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We consider a sequence space model of statistical linear inverse problems
where we need to estimate a function f from indirect noisy observations. Let
a finite set A of linear estimators be given. Our aim is to mimic the estimator
in A that has the smallest risk on the true f. Under general conditions, we
show that this can be achieved by simple minimization of an unbiased risk
estimator, provided the singular values of the operator of the inverse problem
decrease as a power law. The main result is a nonasymptotic oracle inequality
that is shown to be asymptotically exact. This inequality can also be used
to obtain sharp minimax adaptive results. In particular, we apply it to show
that minimax adaptation on ellipsoids in the multivariate anisotropic case
is realized by minimization of unbiased risk estimator without any loss of
efficiency with respect to optimal nonadaptive procedures.

1. Introduction. Let A be a known linear operator on a Hilbert space H with

inner product (-, -) and norm || - ||. Let f € H be an unknown function that we want
to estimate from indirect observations
(1) Y(g)=(Af. g) +€§(g), geH,

where 0 < ¢ < 1 and £(g) is a Gaussian random variable on a probability space
(2, A, P), with mean 0 and variance || g||?, such that E{&(g)&(v)} = (g, v), for any
g,v € H, where E is the expectation w.r.t. P.

Relation (1) defines a Gaussian white noise model. Instead of using all the
observations {Y(g), g € H} it is usually sufficient to consider the set of values
{Y (¥x)}, for some orthonormal basis {y}72 ;. Then & () = & are i.i.d. standard
Gaussian random variables.

We assume that the basis {1} is such that (Af, Y¥x) = b0, where by are real
numbers and 6; = (f, ¢x) are the Fourier coefficients of f w.r.t. some orthonormal
basis {¢x} (not necessarily ¢ = ¥¢). A typical example when it occurs is that the
operator A admits a singular value decomposition of the form

) Agr = by, A* Yy = brox,

where A* is the adjoint of A, by are the singular values, {1} is an orthonormal
basis in Range(A) C H and {¢y} is the corresponding orthonormal basis in H.
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Under these assumptions (but also in some other situations) one has the
equivalent discrete sequence observation model derived from (1):

3) Yk = bib + &, k=1,2,...,
where yy stands for Y (y). If by # 0, the model (3) can be written in the form
@) X = 0 + eoréy, k=1,2,...,

where X = yi/bx and oy = bk_l. This can also be viewed as a model with
direct observations and correlated data [Johnstone (1999)]. The sequence space
formulation (3) or (4) for statistical inverse problems has been studied in a number
of papers [see Johnstone and Silverman (1990), Korostelev and Tsybakov
(1993), Koo (1993), Donoho (1995), Mair and Ruymgaart (1996), Golubev
and Khasminskii (1999, 2001), Johnstone (1999), Goldenshluger and Pereverzev
(2000) and Cavalier and Tsybakov (2002) among others]. For ill-posed inverse
problems we | have |br| — 0 and |oy| — o0, as k — oo.

Let ) = (61 92, oY) be an est1mat0r of 0 = (61, 6,, ...) based on the data (4).
Then f is estimated by f Yk Gkgok The mean integrated squared risk (MISE)

0ff1s
R H=EfIf = FIP=Eo > 0k — 6> =Eqllf — 6]%,
k

where the notation || -| means the f>-norm when applied to 8-vectors in the
sequence space. Here and later Ey and Eg denote the expectations w.r.t.
{Y(g), g€ H} or X = (X1, X>2,...) for models (1) and (4), respectively.
Analyzing the risk R( f , f) of the estimator f is equivalent to analyzing the
corresponding sequence space risk Eg 16 — 0.

Let A = (A1, A2, ...) be a sequence of nonrandom We1ghts also called a filter.
Every filter A defines the estimator Q(A) = (91 02,. .), Where Hk = M Xp.
Examples of commonly used weights A are the projection weights Ay = I (k < w),
for some integer w [where I (-) denotes the indicator function], the Tikhonov—
Phillips weights

1

)\,kzi, w>0,0[>0,
1+ (k/w)?

and the Pinsker (1980) weights
A= —(k/w)*) 4, w>0, a>0,

where x = max(x, 0). The estimator f with Tikhonov—Phillips weights for even
values « is asymptotically equivalent to a smoothing spline estimator [Wahba
(1977, 1990)].

Although A is not finite dimensional, it is usually determined by a finite number
of parameters, as in the above examples. In this paper we discuss how to choose
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these parameters optimally in a data-driven way. In particular, a data-driven choice
of smoothing parameters w and « for the Tikhonov—Phillips method is interesting.
We suppose that there is a finite set of possible candidate filters A =
(AL AN, with A = (A, 25,..0, s =1,...,N, N > 2, satisfying some
general conditions. These filters can be, for example, any of the three types
described above, as well as pooled sets of different kinds of filters. Given the
data, X = (X1, X2, ...), our aim is to select a data-dependent sequence of weights
A* = A*(X) = (A, A3, ...), with values in A, that has asymptotically minimal
squared risk for the true 6. We show that A* can be defined as a minimizer (with
respect to A € A) of an unbiased estimator of the risk. Optimality properties of
such A* follow from the oracle inequalities that are the main result of the paper.
The oracle inequalities are nonasymptotic, they are obtained under very weak
conditions on A and they lead to asymptotically exact inequalities of the form

&) R )= (1+0(1))Ig£11\1=7?(fx,f),

as ¢ — 0, where fi = > 7o, MXipr, f* =2 e A Xker and o(1) does not
depend on f but depends on the family A.

As a consequence of these inequalities, we can justify the optimal choice of
smoothing parameters in the Tikhonov—Phillips and projection methods, as well as
in Pinsker’s method (the last one yields as a by-product sharp minimaxity of 1* on
Sobolev ellipsoids). The optimality results are valid under the assumption that oy
is growing as a power of k, as k — co. Generality of the oracle inequalities allows
us to apply them in various problems. As an example, we consider sharp adaptation
on multivariate anisotropic smoothness classes. An interesting conclusion is that
the adaptive estimator based on A* attains the minimax lower bound for the
multivariate anisotropic case, without any loss of efficiency.

Other oracle inequalities for inverse problems have been proposed recently by
Johnstone (1999) and Cavalier and Tsybakov (2002). Johnstone (1999) deals with
a class of nonlinear estimators based on soft thresholding in a wavelet context.
He obtains an asymptotically exact oracle inequality for this class. Cavalier
and Tsybakov (2002) consider the model (4) and obtain asymptotically exact
oracle inequalities of the form (5), where A is the class of all monotone weight
sequences A and f* (respectively, A*) is chosen in a different way, by application
of a penalized blockwise Stein’s rule. Their method is sharp adaptive in a minimax
sense on ellipsoids, but it is not suited for parameter selection in restricted classes
of filters, such as the Tikhonov—Phillips one.

2. Main results. We deal with the model (4) and we assume the following.

ASSUMPTION 1. Forany A € A,

o8}
0< Zaizklz <00

i=1
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and

6 Ail < 1.
(6) max sup |A;] <

1

The risk of the linear estimator 6 (1) is given by

o o
(7) Re[A, 01 =Egll0(0) — 011> = > (1 — 1?0} + ) o747

i=1 i=1
The assumption (6) is quite natural. In fact, it follows from (7) that the
estimator 0 (A) with at least one X; ¢ [0, 1] is inadmissible. However, we included
the case of negative bounded A; since it corresponds to a number of well-known
estimators such as kernel estimators with nonnegative kernels. The results below
remain valid (up to a change in constants) if we replace 1 by an arbitrary constant C
in (6).

