), and then constructs

@.1) r={27%1+3), i=2...k-1 and r=1-{2""2r),

where{x} is the fractional part ofc. We find that the binary representation of
this method makes it a bit easier to show t@fgln = k/2. Specifically, let
r1 = (a1,az,...,ay,...) denote the (nonterminating) dyadic expansionrgf
wherea; =0 or 1, thatisy; = 352, a; /2. Then

r2:(1_a1’a29a37"'9am’"')7
r3:(1_612’03,-~~’am+1,-~~)’

rk—].: (1_ak—25ak—17 "'7am+k—3a )a
rn=QAQ—-ax-1,1—ak,...,1—aputx—2,...).

Therefore, the method creates negative correlation by displacing the binary digits
of r1. That allr;’s are uniform is a direct consequence of a well-known result of
Borel (1924), as discussed in detail by Billingsley (1986). The dyadic expansion
representation shows clearly that ttHie are not exchangeable. A consequence of
that is that they araot NA whenk > 3. To prove this, we only need to show that
whenk > 3, {r1, r2} are not NQD, and thus by Proposition 4 they cannot be NA.
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To see this, we note that fér> 3,r» =r1 + 0.5 whenr; < 0.5 andr, =r1 — 05
whenr1 > 0.5. Consequently, for & s < 0.5 ands + 0.5 < < 1, we have

P(ri<t,rp<s)=P05<ri1<t,r1—05<s)=min{t,s + 05} —05=y,

which is larger thams = P(r1 < t) P(rp <s), and therefore (3.2) is violated.
However, it is easy to fix the nonexchangeability by using the simple

permutation method. That is, I8}, be the set of all possible permutationskof

objects. Pick a random € S; and defindJ; =rq ;). Clearly)", Ui =", ri =k/2

and thus Co;, U;) = —(k — 1)~ L for anyi # j. Furthermore, it can be shown

that:

THEOREM 3. For k =3, {U1, U, U3} constructed by the permuted displace-
ment method are PNA.

The proof is given in Craiu and Meng (2002) and is omitted both because of
space limitation and because the approach used was rather brute force. Indeed,
we are unable to prove or disprove Theorem 3ior 4. Nevertheless, the result
indicates that the exchangeability can play an important role in achieving NA/PNA.
An astute reader might wonder how permuting indexes can be helpful since in
MCMC our estimates typically are sample averages, which are invariant to the
independent permutations of the sample indexes. However, one must keep in mind
that in our use of the antithetic variates, thés are not used just once in the
end, but throughout the whole generated sequence and the final estimates are not
invariant to the permutations of all the indexes that occur along the sequence. This
is perhaps easiest to see for CFTP, as each draw can depend, in principle, on an
arbitrarily large number of independent copies of tkiple of U’s.

4.2. Multidimensional normal method. A common way to manipulate corre-
lations, especially in the engineering literature, is through the multivariate normal
distribution. For our purposes, we can first genefate ..., Zy_1) ' ~ N(0, X)
where &;; = —(k — )71 if i # j and &;; = 1, and then letZy = —(Z1 +
Zy+ --- 4+ Zy_1). Finally, if we are interested in uniform deviates, we can use
U =d(Z;)foralli € {1,...,k}, where® is the CDF ofN(0, 1). The random
variables{Us, ..., Uy} are NA following Joag-Dev and Proschan (1983), who
proved that multivariate normals with nonpositive pairwise correlations are NA.
The result then follows immediately from Proposition 3 becduisiss a monotone
function of Z;.

This method, however, does not achieve EA. Although CQtrZ ;) = —(k —
1)~1, the nonlinear transformatioti; = ®(Z;) causes an increase in correlation.
SpeC|f|caIIy for any{Z1, Z»} bivariate normal with correlatiop, the correspond-
ing correlation betweer (Z1) and®(Z») is given by

[@(pn)®M)p()dt —1/4 3 2m—

3 5
4.2) 1/12 =’ T ier B+ 00®)

= 0.9550 + 0.010% + 0(p°),
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where ¢ is the standard normal density. Consequently, @arrUz) is larger

than the minimum possible value(k — 1)~1, though the loss of EA may not

be important for many practical applications in view of (4.2). Equation (4.2) is
a quantitative version of a result of Lancaster (1957), who proved that for any
functionsg; andg,, | Corr(g1(Z1), g2(Z2))| < |p| as long as the left-hand side is
finite, and the equality holds if and only i (z) =z, i = 1,2 (almost surely).
Lancaster’s result also implies Proposition 5 if we reqyira, Z», Z3} to be
jointly normal. Nevertheless, Proposition 5 is a stronger result, as it shows that
it is impossible to find any such trivariate distribution, not just trivariate normal, to
simultaneously preserve EA as in (3.8).

