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We consider asymptotically normal statistics which are symmetric
functions of N i.i.d. random variables. For these statistics we prove the va-
lidity of an Edgeworth expansion with remainder O(N~1) under Cramér’s
condition on the linear part of the statistic and moment assumptions for
all parts of the statistic. By means of a counterexample we show that it is
generally not possible to obtain an Edgeworth expansion with remainder
o(N~1) without imposing additional assumptions on the structure of the
nonlinear part of the statistic.

1. Introduction and results. A second-order asymptotic theory for sums
of independent and identically distributed (i.i.d.) random variables was es-
tablished in the 1930’s, mainly through the work of Esseen and Cramér. If
X4,..., Xy are ii.d. random variables with EX; = 0 and EX? = 1 and
S=(X;+---+ Xy)/VN, then, as N — oo, the distribution function F of S
will converge to the standard normal distribution function ® by the central
limit theorem. If also E|X|? < oo, then the speed of convergence is given by
the Berry—Esseen bound

sup |F(x) — ®(x)| = O(N~"?).

If, moreover, Cramér’s condition (C) holds, that is,

sup |[Eexp{itX,}| <1 for some 6 > 0,
|t|>8

and E|X;|* < oo, then we have an Edgeworth expansion for F of the form

G(x) = D(x) — ﬁcb/”(x)

and

sup |F(x) - G(x)| = O(N ).

Results of this type are called second-order asymptotic results. The Berry—
Esseen bound is mainly of theoretical interest but clearly a necessary first step
if one wishes to obtain Edgeworth expansions. Edgeworth expansions with
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remainders o( N~1/2) and o(N~!) often provide excellent approximations, and
also form the basis of refined asymptotic investigations in statistical theory.
Of course, most of the random variables occurring in statistics are not sums
of i.i.d. random variables, but many may be approximated by such sums. To
prove asymptotic normality for such statistics 7', one usually proceeds by writ-

ing
T=S+R,

where S is a properly normalized sum of i.i.d. random variables and R a re-
mainder term which tends to 0 in probability. Over the past decades, many
authors have worked to extend this argument to obtain Berry—Esseen bounds
and Edgeworth expansions for such more general statistics 7. A great many
results have been obtained for special cases, but as yet there is no satisfactory
general second-order theory for asymptotically normal statistics. As long as
we discuss statistics T that are functions of i.i.d. random variables, we may as
well assume also that T is a symmetric function of X, ..., X 5, thus restrict-
ing ourselves to symmetric statistics. For this class of statistics, one would
like to have a general second-order asymptotic theory.

Much of the work on second-order asymptotics is based on Taylor expansion
of the statistic T in terms of the underlying i.i.d. random variables X, ..., X »
[see, e.g., Chibisov (1972), Pfanzagl (1973), Bhattacharya and Ghosh (1978)
and Bai and Rao (1991)]. This has been successful for a number of special
cases, but is not likely to lead to a satisfactory general theory. The reason for
this is that smoothness of the statistic as a function of X, ..., X5, which is
needed for this type of argument, has very little to do with the existence of
the Edgeworth expansion. We believe that Hoeffding’s decomposition, which
expands the statistic in a series of U-statistics of increasing order thus

T-ET= ) ¢i(X)+ Y Xy, X))+,

1<i<N 1<i<j<N

is the appropriate tool for this problem.

A program with the ambitious aim of establishing a general theory of Edge-
worth expansions for symmetric functions of i.i.d. random variables, should,
of course, start by obtaining a Berry—Esseen bound for such statistics. If such
a bound is to serve as preparation for obtaining Edgeworth expansions as a
next step, it is essential that it be of the correct order O(N~'/2). If one can
only prove a Berry—Esseen bound of order, say, O(N~1/2*¢) or O(N~21log N),
how can one hope to establish an Edgeworth expansion where the first correc-
tion term is of exact order O(N~1/2)? This point is apparently not generally
understood, witness the numerous papers providing Berry—Esseen bounds of
larger order than O(N~'/2). Such bounds are not only usually trivial, but also
useless as a starting point for a next step.

After more than two decades of work on the Berry—Esseen bound for U-
statistics [see, e.g., Filippova (1962), Grams and Serfling (1973), Bickel (1974),
Chan and Wierman (1977), Callaert and Janssen (1978) and Serfling (1980)],
the Berry-Esseen bound for general symmetric statistics was established in
van Zwet (1984). Friedrich (1989), Gotze (1991) and Bolthausen and Gotze
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(1993) extended this result to certain non-symmetric statistics, multivariate
symmetric statistics and multivariate sampling statistics. The assump-
tions needed seem natural and are thought to be almost minimal. All that is
required is a finite third moment of the leading term in Hoeffding’s decomposi-
tion of 7' and a moment assumption controlling the influence of the remaining
terms of the decomposition. It is important to stress that in order to check
these two conditions, one does not need to calculate Hoeffding’s decomposition
explicitly. Berry—Esseen bounds were also obtained separately for many
special cases of symmetric statistics such as linear functions of order statis-
tics [Helmers (1982)], Studentized U-statistics [Zhao (1983) and Helmers
(1985)], multivariate U-statistics [Gotze (1987)], multivariate L-statistics
[Zitikis (1993)] and so on.

As a next step, an Edgeworth expansion with remainder o(N~1) was estab-
lished for U-statistics of degree 2 in Bickel, Gotze and van Zwet (1986) after
an earlier and less explicit result of Callaert, Janssen and Veraverbeke (1980).
The expansion was proved under Cramér’s condition on the leading term in
Hoeffding’s decomposition and moment assumptions that were to be expected.
However, a condition on the eigenvalues of the second-order term in the de-
composition was also needed. This condition had occurred in earlier work on
degenerate U-statistics [Gotze (1979)] and was therefore not entirely unex-
pected. However, the authors expressed their uncertainty about the necessity
of this assumption and this has led a number of authors to propose proofs that
the eigenvalue assumption could be omitted, but all were found to be in error.
To end this discussion, we provide an example in Theorem 1.4 which shows
that the Edgeworth expansion with error o(N~1) is not necessarily valid if
the eigenvalue assumption does not hold.

The present authors will confess that they optimistically believed that it
would be straightforward to generalize the result in Bickel, Gotze and van
Zwet to symmetric statistics, thereby completing the program for obtaining
an Edgeworth expansion for such statistics. However, it turns out that the
interplay between the higher-order terms in Hoeffding’s decomposition—which
are, of course, not present for a U-statistic of degree 2—is so complex that
the proof becomes extremely hard. We do have a theorem on the Edgeworth
expansion for general symmetric statistics, but this result is as yet not in a
form which is fit for publication [Gotze and van Zwet (1991)].

Instead, we shall backtrack a little in the present paper. The problem with
obtaining the general result lies in the contributions to the Edgeworth ex-
pansion which are of approximate order O(N~!). In this paper we obtain an
Edgeworth expansion with remainder of order O(N~!), hence not including
in the expansion the term of order O(N 1) but establishing that it is indeed
of this order. As we pointed out in our discussion of Berry—Esseen bounds, it
is essential to get exactly the right order O(N 1) for the remainder; anything
larger will simply not do as a preparation for the final step, which will be to
establish the term of order O(N1).

The conditions of the result of this paper seem natural and are probably
very close to optimal: we need Cramér’s condition on the leading term, the ob-
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vious moments, as well as a moment assumption controlling the influence of
the terms involving functions of three or more variables in Hoeffding’s decom-
position of T'. The latter condition is a natural counterpart of the corresponding
condition for the Berry—Esseen bound in van Zwet (1984).

Having sketched the general context in which the results of this paper
should be viewed, we now define the notation necessary to formulate these
results.

Let X, Xo,..., X be independent and identically distributed (i.i.d.) ran-
dom variables taking values in an arbitrary measurable space (2", #) with
common distribution P. Let the measurable function ¢: 2°Y — R be symmet-
ric in its N arguments, in the sense that it is invariant under permutation of
these arguments. Consider the symmetric statistic

T=t(X4,...,Xy),
and assume throughout that
ET? < .

Our aim is to establish an Edgeworth expansion with remainder O(N~1!)
for the distribution of T'. Define

(1.1) T,=E(T\X;)—-ET,
(1.2) T,,=ET|X,;, X;)-ET|X,;)-ET|X;)+ET
and write
N
(1.3) T=ET+) T;,+ ) T;+R.
i=1 1<i<j<N

Notice that the terms on the right-hand side of (1.3) are all pairwise uncorre-
lated. Define

(1.4) 0% = o*(T) = E(T — ET)?
and

% = ag + 30,
where

a; =E(VNT,)}, 8=E(NT,vNT,N>2T).
It is easy to verify that the third moment of

N

YT+ X Ty

i=1 1<i<j<N
equals x N~/2 4+ O(N 1), provided that third moments of /NT'; and N3/2T,
are bounded. The formal Edgeworth expansion for the distribution function of
a random variable with expectation 0, variance 1 and third moment » equals
L(D///(x)'

P - e w
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Hence, if F' and G denote the distribution functions of (7' — ET')/o and its
two-term Edgeworth expansion, then

(1.5) F(x)=P{T —ET < x0}, G(x)=d(x)—

P
@/// x).
603V N ()

We shall show that under appropriate conditions

sup |F(x) - G(x)| = O(N).

To arrive at the result, we shall obviously have to make an assumption to
control the remainder term R in (1.3). Define

EiT:(T|X17""Xi—17Xi+1"“’XN)7
D,T=T-E;T forl<i<N.
Repeating the operation D;, we obtain, for distinct i, j and %,

D,D,D,T=T-E,T-E;T-E,T+E;T+E;,T+E; T—E;,T,

ijk

where, for brevity, we write E;; instead of E; E; and E,j, instead of E; E; E;,.
Note that the order in which these operations are carried out is immaterial.
Also, the distributions of

D, T, D,D;T, D,D,D,T, T, T
for distinct i, j and % do not depend on i, j and k.
For s > 0 and m = 1, 2, 3, define the moments

Bs =E|VNT,, ¥, = E[N*2T
and
AS =E|N™'2D,D,---D,,T|".
By Jensen’s inequality it follows that
B, < Af, v <Ay fors>1.
Define the number ¢(o) € [0, 1] by

2
1—-q(o)=-sup {|Eexp{it«/NT1}|: 2%3 <|t| < \/O_N}

Note that g(o) > 0 if the characteristic function of v/ NT'; satisfies Cramér’s
condition

(C) lim sup |E exp{itv/NT;}| < 1.