Our data-driven choice of the smoothing parameter A is based on the principle of
unbiased risk estimation. To be more specific, recall briefly a heuristic motivation
of the Mallows C), criterion [Akaike (1973), Mallows (1973)]. The best choice of A
is the filter A? (called the oracle) that minimizes Rz[A, 8] over A € A. The oracle A°
cannot be found directly since the functional R.[}, 8] depends on the unknown 91-2.
However, an unbiased estimator of 9,-2 is available in the form X 12 — ezoiz. Thus the
functional

o0
(A —20)(X] —%0}) +e2 ) ofA7

32

Ulr, X]=
®) i=1 i=1
o0 o
=37 —20) X7 +262 ) 0PN
i=1 i=1
is an unbiased estimator of R.[A, 0] — fﬁl 91.2:
o0
©9) EgU[L, X]1=Re[r, 01— 67

i=1

Under our assumptions the random series in (8) converges in the mean squared
sense for any A € A, and the definition (8), as well as other definitions of random
series appearing in the paper, are understood in this sense. Of course, in practice
one does not compute infinite series. One either requires that A; = 0 for all i
large enough (as for the projection or Pinsker filters) or translates the definition
of U[X, X] into the function space to make it computable (e.g., for the Tikhonov—
Phillips filters with even o the computations are possible in terms of splines).

The principle of unbiased risk estimation suggests that we minimize over A € A
the functional U[A, X] in place of R.[A, 6]. This leads to the following data-driven
choice of A:

(10) A* =argminU[A, X].
rEA
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We show that this simple and intuitive smoothing parameter selection rule is
efficient for inverse problems with power growth of oy, in the sense that it satisfies
asymptotically precise oracle inequalities.

We define

00 -1/2
p(h) = st;pokzuu{Zaﬁx;‘}

i=1

and
= 1).
P rxneaxip( )

Although the main results of this paper hold for general p, we will typically think
of p as being small (for small ¢). In particular, this will be explicitly assumed in
the asymptotic corollaries.

Let the following assumption hold.

ASSUMPTION 2. There exists a constant C; > O such that, uniformly in
AEA,

o0 o0
Z 4,2 Z 4.4
i=1 i=1

Assumptions 1 and 2 are very mild, and they are satisfied in most of the
interesting examples. Since |A;| < 1, we have

o o

4,4 4,2
E o, A < E o; A},
i=1 i=1

and Assumption 2 means that both sums are of the same order. The sums
g bl ai4kf' and &* bl oﬁk? are the main terms of the variance Var{U[A, X]}.
On the other hand R.[1, 0] > &2 3%, oiz)»iz and

1/2
(4 X2 0f2h)

2 00 242
E°) 2107 A;

(1D <p.

Therefore, the smallness of p guarantees the smallness of the ratio of standard
deviation to the mean error: Var!/ 2{U [A, X1}/ R¢[A, 0], uniformly over A and 6.
Note also that under Assumption 2 we have

(12) p(L) <VCq VAeA.
Define

(13) S = max s?p (7,-2)»12/ g\rgjr\l s1i1p oizklz
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and

M=) exp{—1/p()},
rEA
Ly =1log(NS)+ p?log’(M$).

We recall that N is the number of elements of the family A. Since M < N, we
always have L, <log(NS) + Cilog?(NS), but this bound is rough. In asymptot-
ics, as ¢ — 0 and N — 00, the correct order is typically p = o(1), M ~ const and
L ~1og(NS).

Main results of the paper are given in the next two theorems.

THEOREM 1. Let Assumptions 1 and 2 hold. Then for every 0 € €3, for every
B > By and for the estimator 6* = (0], 65, ...) with 0F = A X;, where \* is
defined by (10), we have

(14)  Egllo* —01° < (1 +y B~y min R, [%, 0]+ y2Be* Law(B L),
S
where
oo
o (x) = maxsup oAzl Zoizk% < XSUpOPAL ¢, x>0,
AEAN izl k

and By > 0, y1 > 0, y2 > 0 are constants depending only on C1.

THEOREM 2. Let Assumptions 1 and 2 hold. Then there exist constants
y3 > 0, y4 > 0 depending only on Cy, such that for every 0 € {5 and for the
estimator 0% = (67,05, ...) with 6 = AT X;, where 1* is defined by (10), we have

Ell6* = 011% < [1+y3pv/La]min Re[1, 6],
provided p/La < v4.

To prove (5), in many examples it is sufficient to use Theorem 2, and even its
simplified version that we are going to state now. Assume that

(15) lim p?log(N S) = 0.
e—0
Then LA = O(log(NS)), and we get the following corollary of Theorem 2.

COROLLARY 1. Let Assumptions 1 and 2 hold. Then there exist constants
Cy > 0, C3 > 0, depending only on C1, such that for p*>log(N S) < C, we have

Egll0* — 0> < (1 log(N in Re[A
116" = 01> < (1 + C3p\/log(N'5) ) min R, 1. 61,

for every 0 € €5 and for the estimator 0" = (67,05, ...) with 61 =17 X;.
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Thus, condition (15) is sufficient to have asymptotically exact oracle inequalities
of the form (5).

Recall that for ill-posed inverse problems o; — 0o, as k — 0co. A crucial
restriction, implicit in Theorems 1 and 2 and Corollary 1 is that o} should grow not
faster than a power of k. In fact, if o grows exponentially, then even in the simplest
case of projection weights A we have p # o(1), as ¢ — 0 (thus, Theorem 2 cannot
be applied if N grows with ¢ — 0). Theorem 1 in this case can be applied but does
not give correct rates.

The oracle inequality (14) is suited to obtaining minimax results or rates of
convergence for classes of sequences 6. The remainder term in the right-hand
side of (14) is typically of the form £2log®(1/¢) with @ > 1. This shows limits
of applications of (14): for the classes where the least favorable functions 6
satisfy minycp R:[1, 0] < g2 log?(1/¢), the remainder term is not asymptotically
negligible, and thus asymptotically sharp adaptation in a minimax sense is not
possible by use of our techniques. This remark concerns the classes of analytical
functions, for example. On the other hand, the remainder term is negligible
compared to the minimax risk on Sobolev ellipsoids.

Theorem 2 is rather a “class of estimators” than a “class of functions” result.
It allows us to get oracle inequalities of the form (5) for any fixed 6 € ¢;, provided
the class A of estimators is small enough.

REMARK 1. Theorems 1 and 2 remain valid for non-Gaussian &; such that
Eexp(Céiz) < oo for some C > 0.

REMARK 2. Theorems 1 and 2 can be used not only for ill-posed, but also
for well-posed inverse problems where o - oco. For example, both theorems
apply if oy ~ k—# with 0 < B < 1/4 [allowing p = o(1), as ¢ — 0]. For faster
decreasing oy only Theorem 1 works. If N and S grow not faster than a power
of ¢!, the remainder term in (14) is 0(8210g”(1/8)) for some a > 0, which
is only logarithmically worse then the optimal rate 2 of the well-posed inverse
problems.