An issue with real impact in computation is the requirement for a highly reliable
and efficient subroutine to evaluate the functibnOtherwise, the use of a not-
highly accurate approximation becomes problematic in large replications with
arbitrarily many arguments because once in a whif¢ can be too large for
®(Z) to be evaluated appropriately. For that reason, we did not use this method
to simulate uniform deviates in the simulated examples in Section 2. However,
we used it to generate antithetic truncated normal deviates in the probit example
presented there.

The normal method is also of interest because it is one that many will likely
attempt, especially for generating antithetic normal deviates in high-dimensional
settings. An example where such implementation results in acceleration of a
classical MCMC method is provided by Craiu (2004) in the context of Multiple-
Try Metropolis with antithetic proposals.

4.3. Iterative Latin hypercube sampling. The method described in Section 4.1
achieves EA but whether it achieves NA is an open question, and the method
given in Section 4.2 achieves NA but not EA (when used for generating uniform
variates). To achieve both, we propose to iteetive Latin hypercube sampling
(ILHS), which is an iterative version of the Latin hypercube sampling (LHS),
a well-known scheme in quasi Monte Carlo; see McKay, Beckman and Conover
(1979), Stein (1987), Owen (1992), Loh (1996), Iman (1999) and Helton and Davis
(2003), among others.

For any givenk > 2, our iterative procedure can be described by the following
steps:

1. Setuf = w®, ..., Uék))T, Where{Uéj)}lEjik are i.i.d. Uniform(0, 1).
2. Fort =0,1,2,..., let X; = (6;(0),...,0:(k — 1))" be a permutation of
{0,1,...,k— 1}, independent of all previous draws, and let
1
(4.3) uf_s_l = %(KI + uf),

whereUf = w®, ..., uT fort > 0.
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The case of = 1 corresponds to the original LHS. For generale have the
following result.

THEOREM4. Foranyr>0,i,je{l,...,k},i # j, wehave:

0] U,(i) ~ Uniform(0, 1).
(i) Corru”, Uy = - 23— ).
(i) {U,(ll), e U,(kk)} are NA for any finite {¢1, ..., 1z}.

PrRooOF (i) For r = 0, the result obviously holds. Supposﬁ,(l) ~
Uniform(0, 1); then
[ks]
(Ut(Jlr)1 s)=P(U, (1)<ks—o*,(l) ZP(U<ks—])—s
J =0
for anys € (0, 1). The result thus holds by induction.

(i) Let S, =3 U,(j) = 1TUk. Then from the recursion formula (4.3) we
have Vats,) = Var(S,_;)/ kit for all 1 <i <, which implies, by (i) and the
exchangeability o{U,(l), ey U,(k)},

k

k+ k(k — 1) Cor(Uu", UY) = s
which is just (ii).

(i) Because any permutation distribution is NA, (4.3) defines an antithetically
coupled joint Markov chain wittk marginal Markov chains. Furthermore, the

marginal updating function fromf(”1 to U(” is monotone. The result then follows

directly from part (ii) of Theorem 1 becau{sﬁ(l) s Uék)} arei.i.d. and thus NA.
O

For most practical purposes, Theorem 4 is all we need as it proves that for

any T we choose{U(l) ...,U}k)} are NA. Furthermore, as long dsis not too
small (e.g.,T >5), they practically achieve EA because the relative loss of EA is
k—2T  which approaches zero very fast (it is less th&d2® even fork = 3 and

T =5). However, in theor;{U(l), e, U}k)} achieves EA only fofl' = co. This

requires showing first thaul, ..., UL} are well defined and second that they
are NA. The first question is easy to answer but the second is not, mainly because

the support of U S Ué’é)} is a “Cantor dust” type of fractal, as investigated in
Craiu and Meng (2002).

In practice, one must choogeandk. We have already seen that larfeesults
in more extreme antithesis, while the simulations performed in Section 2 show
that ask increases, the efficiency increases too. The following result, proved in
Appendix A.2, further shows thatvithout taking into account the computational
cost, the largel the better.
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THEOREMS5. For any monotone i € L2[0, 1], the correlation Corr(h(U}lJ)rl),
h(U}%)rl)) isdecreasing as a function of 7. That is, for any T > 0,

(4.4) Corr(h(U}lJ)rl), h(U}ZJ)rl)) < Cor(h(UD), h(UP)).

However,T andk cannot be increased indefinitely in practice. Intuitively, when
k becomes large, the choice &fshould become less important because a large
k means we have a deep stratification even Wite= 1. Consequently, further
stratification within each stratum, which is essentially what each new iteration
does, becomes less important. The following result, proved in Appendix A.3,
provides a theoretical support of this intuition by showing that for ldrgéhe
impact of T is negligible.

THEOREM 6. For any h € L2[0,1] and a fixed T, {h(U"), ..., h(UP)}
achieves EA asymptotically ask — +oo, that is,

(4.5) Com(h(UL), h(UP)) = ‘lel +okY).