[t|—o00
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THEOREM 1.1 (Edgeworth expansion). There exists an absolute constant c
such that, for any symmetric statistic T, any P and any N =1,2, ...,

c Bs  vs A3
F(x) - Pa 78, 25
sup|P(x) ~ 6| = 5 S (B 224 0

Sometimes it is more convenient to have an Edgeworth expansion for the
distribution of (T —ET)/7, where 72 is the variance of the linear part 3 T'; of
T — ET. Thus

2 =E(WNT,)>.
Let

F(x)=P{T —ET < x7},  G(x)=d(x)— ()

%
673V N

and

2
1—q(7)=sup {|Eexp{it\/NT1}|: ;—3 <t < \/TN}

THEOREM 1.2. There exists an absolute constant c¢ such that, for any sym-
metric statistic T, any P and any N =1,2, ...,

P G ¢ (B, A§)
s3p|F(x) G(x)| < qZ(T)N<T4 + = + =)

REMARK 1.3. Let 0 < p < 1. Theorem 1.1 remains valid if ¢?(o) is replaced
by p>q%(o), where

2
q,(0)=1- sup{|Eexp{it«/NT1}|: 2%3 <|t| < p«(/rﬁ}‘

Furthermore, the proof shows that, for every ¢ > 0, there exists c¢(¢) such that

Sl;.p|F(x)—G(x)| < 0(8) <B4 + Y2+e +A§>

q%(o)N gt g2t | g2

We conjecture that £ may be removed. Such an estimate would be optimal in
view of the lower bounds of Bentkus, Gotze and Zitikis (1994). The dependence
on ¢?(o) may be improved to ¢'*(o), £ > 0. It is not clear whether the bound
remains valid with ¢%(o) replaced by g(o) or an even lower power of q(o). The
same improvements and comments hold for the bound on supx\F(x) — é(x)|
in Theorem 1.2 with o replaced by 7.

In the proof of our result an essentially new idea appears to be needed,
and we shall introduce a technique which we call data-dependent smoothing.
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It is based on a nonstandard smoothing inequality [see Prawitz (1972)]. Such
inequalities were suggested by Beurling and have been used in number theory
and analysis [see, e.g., Graham and Vaaler (1981)]. We did not succeed in
proving our result using the conventional Esseen inequality (3.4).

The estimates in Theorems 1.1 and 1.2 are formulated for any fixed sample
size N, but since the constant ¢ is not specified, these are purely asymptotic
results concerned with a sequence of statistics (T'y—ET y)/0(Ty) as N — oc.
If B4/0*, v3/0® and AZ/a? are bounded and g(o) is bounded away from 0, as
N — oo, then the theorems establish Edgeworth expansions with remainders
O(N~1). For given bounds on

Bs/o*, v3/o®, Aj/o® and q(o),

the result is uniform for all symmetric functions of the i.i.d. variables
X1, ..., Xy and for all underlying distributions P.

In Section 2 we shall apply our general results to several special cases—
sample means, U-statistics, sample variances, Student’s statistic, functions
of sample means, functionals of empirical distribution functions and linear
combinations of order statistics—to see whether we can obtain results com-
parable to the best available ones for these well-studied cases. It turns out
that this is indeed the case. In some instances, such as functions of sample
means of random functions, we derive stronger and more general results than
those available so far. Usually our conditions seem to be optimal, with the sole
exception of Student’s ¢-statistic, where we need 4 + £ moments instead of 4,
which should suffice.

Edgeworth expansions can easily be used to establish the accuracy of boot-
strap approximations since the estimates of the remainder are explicit, and
the expansions are valid for a sufficiently general class of symmetric statistics.
Bootstrap or Studentized versions of a symmetric statistic are again symmet-
ric, and in order to show the validity of Edgeworth expansions, it suffices to
estimate several lower-order conditional differences. In this paper we shall
do this for the simplest example of the Studentized mean only. More general
results will be published elsewhere.

Similar estimates to those in Theorems 1.1 and 1.2 do not hold for higher-
order Edgeworth expansions, even if we assume the existence of moments of
arbitrarily high order of all parts of the statistic. In Theorem 1.4 we shall pro-
vide an example of this phenomenon. We show that under Cramér’s condition
(C) on the linear part of the statistic and arbitrarily restrictive moment condi-
tions, it is not possible to establish an Edgeworth expansion with remainder
o(N~1), even for U-statistics of order 2. Hence in this sense our results are
best possible.

In order to formulate Theorem 1.4, we need some additional notation. A
U-statistic T of order 2 can be written as

N
=1

1<i<j<N
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where T, = g,(X;) and T'j5, = g9(X;, X5), with some symmetric functions
g; and gy such that ET; = 0 and E(T'5|X3) = 0. In this case ET =0,

N
D1T= T1+ Z le, D1D2T= le, D1D2D3T=O.
j=2

Let us assume that the components of the statistic 7' are uniformly bounded
by some nonrandom A < oo, that is,

(1.7) sup |[VNT,/o| < A, sup |[N32T 5 /0| < A.

N N
Notice that (1.7) ensures that the Edgeworth approximation G, as well as any
higher-order Edgeworth expansion, must satisfy

(1.8) sup sup |G'(x)| < oo.
N X

THEOREM 1.4. There exists a sequence T = T y of symmetric statistics (1.6)
such that

(1.9) E(WNT,? =1, IWVNT,| <4, |IN32T 5| <2,
(1.10) supsup |[E{itv' NT,}| <1 for each 6 > 0

N |t|=6
and

limsup N sup |F(x) — Gy(x)| >0
N xeR

for any given sequence of functions Gy: R — R such that

sup sup |Gy (x)| < oo.
N x

Moreover, for any given A > 0,

(1.11) lim sup NirGlf sup |F(x) — G(x)| > 0,

N—o0

where the inf is taken over all G: R — R such that sup, |G'(x)| < A.

2. Applications. In this section we use the following notation. Let B de-
note a real Banach space. Let X4, ..., X beii.d. mean-zero random variables
taking values in B. Denote

by =E[X,]° X=(X,+---+Xpy)/N,
Ey=+NX, Q, =supE| Ey|°,
N>1
where we shall assume implicitly that all random variables are well defined

(e.g., assume that B is separable). If B = R is the real line, then we write
u, = EX]7.
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For a function H: B — R, let H®)(x) denote the sth Frechét derivative of
H at the point x € B. Define

H(S)(x)hl o hy

as the value of the s-linear continuous symmetric form H)(x) with arguments
hjeB,lfjfs,aswellas

IH® o = ey IHO @), Mo=Mo(H) = Lo+ [ H'll« + | H" |,
xe

where || H®)(x)| is the sup-norm of the s-linear form H()(x), and

Lo = Lo(H) = sup I1H" () — H"(O)ll/ %]

Write
3 ) H" —H”
M=MH)=L+Y |H|,, L=L(H)=sup &L
i=1 x, yeB [l — ylI*
2.1. Sample means. Let X,,..., Xy be real i.i.d. random variables. Con-

sider the statistic 7' = X, where X is the sample mean. It follows from The-
orem 1.2 that the distribution function of the statistic v N7/\/b, can be uni-
formly approximated by a two-term Edgeworth expansion, and that the error
does not exceed cb,/(g?b3N). This is a well-known result. Note that the de-
pendence on

g=1— sup |Eexp{itX;}|
|£]=b2/b3

can be improved; see Petrov (1975).

2.2. Sample variances. Let X,,..., Xy be real ii.d. random variables.
Consider the sample variance

T=b,= % %(Xi ~X)?= % (X - X
i=1 1<i<j<N
In this case we may write in the decomposition (1.3) for T'— ET,
Ti=(N-1)N2%X3-b,), T, =—-2N"2X,X,, R=0.
Furthermore,
?=(N-1?2N3D?  D?’=b,—-b2, o?=72+2(N-1)N3p.
The distribution function of

(T —ET)/7 [or of (T — ET)/c]
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is uniformly approximable by its Edgeworth expansion, and the error does not
exceed cbg/(q?D*N), where

g=1— sup |Eexp{itX?}|
[t=D?/B3

and

By = E|X} — by[".

2.3. On the estimation of differences. For the calculation and estimation
of differences and terms of the Hoeffding decomposition, the following sim-
ple inequalities are useful. If V, W are (not necessarily symmetric) statistics
depending on X, ..., Xy, then

E|D,---D,V|® < 2k+SE|V|S forall s>1
and
E|D;---Dy(V + W)|° < 2°E|D; --- D, V|* + 2*E[W|* for all s > 1.

If V is independent of X;, then D;V = 0. If V is independent of at least one
of the random variables X, ..., X;, then D,... D,V = 0.

For example, let us consider the case when T' = H(X) is a sufficiently
smooth function of the sample mean. Let 74, ..., 7, denote i.i.d. random vari-
ables uniformly distributed on [0, 1] and independent of all other random
variables. Then

D, ---D,H(X)
(2.1) 1 X 7, X
= Nle"'DkETH(k)<1N1+'“+ ka +B>X1--~Xk,
where E_ denotes the conditional expectation given all r.v’s but 7, ..., 7, and

where B is defined by B= (X, +---+ Xy)/N.
Indeed, split

X=N1'X,+A where A=(Xy+---+ Xy)/N.
Expanding into the Taylor series, we have
H(X)=H(A)+ N'E,H (N ', X, + A)X,.