REMARK 3. Consider the special case that corresponds to direct observations
(i.e., ox = 1). Here several oracle inequalities have been known previously.
Theorems 1 and 2 extend these results, especially in what concerns multivariate
applications.

The first oracle inequalities for the direct observations model appeared, although
implicitly, in the proofs of optimality of C,, cross-validation and related data-
driven methods [Li (1986, 1987) and Polyak and Tsybakov (1990, 1992)]. They
are also implicit in minimax adaptive constructions [Golubev (1987, 1992) and
Golubev and Nussbaum (1992)]. Presumably, the first explicit use of oracle
inequalities and its implications for minimax is due to Donoho and Johnstone
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(1994) and Kneip (1994). More recent references are Donoho and Johnstone
(1995, 1996), Nemirovski (2000), Birgé (2001), Birgé and Massart (2001),
Cavalier and Tsybakov (2002) and Goldenshluger and Tsybakov (2001). A link of
oracle inequalities to maxisets is discussed by Kerkyacharian and Picard (2002).
For linear estimators, the results are often proved in the following model, which

can be embedded into ours. Let Y = (Y7, ..., Yn)T be the vector of observations
in the nonparametric regression model
(16) Yi = f(xp) + v, k=1,...,n,

where vg arei.i.d. N (0, 1) random errors, x; € [0, 1] are nonrandom distinct points
and f () is the unknown function to be estimated. Consider the linear estlmator
f 48Y of the vector f = (f(x1), f(x2),. f(xn))T where 8 =31 | Aju; u
is a symmetric n X n matrix (smoother matrlx) with eigenvalues A;, and {u;} is
an orthonormal basis in R". Denoting X; = n_l/zuiTY, 0, = n_l/zuin, &= uiTv
[where v = (v1,...,v,)T] and ¢ = n~1/2, we rewrite the initial regression model
in the equivalent form

X; =0; + €&, i=1,...,n,

which is a special case of (4), modulo the fact that the £;-vectors should contain

Zeros startmg from the (n + l)th posmon 0 = (01, ...,0,,0,0,..). The linear

estimator f is translated into B(A) = (91, .. 9,,,0 0,...), where éi =MX; =
1/2)» ulTY, and the risk is

n 17
Egll0(0) — 02 =E- > 18Y — £
i=1

Kneip (1994) studies this setup assuming that the class of filters A contains the
sequences A with monotone nonincreasing coefficients A; and such that for any
two sequences A,A’ € A we have either A; < A}, Vi, or A; > 1}, Vi (ordered
linear smoothers). The set A in Kneip (1994) need not be finite. With the above
translation into our notation, Kneip [(1994), page 844] proves the oracle inequality

(17) Egll0* —0]> <(1+ 0(3—1))?12 R.[1, 01+ O(B)¢*> VB=>0,
€

where 0* is the data-driven estimator (10). This is similar to (14) [but recall that
Kneip’s inequality (17) covers only the case o = 1]. Another difference is that we
assume finiteness of the set A (which is not restrictive in view of applications), but
we drop the assumption of order. The last point is useful in multivariate models, in
particular, anisotropic ones, where the ordering of the filters is not natural (cf. the
example in Section 6 below).

We also note that for the regression model (16) there exist several alternatives
to Mallows’ C,, for example, cross-validation (CV) and generalized cross-
validation (GCV). Asymptotic optimality results [similar to (5)] for CV and GCV
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in regression are given by Hérdle and Marron (1985), Li (1986, 1987) and Polyak
and Tsybakov (1992).

3. Examples. Consider some examples of application of the main results.
Typical assumptions on the parameters appearing in Theorems 1 and 2 will be
the following:

1. power growth of oy, as k — 00;

2. power behavior of S: S = O(¢7"), for some 7 > 0, as ¢ — 0;

3. at most power growth of N: N = O(¢™"), for some v > 0, as ¢ — 0 [and
N = O(log(1/¢)) in some examples].

In all the cases we have log(N S) = O(log(1/¢)).

EXAMPLE 1 (Projection estimators). Let 1 < w; < --- < wy be integers.
Consider the projection filters A* = (A}, 13, ...) defined by

M=I1(<w), AM=Ii<w),...,
(1% )LiN:I((i_f wliz) ;: 1,(2,...%)
Throughout this section we assume a power law behavior of oy:
(19) Omink” < |0k| < Tmaxk”,
k=1,2,..., for some opmax = omin > 0, B > 0.

Note that Assumption 2 is satisfied with the equality and Cy = 1. It is easy to
see that

P <Cw V2 p< _InaXNCwS_I/Z:Cwl_I/Z

s=1
and
S < Cwy/w)?.

Here and later C stands for positive constants (possibly different on different
occasions) that do not depend on XA, 6 and e. Using the bound on p(i), we
conclude that M is bounded by a constant independent of ¢ for any choice of
the sequence w;. Note also that

(20) w(x) < Csupk?P I{k*P! < Cxk?P) < Cx?P
k

and

L <C(log(Nwyn/wy) + wl_1 logz(wN/wl)).
Since p+/log(NS) < Cwl_l/za/log(NwN/wl), Corollary 1 gives

log(Nwy /wy)

(21) Eﬂm—mV§P+c
w1

:|1A1é111\1R€[)L,9]



852 CAVALIER, GOLUBEYV, PICARD AND TSYBAKOV

provided wl_llog(N wy/wy) is small enough. As a consequence, we get an
asymptotically exact oracle inequality of the form (5):

COROLLARY 2. Assume that A = (A, ..., AN) is the set of projection filters
defined by (18) and that (19) holds. If N = N(e) and w; = wi(e), wy = wy(¢€)
are such that

y log(Nwy /w1)
im ——"°  ° —

s—0 wi

07

then for every 0 € £y and for the estimator 6* = (67,05, ...) with 67 = A7 X; we
have

Eq|0* — 0> < (1 1) inf R.[A, 0
ol - < (14 o( )))\IEA e[A, 01,

where o(1) — O uniformly in 0 € €.

In other words, Corollary 2 states that our adaptively selected filter behaves
itself asymptotically at least as well as the best projection estimator in A. For the
direct case (where oy = 1) such an inequality is obtained by Birgé (2001), who
uses the Lepski adaptation method rather than the Mallows C),.

Next, consider the situation where there is no restriction on wj except wi > 1
(i.e., the class A can contain the projection filters of order less than or equal
to some wy). Applying (21) we get an inequality with a logarithmic loss of
efficiency:

PROPOSITION 1. Assume that A = (A", ..., AN) is the set of projection filters
defined by (18) and that (19) holds. For every 6 € {> and for the estimator
0* = (07,05, ...) with 6 = A7 X; we have

Ey |0 — 0> < C.,/log(N in R.[A, 0],
oll I < og( wN)RIgII\I e[, 0]

where C > 0 depends only on onin, Omax, B-

An important special case is wavelet estimators for which we set wj = 2/0
(where jj is the index of the initial level), w; = 2w _;. Typically one chooses 2-Jo
to be decreasing as a power of ¢ and N ~ log(1/¢). Itis easy to see that the result of
Corollary 2 remains valid in this case. Thus, a wavelet estimator that uses our data-
driven selection of w; is asymptotically at least as good as the best linear wavelet
estimator for any 6. By taking suprema of both sides of the oracle inequality over
Besov classes [for definition see Donoho and Johnstone (1994, 1995, 1996)] we
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get that our adaptive estimator attains optimal rate of convergence on all the Besov
classes where linear wavelet estimators attain optimal rates.