This result implies that asymptotically, &s— oo, any ILHS iteration achieves
EA for any square-integrable function, not just monotone functions. In practice,
howeverk must be finite, and often quite small for the sake of computational cost.
For fixedk, the following result, proved in Appendix A.4, shows that even with

as small as 3T does not need to be large in order to achieve practically the same
result asl’ = oo, at least for all monotone estimand functions.

THEOREM 7. Let Dj, p,(t,t + m) be the Kolmogorov—Smirnov distance
between the two-way (marginal) joint CDF of {hl(U,(Jlr) ),hz(U;(er)m)} and of

m

{hl(U,(l)), hz(U,(z))}, where h;, 1 =1, 2, are nondecreasing functions. Then

(4.6) Dy iyt +m) <k~ D (k — 1)=0+2,

This implies that if we take

- d — 2logy ok — 1) + log gk
B logyo(k (k — 1))

’

then Dy, 5, (T, 00) < 1074, In particular, as long ad” > 5, Dp, 4,(T, 00) <
0.0001 for anyk > 3. Thus, takingl' between 5 and 10 is enough for almost
any practical purpose. The generality of Theorem 7 should be emphasized since
the same bound in (4.6) holds for any monotéaeandhs.
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4.4, Variance reduction factors for indicator functions. As an attempt to
find some theoretical support of the empirical findings reported in Section 2
that the cost-effective choice @f appears to be somewhere between 3 and 10,
we report here our findings of the theoretical vaIueSé)f) as a function ofk
when f = 1(,<.). We choose the indicator function both because of its analytical
tractability and its practical relevance (e.g., for estimating CDF), and because it
serves as a building block for general functions. We start with the LHS method,
for which

F(c,c)—c? (11— {ke)ike)

cl—¢)  ke(l—c)
where {a} denotes the fractional part of. This result follows from the
expression of the joint CDH (¢, ¢) = P(U1 < ¢, Uz < ¢), given by (A.6) from
Appendix A.2; note (A.5) implies that the sarﬁg) (c) holds for any ILHS.

The left panel of Figure 8, realized using the freely available software RGL
developed by Duncan Murdoch, plofg)(c) as a function of botlt (up to 30)
andc € (0, 1). Its fascinating shape reveals that as long &snot too close to 0
orl, S,Ef)(c) will be rather small. This is more clearly seen in the first two rows
of Figure 9, WhereS,Ef) (c) is plotted against for givenk. It is intuitive that when

¢ approaches 0 or 1, the effect of antithetic coupling fades because the indicator
function approaches the constant function. This can be formalized by considering

that for 1/ k < ¢ < (k —1)/k the maximum oS,Ef)(c) over this range, as shown in

N

4.7) SP @ =1+ k-1

08

0.6

0.4

i F ¥ § S ."‘, i)
20 PTTYTD Ak 0

FiG. 8. Variance reduction for indicator functions for Uniform(0, 1) random variables generated
using LHS (left panel)and for normal variates (right panel).Note for better visualization the left
panel is seen from back, with the ¢ axis hidden.
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Appendix A.5, is given by

(4.8) Sy = £ )

3k —44+2/2k — 1)k —2)
corresponding to the dashed lines in the first two rows in Figure 9. The use of
a largek is seen to be twice advantageous: first, it decreaseS;th@d second, it
shrinks the area (af) where the antithetic coupling is not effective. The plots also
show clearly thak = 2 is least effective.

The S of (4.8) decrease frons} = 1/3 to i, = (3 + 2v/2)"1 ~ 0.172.
However, the use of largk also increases the computational cost. Striving for
a balance, we considé = (53 — ) /(S5 — S%,), a measure of the relative gain
in efficiency obtained when we increase frdm= 3 to a finitek > 3 instead of
k = oco. Table 2 gives, for a feww € [0.5,1], k, = min{k: Ry > «}. It is seen
that with k = 9 we already have achieved 80% of the additional gain. The rapid
decrease oS,Ef) (¢) as a function ofk, for fixed ¢, can also be seen in the last two
rows of Figure 9.
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FiG. 9. Variance reduction factor for indicator function under LHS method, as a function of ¢ for
different values of k (first two rows),and as a function of k for different values of ¢ (last two rows).
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TABLE 2
The minimum k, for achieving «% of maximal possible gain
in efficiency over using k = 3

o 50% 60% 70% 80% 90% 95% 99%

ko 5 6 7 9 17 32 152

The above exercise can be repeated for the multivariate normal method, that is,
when(X1, Xo, ..., Xi) is amultivariate normal vector with Caix;, X ;) = —(k—

1)~1 and N (0, 1) margins. The calculation Qf,if) is a bit more involved than
in the LHS case. Specifically, with the orthogonal transformafioa X, + X»,
W = X1 — X (i.e.,Z andW are independent), we obtain