Since the random variable H(A) is independent of X, we have D; H(A) = 0.
Repeating this procedure for X, ..., X;, we obtain (2.1).
Thus the right-hand side of (2.1) is bounded from above by

c(R)N*|H® |, (1 X 1]l +b1) - (1 Xl +by),

and in many applications this yields a satisfactory estimate. -
For a polynomial H of order k, relation (2.1) yields D, --- D, H(X)=0.
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2.4. Student’s statistic and the bootstrap. Let X, ..., Xy denote real i.i.d.
random variables. Consider Student’s ¢-statistic and its bootstrap version #*,

T JNONTG o YN
where X denotes the sample mean and 32 denotes the sample variance. The
bootstrap version #* is obtained by replacing the arguments
Xq,...,Xy oft byX;-X,...,Xy-X,
where the ii.d. random variables X7i,..., X} are drawn from Fy =

N1 Z?jzl ‘O‘Xj and are independent of X, ..., Xy.
We shall prove the following estimate:

c(¢) ( b3byy, 4 bi)

N b7/2+€/2 bg

(22)  sup P{VNt < x} - sz( b3/2)
2

for arbitrary ¢ > 0, where

y(2x2% + 1)

Gy(x, y) = O(x) + 6N

P'(x)
and

1 - g = sup{[Eexp{irX1}|: by/(2bs) < |7] < v N/bs}.

For fixed X, ..., Xy, let P* and E* denote the conditional probability and
expectation with respect to F' . Substituting in (2.2) X; by X7 — X, we obtain

sup [P*{VNt" < x} — Gy(x, fisby 2| < f(j) (557 % byby, . + b;°B2)
for arbitrary ¢ > 0, where

1— G = sup | [B" exp{irX1}: B/(2By) < Ir] = |/ N /By

and

—

as =E(X]-X)’ = (Xi—f)3,

N :

M=z 7 M=

N
Il
—

b, =E*|X; - X|" = X, - X|°

2| =

denote the sample moments.

Let us fix a sequence X, X, ... of random variables. Then P{ZZ < by/2} —
0 as N — oo. If X, satisfies Cramér’s condition (C), then P{q < ¢/2} — 0 as
N — o0. Indeed,

E*exp{irXi}=N"! Zexp{zq-X .
Jj=1
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and applying Chebyshev’s inequality, we obtain

1 Y . .
PHN Xiexp{LTXj} —Eexp{itX;}
J:

q 16
>z}f¢N'

Thus a comparison of Edgeworth expansions for ¢ and ¢* shows that

sup [P{V'Nt < x} — P~/ Nt* < x}| = Op(N),

provided that bg < co, where the notation £ = Op(6y) means that

)‘lim limsupP{|¢y| > Adx} = 0.

N—oo

PRrOOF OF (2.2). Without loss of generality, we may assume that b, = 1. We
will apply the estimate of Remark 1.3. Let f: R — R be a bounded infinitely
many times differentiable function such that f(x) = 1/,/|x] for |x| > 1/2. Note
that all derivatives of f are bounded. We may regularize ¢ by replacing it by

tr = X f(by). Indeed,
P{t # Xf(by)} < P{b, < 1/2} < cE(b, — Eb,)®> < cb,/N, N > 3.
In order to truncate ¢, define
Y, =N"12X,1{X? < N}, Sy=Y;+---+Yy, s =Yi4...+Y%.
Thus the complement of the event {X lz <N, 1<i< N} occurs with proba-
bility less than ¢b,/N, and hence we may replace v/ Nt r by
T = Syf(sk - N18%).
It is well known (and easy to verify) that
E|Syl” < c(p) for p= 1.
Note that

M3 cby
ET = — + R where |R| < —=.
5/ N Bl =
Now split Sy = Y; +---+Y; + Sy_; and use the independence of the
random variables Y, ..., Y, and Sy_;. This yields the bounds

[VNDLT| < e(1+]Sy1))(1+[X4)),
(2.3) IN*2DyD,T| < e(1+ S{y_p)(1+ XT + X3+ X3| X[ + | X,|X3),
IN*2D; Dy D3T| < c(1+ Siy_5) 31 X1 I*I1 X4 [ X4 ™,

where the last sum is taken over all nonnegative integers k,l, m < 2. The
inequalities (2.3) imply

2 3
B4 < cby, Yoie < b3y, A3 < cby.
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We shall prove the first inequality in (2.3). The proofs of the other inequal-
ities are similar but somewhat more tedious. Split s3, = Y% + s%,_,. We may
split T into

T=@Q,+Q, where @ =Y,f(s3 — N15%)
and
Qy =Sy 1f(Yi+sy_,—N'Y]-2N'YiSy ;- N'S}_)).

We have @ < |Q|. In order to estimate @, one should expand first in powers
of Y2 and then in those of 2N~1Y2S_;, using Y2 < |Y,|.

For the estimation of ¢ notice that vVNT; = v NY; + R, where |R| is
bounded by ¢N~1b,(|X;| + X2). This completes the sketch of the proof of
(2.2). O

2.5. Functions of sample means. Assume that the independent identically
distributed random variables X, ..., X 5 take values in a real Banach space
B. Consider the statistics

T° = VN(H(X) — H(0))
and
T =vN(H(X) - EH(X)),

where H denotes a function H: B — R. The statistics 7° and T are equivalent
for our purposes since

)EH(X) — H(0) — iEH”(O)X% < LyQ3N372,

2N

where we write H”(0) XX = H”(0)X2. This follows immediately by expanding
H in powers of X. Similarly,

EH(X)- H(0) - %EH”(O)X%

=< MN_S/Z(bv/z +b5/2),

which is obtained by expansions in powers of X;, 1 <i < N.
Therefore it suffices to prove Edgeworth expansions for 7.
Define

si=E(H'(0)X1)?,  a3=s;°E(H(0)X,)?,

d =s7°E(H'(0)X1)(H'(0)X,)(H"(0) X, X5), k=as+3d
and

g=1- sup |E exp{itH'(0)X}|.
|¢|=s7 /(16 M{bs)

Then we have the following result.
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THEOREM 2.1. The distribution function of T /s; can be uniformly approx-
imated by {®(x) — k®"(x)}/(6+/N), and the error does not exceed

cN g 2(bs + by + b3 + @z + Q3)(s1> MG + 57 M)
or, in case M < oo,

cN7'q7%(bs + by + b3)(s7° M? + 57 M*).

Theorem 2.1 follows from Theorem 1.2 and Lemmas 2.2 and 2.3.

Bounds for the moments @, are well known; see, for instance, de Acosta
(1981).

Edgeworth expansions for functions of sample means in B = R”* have been
extensively studied; see, for instance, Bhattacharya and Ghosh (1978) and Bai
and Rao (1991). The smoothness condition M, < oo for the function H seems to
be optimal and is comparable with conditions in Bai and Rao (1991). Although
Theorem 2.1 holds for infinite-dimensional spaces B, our requirement that
the random variable H'(0)X satisfies Cramér’s condition (C) is weaker than
corresponding conditions used in the literature for B = R*. For instance, it
allows X to have discrete coordinates since we need Cramér’s condition (C)
for one coordinate only. The moment assumption b, < oo is natural and seems
unimprovable.

LEMMA 2.2. We have
E|N*12D,... D, T|® < c(k, s)|HP |50t foralls>1, 1<k<N.
In particular,
S1'Ba+517ys + 51703 < (57" Mo + 577 MG)(by + b5 + b3).

PrROOF. The second estimate of the lemma follows from the first one. The
first estimate is a consequence of (2.1).

We omit the tedious proof of Lemma 2.3 since it is similar to that of
Lemma 2.2.

LEMMA 2.3. For the statistic T = vN(H(X) — EH(X)), we have
VNT, = H(0)X; + R,
where |R| is bounded by either of the two following quantities:

cMoN“H by + Qo X1 + 1 X117, eMN by +by| Xyl + | X1 ]?).
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Furthermore,

™ =E(H'(0)X,)* + Ry,
|Ry| < cmin{MiN 1(bg + Qyby); M>N (b3 + by)},

E(VNT,)? =E(H'(0)X,)’ + Ry,
where

|Ry| < N~ min{M}(b, + Q1b3); M>(by+ bsbso)}s

N°PET,ToT1, = E(H'(0)X,)(H'(0)X,)(H"(0)X,X,) + R,
with
|R3| < N~ min{M}(bsb, + b5Q,); M>(bybs + b%bs/z)}-

2.6. Functionals of empirical distribution functions. The results of this
section differ only in notation from those for functions of sample means. We
consider functionals of empirical distribution functions, and, for simplicity of
notation, we shall assume that they have bounded derivatives and that they
are functionals of distribution functions on the real line (but not empirical
measures in general spaces). A simple example satisfying all those assump-
tions is a linear combination of order statistics.

Throughout this section we shall use the following notation. By 7, ..., ny
we denote i.i.d. real random variables with common distribution function P.
By P, we denote the empirical distribution function corresponding to the
sample 7, ..., ny. Define the random processes

X;(t), teR, 1<i<N
by X;(¢) = 1{n; <t} — P(t). Let
Ey=vN(Py-P)=(X,+---+Xy)/VN

denote the empirical process.
Assume that a functional T takes real values and that T'(P) and T'(Py)
are well defined. Define

S =VN(T(Py)-T(P)), S=+N(T(Py)—ET(Py)).
We may write Pyy — P = E/~/N. Denoting Hp(h) = T(P + k), we have
S =V N(Hp(Ey/YN)—EHp(Ey/VN)).

Let us define the derivatives of T by the derivatives of Hp via T®)(P + h) =

H (If)(h). In order to define the derivatives of H p, we introduce a Banach space
B, which may depend on P and should be chosen in dependence on 7' and
the particular problem. We shall assume that Hp: B — R admits Frechét
derivatives, and we require that B contains the sample functions X(¢) =
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1{m; < ¢} a.s. Furthermore, we assume that the random variables X, E
are well defined and take values in B.
It is sufficient to prove Edgeworth expansions for S since

1

ET(Py) - T(P) - 5 o ET'(P)X3| < N“2M(T)Qs,

ET(Py)—-T(P) - iET”(P)X% < cN_3/2M(T)(b7/2 + b52)-

2N

In order to formulate Edgeworth expansions for S, we need some additional
notation. Write

2 =E(T(P)X,)?,  k=as+3d,

az=s;°E(T'(P)X,)°,  d=s’E(T'(P)X)(T'(P)Xo)(T"(P) X, X,)

and
g=1- sup |E exp{itT'(P)X}|.
|t>51/(16Mby)

THEOREM 2.4. The distribution function of S/s; may be uniformly approx-

imated by {®(x) — k®"(x)}/(6+/N), and the error does not exceed
cN7l g 2(bs + by + b3 + Qa + Q5)(s1 2 MG(T) + sy My(T))
or, if M(T) < oo,
eN~1q %(bg + by + b3)(s1*M*(T) + sy * M4 (T)).