EXAMPLE 2 (Level-wise “keep-or-kill” estimators). Letm > 1and 1 <w; <
-+ < wy, be integers and let e = (ey, ..., eu—1) be a binary sequence of length
m — 1, e, € {0, 1}. We associate with ¢ a filter A(e) = (L1(e), Az(e),...) defined
by

m—1
r@=I1{i<wi}+ ) el{lw<i<w}, i=12...
k=1

Consider the collection of filters
(22) A ={i(e):ee E},

where E is the set of all binary sequences e of length m — 1. The linear estimator
with weights A;(e) “keeps” the blocks of coefficients {0; : wy < i < wg41} for
which e; = 1 and “kills” the blocks for which e; = 0. Clearly,

N = Card(A) =2""1.

As in Example 1, we get that Assumption 2 is satisfied and that p < Cwl_l/ 2,

S < C(wy,/wi)?P, provided (19) holds. Therefore, applying Corollary 1 we get
the following result.

PROPOSITION 2. Assume that A is the set of levelwise “keep-or-kill” filters
defined by (22) and that (19) holds. If m = m(g) and wi = wi(¢g), wy = Wy (€)
are such that

1
e—0 wi

0,

then for every 6 € £y and for the estimator 0* = (6,05, ...) with 07 = A7 X; we
have

Egl0* — 0] < (1 +o(1)) inf R,[A, 0],
rEA
where o(1) — 0 uniformly in 6 € £;.

Note that for wavelet bases (if we consider global thresholding level-by-level)
we have wy = 2/0, w,, = 2/0+"=1 with an integer jo, and condition (23) reduces
to

lim 27 /om = 0,

e—0
which is readily satisfied for the typical situation where 27/ decreases as a power
of ¢ and m ~ log(1/¢). As a conclusion we get, in particular, that the wavelet keep-
or-kill level-by-level estimator that uses our data-driven rule attains the optimal
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rate of convergence on all the Besov classes where the linear wavelet level-wise
keep-or-kill estimators attain optimal rates.

EXAMPLE 3 (Tikhonov—Phillips estimators). Consider the set of filters

24) A={rA={ }: A= weW,aeA},

1
1+ (k/w)*’
where 4 is a finite set of real numbers, possibly depending on ¢:
A ={a(l),a2),...,a(N4s)}

such that 28 + 1/2 < opin = (1) < @(2) < -+ < a(Ny4) = omax, and W is
a finite subset of the interval [w, wmax], With Card('W) = N, where N4, Nw

are integers, 0 < w] < wmax < 00. Note that Card(A) = N, where N = N4 N.
We get by simple algebra
;- i 4p+1 i*P

LTy aon 2 LG e =

CrutBT,

where C, and C* are positive constants depending only on &min, ¥max, 8. This
and (19) guarantee that Assumption 2 is satisfied.
Next,

i%P
sup ——
T Gy
where C(a, 8) is bounded from O and oo uniformly for omin < o < dmax-
Therefore S < C(wmax/ w1)2’3 . Furthermore, we get similarly

= C(a, pw??,

—1/2
—1/2

;28 00 4p
<C <C
= ?eai‘s‘?p1+<z’/w>a<;<1+<z‘/w>a>4> =0

Thus,

plog(N'S) < Cw; "2\ log(N wimay /w1)

and, to guarantee an asymptotically exact oracle inequality, it remains to require
(in view of Corollary 1) that the parameters wmax, w1, Nw, N4 are such that (15)
holds.

PROPOSITION 3. Assume that A = (Al,...,AN) is the set of Tikhonov—
Phillips filters defined by (24) and that (19) holds. If N = N4Nw, Wmax =
Wmax (&), w1 = wq (&) are such that

1
(25) lim 0g(N wmax/w1) _

e—0 wi

07
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then for every 0 € £y and for the estimator 0* = (61,05, ...) with 67 = A7 X; we
have

Egll6* — 6> < (1+o(1)) inf Re[A, 6],
LEA
where 0(1) — 0 uniformly in 0 € €.

Note that condition (25) is very weak and it is easily checked in typical
situations. For example, one can take Nyw = O(e™%), wmax = O0(s7?), for some
arbitrary fixed a > 0, b > 0, and assume that N4, amax do not depend on ¢ (it is
typical to consider just a small fixed number of integers «, or even one integer «).
This should be completed, in order to satisfy (25), by the mild assumption
wi/ log2(1 /&) — oo. Since there is no restriction on the power a, the discrete
net ‘W can be arbitrarily fine, and it is not hard to show that optimality of our
discretized rule extends to the set of filters (24) where w varies continuously in the
interval.

4. Preliminary lemmas. Let & be i.i.d. N (0,1) random variables and let
v = {v;}{° € £2 be a random sequence measurable w.r.t. {£;}7°,. It is assumed

that v takes values in a finite set V of £>-sequences: v e V = {v!, ..., vV}

LEMMA 1. Forany K > 1,
o0
> vii| </210g(NK) (Ellv]l + 2B [[v]2/K ).

i=1
PROOF. It suffices to consider the case where ||v/| # 0, ¥ v/ € V. Denote
¢o = 0]~V 52, vi&, where the sums |[v]|? and 392, v;&; are understood in the
sense of mean squared convergence. By the Cauchy—Schwarz inequality,

o0
> viéi| < Elvllmax|6,| < Elvl max|¢, 1 {max e, < 2 logV ) |

i=1
+E||v||rlf1€a‘)/(|§v|1{r51€a&(|;‘v|>,/210g(NK)}
< /2log(NK)E|v]|
172
E 21/2(E 21{ 7 NK}) '
+ (Eflv[1%) max || 1316a54|§v|>,/ 0g(NK)

Now, for the function F(r) = 2I{t > /21log(N K)} we use that

F<r51€a‘>/(|é‘u|> < Y Fd,

veV

E

E
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and since {1, ..., {,~ are identically distributed standard Gaussian variables, we
get

< \/21og(NK)E]|v]
+ E [l (NEIg, 121151 > ,/210g(N1<)])1/2
< 210g(N K) (Ellvl +  2E[[v]>/K ).

where for the last inequality we used

E)) vi&

i=1

EC, 1P 1{1¢,1] > x) <2Qm) V2 (x + x Hexp(—x?/2) Vx>0,
and NK >2. O

LEMMA 2. Let ||v|| #0, Vv € V, and denote m(v) = sup; |v;|/|[v|l, my =
maxyey m(v),

(26) M(q) =) exp{—q/m(v)},

veV

where q > 0. Then for any K > 1 we have

B3 ue - 1)| < D(ylog(NK) +my log(M(@)K) ) (Ellvll + yE[[v]?/K ),
i=1

where D is a constant depending only on q.

PROOF. Let 7, = (v2[lv)7! 52, vi(§? — 1), where the sums |v]|? and
X v (Siz — 1) are understood in the sense of mean squared convergence. Using
the Markov inequality and the formula

%k
—log(l —x) = Z -
k=1

one obtains, for any 0 < ¢ < [\/Em (v)]_l,

P{n, > x} < exp(—tx)Eexp(tn,)

=exp(—tx) H exp{_éT|iv|| — %log<1 — V2tv; )}

o ol

= exp(—1x) eXp{i il Zi(fm ) }

vl
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<exp(—tx) exp{ }

1og[1—ﬁzm(u)]— ! }

V2m(v)

1
<exp(—tx) exp{— 2 )

Minimization of the last expression with respect to ¢ yields

log[1+ v2xm(v)] —

P{ny, > x} <expley(x)], Py(x) =

X
2( ) \/Em(v).