Or(c,o)=P(X1<¢,Xo0<)=P(Z—-2c<W<—-Z+2¢c,Z<20)

/zc/«/—2(1+pk) o (zc —z/2(1+ pr)

4.9 =2
(4.9) V21— pr)

)¢(z) dz
—o0
B q)( 2c )
V2A+ )/
wherep, = —(k — 1)~1. Consequently, we can compLﬂg)(c) via

®y(c, c) — DP2(c)

N _ _
(4.10) S @=1+Gk=Dg 5d o)

In the normal case, we expect a behaviaﬁﬁf) (c) similar to that in the uniform
case wherr is close to the limits of the rangé;-oo, co). However, for plotting
purposes we use a one-to-one transformation gf= ®(c), and we pIotS,Ef ) (c)
againstg; this is the same as the VRF for the uniform variates via the normal
approach, namely, if/; = ®(X;). One can notice in the right panel of Figure 8
that everywhere but in a region ofaround the distribution’s centeS,Ef)(c) is
decreasing irk. However, the decrease is much less abrupt than in the uniform
case, which indicates that it will take a largeto reach the same relative efficiency
as given in Table 2. This suggests that generalizing the findings in Table 2 to other
situations is by no means automatic.

This example also shows that it is not always true that the largtite better.

For example, when = 0, usingk = 2 completely eliminates the variance because
of the symmetry inf = 1(,<q); see the right panel of Figure 8. This can also be
verified directly from (4.10), which becomes

S,Ef)(O):1+(k—1)[8/000<1><z,/1—%>¢(Z)d2—3}’
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which is zero wherk = 2. However, ask — oo we can show thaS,Ef)(O) —

1 - 2/7 =0.3634. This reminds us that although there are good rules of thumb
for general practice, in terms of choosikgas well as other choices (e.g., the
generating methods) presented in this paper, one should not adopt them blindly
without examining the special structures of the problem at hand.

APPENDIX

A.1. Proof for the unit circleexample. We first note that (3.4) implies, for any
t>1,

(A1) X +60Yymod2r) = —6X ; +6F ;) mod2r).

From the right panel of Figure 7 Xo = ON = QYo + Yo, whereAB denotes
the counter-clockwise arc between poidtand B on the unit circle. Furthermore,
MXo=6f —m, QYo =2t and YoN = 27 — 6¢. Combining these identities,
we obtaingy + 63 = 2t + 3x. Consequently, (A.1) implies (3.5) by noting that
6 +6Y € (0, 4r) and the “alternating” nature of (A.1), which is also clear from
Figure 7, and thus the four possible lines in (3.5) are reachable from each other
by (X, Y;). Similar arguments apply to other possible initial configuration¥ ©f
andYy (e.g., whenXg andYy are on different sides of the horizontal axes).

To prove p,(t) = —cog2r), we observe that (3.5) implies Si@* + 6}) =
sinf(27) for any ¢ > 0. Using the identity sif(e + B) = co(«) + Sirt(8) —
2coga) co9B) coda + B), we then obtain

(A2)  co()) +cof®X) +2cog0)) coghX) cog2r) = sirf(27).

Thus the orbit of(Xt(l), Y,(l)) = (cos(@tx), cosretY)) is an ellipse. Taking expecta-
tions on both sides of (A.2) and usingdes’ (6} )] = E[cog(6,X)] = 1/2, we ob-
tain 2Ecosg6)) cog6,)] cog2r) = — cog(2r). Together with Vafcos(8X)) =
Var(coe?(@ty)) =1/2, this yieldsp;(t) = — co92r) whent # /4. Fort = /4,
(3.5) givesd) = (2k + 1) £ 7/2 — 6%, and thus co®}) = +sinX). Con-
sequently, 2Ecos6;) cos6,X)] = £E[sin(26X)] = 0, so p,(r) = — cog27) still
holds.

A.2. Proof of Theorem 5. Since the (marginal) distribution oU}j) is
Uniform(0, 1) and thus does not depend @h by the Hoeffding identity (1.1),
inequality (4.4) becomes immediate if we can establish

(A.3) F

h
T+1(u,v)§F})(u,v) Vi (u,v),

where F™ (u, v) is the joint CDF of(h(UY), h(U?)).
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We first show that (A.3) holds fak(x) = x by mathematical induction. Given
the exchangeability, we can assume v, and thugku] < [kv], where[x] denotes
the integer part ok. Let p;; = P(U,(l) <ku —1i, U,(z) < kv — j); then by the
recursion (4.3),

Fii1(u,v) = P(U,(l) <ku— a,(l), U,(z) <kv— G,(Z))
(A.4) [ku] [kv]

k(k 1) Z Z PijLii#jy

i=0;=0

To evaluate this expression, we consider the following possibilities according to
the value of(i, j):

(A) Wheni < [ku] —1andj < [kv] — 1, p;; = P(Ut(l) <1, U,(Z) <1 =1;
there are[ku]([kv] — 1)™ such pairs of(i, j)'s within 0 <i # j < k. Recall
(x)™ =maxx, 0}.