2.7. L-statistics. We are going to apply the result for functionals of empir-
ical distribution functions.

Let n4,...,my be ii.d. real random variables with common distribution

function P, and let P be the empirical distribution function corresponding
to the sample 714, ..., 5. Consider the statistic

N
-1
Iy=N Z CiNMi; N>
i=1

where 1y y < --- < ny, y are the order statistics of 0y, ..., ny, and the coeffi-
cients ¢y, ..., cyn are generated by a weight function o/: [0, 1] — R,
i/N
;=N J(u)du.
(i-1)/N
Define

where

o= /j:o xJ(P(x)) dP(x).
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It follows from (2.4) and (2.5) below, that

| v |
iElN — K= ﬁi < cMo(J)N*?(E|n,[* + E[n4)),

| v |

Ely—p- gy < cM(J)N~**E|n;|* + E|n, ),

where
v = /RJ’(P(x))P(x)(l — P(x))dx.

Therefore we may restrict ourselves to Edgeworth expansions for S.
Denote

bs:E|n1|S, x/\yZmin{x9 y}’

st = /m J(P(x))J(P(y){P(x A y) — P(x)P(y)}dxdy.
Furthermore, write k = az + 3d, and
ay = s7° /R J(P(x))I(P(y))J(P(2)){P(x A y A 2) + U} dx dydz,
U = —P(x)P(y £ 2) - P(y)P(x 7 2) — P(2)P(x A y) + 2P(x)P(y)P(2),
d=s’ /Rg J(P(x))J(P(y))J' (P(2))V(x,2)V(y, z)dx dy dz,
V(x,y) = P(y nz) — P(y)P(2),
q =1 —sup{|E exp{itY}|: |t| = cos7/(M5(J)(b3 + b))},

where
Y = [ J(P(x)(L{x < m} - P(x))dx.

THEOREM 2.5. There exists an absolute positive constant c, (see the defini-
tion of q) such that the distribution function of S/s; can be uniformly approx-
imated by {®(x) — k®"(x)}/(6+/N), and the error does not exceed

eN71q72(by + bf + byys)(s7 2 MG(J) + s7* M(J))
or,if M(J) < oo,
cN71q72(by + bf + by)(s7° MP(J) + 57 M*(J)).
The result of Theorem 2.5 is a consequence of Theorem 2.4. To see this,

we represent S as a differentiable functional of P,, and provide some useful
estimates of moments.
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If E|n4| < oo the boundedness of J is sufficient for the following represen-
tation [see Govindarajulu and Mason (1983)]:

by == [ [W(Py() - WP dt,
where
1
W(x) = / J(u)du.
Therefore we may write
In—pn=T(Py)-T(P),
where
0 o'9)
T(h) = f_ [W(h(t) ~ V(O] dt + fo W(h(t))dt.

Let || - |, denote the norm of the space L”(R). Let B be the Banach space
of functions with norm

el = lllly + llxll2 + 5

The functional 2 +— T(P+h): B — R is twice [or thrice if M(J) < oo] Frechét
differentiable and

My(T) = Mo(J),  M(T) = M(J).
Define the random processes
X;(t)=1{n; <t} — P(2), teR, 1<i<N.
It is easy to verify that
E|X, 115 < o(p, $)(Elny|7? + (Blmy|)?) forall p=1, s> 0.
The space L?, p > 2, is of type 2 and therefore [see de Acosta (1981)]
24)  supE|Ey|} < c(p. B X} < e(p. s)Elm|”? -+ (Blm)”?)

for p,s > 2. In the case of L! we have

(2.5) supE|Ey| < c(p, &)(E[n|; + E[n,|***) for s>2, &> 0.
N>1

Indeed, by means of the weight function 1 + |¢|* with as > s — 1 and using
Holder’s inequality, we obtain

E[|Ey]T = c(a, S)E/R |En (@] (1+ [¢[%)° dt.

Now we may use Fubini’s theorem. Integrating by parts, we arrive at (2.5).
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2.8. U-statistics. In this section we again consider the general case of i.i.d.
random variables X, ..., Xy taking values in a measurable space. An exam-
ple of a symmetric statistic is a U-statistic of fixed order r, which is given
by

U= > X, , X

1<i;<--<i,<N

Xi,)>

i2,...,

where 4 is a fixed kernel function with
Eh(X,,...,X,)=0, Er*(X4,..., X,) < oo.
If Hoeffding’s decomposition (see section 4) of A(X, ... X,) is written as
Xy, ..., X)=)" > hi( X, Xips-ons X)),
k=11<ij<--<ip<r
where

h (X1, ... X)) = Y (D) MIEMRX,, ..., X,)|A),
AcQ,

then Hoeffding’s decomposition of U is given by
" (N -k
U= h(X; , X;,..., X;).
kX::l(r_k> Z k( P12 iy ’ lk)

1<ij<--<ip<N

We have 7,(X,) = E(W(X,, ..., X,)|X}),

T, = (N B 1>h1(X1), = N<]’Y B 1>2Eh§(X1),

r—1 -1
r (N —k\*(N
azzz(r_k> (k)Eh%(Xl,...,Xk),
k=1
—1\3
»x = ag + 36, ag = NS/Z(]’Y_ 1) Ehi(X,),

—-2 -1\*

o= No2( N 2 (N D (X hy(X) k(X X).
r—2 r—1

The following theorem is a consequence of Theorems 1.1 and 1.2.

THEOREM 2.6. The distribution function of U/o or U/7 can be uniformly
approximated by the corresponding Edgeworth expansion, and the error does

not exceed
e (B s A3
Ng%(o)\o* o3 o2

¢ (Bs_vs A
Nq2(7)<74+73+72 ’

or
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where [we write hy, = hp(X4, ..., X})]

4
Bs _ Ba _ Eh] ’
ot — 4~ (Eh%)2

Y3 73 < 8(r — 1)2E|h2|3

0-3 - 7-3 — (Eh2)3/2 ’
A2 Z c(r)(N k)Eh2
o? = 72 i (N —-3)ER?

Note that the terms T4 of the statistic in Theorem 2.6 corresponding to car-
dinalities |A| > 3 are of much smaller order than required.

3. A smoothing inequality. Let F be a distribution function with char-
acteristic function f. It is known [Prawitz (1972)] that, for all x € R and
H >0,

(3.1) F(x+) < 1+VP/ exp{—ixt}— K( ) £(t)dt
and
(3.2) F(x—) > % —V.P./Rexp{—ixt};IK< - ;) () dt.

Notice that all integrals are real and that the integrands vanish unless |¢| < H.
Here we write

F(x+) = lzlgcl F(2), F(x—)= lzlgcl F(2),

and V.P. denotes Cauchy’s principal value,

VP [ _1}3%1(/ +/ )
Furthermore, 2K (s) = K(s) + iK,(s)/(ms), where

1—|s|, for|s| <1,

K (s)=
1(s) {O, for |s| > 1,

7s(1 —|s|)cot ws +|s|, for |s| <1,
Ko(o) = |

0, for |s| > 1.

It is known [see, e.g., Chung (1974), page 159] that if we redefine a distri-
bution function G at discontinuity points (say x) as 2G(x) = G(x+) + G(x—),
then

dt
(3.3) G(x)= < + — lim VP. exp{—itx}g(t)—,
277 M—o0 lt|<M t
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where g denotes the characteristic function of G. One can generalize (3.3) to
functions of bounded variation.
The following lemma is elementary.

LEMMA 3.1. For 0 <s <1 we have
K,(0)=1, K,(1)=0, Ky(3) =1,
Ky(s) <0,  Ky(s)+ Kp(l—s)=1,
Furthermore,
1
1—2(1—s)sin2%s <Ky(s) <1 for0<s< >
9 m(1 —5)

0 < Kqy(s) < 2s sin 5

<s<l1.

DN =

for

Let us compare the smoothing inequality (3.1) with the classical Esseen
inequality for characteristic functions, namely,
dt

cA
(3.4) F() =Gl < Jp+e | 170 -8l

where A = sup, |G'(x)|. First of all the inequality (3.1) does not refer to a
comparison of distribution functions. If a limit distribution or an Edgeworth
approximation G is already known, then no regularity conditions on G [like
sup, |G'(x)| < oo] are needed. It follows from (3.1) and (3.3) that

(3.5) Flx+)-G(x) < I+ I, + 15,

where

I, = ;/Rexp{—ixt};IKl(;I)f(t)dt,

I, = 2L lim V.P. exp{—ixt}Kz<It{)(f(t) - g(t))%,

m™ M—oco [t|<M

l t dt
I; = o A}IiLnOOV.P. en exp{—ixt}(Kz(H> - 1>g(t)t.
The term I; corresponds to the concentration function of ¥, the term I, cor-
responds to the integral in (3.4) and I35 corresponds to the first summand on
the right-hand side in (3.4). It is essential for our purposes that one may in-
terchange the order of integration and expectation E exp{i¢tZ} = f(¢) in (3.5),
where Z has d.f. F; this allows us to choose a random H depending on the
sample and apply (3.5) conditionally (we call this procedure “data-dependent
smoothing”).

4. Hoeffding’s decomposition and moment inequalities. In this sec-
tion we decompose the symmetric statistic 7' into several parts and derive
bounds for the variances of their conditional Hoeffding decompositions. The
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approach is similar to that of van Zwet (1984), but the calculations are more
involved since the variances are not completely monotone, which was essential
for the short proof in van Zwet (1984). We conclude this section with bounds
for moments of any part of a U-statistic of order 2. These bounds are similar
up to constants to those for sums of independent random variables.

Let X, X,, ..., X denote i.i.d. random variables taking values in an arbi-
trary measurable space with common distribution P. Consider the symmetric
statistic T = ¢(X 4, ..., X ). Without loss of generality, we shall assume that
ET = 0.