Note that for u > 0 we have

log(1 + u) /1( ru )d < /1 L u?
[0} — =Uu — T —_ T =— .
gl —u=u |\ T )" " Txa 20+ u)

Thus
%2
O )
and we conclude that
W)
27) P{|ny| > x} EZexp{—z(l +\/§xm(v))} Vx>0.

Using (27), we find, for any Q > 0,

o0
En2I{|n,| > Q) = 2/Q xP{[ny] > x}dx

2

S X
4 — dx.
= /Q xeXp{ 2(1+ﬁxm(v))} g

It is easy to see that

2 - V2m@)x <1,

— <
20 +2xmw) ~ |___* 2 1
Tiamo)’ V2m()x > 1,
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and we get by simple algebra, for Q > g+/32,
(28) En21{|nv|>Q}<Cexp(—Q—2)+CQexp{—L}.
0 - 4 V32m(v)
In view of (26) we have, for any Q > q\/ﬁ,
0 ) ( 0/+/32 - q)
29 e M - ).
(29) 2. exp( Ty SM@ee(—=—

veV

Now, acting as in the proof of Lemma 1 and using (28), (29) we obtain

> g} - 1)‘
i=1

< V2E|jv|| max [n, |
veV

E

< V3E||v | max |nu|l{max ol < Q}
veV veV

+~6E||v||max|nv|1{max|nv| > Q}
veV veV

12
< V2QE|v| +\/2E||v||2<E131€a;<n51{Igleaglnul > Q})

12
<V2QE|v| +\/2E||v||2<2 En1{in| > Q}>
veV
s Sl 0? o \1"
< V2QE|v| + C{Ellv] [Nexp(—j)+M<q>Qexp(—mmv)} ,

for any Q > g+/32. Choosing Q =2./log(NK) + +/32my log(M(¢)K) + g~/32

one gets the lemma. [
Consider the estimator
i = 1i(X) X,

where A; = A;(X) € [—1, 1] depends on the data X [not necessarily X;(X) =
A7 (X)]. We assume that the filter A(X) = (A1(X), A2(X), ...) takes values in the
set of candidate filters A. In the next lemma we give a bound for the risk of this
estimator. We need the following notation:

Af[A]=e’Lpsupo?r?  VieA.
i
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LEMMA 3. Forany B > 0 we have
Egll6 — 01> < (1+ 2B HEgRs[A(X), 0]+ CBEg A*[A(X)],
where C > 0 is an absolute constant.

PROOF. Write
0

Egll0 — 0> = Ey [Z(l — A (X))202 + &2 Zo,?x%(X)}

i=1 i=1

(30) —2eEg ) (1 — 2 (X))60iki (X)oi&i

i=1

o0
+6%Ep Y oA (X)(EF — D).
i=1

Using Lemma 1 with K = S we get
o0

D (1 =1 (X))6i i (X)oi&;

i=1

< |/210g(N $)E; [Z(l - xxmf@?%?(xwf}

i=1

Ey

1/2

1/2

1/2

o0
_ 2
+2,/log(N S)S 1/2{E9§:(1—x,~()()) 93} r)\neal)\(sqp|0,~||)»i|.

i=1 !

+2,/log(NS)S~!/? |:E9 (1= (X))ZQZZK?(X)GiZ}

i=1

< |/21og(N $)E; [sup o] 14 (X0 (Z(l - MX))ZGE)

i=1

1/2

Now (13) and the elementary inequality 2ab < B~'a? 4+ Bb?,V B > 0, yield, for
any B > 0,

o

Y I =2 (0164 (X)oi;

i=1

8E9

o
<B7'Eg ) _[1 - % (X)I’6}
(31 i=1
+ &% Blog(N S)Eg supo?A?(X) + 2 Blog(N S) min sup o)}
i € i

<B7'E¢ Y [1 — % (X)1*67 + 2BEy A°[A(X)].

i=1
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To bound the last term in (30) we use Lemma 2 with v; = aiz)»iz(X), K =8,
g = 1. The inequalities |A; (X)| < 1 and (12) entail m(v) < p(A(X)) < +/C;. Thus,
M) =Y, cyexp{—1/m(v)} < M. Note also that my < p and +/Iog(NS) +
my log(M(q)S) < «/2L 5. Therefore, application of Lemma 2 yields

82E9

Y oPAHX)(E — 1>‘

i=1

<DV2L Aaz{EQ [Z 0,-4)L?(X)i|
i=1

1/2

o 1/2
+ 5712 {EQ Zaﬁ)\;‘(){)} }

i=1
Next, by (13),
172

12 ~
< mi Ai | E 222 (X
< minsupo ,[ 0 07 ( )}

i=1

o0
s—1/2 |:E9 > aﬁx;‘(X)}
i=1
. 1/2
< |:E9 supo A7 (X)Eg Yy ol?x%(X)}

t i=1

Hence, for any B > 0,

e®Eg| > oA (X)(E} — 1)’

i=1

o 1/2
< DV2L\eEy [sup loi | |4 (X)) (Z o?x,?oo) }

i=1

. 1/2
(32) + DV2L 62 [EQ sup oA (X)Eg Y oiZA%(X):|
l

i=1

o0
<2e’B7'Eg Y 07AF(X) + D*Lae* BEg supoaf(X)
i=1 i

o0
=262B"'Eg Y 0727 (X) + D*BEg A*[A(X)].
i=1

Combining (30)—(32) we complete the proof. [
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5. Proof of the theorems. Denote by 20 = (AO,A(Z),. .) the oracle A% =
argminycp R.[A, 0]. We have

o
EgU[A*, X1 =EgR,[A*, 01— ) 67
i=1
o o
+2eEy Y (A7 — 22))0i0i6; + 7By Y (M — 227)07 (67 — 1)
i=1 i=1

(33) o
=EgR.[M*, 01— 6}

00 00
+2¢eEq Z(l — )»?)291'0’,"5,' + 82E9 Z(X?z — 2)»?‘)(71.2(&2 —1.
i=1 i=1

We now bound the last two terms in (33). First, note that

[ =292 = (1 =29 = [0 = A5 + (1 = A PHS — AP

34
G4 <2[(1 = 25H% + (1 = 292] (2 4-292).

Then we have, by Lemma 1 with K = § and (34),

o0
eEg ) (1 —2)’6i0i;

i=1

=eEp ) [(1 =) — (1 —2))*]6i0ié;
i=1
> —eEg|Y [(1 =) — (1 =) *]bioi&;
) 1/2
> —g,/zlog(NS)Ee{Z (1—21H%— x?)z]zefaﬁ}
. . 1/2
—28,/1og(NS)/S{ Eo Y [(1—21H% - /\?)2]29,-2%2}
i=1

~ 1/2

> _2¢ [log(N S)Eg {Z[(l — D2+ =202 + /\?2)9,%3}

—2¢&,/210g(NS)/S1Eq

o 1/2

ST =22+ (1 =226 + A?zwfat‘z}

e,



862 CAVALIER, GOLUBEYV, PICARD AND TSYBAKOV

The argument as in the proof of Lemma 3 gives, for any B > 0,

28,/log(NS)E9{Z[(1 — k;k)Z +(1— A?)2](x72 + A?2)9i20i2}
i=1

o0

1
—B Z — A2+ (1 =29)%]e?