(B) Wheni < [ku]—1and; = [kv], p;j = P(U? < kv—[kv]) = {kv}, where
{x} = x — [x]; there ardku] such pairs ofi, j)’s.

(C) Wheni = [ku]andj < [kv] -1, p;j = P(Ut(l) < ku — [ku)) = {ku}; there
are[kv] such pairs ofi, j)’'s when[ku] = [kv], but only[kv] — 1 such pairs when
[ku] < [kv] because of the requirement tligt ;.

(D) Wheni = [ku] and j = [kv], p;; = P(UY < ku — [kul, UP < kv —
[kv]) = F;({ku}, {kv}). There is no such pair whdhku] = [kv] and one such pair
when[ku] < [kv].

Putting these four possibilities together, we have

Fiya(u,v)
0. if [kv]=
(A.5) ku (kv — 1) — tku}(tkv} — if 0 < [kv] = [ku]
_ k(k —1) ’ |
kutho = 1) — thud (ko) + Fr(thka. (ko)) -y
k(k— 1)

From (A.5), if (A.3) holds forT = 0 the rest follows immediately by induction.
Fort =1, sinceFo({ku}, {kv}) = {ku}{kv}, we have from (A.5)

0, if [kv] =0,

ku(kv — 1) — {ku}({kv} — 1) _ B
(A.6) Fi(u,v)= k(k — 1) ) ifO < [kv] = [kul,

%, if [kv] > kul.

Among the three expressions above, the second one is the largest as a function
of u andv. It is easy to check that this second function is less than or equal to
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Fo(u, v) =uv if and only if
(A.7) {ku}(1 — {kv}) < ku(l—v).

Using[ku] = [kv], (A.7) is also equivalent t&kv}(u — {ku}) < [ku](1— u), which
is obvious whem < {ku}. When 0< {ku} < u, {ku}(1— {kv}) <u(1— {kv}). But
thenu(l — {kv}) < ku(l — v) is equivalent tgkv] < k — 1, which is obviously
true except whew = 1. But thev = 1 case is trivial because then= 1 in order
to maintain[ku] = [kv] = k, and thus{ku} = 0, and hence (A.7) holds for all
O0<u <v <1. This provesFi(u, v) < Fo(u, v) for all (u,v) and hence (A.3) by
induction.

To show that (A.3) holds for any nondecreasindet x,, = sugx: h(x) < w}
for any givenw. Then{x:h(x) < w} = A(u'f)(x), whereA,Sf’)(x) ={x:x < xyp}
if h(xy,) <w and A,(ﬁ’)(x) = {x:x < xy} if h(xy) > w. This means that the
probability calculations of everiU : h(U) < w} are the same as those for either
{U:U <xy}or{U:U < xy}. This allows us to go fronF}h)(u, v) to Fr(xy, xy),
for which we already have proved the desired result. A technical complication here
is that, depending on the continuity properties:adt x,, andx,, one or two ‘<”
operations in the definition afy (x,, x,) = P(U}l) < xy, U}Z) < x,) may need to
be replaced by <”. However, as far as (A.3) is concerned, such modifications are
immaterial because they do not affect any part of (A)—(D). Or mathematically, we
have, for any giveriu, v),

h 1 2
F;—zl("" v) = P(h(U;-?-l) =u, h(U;-?-l) <v)
1 2 1 2
= E[A (U1 N A (Ur)] < E[AP (UF) n AP (U)]
=P(h(UP) <u, h(UP) <v) = FP u, v),

where the middle inequality holds because (A.3) holds with) = x, possibly
with the aforementioned modifications from* to “ <” in the definition of the
bivariate CDF.

A.3. Proof of Theorem 6. For anyh € L2[0, 1], Stein (1987) showed that
Theorem 6 is true for the original LHS, that is, whdh = 1. Therefore,
for any monotone: e L2[0, 1], Theorem 6 is a consequence of Theorem 5,
because the smallest possible value of (k[m}l)), h(U}z))) is—1/(k — 1), as
seen in (3.9). More specifically, for ang > 1, any possible limit of—(k —
1) Corr(h(U}l)), h(U}Z))), ask — oo, must be bounded below and above by 1,
and hence can only be 1. For nonmonotare L2[0, 1], the proof turns out to be
much more technical. It essentially requires going through Stein’s (1987) original
arguments but using the more complicated bivariate CDF via (A.5); details are
given in Craiu (2001).
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A.4. Proof of Theorem 7. First we prove (4.6) when both, and hy are
identity functions. By (A.5),