Let O = {1,..., N}. For any A C Q, |A| will denote the cardinality of A,
and we shall write

E(T|A) = E(T|X,, i € A).

Thus E(T|A) denotes the conditional expectation of T' given those X; with
index i € A. In particular, E(T|9) =ET =0 and E(T|Q) =T.

Let us define T'4 as an alternating sum of E(7'|B) over all subsets B C A,
including the empty set and A itself,

(4.1) T,= Y (-1)A-BE(T|B).
BcA

Equation (4.1) expresses T 4 in terms of the conditional expectations. It is easy
to see that there is also an inverse relation

(4.2) E(T|B)= Y Ta,
AcCB

and, in particular,

(4.3) T=Y Ty
AcQ

which is called Hoeffding’s decomposition of 7. The components 7', of T have
the special property that

E(T4|C)=0 wunless AcCC.
Since ET = 0, it follows that
ET,=0 forall ACAQ,
ET,T.=0 if A#C.

Hence (4.2) and (4.3) represent E(T'|B) and T as sums of uncorrelated mean-
zero random variables T4, and, as a result,

(4.4) o*(E(T|B)) = ) ET%,
AcCB
(4.5) o?=0%(T)= Y ET%.

AcCQ
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So far we have not used the fact that ¢ is symmetric and X,,..., X are
i.i.d. This implies that, for A = {i{,...,i;},

TA =gk(Xi17""Xik)5

where g, is symmetric in its arguments and depends on A only through its
cardinality |A| = k. Writing T; and T);; as alternative notation for T';, and
T, jy» we have, for example,

T, = T{i} = g1(X;) = E(T|X,),
Ty=Ty ;) =8(X;, X;)=ET|X;, X;) - E(T|X;) - E(T|X )
and so forth. It follows that whenever |A| = &, then T 4 has the same distribu-

tion as T, , where O, = {1,..., k}. Hoeffding’s decomposition now assumes
the form
T=>) Tya= ) &a(Xd)+ Y g(XiX)
AcCO 1<i<N 1<i<j<N
+ Y (XL X, X))+t g(Xy, ., Xy,
1<i<j<k<N

and the variance decompositions (4.4) and (4.5) become

|B| |B|
c@rip) = » (e = 3 () )Ea. . X0,

k=1 k=1
Y (N N (N

o’ =3 (k>ET3k =3 <k>Egz(X1,...,Xk).
k=1 k=1

For i € Q) and for a (not necessarily symmetric) statistic 7', we define the
difference

(4.6) D,T =T —E(T|Q\ {i}).

ObViOllSly, ‘Dl(DlT) = DiT, DIDJT = DJDlT and, fOI‘ A = {il’ ey lk} C Q,
the difference

DAT: Dl‘l"'DikT
is well defined. We have D, DgT = D4 5T,

DT = > (-1)BE(T|Q\ B).
BcA

The random variable T 4 is related to the difference D, T, and
T,=E(D4T|A).
Denote Q,, = {1, ..., m} and consider repeated differences (4.6),

(4.7) DD,---D,T= Y T, form=12,...,N.
AcCQ,Q0,cA
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It follows from (4.7) that

N
N —
A2 = N>"1E(D,D,--- D, T)? = N**1 (k m)ETgk,
k=m

—m

1 ZN SN 2 2 2N 3N 2
IN ]gk » JETS, <A3 <3N k%k o JET?,.

Denote

Ay = > T4, Ay = > Ty, Ag = Y, Ta.
|A|=2,|ANQ,, |=2 |A|=3, |ANQ,, |=2 A: |ANQ,,|>3

Define identically distributed random variables 74, ..., n,, by

n, = Z Ty
|A|>3, AnQ,,={i}

LEMMA 4.1. We have

(4.8) EAZ < m3N%A2, 3<m<N,
(4.9) EAZ < m2N*AZ, 2<m<N,
(4.10) E|A;]? < cN~Y2m3y,, 2<m<N,
(4.11) En? < N73AZ, l<m<

PROOF. Let us prove (4.8). Define the function ¢(m) = EA%, for2<m <N,
and ¢(2) = 0. The random variables T4 and Tz are uncorrelated unless
A = B. Therefore the definition of A5 implies

N
¢(m) =" c(r,m, N)ETg , 2<m<N,
r=3
where c¢(r, m, N) is the number of subsets A C Q such that |A| = r and
|[ANQ,|> 3. We have

Y (N -3 2 2 52
e(3)=2_ r_3 ETQ, =E(D,D;D;T)" = N™°A;.
r=3

Define the difference operator d acting on the variable m as de(m) =
o(m +1) — ¢(m). Then

de(2) =¢(3) = E(D1D2D3T)2,

e(m) = ¢(2) +de(2) + - +de(m - 1),
and (4.8) will follow if we show that
(4.12) de(m) < m*E(D;DyD;T)?, 3<m<N.
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For (4.12) it is sufficient to verify that

(4.13) de(r,m, N) < m? (7_‘;)

Let us consider the class &7, of sets,
o, ={A:AcCQ, |[Al=r, |ANQ,,| <2}
Then &7, ., C &, and
(4.14) c(r,m, N)=|{A: A C Q}| — ||
From (4.14) we see that
de(r, m, N) = [/p| = || = [ \ 1.
Under conditions |[A|=r and A C {1,..., N}, we have
Acd\Ap, & |ANQ,|<2,|ANQ,, 1| >3
& |ANQ,| =2, m+1leA,

m\/(N—-m-—1
dc(r,m,N):(2>< r_3 )
However,

(7;1>§m2’ (N:jl?,_l)f(];]__;)’ for 3 < m,

and (4.13) follows.
Let us prove (4.9). We have

N N (m\(N-m
EA =) > ETar=Z<2><r_2)ET?)r,

r=3 |Al=r,|ANQ,,|=2 r=3

and we have

and (4.9) follows since

m 9 N-m N -3
<2>§m, <r—2>§N<r—3) for m > 3.

Let us prove (4.11). Obviously,

N N
N — N-1
En§ = Z ( B T)ET% < Z ( B 1>ET?L < NZE(D1D2D3T)2,
r=3 r=3
since

N-m\ (N-1 ,(N-3
<r—1>§(r—1)§N <r—3> for r > 3.

Inequality (4.10) is a consequence of the following lemma.

875
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In Lemma 4.2 we consider a symmetric function ¢ taking values in a
Banach space (B, || - ||) of type 2 (e.g., B is finite dimensional).

LEMMA 4.2. Assume that E{/(X, X)|X} = 0. Let A be a finite subset of
the set of all integer pairs (i, j) such that 1 <i < j. Then

[P
(4.15) E| S wXoX)| <IAlpy, forispsz,
(i, j)eA
p
(4.16) EI >ow(X, X)) < |A|p/2c(p)yp for 2 < p < oo,
(i, j)eA

where v, = E||y(X, X,)||?, and the constant c(p) in (4.15) and (4.16) depends
only on p and B.

PROOF. We use a decoupling inequality due to de la Peiia (1992). For any
convex increasing function ®: [0, co) — [0, c0), we have

[ [ [ [
(4.17) E@(I > ouX, Xj)||> < E<I>(8H > ow(X;, Zj)H),

G, jea I @G, jea [
where the sequence Z,, Z,, ... is an independent copy of X, X,,....

In the proof of the lemma we shall write ¢(p) instead of c¢(p,B). Let
N1, --+> My € B, En; = 0 be independent random variables assuming values
in B. A result of de Acosta (1981) yields
2. M
j=1

p m
(4.18) E <c(p) ) El|n;|? forl<p<2,

=1

(4.19) E

m
2o
j=1

p m p/2 m
sc<p>(ZE||nj||2) L e(p) S Eln |7, 2<p<oo,
j=1 j=1

provided the Banach space B is finite dimensional or of type 2.

Let us prove (4.15). Let N < oo be a natural number such that (i, j) €
A = j < N. Define the sets A; = {(i, j): (i, j) € A} for i > 1. Without loss
of generality, we may assume that A; # & for 1 < i < K, where a number
K < N, and that A; = J for i > K. Denote

K
V= ) (X, Z;))=> ¢,
i=1

(@@, j)eA

where & = > jjea, ¥(X;, Z ;). Due to the decoupling inequality, it is suffi-
cient to estimate E||V||?. By a conditioning argument followed by an applica-
tion of (4.18) to

p

Eyx and Ez|&l”,

K
Y&
iz
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we easily obtain (4.15), where we write Ex = Ex x  for the conditional
expectation given all r.v.’s but X, X,,....
The proof of (4.16) is a little bit more tedious. Applying (4.19), we have

K p/2 K
E| V| < C(p)EZ<ZEX||§i||2) T+ e(p) L E& P,

i=1 i=1

4.20 p/2
420) gy < c(p)EX( Y Eylu(X.. Z)||2)
(i, j)eA;
+e(p)miy, < c(p)m?y,,
where m; = |A;|. Summing, we get

K
Y E[&]7 < [AIP2c(p)y,,
i=1

since mq + --- + myg = |A|. Let us define an r.v. o by P{o = i} = m;/|A| for
1 <i < K. We assume that o is independent of all other r.v.’s Then

K
Y Exl&l® = |AEx ,l€,1%/m,,

i=1

and applying Holder’s inequality, we get

K p/2
Ez(ZExllfiHZ) < |A[PPEm PR, |1 < c(p)| APy,
i=1

if we estimate Ez|¢&,||? by (4.13). Collecting these estimates concludes the
proof of (4.16).

5. Proofs. We shall derive Theorem 1.1 from Theorem 1.2. The proof of
Theorem 1.2 is laborious and needs much effort. One may obtain the result
of Remark 1.3 by inspecting the proof of Theorem 1.2 and making relatively
simple obvious changes. We conclude this section with the construction of a
counterexample in Theorem 1.4.

By c,cq,... we shall denote generic absolute positive constants, by
C,Cy,..., generic sufficiently large absolute positive constants. If a con-
stant depends on a parameter, say A, then we write c¢(A). By E; ; =
E(-|Q\A{i, j,...}) we shall denote the expectation with respect to random
variables with pointed out indices i, j,...; in other words, we condition on all
random variables with indices different from i, j,....