1/2

+2Be*log(N S)Eg {sup o AF% + sup aiZA?z}
i i

and

o 1/2

2¢./210g(N ) /SiEg [ =25+ (1 =D 2+ k?ZWfo}

i=1

o 1/2

< 20y BlogVss [k S0t 307+ 139707

i=1
1/2
242 2402
FA A
X (r}\rlea[)\( s?p{al +0o; })
e > L= M2 1 (1 — 192192
= o> [(1—=1)H"+ 1 —1)]6;
B I
+4Belog(NS)Eg {sup aiz)»ffz + sup aiZA?z }
i i

Putting together these inequalities, we find

o0
eBp Y (1 —1H)0;0;&;
i=1
[e.e]
>—B'Ep Y (1-2)%0}
(35) i=1
— B~ 1Z(l 2267 — 6Be 1og(NS)E9{supaz)\*2 +sup02k02}
i=1
>—B'Ey Z(l 2?07 — BT Ry[1°,0] — 6BEg A°[A*] — 6 BAT[L].
i=1
Now, we bound the last term in (33) using Lemma 2 with K = §, ¢ = 3 and
= (A2 —2%)o?. Note that

A< =20)7 <9 Y |nl<L.
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This and (12) entail
sup; |)Li2 —2A; |o*i2
[282) 0/t (AF —240)?]

m(v) = 73 <3p() <3VC1.

Hence, M (3) = ,cy exp{—3/m(v)} < M. Furthermore, my < 3p, and

J10g(N'S) +my log(M(3)S) < C{/L.

Therefore, by Lemma 2, we obtain

o0
e’Eo ) (1 —2)%07(E — 1)
i=l

. 1/2
> —C/Lpe*Ey [Z(x;“z - 2x;*<)20;‘}
i=1
. 1/2
—CJLpe?*s™1/? [Ee Y- 2)\;?‘)205‘}

i=1

1/2 1/2

o0
> —CyLaé? {EQ [Z oﬁx;k‘*}

i=1

o0
+ 57172 [Ee Zoﬁ)\;“‘}

i=1

|

Here and below in this section C is a generic notation for positive constants that
depend only on C;. Repeating the argument of (32) to bound the last expression
we finally get

o
$"Eg ) (1 =207 (& — 1)
i=1

[e.¢]
(36) > —262B7'Eg Y 012 — Ce? BLAEg supola)”
i=1 k

o0
=—2e"B7'Ey Y _o?\? — CBEgA[AF].
i=1

Now we are ready to complete the proof of Theorems 1 and 2. From (35), (36)
we have

o o
26Ep Y (1 — 19)26;0i6 + 6%Eg Y (1 — 4207 (2 — 1)
i=1 i=1

> 2B 'R (15,01 —2B ' R,[\0, 0] — CBEyA[A*] — CBA[\].
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This and (33) yield

o0
- EgR[2*,0]1 <EqU[A*, X1+ )67 + 2B 'EgR:[1*, 0]
i=1

+ CBEgA M1+ 2B~ 1R [A0,6] 4+ CBAZ[AO].
By definition of A* and (9),

oo
EoU[1*, X] <EU[A’, X1=R,[1°,01 - ) 67
i=1

This and (37) imply
38) (1 —2B HEyR:[1*,0]1 < (1 +2B )R, 6]
+ CBEy A [A*] + CBA®[A0].
Next, by Lemma 3 for any B > 0,
(39) Egll60* —6]1> < (1 + 2B HEgR:[1*, 6] + C BEg A®[A*].

Inequalities (38) and (39) entail Theorems 1 and 2. In fact, to get Theorem 1 we
use the following argument. Note that, for any x > 0,

oo
sup aizkl.z = sup oizkfl {x sup Jiz)\iz < Z Giz)\iz}
1 1

i i=1

oo
+ sup o*iz)uizl {x sup Giz)\iz > Z oizkf}
i i

i=1

1 242 2.2 2.2 2.9
= ;?:1:03 A; +f){1€a[7\<Sl;P0,~ Al xs1i1po*i A7 > ;Zlai A
_ 1 2,2 1

__§ :Ui A Fox) < —xngs[)u,Q]-i-a)(x) Vel

izl

This inequality with x = B?L ,, the definition of A?[A] and (38), (39) yield
Theorem 1.

PROOF OF THEOREM 2. Note first that, in view of (11),

242 2492
sup; 0;°A; - sup; 0;°A; 5

<p <p’.
242 1/2
2iotA T (R ofah)

Thus,
(40) AS[A] < pPLAR:[M 0] VA€A, 0ct,.
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Substitution of (40) into (38) and (39) gives, respectively,
14+ 2B 1+ ysBp®L,
1 —2B~1 —ygBp?L
(provided the denominator here is positive) and

(42) Egll0* — 01> < (1+ 2B~ + 7B’ LA)Eg Re[3*, 6],

The constants y; here are positive and depend only on C;. There exists y4 > 0
small enough such that if ,oZLA < ¥4, the choice of B = (,OZLA)_I/Z satisfies the
inequality 2B~ 4+ J/6B,02L A < 1/2. With this choice of B, (41) and (42) entail
Theorem 2. [

(41) Eg R:[1*,0] < R[1°,6]

6. Application to sharp adaptive estimation. In this section we apply the
oracle inequalities of Section 2 to show that sharp minimax adaptive estimators
for inverse problems can be obtained by the principle of unbiased risk estimation.
We study the problem where sharp adaptive estimators were not known previously,
namely a recovery of anisotropic smooth functions from indirect noisy data. For
brevity, we restrict the discussion to a specific example (measuring the temperature
of the earth). However, the key elements of the proofs are given under general
assumptions and the result can be easily extended.

Let ¢ = (¢1, ¢2) be the polar coordinates of a point on the surface of the earth
(we suppose for simplicity that the earth is a sphere). Consider the problem of
measuring the temperature #(¢) at the point ¢. The function #(¢) is sufficiently
smooth (since it is a solution of a thermal conductivity equation) and, of course,
periodic. More specifically, we assume that 7 (¢) belongs the following anisotropic
Sobolev ball:

(43) Wé“<p>={z:ﬁ[p%(%)zw%(%;)z}dd)s 1

where T = [0,27] x [0,27] and the parameters m = (m,m>), p = (p1, p2)
characterize the smoothness of the function 7 (¢) with respectto ¢»; and ¢ (m; € N,
pi > 0). The anisotropic character of smoothness here is important and reflects the
fact that the temperature changes more rapidly along the meridians than along the
parallels.

Next, it is assumed that temperature is measured by means of remote infrared
detectors located for instance on satellites or on planes. It means that one cannot
measure temperature at a given point directly, but one rather measures an average
temperature in a vicinity of this point, that is,

1 o0 o0 / / / / /
C (o) /_oo /_OO exp{—2maollp — @'}t (P1, ¢2) d¢) dhy.