(A8) D(t.i+1)= sup { Fi(fku}, {kv}) — Fi_1({ku}, {kv}) H

[kl k] k(k —1) k(k —1)
(A.9) fsup{ Fi(u,v) B Fi_1(u,v) }: Dt -1, t).
u Uk(k—1) k(k—1) k(k—1)
This allows us to conclude that
D(0,1)
(A.10) D(t,t-i—l)fm,

where D(0,1) = sup, ,{|F®w,v) — FO@,v)|} = sup, {uv — FO @, v)}.
By (A.6), D(0, 1) is the maximum value of the following three suprema:

(i) sup L
uv = —,
[kul=[kv]=0 k?
) ku(kv — 1) — {ku}({kv} — 1
(i)  sup {uv— utkv = 1) = {ku)({kv) )}
O<[kv]=[ku] k(k—1)
ku(l—v) —{ku}(1—{k 1
= sup { u(l —v) — {kuj( {v})}S 1
O<[kv]=[ku] k(k—1) k—1
ku(kv—1 1- 1
(i)  sup {MU_M}: sup {u( v)}: .
[kvl#[ku] k(k —1) holkul k=1 k—1
Putting all these facts together, we have
t+m—1
D(t,t+m)< Y D(,i+1)
i=t
t+m—1 1 1 1_ [k(k . 1)]—m

= Z ki (k — 1)1’-1—1 = k' (k — 1)t+l 1—[k(k— 1)]—1 ’

i=t

which is less thar——D (k — 1)~+2 whenk > 2. The extension to nondecreas-
ing functionsh1, h» is immediate by defining ~1(x) = sup(s : h(s) < u} and pro-
ceeding in the same fashion as in Appendix A.2. That is, for any nondecreasing
functionshq andho,

Dy iy (t, t +m) < SUP|Fyp (h7 (), hyt(0)) — Fr(hT (), hyt(v))]
< D(t,t +m),

where the definition of; ., (x,, x,) and F; (x,, x,) may need to be modified as in
Appendix A.2.
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A.5. Maximum reduction factor in the uniform case. To maximize (4.7)
subject to 1< [kc] <k — 1, let i, = [kc] and f, = {kc}. By symmetry, the
maximum of (4.7) occurs at eithér =1 ori. =k — 2. Wheni. = 1, (4.7) can
be expressed as

A11 SO (f) = kd=fofe
(A-11) e (fe) 1+ f)k—1—f)

Straightforward differentiation then shows that the maximizer must satisfy
3)fc2 + 2(k — 1) f. — (k — 1) = 0, which only has one acceptable solutifin=
[k—1 .. ik l /k—1 .
/T Ay Therefore the maximizer of (4.7) ig = £ (1 + 7m+m) with
the corresponding maximal value G‘ff) given in (4.8). The maximum from

ic =k — 2 is the same, with the maximizef = 3 (k — 2+ Trar /i1 V4+«/k71)'

Acknowledgments. We thank Vanja Dukic, Steve Lalley, Duncan Murdoch,
Art Owen, Michael Stein, Stephen Stigler, Lei Sun and Mike Wichura for helpful
exchanges. We also thank the reviewers for a set of exceptionally thorough and
helpful comments.

REFERENCES

ALBERT, J. and GiiB, S. (1993). Bayesian analysis of binary and polychotomous response data.
J. Amer. Statist. Assoc. 88 669—679.

ARJAS, E. and GQSBARRA, D. (1996). Bayesian inference of survival probabilities, under stochastic
ordering constraintsl. Amer. Statist. Assoc. 91 1101-1109.

ARVIDSEN, N. I. and DHNSSON T. (1982). Variance reduction through negative correlation—
a simulation studyd. Statist. Comput. Smulation 15 119-127.

BaILEY, B. J. R. (1981). Alternatives to Hastings’ approximation to the inverse of the normal
cumulative distribution functiorAppl. Statist. 30 275-276.

BILLINGSLEY, P. (1986)Probability and Measure, 2nd ed. Wiley, New York.

BONDESSON L. (1983). Problem 12&atist. Neerlandica 37 149.

BOREL, E. (1924)Traité du Calcul des Probabilités et de ses Applications. Gauthier-Villars, Paris.

CASELLA, G., LAVINE, M. and ROBERT, C. P. (2001). Explaining the perfect samphamer. Satist.
55 299-305.

CASELLA, G., MENGERSEN K. L., ROBERT, C. P. and TTTERINGTON, D. M. (2002). Perfect
samplers for mixtures of distributiond.R. Sat. Soc. Ser. B Sat. Methodol. 64 777—-790.

CRrAIU, R. V. (2001). Multivalent framework for approximate and exact sampling and resampling.
Ph.D. dissertation, Univ. Chicago.

CRAIU, R. V. (2004). Antithetic acceleration of the multiple-try Metropolis. Technical Report 0407,
Dept. Statistics, Univ. Toronto.

CRAIU, R. V. and MENG, X.-L. (2001). Chance and fractalGhance 14(2) 47-52.