PrOOF OF THEOREM 1.1. It follows from (4.5) that

o? =12+ R? Where0<R2<B+A—§.
- - N N2
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We have

1 8 2
(5.1) Slip|F(x)—G(x)|§1+U3m50<1+asjﬁ+gjﬁ)'

We may assume that

B ’)’1/2
5.2 5+ 2 <2
(5.2) g3 N ovN

Indeed, otherwise

B 1/2 s 2 1/2 \ 3
o] o < () ()
o3v/N oV N a3V N oV N
and Theorem 1.1 follows.
Now we consider the cases 272 > ¢2 and 272 < ¢2.
The case 272 < o2 is trivial, since the result is an easy consequence of (5.1)
and (5.2). Indeed, the inequality R?/o2 > 1/2 (since 272 < ¢?) implies that at
least one of the inequalities
2 1 A 1
02N — 4° 02N2 ~— 4
is fulfilled. If the first inequality holds, then (5.1) and (5.2) imply

3/2
sup|[F() - Gl <e =< J2) = %

If the first inequality is not fulfilled, then the second holds and

2

cA
sup |F(x) = G(x)| < ¢ < 0.

which concludes the proof in the case 272 < ¢2.

In the case 272 > ¢ the result follows from Theorem 1.2. Using the estimate
of this theorem and (5.2), we reduce the problem to the estimation of

P(x) — CD(?) "(x) — (D(?) :

The inequality 272 > o2 implies 72/02 = 1 — R?/02, where R?/0? < 1/2, and
one may estimate the quantities (5.3) by expansion in Taylor series. O

3
(5.3) sup

T
> 1_73
o

) sup
X

PROOF OF THEOREM 1.2. Roughly speaking, the proof of Theorem 1.2 is
based on a reduction to sums of (conditionally) independent random variables
and on elimination of the influence of the nonlinear part of the statistic. For
this we use Taylor expansions and moment inequalities from Section 4 for
symmetric statistics or their parts.

Without loss of generality, we shall assume that

2 =1.
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We shall prove that

2
54) sup |F(x) - G(a)| < Pt 20),

where
qg=qn(7)=1—-sup{|E exp{itN1/2T1}|: 1/Bs < |t| < \/N},

and where, for brevity, we write g5 (7) = ¢, F = F and G = G. Now Theorem
1.2 is a consequence of (5.4).
Without loss of generality in the proof of (5.4), we may assume that

B4§CN, B3§C\/N, 'YZSCN,

(5.5)
g>CN'ln N, N=>C,

where ¢ is a sufficiently small positive absolute constant and where C is a
sufficiently large absolute constant. Indeed, if at least one of inequalities (5.5)
is not fulfilled, then the result of the theorem follows from the obvious estimate
sup, |F(x) — G(x)| < ¢, which we may assume as in (5.2).

The result of Theorem 1.2 follows from Lemmas 5.1-5.3. In Lemmas 5.2 and
5.3 we show that the integrals I, ,, I and J from Lemma 5.1 do not exceed
the right-hand side of (5.4).

LEMMA 5.1. Let H; = N /Bs, and let F resp. G denote the ch.f. of F resp.
G. For some natural number k > r > N /2, we have

(5.6) sup |F(x) — G(x)| <cl) ,+cl+cd +R,
where R does not exceed the right-hand side of (5.4), and
~ ~ dt
I= |F(¢) = Gl
|t|<H, t]
J=cq ?In® N |ET 1y exp{itT}| dt,
|t|<H,
1 N
I, , = — E(1+09)E; ., it T} dt, 0= NE Tl
k, aN Jy<n, ( NE; exp{itT'}| 1 ;ﬁ 1j

In the proofs of Lemmas 5.1-5.3 we use the conditional Hoeffding decom-
position of certain parts of 7. Fix a number m, 1 < m < N, and denote
Q,, ={1,...,m}. We may decompose 1"

(5.7 T=V+W,
where

W=ET| X 11,---, Xn)= > Ty,
A: ANQ,, =0
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and where the sum ) 4, is taken over all nonempty subsets A C Q =
{1,..., N}
For fixed X ,,.1,..., Xy,

V=T-W= > Ty,
A: ANQ,, #0
is a symmetric statistic of X, ..., X,,. Let us consider its conditional Hoeff-
ding decomposition:
V= > Vg where Vp= > T,
BcQ,, AcQ, AnQ,,=B

Writing V; instead of V;,, we obtain

(5.8) V=2 Vit A +As+ Ay,
i=1
where V; =3 4. ANQ,,={i} Ty,
Al: Z TA’ A2: Z TAa A3: Z TA.
|A]=2, |ANQ,,|=2 |A]=3, |ANQ,,|=2 A: |ANQ, |>3

Let us decompose V;:

(5.9) Vi=T;+ &+,
where
N
&= ) Ty, m; = > Ty.
j=m+1 |A|>3, AnQ,,={i}
For fixed X, {,..., Xy the random variables T;, 1 <i <m (or {;, 1 <i<m

or m;, 1 <i <m), are i.i.d.

PROOF OF LEMMA 5.1. Let
m~Cq'ln N,

be an integer, where the positive constant C is sufficiently large and is chosen
later. Because of (5.5) such an m, 1 <m < N, exists.

Before applying the Fourier transform [i.e., the smoothing inequality (3.1)],
we shall remove certain parts of the statistic 7" in order to obtain a relatively
small sum of (conditionally) independent summands. For each m,3 <m < N,
we may write [see (5.7), (5.8) and Lemma 4.1]

T=T+A+A+A;, T=XV+W,
j=1
where

(5.10) E|A;]2 <cN2m3y,, EAZ < m?N—*A2, EAZ < m3N7°A2.
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We are going to apply a simple Slutzky argument. Due to (5.5), sup, |G'(x)| <
c. Therefore, instead of

sup |[F(x) — G(x)|, where F(x)=P{T < x},

we shall estimate

sup |F(x) — G(x)|, where F(x)=P{T < x}.

The error by this replacement does not exceed [use (5.10) and note that m < N,
m = Cq71 1n N]

cq ' N"' 4 2P{gN|A| = 1} + 2P{gN|A,| = 1} + 2P{gN|A| = 1}
<cq !N '+ cN32y,1n® N + ¢cN~21n® NAZ

which is bounded by the right-hand side of (5.4).
In order to prove (5.6) we shall apply the smoothing inequality (3.1). The
estimate (5.6) follows from

(5.11) 2F(x+) < 2G(x) + ¢l , +cl +cd +R,

(5.12) 2F(x—) > 2G(x) —cl}, , —cl —cJ + R

if the remainder | R| is bounded by the right-hand side of (5.4). We shall prove
only (5.11). The proof of (5.12) is similar; a minor difference being that in-
stead of the smoothing inequality (3.1) one should use (3.2). Alternatively, one
can derive (5.12) from (5.11), applying (5.11) to —T (instead of T') and using
symmetry arguments.

Define

| | | N |
6, =NE,| > Ty, 0o =NE,| > T,
| j=m+1 I | j=k+1 I
where the number £ is chosen as & ~ (IV + m)/2, and write
- 9N
4(1+ 6, + 05)

Notice that H depends only on X, {,..., Xx.

The random variables X{,..., X, areindependent of X, ,..., X . Thus
we may apply the smoothing inequality (3.1) conditionally with H = qN /(4 +
460, + 46,), which is random but independent of X, ..., X,,. We get

2F(x+) <1+EI, +EI,,

where

I, = % /Rexp{—ixt}Kl(;I>f(t)dt,

I, = :;_/Rexp{—ixt}K2<II;)f(t)it,



882 V. BENTKUS, F. GOTZE AND W. R. VAN ZWET

.....

(5.13) |[El,| <cl, .+ R,

(5.14) |El,+1—-2G(x)|<cl+cd + R,

with the remainder terms |R| bounded by the right-hand side of (5.4).
Estimation of |[EI;|. In order to estimate |[EI;| we shall replace the random

bound H in the integral I; by a nonrandom one, and K(¢/H) by 1. Further-

more, due to the special structure of H, we can interchange the integral and

expectation with respect to a sufficiently large group of r.v’s X, 1,..., Xy.
We have

|ELL| < [ELs] + El,,

where

exp{—ixt}Kl(;I>f(t)dt, H, = ‘g,

t 1
K1(H)|f(t)| dt < ﬁﬂ{H z Hl}leg\t\gH F @l de.

°T Hlyzn,
1

YT H Jna
Let us show that
(5.15) EI, <c(1+A%)/N.
The random variable W is independent of X, ..., X, , and we have

|F ()] = [Eyexp{itV}™
for fixed X, ,..., Xy. We have [see (5.9) and Lemma 4.1]
N
Vi=T{+ &+ m, &= ) Ty
Jj=m+1
and
(5.16) En? < N3A2.
Let us consider the indicator function
I = 1{4E|¢n,| < g}
Estimating |f(¢)| < 1, we have
El, <EJ;+EdJ,,

where

Ji=pUHzHY [ 1if@)dr

1=|t|l<H

H,<|t|<H
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Using Chebyshev’s inequality and (5.16), we get
EJ, < cEq *H*(E;|n|)* < cA3/N,

since H < gN.
In order to estimate JJ; we use a Taylor expansion

LE, exp{itV1}| < [E exp{itT}| + [t[E;|&1] + LEq[¢n,].

However, the first summand does not exceed 1 — g because of Cramér’s con-
dition (C). The second summand does not exceed q/4 for |¢| < H due to the
definition of H. The third summand is obviously less than q/4. Therefore

EJ, < (1-gq/2)" <exp{-mq/2} <¢/N,

because of our choice of m = Cq~'1n N with a sufficiently large C. Collecting
the estimates, we get (5.15).
Let us estimate EI5. Note that |K;(s) — 1| < |s| for all s € R. Therefore

|El3| < |[El;| + Elg,

where
1
I, == exp{—ixt}f(¢)d¢
H Jiy<mH,
and
2 (ot H} _ cq?B5*(1+ vs)
EIGSEEfO dt <Egf < & .