Here C (o) is the normalizing constant,

C (o) = /_ ) /_ _expl=2ranl¢l}} dg d

Et(p) =
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and ||¢|]> = ¢12 + ¢%. The parameter o, ! characterizes the size of the vicinity of the
point where we measure the temperature. (We consider here and below integration
over the whole line instead of integration over 7, in order to simplify the technical
details and the resulting sequence model.)

The measurements are contaminated by a noise inherent to infrared detection.
We may write the resulting model as

(44) y(@) = Et(¢) + en(¢), peT,

where n(¢) is a standard white Gaussian noise in the Hilbert space of periodic
functions. Writing (44) means that for every g € Lo(T) we observe the random

variable Y (g) = (g, Et) +£(g), where £(g) ~ N (0, |Igll2) and E(§(2)£(g")) =0
if (g,¢’) =0 [here (-, -) and || - || are the scalar product and the norm in L,(T)].

Since the function 7 (¢1, ¢») is periodic it is convenient to consider the statistical
model (44) in the Fourier domain. Denote by

Ok =/ exp(ike) +ilgr)t(p)do, k,1=0,%1,+£2,...,
T
the Fourier coefficients of #(¢). Then (44) is equivalent to the model

(45) 2kl = O + coiérs

where zx; = Y (exp(ik¢1 + il¢2)), & are i.i.d. N (0, 1) random variables and
3

7= /oo foo {ikgr +ildn — 2mallgll} d 20
0, =—— expli ilpy —2ma = .
K C(ap) J—oo J—c0 P ! 2 0 (Ot(% + k2 + 12)3/2
[For the last equality see, for instance, Stein and Weiss (1971), Theorem 1.14.]
Note also that the image of Sobolev’s ball W)"(p) in the Fourier domain has the

form

(46) @?(p)={{9kz}: Y Ogay <1¢,

k,l=—00

where ay; = [p%(Zn'k)zm' + p%(an)zmz]l/z. Thus our problem is equivalent to
recovering the Fourier coefficients 6 = {6;;} based on the data (45) under the prior
information provided by (46).

Recall that an estimator 6 is called asymptotically minimax on ©%'(p) if, as
g —0,

rflO5 (p)l=inf sup E[6—06]>=(1+0(1)) sup E§" —0]>,
0 0e05(p) €04 (p)

where the infimum is taken over all estimators. The next proposition derived from
Pinsker’s (1980) theorem gives an asymptotically minimax estimator and its risk.

Denote by p a root of the equation

2
&
47 m E :Ukzlakl[l — pagl+ =1.
Kl
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PROPOSITION 4. The linear estimator
(48) Of =11 — paglyzi, k. I=0,£1,42,...,

is asymptotically minimax on ©%' (p) with risk

sup E6Y —0)> =&Y o[l — papl+.
007 (p) k,l

Using this proposition one can compute the asymptotic minimax risk with the
exact constant. The calculations are cumbersome and we do not reproduce them
here, since the knowledge of the exact asymptotic minimax risk is not needed to
prove sharp adaptivity of our estimator. We need only to evaluate the order of

ré[05 (p)l:

LEMMA 4. Letmy > my. Then,as ¢ — 0,
r[O5 ()] = Clagp)/™ py ") 7 &
and
pn=0("),
where the constant C > 0 does not depend on g, p1, p2 and

2mmy

V= 2mimo +my +4my

REMARK 4. We can write y = 2s/(2s + 1), where
1 1 4 1 4

[ — 4+ — .
s mp mp max(mp,mp) min(mi,my)

It is remarkable that the respective roles of m and m, are not equivalent, unlike
the case where oy; = 1. The coefficient oy; is symmetric in k, /, and nevertheless
the rate is asymmetric. This effect is due to the anisotropy of the class ©5' (p).

PROOF OF LEMMA 4. Denote V; = 27) "' (p;n)~1/™, i =1, 2. Since o, is
increasing in k, [ we have

(49) ey ofll — payly < Ce*ViVaoy,y,.
k.l

Here and later we denote by C positive constants, possibly different on different
occasions. It is clear from (47) that © — 0 (and thus V| — oo, Vo — ©0), as
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& — 0. Consequently, for ¢ small enough we get

> a1l — pagl+

k>V1/2,1>V,/2

zot S =k v v

k=V1/2,1=V>/2

=2t [ / [1 =G/ vi2m 4 (v vay2me] dxdy
x>V /241 Jy=V, /241 +

22_m2V1V2M_1/ [1 —\/xz—i-yzL_dxdy

x>1/241/V, /yzl/2+1/v2

(50)

>CViVap~!,

where we used that my > 1, mp > 1. Noting that Gsz/ZJ = cof, where ¢ > 0
does not depend on k&, [, and using (50) one obtains

2 2
& ceé
2 2
l=— E oganll — pagly > E oy, v, k[l — pagl+
kil K k=2 = va 2

> Ce? Vi Vaoy,y, = Cag e ViVala§ + Vi + V) /2,

The proof follows now from this inequality, (49), Proposition 4 and simple
algebra. [

The minimax estimator 8™ defined by (48) depends on the parameters (m, p) of
the functional class ®%' (p), which are usually not known in practice. To overcome

this drawback of 8™ we construct another estimator which is asymptotically
minimax but does not depend on the parameters of the Sobolev ball. This estimator
is called sharp adaptive. We show that a sharp adaptive estimator can be obtained
by using the filter (10) with appropriately chosen set A.

Let A be the set of all filters with weights A;; having the form

Ma (W, B) = haa (Wi, Wa, B, Bo) = [1 =\ G/ Wi+ 1/ w2

where W € [log(1/¢), 00) x [log(1/e), 00), B € [1,00) x [1, 00). The minimax
filter belongs to this set for ¢ small enough [cf. (48) and note that u = O(g?)
by Lemma 4]. Unfortunately Ao contains infinitely many elements and we cannot
apply Theorem 1 for A = Ag. Note also that the direct numerical minimization of
the unbiased risk estimator over Ag is very time consuming. Therefore we look for
a finite subfamily which approximates well the filters in Ag. To make the estimator
numerically feasible we will pick an approximating set containing the “minimal”
number of elements.

Let § = log_l(l/e). Denote ws(k) = (1 + &)k, k =1,2,..., and Bs(k) =
(1—68k)~', k=1,2,...,|1/8]. Define the approximating finite subfamily A as



ORACLE INEQUALITIES 869

a set of filters of the following form: A = {Ax;(ws (@), ws(j), Bs(s), Bs(p))}, where
i, j,s, p €N are such that (ws(i), ws(j)) € [log(1/¢), e 11 x [log(1/e), e~ !1and
(Bs(s), Bs(p)) € (1, v1og(1/e)] x (1, /log(1/e)].

Although, for the sake of simplicity, we assumed here a specific form of oy;, our
results hold for the general situation where oy; satisfy the following assumption.

ASSUMPTION 3. The sequence szl is positive, monotone nondecreasing in k

and /, and there exists ¢, > 0 such that Gfk 2112 = c*akzl for all k, .
LEMMA 5. Let Assumption 3 hold. For any A € A there exists a filter \' € Ag
such that, for all 6 € [,
(51) Eg00)) — 0% < (14 COHElIO () — 0],
where C > 0 does not depend on 6, A, .