CRrRAIU, R. V. and MENG, X.-L. (2002). Multi-process parallel antithetic coupling for backward and
forward MCMC. Technical Report 0205, Dept. Statistics, Univ. Toronto.

DAMIEN, P., WAKEFIELD, J. and VALKER, S. (1999). Gibbs sampling for Bayesian non-conjugate
and hierarchical models by using auxiliary variable®. Sat. Soc. Ser. B Sat. Methodol.
61 331-344.



MULTIPROCESS ANTITHETIC COUPLING FOR MCMC 695

ESARY, J. D., RRoscHAN, F. and WALKUP, D. W. (1967). Association of random variables, with
applicationsAnn. Math. Satist. 38 1466-1474.

FiLL, J. A. (1998). An interruptible algorithm for perfect sampling via Markov chafms. Appl.
Probab. 8 131-162.

FiLL, J. A., MACHIDA, M., MURDOCH, D. J. and RSENTHAL, J. S. (2000). Extension of Fill's
perfect rejection sampling algorithm to general chaRadom Structures Algorithms 17
229-316.

FISHMAN, G. S. (1972). Variance reduction in simulation studleStat. Comput. Smul. 1 173-182.

Foss S. G. and WEEDIE, R. L. (1998). Perfect simulation and backward couplibgmm. Statist.
Sochastic Models 14 187-203.

FRECHET, M. (1951). Sur les tableaux de corrélation dont les marges sont dodm@eklniv. Lyon.
Sect. A(3) 14 53-77.

FRIGESS| A., GASEMYR, J. and RIE, H. (2000). Antithetic coupling of two Gibbs sampler chains.
Ann. Satist. 28 1128-1149.

GELFAND, A. E., SMITH, A. F. M. and LEg, T.-M. (1992). Bayesian analysis of constrained
parameter and truncated data problems using Gibbs samplidgner. Satist. Assoc.
87 523-532.

GELMAN, A. and RuBIN, D. B. (1992). Inference from iterative simulation using multiple
sequences (with discussiogatist. Sci. 7 457-511.

GENTLE, J. (1998) Random Number Generation and Monte Carlo Methods. Springer, New York.

GeErROw, K. and HoLBROOK, J. (1996). Statistical sampling and fractal distributioMsath.
Intelligencer 18(2) 12—-22.

HAGGSTROM, O. and NELANDER, K. (1998). Exact sampling from anti-monotone systeftist.
Neerlandica 52 360—380.

HAMMERSLEY, J. M. and FANDSCOMB, D. C. (1965) Monte Carlo Methods. Methuen, London.

HAMMERSLEY, J. M. and MoRTON, K. V. (1956). A new Monte Carlo technique: Antithetic
variates Proc. Cambridge Philos. Soc. 52 449-475.

HELTON, J. C. and Dwvis, F. J. (2003). Latin hypercube sampling and the propagation of
uncertainty in analyses of complex systerReliability Engineering and System Safety
81 23-69.

HOBERT, J. P., RBERT, C. P. and TTTERINGTON, D. M. (1999). On perfect simulation for some
mixtures of distributionsStatist. Comput. 9 287-298.

HOEFFDING, W. (1940). Masstabinvariante Korrelationtheori&chriften des Mathematischen
Ingtituts und des Instituts fir Angewandte Mathematik der Universitat Berlin 5 181-233.

IMAN, R. L. (1999). Latin hypercube samplingncyclopedia of Statistical Sciences Update 3
408-411. Wiley, New York.

JoAG-DEv, K. and RRoscHAN, F. (1983). Negative association of random variables, with
applicationsAnn. Satist. 11 286—295.

JoE, H. (1997).Multivariate Models and Dependence Concepts. Chapman and Hall, London.

KENDALL, W. S. (1998). Perfect simulation for the area-interaction point prodersbability
Towards 2000. Lecture Notes in Statist. 128 218-234. Springer, New York.

KENNEDY, W. J. and GNTLE, J. E. (1980)Satistical Computing. Dekker, New York.

KIsH, L. (1965).9urvey Sampling. Wiley, New York.

LANCASTER, H. O. (1957). Some properties of the bivariate normal distribution considered in the
form of a contingency tabldiometrika 44 289—-292.

LEHMANN, E. L. (1966). Some concepts of dependerge. Math. Satist. 37 1137-1153.

LEw, R. A. (1981). An approximation to the cumulative normal distribution with simple coefficients.
Appl. Statist. 30 299-301.

LOH, W.-L. (1996). On Latin hypercube samplingnn. Satist. 24 2058—2080.



696 R. V. CRAIU AND X.-L. MENG

McKay, M. D., BECKMAN, R. J. and ©NOVER, W. J. (1979). A comparison of three methods
for selecting values of input variables in the analysis of output from a computer code.
Technometrics 21 239-245.