It remains to estimate |EI;|. Let us replace T by T in EI 5. We have [see
(56.10)] T =T — Ay — Ay — A;. Expanding in a Taylor series, we get

El, =EI, + R,

where

1

I = —
"7 H Jy=n,

exp{—ixt}exp{itT}d¢,

Hi
| B| = cE—r (JAs] + [Ag] + [Ag)).

Now, applying Hélder’s inequality several times together with Lemma 4.1, we
obtain

|R| < cq®B5*(1+ v3 + A3)/N.

It remains to estimate EI,;. Recall that 1/H = ¢ ' N~1(1+6,+6,), and that
6, dependson X, ,..., X, only, and 6, on X, {, ..., X 5 only. Therefore we
may write EI; as the sum of three integrals, and we can interchange the
integrals and the expectation with respect to r.v’s independent of 6; (or 6,).
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Due to symmetry and the i.i.d. assumption, the last two integrals are bounded
by

g 'N! E|0,| [E,
[t|<H,

rexp{itT} dt,

.....

where r, 1 < r < (N 4+ m)/2, is arbitrary, 6, = NEﬂZ?fzkH T:;| and &k >
(N + m)/2. Therefore

[EI;| <cq !N E(1 +65])|E,

_____ ~exp{itT} dt,
[t|<Hy

and (5.13) follows.

Estimation of EI,. We shall proceed as in the estimation of EI;. We have
EI, =EI; + R, |R| <EI,,

where

I,= LVP exp{—ixt}K2<t)f(t)dt, H, = @,
™ |t|<H, H ¢ Bs

L=WHzHY[ o

<t|<H ¢l

The estimation of EI is similar to the proof of (5.15) and EI, < c(l+A§)/N.
Note that |K4(7) — 1| < 572. Therefore

El,=EI;+R, |R|<EI,,
where
I, = %V.P. n exp{—ixt}f(t)%,
1, _ caBA(1+ )

—dt <
t|<H, H? - N

Collecting these estimates, we get EI, = EI; + R, where |R| does not exceed
the right-hand side of (5.4), and we may rewrite EI; as

El; = cE
!

El, = L VP. exp{—ixt)}E exp{itf}%.
a

[t|<H,

As in the estimation of EI;, we may replace T by T — A; and EI; by

Iy= VP exp{—ixt}E exp{it(T — Al)}%-

™ [t|<H,

In order to remove the term A;, we expand exp{—itA;} = 1 — itA; + O(2A2).
Due to symmetry and the i.i.d. assumption,

16:I7+IS+R’
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where R is bounded by the right-hand side of (5.4), and

I,='VP exp{—ixt}ﬁ(t)%,

T |¢|<H,
Ig] < m2f IET y_,y exp{itT}| dt = J.
[t|<H,
We have

2G(x) =1+ VP. / exp{—itx}G(H L,
T R t

~ (it)3%> { tz}
Git)=[(1+ expy — — .
0= (145 e -
Estimating |x| < ¢/ N, we get
[1+1;—2G(x)| <I+cBy/N.

where

Collecting these estimates, we get (5.14), which concludes the proof of the
lemma. O

The proof of Lemma 5.2 is a simplified version of that of Lemma 5.3.

LEMMA 5.2. The integrals J and I, , in Lemma 5.1 are bounded by the
right-hand side of (5.4).

PrOOF. We shall estimate I, , only since the estimation of ¢/ is similar and
somewhat simpler. Using Hoeffding’s decomposition, we may write ' = U + Z,
where U is a U-statistic:

N

and Z is the remaining part of 7. According to Lemma 4.1 (with m = N), we
have EZ2 < N~2A%. Expanding in a Taylor series, we get
I, <EI, + EI,,

where

,,,,,

and

.....

<cq 'NZHIEY2(1+ 0)*A5 < cq ' N1 (1 + v, + A2),
which does not exceed the right-hand side of (5.4).
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Let us estimate EI;. Estimating the characteristic function in the integral
by 1, we have
|EI| <cqg "N 7' (1+ vp) +cls,
where

I;=q 'N'E (1 +[0D[E,

C<|t|<H, T

and where C is an absolute sufficiently large constant, and m < N/2 < r is
arbitrary. We choose

N In|¢
m = Cl t2 )
with a sufficiently large absolute constant C,. For fixed X, .;,..., Xy we

consider the conditional Hoeffding decomposition of U:

U:ZVZ+A1+W’ Vi:Ti+§i’
i=1

N
&= > Ty A= Y Ty
j=m+1 l<i<j<m

Expanding in a Taylor series, we may replace U in I3 by >, V; + W; the
error does not exceed

cqg IN1 E(1+ |60))|tA,| dt,
C<|t|<H,

and is bounded from above by the right-hand side of (5.4) due to our choice of
m. Therefore, instead of I5, we have to estimate

Ii=¢'NT'E[  (1+]0)lh@)" dt,
C<|t|<H,

where h(t) = E; exp{itV}. Let us consider the indicator function

I = I{6NE|&] < ¢}

Then
E 1+10)1-1)dt < —E E(1+ |6))E 22
Ny AN D<= B[ B+ IDE 6D

which is bounded from above by the right-hand side of (5.4). Therefore, instead
of 1,, we have to estimate

Is=q !N E 1+ 16) L|A(t)|™ dt.
C<|t|<H,
However,

2

t
(5.18) LR(t)] = [E exp{itTy} + LItfEyléy] < 1 oo
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since

2 2

. t
|E exp{itT}| <1-— 3N’ L|¢|E|&,] < W

The estimate (5.18) implies 1 |h(t)|m < |t|~¢ with a sufficiently large C, and
therefore I is bounded by the right-hand side of (5.4), which concludes the
proof of the lemma. O

LEMMA 5.3. The integral I in Lemma 5.1 does not exceed the right-hand
side of (5.4).

PROOF. Let us show that
(5.19) I<I,+1,,

where

L= /Cs\t\sHl |F(t) - G(t)| |t|

AZ
L=[ B0 Gl <Pt

Let us start with the (unconditional) Hoeffding decomposition T'= U + Z,
where U is the U-statistic (5.17), and, according to Lemma 4.1, EZ2 < AZ/N2.
Expanding in a Taylor series, we get

I, < I;+c(EZ%)'?, (EZ*)'2 < ¢(14 A2)/N,

where

Iy = / E exp{itU} — G(t)| &
t1=C ItI

For |¢| < C the function f(x) = exp{itx} is smooth and has bounded deriva-

tives. Therefore, applying Lemma 6.1, we get I5 < ¢(B4 + v2)/N, and (5.19)

follows.

Henceforth we shall write R < D if there is an absolute constant ¢ such
that

dt
/ |R|— <D,
C<|t|<H, |¢]

as well as A=Bif A — B < (B4 + v3 + A2)/N. In view of (5.19), we have to

show that F(t) S G(t).
Let us choose

N In|¢

m=C'1 t2
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with a sufficiently large absolute constant C;. Using the conditional Hoeffding
decomposition (5.10), we have

T=T+A+MA+Ay, T=XV,+W,
j=1

where W is independent of X;,..., X,,. Expanding in a Taylor series and
using (5.10) for the estimation of variances of Ay and A3, we obtain

F(t)=E exp{it(T + A)}.
The error by this replacement does not exceed
cltimN—2A4 < (14 A%)/N.

We have A; =31 < T - Expanding in powers of A; and using the sym-
metry and the i.i.d. property, we obtain

(5.20) ﬁ(t):E(l + it(’;) T12> exp{itT},

with an error not exceeding cN3t2m2y, < v,/ N.
Recall that V ; =T ; + §; + n; [see (5.9)], and introduce the notation
hi(t) = E exp{itT,},
hy(t) = Ey exp{itT; + ité,},
hy(t) = E; exp{itV,},

Ry(t) = it(?)ELZTB exp{itV, + itV,}.
Then we may rewrite (5.20) as

F(t) 2 E exp{itW }(h2(t) + hy(t)RZ2(2)).
Let us show that

(521) h4(t) ha) h5(t) = it(1;1>E1,2T12 eXp{itTl + lth},

and that

5.22 hs(t)| < |[tPm2N"2y)? <¢ for C < |t| < H;.
5 2

Expanding in powers of 1, 179 and using

(21) <m?  m=CNtIn|t,

we get

Ry(t) = it(’Z)ELZle exp{itTy + ité, + itTy + itéy).
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Now we expand in powers of ¢;+&,. Using symmetry and the i.i.d. assumption,
we get hy(t) = hs(t) + hg(t), where

h6(t) = 2(lt)2<2 >E1,2§1T12 eXp{LtTl + lth}.

Expanding in powers of T'5, we have
E|hg(t)| < [tPm°Ey 5|&T15To| < v2/N,
and (5.21) follows. Finally, we derive (5.22) from (5.21) by expansions, using

Y2 < cN.
It follows from (5.21) that
(5.23) ﬁ(t) 2 E exp{itW}(h5'(¢) + h5(t)hgl*2(t)).

Let us consider the following indicator functions:
I, = H{NEW% <1}, Iy,= H{NE1§% <c}s

choosing a sufficiently small absolute positive constant c¢;. Notice that the
functions 1, 1, depend on X, ., ..., X only.

Using (5.22), Chebyshev’s inequality and estimates of moments of Lemma
4.1, we get

E(1— 11 4+1— 1y)(1+[hs(8)]) < c(vs + A3)/N.
Therefore (5.23) yields
(5.24) ﬁ(t) ~E1, 1, exp{itW}(h5(t) + hs(£)hT2(2)).

Let us show that
2

t
(5:25)  max{Li Llho(0): Lol (@) <exp{ = <o for < Hi.
We shall estimate 1, 1,|hs(¢)| only. We have

Vi=T,+P, where P=¢&+ 7n;.
Expanding in powers of P, we get
1,1,|h3(2)| < |hy(t)| + 1, 1,|E 2P exp{itT,}| + 1, 1,4°E, P2

However,

1

2 2 2
1, I,E, P* <21L,E 7+ 1, Eyny < 19N’
provided that the constant ¢; in the definitions of 1; and 1, is sufficiently
small, and
2

1, 1,|E tPexp{itT }| < 2 1,E & T + 1,£°Ey |0, Ty| < ON’

) <1- Loy Bl _y &
BYIST 2N T eNVN T 3N

Now (5.25) follows.
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For a natural number k2 > m/4 by (5.25) we have
(5.26) |hk(t)| < exp{—kt?/6} < |¢t|* fori=1,2,3 and |t| < H,,

where the number A can be chosen arbitrarily large by choice of the constant
in the definition of m. This means that while estimating (5.24) we may neglect
powers of ¢, provided we keep at least m /4 factors h;(t) and the product 1,1,
as balancing factors.