PROOEFE. Since

Eoll0() — 011> = > (1 — a)*05 + €Y oy
k,l k,l

it suffices to show that for any A € Aq there exists a filter A’ € As such that
A < Ay, forall k, 1 and

Y oghg < (A+C8Y g
k,l k,l

To prove this, first note that the componentwise inequality (W, 8) < (W', 8)
implies

(52) Ma(W, B) < iu(W', B).
Fix (W, B) = (W1, Wy, B1, B2) and define
ip =max{i :ws(i) < Wi}, Jo=max{j:ws(j) < W2},

so = max{s: Bs(s) < Bi}, po=max{p:Bs(p) < pa}.
Set
(WO, 8% = (ws(io), ws(jo). Bs(s0). Bs(Po)).
W', BY = (wstio + 1), wsGio + 1), Bs(so + 1), Bs(po + 1).
We have (W0, 89) < (W, B) < (W', 1), and thus

(53) Ma (WO, 8%) < (W, B) < au(W', B1).
Set A;d = A (W1, /31). In view of (53) it suffices to show that
(54) > oarg W Y < (1+C8) > ogag, (WO, pY).

k.l k.l
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Let V(Wy, Wy, B1, B2) = Zk,,okzl)»%l(Wl, Wa, B1, B2). From Lemma 6 of the
Appendix we have

viw!, gh —vw?, g%

< V(WP g% In]?x<w5(k + D) —wsk) | Btk +1) — ﬂa(k))

ws (k) Bk +1)

This and the obvious inequalities
Bs(k + 1) — Bs (k) < 885 (k + 1), ws(k + 1) — ws (k) = dws(k)

imply (54). Lemma 5 is proved. [J

Now, choose the data-driven filter A* = ()‘7;1’ k,l=0,+£1,42,...) in the finite
family of filters A = A using the unbiased risk estimator as in (10):

A* = arg min Z(A%l — 2)\;{1)1,%1 +2¢? fokzz)\kl .
rehs et k.l

THEOREM 3. The estimator 6* = (0, k,l =0,%x1,£2,...), where 0, =
A2kl is minimax sharp adaptive on the scale of Sobolev classes; that is, for
every (m, p) such that m; € N, p; > 0 we have

(55) sup Eg|0* —0)* < (14+o(1))inf sup Egllf — 0°, &—0,
0Ol (p) 6 0e0t(p)

where infy is the infimum over all estimators.

PROOF. We apply Theorem 1. First, we check Assumptions 1 and 2.
Assumption 1 is obvious; Assumption 2 follows from the inequalities [cf. (59)
of the Appendix]

4,4 4 4 4

(56) Zo’kl)»kl > C*GWIWQ Z )\’kl > CWI WZGW]WZ
k1l [k|>W1/2,]1|>W,/2
and
4,2 4 4

D o < Y. o SCWiWaoy g,

k,l [k|<Wy, [l|<W,
where the constants C > 0 do not depend on (W, 8). Again using (56), we find

-1/2

p() =  sup oz?z<Zo,?lxiz> <Ccwiwy) ™2 < Clog' (1/e),
[k|<Wy, [I|<W2 k.l
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where the constants C > 0 do not depend on (W, 8). Furthermore, using (59) of
the Appendix, we obtain

24,2 24,2 242
w(x) <maxmaxo; Azl oAy < xmaxogA
( )_xer Nax oiihi {Ekl: ik = X max o hy

< max max okZlI{CWl Wzo%, w, <X  max szl}
W1 W3 [k|< Wy [l <Wa PR k=Wl =W,

< C max (W2 + W2P2I{W; W, < Cx} < Cx3log3(1/e),
1, W2

where we used that W; > log(1/¢). Next, N = Card(As) is of the order log6(1/8)
and the parameter S has the order £ 3. Thus by Theorem 1 and Lemma 5 one
concludes that for & small enough the estimator 6* satisfies the oracle inequality

E[l6" —0]” < (1+CB™") min Eg[0(3) —0|]* + Ce? B log(1/e)
SHV
(57) <(1+4+cB Ha+cs) min Egllo(L) — 0% + Ce?B” log(1/¢)
€N
= (14 CB )1+ CHEy|I0M — 0> + Cs>B" log(1/e),

where 8™ is the asymptotically minimax estimator defined in (48). For the last
equality we used that this estimator belongs to Ag for ¢ small enough [in view
of (48) and the fact that 1 = O(g”) by Lemma 4]. Choose B = ¢~"/*, where
r=1—1y >0 and y is defined in Lemma 4. Taking the supremum of (57) w.r.t.
6 € ©5' (p), using Proposition 4 and observing that by Lemma 4 the minimax risk
over ®%'(p) has the order 272 we get (55). O

Note that Theorem 3 remains valid if m in the definition of the ellipsoid @7 (p)
is real-valued. Furthermore, it is easy to see from the proof that the o(1) in (55)
converges to 0 uniformly over a large set of values m, p.

APPENDIX

LEMMA 6. Let Assumption 3 hold. Let (W1, Wa, B1, B2) belong to the set W =
[log(1/¢e),00) x [log(1/¢e),00) x [1,+/log(1/e)] x [1,s/log(1/¢e)]. The partial

derivatives of log V satisfy uniformly over ‘W the inequalities

a
(58) ‘BW

i

9
logV‘ <cw !, ‘ﬁlogV’ <cg? =12
i
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PROOF. Using Assumption 3 and acting as in (50) we get, for W; > log(1/¢),

V (W1, Wa, B1, B2)
= Zo—kzl)\’%l(wl’ WZ, ﬁlv 132)

k,l

2 2
> CxO, W, > Aig(Wi, Wa, B1, B2)
lk|=W1/2,]l|=W>/2

2
2 _ 28 28>
> 40 1 x/Wp)“P1 + W. dxd
s v/lsz1/2+1 fﬂzwm[ G/ WO+ (v W] dicdy

ZC*W1W2(7$VIW2/ [1 —\/x2+y2]idxdy

lx|>1/2+1/ W, ./|y31/2+1/W2

(39

2
> CW,; WZGWI Wy

where the constant C > 0 does not depend on (W, ). For brevity write A(x, y) =
(x2B1 4 y2/32)_1/2. Since A(x,y) < x P Vx>0, y > 0, one obtains

9
T
W ’8W

152 ko1 kAt
=48 W, oiia (W1, Wa, Bi, ﬂz)A< )(—)
- — ki Wy Wa )\ wy

4 k p1—1
<4BW, oW, W, Z <Wl>

[k|<W1,|l|<W>

Z o (Wi, Wa, B1. B2)

1
< C,BlWl_lo%,lWZWz[Wlfo P ldx + 1} < CWaoy,w,»

where the constants C > 0 do not depend on (W, 8), and we used that W; >
log(1/¢), B1 < +/log(1/¢). Combining (59) and (60) we get the first inequality
in (58). The second inequality in (58) is checked similarly. In fact, it suffices to
use (59) and the relation

a ‘
— o (Wi, Wa, B1, B2)
5|~ o T
=43 g (W), Wa, B ﬁ)A(k l><k>wll i
= lof , — 09 ——
Z Akl (W1, Wa, P, P2 w W) \w, gW1
k 281 I 2B k B1 k
WIWZ,(Z;[ J Wi W» \W ng
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5 k\P
kj<wy 1

k
log —

1
< CWaoy, Wz[Wl /0 xP1]log(x)| dx + 1] < CW\Waoy w, B>

where the constants C > 0 do not depend on (W, 8), and we used that W; >

log(1/¢), B1 < /log(1/e). O
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