MENG, X.-L. (2000). Towards a more general Propp—Wilson algorithm: Multistage backward cou-
pling. In Monte Carlo Methods (N. Madras, ed.) 85-93. Amer. Math. Soc., Providence,
RI.

MEYN, S. P. and WEEDIE, R. L. (1993).Markov Chains and Stochastic Sability. Springer,
London.

M@LLER, J. (1999). Perfect simulation of conditionally specified modeIB. Stat. Soc. Ser. B Sat.
Methodol. 61 251-264.

M@LLER, J. and NCHOLLS, G. K. (1999). Perfect simulation for sample-based inference. Preprint,
Dept. Mathematical Statistics, Chalmers Institute of Technology.

MORAN, P. A. P. (1967). Testing for correlation between non-negative variBiemetrika 54
385-394.

MURDOCH, D. J. (2000). Exact sampling for Bayesian inference: Unbounded state spadestén
Carlo Methods (N. Madras, ed.) 111-121. Amer. Math. Soc., Providence, RI.

MURDOCH, D. J. and ®EEN, P. J. (1998). Exact sampling from a continuous state siSzead.

J. Statist. 25 483-502.

MURDOCH, D. J. and MENG, X.-L. (2001). Towards perfect sampling for Bayesian mixture
priors. In Bayesian Methods, with Applications to Science, Policy and Official Statistics
(E. George, ed.) 381-390. Eurostat.

NEAL, R. M. (2003). Slice sampling (with discussio®n. Satist. 31 705-767.

OWEN, A. B. (1992). A central limit theorem for Latin hypercube samplihdroy. Satist. Soc. Ser.

B 54 541-551.

OWEN, A. B. (1997). Monte Carlo variance of scrambled net quadra@@M J. Numer. Anal. 34
1884-1910.

OwWEN, A. B. (2002). Quasi Monte Carlo. Presented at the First Cape Cod Workshop on Monte
Carlo Methods.

PAGE, E. S. (1965). On Monte Carlo methods in congestion problems. Il. Simulation of queuing
systemsQOper. Res. 13 300-305.

PEMANTLE, R. (2000). Towards a theory of negative dependehddath. Phys. 41 1371-1390.

PHILIPPE, A. and ROBERT, C. (2003). Perfect simulation of positive Gaussian distributiStagist.
Comput. 13 179-186.

ProPR J. G. and WLsSON, D. B. (1996). Exact sampling with coupled Markov chains and
applications to statistical mechanié&&andom Structures Algorithms 9 223-252.

RUBINSTEIN, R. Y. and IMORODNITSKY, G. (1985). Variance reduction by the use of common
and antithetic random variablek.Satist. Comput. Smulation 22 161-180.

RUSCHENDOREF L. and UCKELMANN, L. (2000). Variance minimization and random variables with
constant sum. Technical report, Institlt fir Mathematische Stochastik, Univ. Freiburg.

SIMON, G. (1976). Computer simulation swindles, with applications to estimates of location and
dispersionAppl. Satist. 25 266—274.

SNIJDERS T. A. B. (1984). Antithetic variates for Monte Carlo estimation of probabiliti&atist.
Neerlandica 38 55-73.

STEIN, M. (1987). Large sample properties of simulations using Latin hypercube sampling.
Technometrics 29 143-151. [Corrigendurfiechnometrics 32 (1990) 367.]

THORISSON H. (2000).Coupling, Sationarity, and Regeneration. Springer, New York.

VAN DYK, D. and MENG, X.-L. (2001). The art of data augmentation (with discussidnf.omput.
Graph. Satist. 10 1-111.

WiLsoN, D. B. (1998). Annotated bibliography of perfectly random sampling with
Markov chains. InMicrosurveys in Discrete Probability (D. Aldous and J. Propp,



MULTIPROCESS ANTITHETIC COUPLING FOR MCMC 697

eds.) 209-220. Amer. Math. Soc., Providence, RI. Updated versions appear at
http://dimacs.rutgers.edu/ "dbwilson/exact.

WiLsoN, D. B. (2000a). How to couple from the past using a read-once source of randomness.
Random Structures Algorithms 16 85-113.

WILSON, D. B. (2000b). Layered multishift coupling for use in perfect sampling algorithms (with a
primer on CFTP). IrMonte Carlo Methods (N. Madras, ed.) 143-176. Amer. Math. Soc.,
Providence, RI.

DEPARTMENT OF STATISTICS DEPARTMENT OF STATISTICS
UNIVERSITY OF TORONTO HARVARD UNIVERSITY

100 Sr. GEORGESTREET 1 OXFORD STREET

TORONTO, ONTARIO CAMBRIDGE, MASSACHUSETTS02138
CANADA M5S 3G3 USA

E-MAIL : craiu@ustat.toronto.edu E-MAIL : meng@stat.harvard.edu