In view of (5.26), we derive from (5.24), expanding in a Taylor series,

(5.27) F(t)=E1,1, exp{itW}(hgn(t) +i8t3N5/2 (Z)h?‘%t)),

where 8§ = N52ET,TyT,.
Let us now replace h3(¢) in (5.27) by he(¢). Choose & approximately equal
to m/2. Then

k
RE(t) =E, kexp{it 3 VJ-} = h(t)+ R,

=1

where

E|R| < cE|t|E,

k |
> mj| < cltiVE(ERD)Y? < c(In|t])/?A3/N.
|

=1

Therefore we may replace h§(t) by h’g(t). Arguing similarly, we replace the
remaining factors h3(¢) by hy(t), obtaining

(5.28) F(t)=E1,1, exp{itW}(h';(t) + i3S N /2 <’;> h;”(t))
Now we shall replace h%(¢) by 2¥(¢) in (5.28). We have

k
hi(t) =E, __,exp {it YT, + gj)} = h%(t) + itkh* 1 (t)E ¢, exp{itT } + R,

Jj=1
where
E|R| < c¢t’EE; _4(é1+---+ &) < ktyy/N*.
Furthermore,
ithh® 1 (t)E &, exp{itT } = —2kh*1(t)E1£,T1 + R,
where

E|R| < |t?kN""E(E{£2)? < |t kyy/?/ N2.

By similar arguments we may replace the remaining factors hy(¢) by h,(%),
obtaining

(5.29) F(t) = BP(6)G1(8) + kT 71 ()Ga(t) + AT (1) G(1),
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where

(530) Gl(t) = E]].]_ :ﬂ.z eXp{ltW},

(5.31) Go(t) = (it>mET £, 1,1, exp{itW},
(5.32) G4(t) = (it)*8N-5/2 <’;>E]11 1, exp{itW}.

Using Chebyshev’s inequality, we can finally remove 1,1, in (5.30)—(5.32).
Since the symmetric statistic W depends on X,, ,..., X5 only, we may
write (applying a simplified variation of Lemma 4.1)

W=Wi+---+Wx_,,
where
N
Wi= Y T;, We= Y Ty,
Jj=m+1 m+1<j<k<N
E(Wy+---+Wy_,)* < (2 +A5)/N, E(Ws+ -+ Wy_,,)* < AJ/N?.
Expanding in a Taylor series, we may assume that (5.29) holds with
G1(t) = Eexp{itW, + itW,},

(5.33) Gy(t) = (it)*mET & exp{itW}

G4(t) = (it)36N-5/2 (’Z)E exp{itW,}.

To prove the lemma, it is sufficient to show that, for G ; defined in (5.33),

(itPag  (it)}(N — m)28 2
6VN | 2NN )eXp{ }

2
2
(5.35) RPN (#)Gy(t) = (it)’m(N — m)SN 52 exp{ — ’;}

(5.34)  BM(H)G4(t) = <1+

(5.36) P 2(0)Gy(t) = O { tz},

2N2J/N P

2
which, together with (5.29), finally implies the desired result ﬁ(t) S é(t)
For the proof of (5.34) we apply the expansion (6.2) of Lemma 6.1. We get

12060 = 10 (1 T (o1 5) (1))

(1-m/N)¢?
_2}'

xexp{

Similarly, applying Lemma 6.2 to A7"(¢), we obtain (5.34).
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It remains to prove (5.35) and (5.36). We shall give the proof of (5.35) only
[the proof of (5.36) is similar but simpler]. Using the i.i.d. assumption, we
have

RN (1) Gy(t) = (it)2m(N — m)hN2ET, T, exp{itT,}.
Expanding the exponential function, we get
R 1Gy(2) = (it)Pm(N — m)SN2RN=2(¢).

An application of Lemma 6.2 now establishes (5.35). O

PROOF OF THEOREM 1.4. Let us choose

N
T=Ty=>T;+ ) T

i=1 1<i<j<N

as a sequence of U-statistics of second order. To prove the theorem, it is suffi-
cient to verify (1.11) for a subsequence of N’s. Therefore we have to construct
T, and T, verify (1.9) and (1.10) and prove

(5.37) N |(§’r\1fA sup |F(x) — G(x)|>c>0

for sufficiently large N = m? only, where m are odd natural numbers.
One gets the result, dividing 7 by 7 = (NET?)%? in the following construc-
tion. Let {x} denote the difference of x to the nearest integer:

. . . 1
{x} =x—k if kis an integer such that |x — k| < 3

(define {x} = 0 for x = £ + 1/2). Let [x] be the nearest integer to x, that is,
{x} + [x] = x. The functions [x] and {x} are odd.
Define the statistic

1 N X N UNX
T‘12m+jz_1m<1_z N )

k=1
where X, X,,... are i.i.d. random variables having uniform distribution on
the interval [—1/2, 1/2]. It is easy to see that

T, — X _Xl{mX1}+ 1
'TUN  NJN | 12NZ

and
N3/2T12 =X {mXy} - {mX,} X,
satisfy [V NT;| <1 and |[N%2T1,| < 1/2. Writing
N X N mX
{m k}’ WNZZ[m k],
VN N

k=1

VN:

k=1
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we may decompose T as follows:

1 \%4 \%
T:+(W +N)(1—N>.
12VN NTUN JN
It is easy to verify that the random variables {m X} and [mX], as well

as Vy and Wy are independent.
Let AN = {LLN <T < UN}’

1 5 1
o = ar v =1+ >
12N N N 12N

Due to the independence of V5 and Wy, we have

uy =1+ 0<o6<1.

P{Ay} >P{Ay and Wy =1} = P{|V | < V&}P{Wy = 1}.

The random variable {m X} is uniformly distributed. Therefore the local limit
theorem for densities implies [see Petrov (1975), Chapter 7]

P{|Vy| <38} > ¢cv8 for some ¢ > 0.

The random variable [m X ;] assumes integer values. Using the explicit for-
mula for the ch.f. of [mX;] and proceeding as in the proof of Theorem 2 in
Chapter 7 of Petrov (1975), we have

c

P{Wy =1}z

for some ¢ > 0.

Therefore P{Ay} > cv/8/N. Let
Ay = F(vy) = G(vy), Ay =G(uy)— Fuy).

Thus, for any given function G: R — R such that sup, |G'(x)| < A, we get
A1+A2Z(C\/5—A6)/NZC1\/5/N, Cl>0,

if 6 = 8(A) is sufficiently small. Therefore max{A;, Ay} > ¢;+/8/(2N), which
implies (5.37).

The Cramér condition (1.10) may be verified using Taylor expansions and
separating the cases |¢| < §; and §; < |¢| < §,N for some appropriate §; and
8y. The case |t| > ;N again needs special arguments. O

6. Auxiliary results Let T denote a symmetric statistic with Hoeffding
decomposition (4.3). For 1 < m < N consider the statistic

i=1

l<i<j<m
LEMMA 6.1. Let f: R — C! be a sufficiently smooth function. Then
(6.1) [Ef(V/7) = Ef(Vm/Nn)| < c(f)mN=32(173 5 + 773 y; 3),
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where c(f) = "Il + If"| + If”|| end || f|| = sup, |f(x)|. Furthermore,

\%4 m p% m
2 Eff{ — )| =E — " _Ef"|,. —
©2) f(S) f</Nn)+673\/N ! (\/Nn>+R’
where 7 is a standard (0, 1) normal r.v.,

%, =mN tag+3m>N~23, |R| < c(f)mN2(r7 4B, + 77 2y,),
and (f) = [ F@+ IF DN+ [FO].

PrOOF. Without loss of generality, we may assume that 72 = 1. We shall
give the proof of (6.2) only since the proof of (6.1) is simpler. Expanding, we
get

Ef(V)=Ef(A)+Ef(A)B+R,

where

A= ZTi’ B= Z Tij’

i=1 l<i<j<m

|R| < c|f"|EB?, EB? < cmy,/N?.

It is easy to show [see Bentkus, Gotze, Paulauskas and Rackauskas (1991)]
that

Ef(A)—Ef<\/]n$n> s g (/2 )' BRCARA TR

We have

Ef'(A)B = (r;L)Elef/(A).

Let us write A =T, + A;. Then

EN®PT1,f'(A) =ETN**T15f"(A;) + Ry,
where

|Ry| < c[E(1— O)TIN?2T1of"(Ay + 7T1)|,

and where 6 denotes an r.v. uniformly distributed in (0, 1), independent from
all other r.v’s. Let us write A; = T, + A,. Expanding in powers of Ty, we have

|Ry| < e, N2 f@),
= N°ET2| T, 15| < BY* %> < Ba+ %o
Write 6 = N5/2ET1T2T12. We have
ETN*?T,f"(A;) = N 'SEf"(Ay) + R,

IR| < cN732| f®18, < cN732| fD||(B4 + v2)-
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Furthermore,
Ef"(Ay) =Ef"(A)+ R, IR| < c|fP|/VN,
IEf"(A) —Ef"(v/m/Nn)| < emN-*2| f©)| g,.

Collecting the estimates concludes the proof of the lemma. O

The result of the following lemma is well known; see Petrov (1975) and
Bhattacharya and Ranga Rao (1986).

LEMMA 6.2. Let 72 =1.For1<m < N and |t| < ~N/Bs, the characteristic
function h(t) = E exp{itT,} satisfies

m mt?
o) <exp | - 501,

mt? 1 mt?
(t) € p{ ZN} <cN ,83|t| eXp{ 1N}a

R™(t) = (1+%)exp{ —glzi;}-l-R,

where

-1 4, 46 _Lﬁ
|R| < c N7 By(t +t)exp{ 4N}'
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