The Annals of Statistics
1999, Vol. 27, No. 2, 610-626

BROWN’S PARADOX IN THE ESTIMATED
CONFIDENCE APPROACH

By HsIuyiING WANG

Academia Sinica

A widely held notion of classical conditional theory is that statistical
inference in the presence of ancillary statistics should be independent of
the distribution of those ancillary statistcs. In this paper, ancillary para-
doxes which contradict this notion are presented for two scenarios involv-
ing confidence estimation. These results are related to Brown’s ancillary
paradox in point estimation. Moreover, the confidence coefficient, the usual
constant coverage probability estimator, is shown to be inadmissible for
confidence estimation in the multiple regression model with random pre-
dictor variables if the dimension of the slope parameters is greater than
five. Some estimators better than the confidence coefficient are provided in
this paper. These new estimators are constructed based on empirical Bayes
estimators.

1. Introduction. Consider the canonical problem in which X is a p-
dimensional multivariate normal random variable with mean 6 and covari-
ance matrix 1, ,, thg p x p identity matrix, and W = (Wy,..., W,) is an
independent observation. Define

p

i=1
A customary estimator of n is W’ X. For a confidence interval

WX — )
CX,W= {T) T SCV

of m, the reported confidence statement is usually 1 — y, where c, satisfies
P(neCx w)=1-1y.Kiefer (1977) pointed out that, in place of the constant
value 1—1, a better approach is to provide a data dependent estimate (X, W)
of the value of the coverage function I(n € Cx ), where

1, ifT]ECX’W,

2) ImeCx w)= {O, otherwise.

Therefore, we consider a confidence procedure (I(n € Cx y), (X, W)). The
interpretation of (I(n € Cx w), (X, W)) is that r(X, W) states a degree of
belief or level of confidence in the proposition that n € Cx y after (X, W) =
(x, w) has been observed. Related literature is Robinson (1979a, b) and Lu
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and Berger (1989). For a conditional report r(X, W), we consider squared
error loss

/ 2
(3) L[n,r(X,W)]= [r(X, W) — I(W < cy>i| .
We shall show that the constant report 1 — y is an inadmissible estimator of
I¢, ,(n) under squared error loss (3) if p > 5 when W is random, whereas it
is admissible when W is fixed. Note that the classical approach suggests that
one should condition on W when making inference, since W here is an an-
cillary statistic. However, this leads to a one-dimensional problem and there-
fore the natural estimator for the confidence is 1 — y, which is admissible in
that one-dimensional problem. What seems surprising is that 1 — y is actu-
ally inadmissible in the unconditional framework. A similar phenomenon was
demonstrated in Brown (1990) regarding the point estimation problem for 7.
Sandved (1968) has some results in conditional inference. He shows that
confidence statements, conditional on an ancillary statistic, dominate uncon-
ditional confidence statements under squared error loss. Indeed, since

E[1-y-I(£eCx)’=E[l-y~-r(A)P+E[r(A) - I(§ Cx)I,

where Cyx is a confidence interval for 6, A is an ancillary statistic, r(A) =
P(6eCx|A)and 1 -y = P(0 € Cyx), it is clear that

E[r(A)—I(éeCx)P < E[1—-y—I(é€ Cx).

In this paper, since a confidence statement conditional on ancillary statistic W
is the same as an unconditional confidence statement, Sandved’s result does
not provide any information regarding the paradoxical phenomenon.

In the proof of inadmissibility, we will construct an estimator which is bet-
ter than 1 — . Robinson (1979b) and Robert and Casella (1994) have results
related to this issue. Let X ~ N(0,1,,,) and Cx = {6: |X — 0| < c¢;}, where
c; satisfies P(0 € Cx) = 1—vy. Then Robinson (1979b) and Robert and Casella
(1994) show that 8(X) = 1 — y + /(1 + | X|?) dominates 1 — y for estimat-
ing I(# € Cx) under squared error loss if p = 5 and p > 5, respectively,
where ¢ is a sufficiently small positive number. Here 6(X) is closely related
to the James—Stein estimator in point estimation since they are both derived
from the empirical Bayes approach. In Theorem 2.2.6, we will show that an
estimator, which is also constructed based on the empirical Bayes estimator,
dominates 1 — vy if p > 6 when W is random. The better estimator is

a(1'Q~12X)2 a
(4) ]- - 7 + _ + _ >
2p(b+ X'Q1X)2  (b+ X'Q1X)
where a and b are certain positive constants, 1’ = (1,...,1);,, and Q is a

p X p matrix defined in Lemma 2.2.4 below.

It is worth noting that the above paradoxical phenomenon in confidence
procedures also happens in the multiple regression model. Consider a mul-
tiple linear regression with random predictor variables and assume that the
dimension of the slope parameters is greater than 5. In Section 3, we shall
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prove that the usual constant coverage probability estimator of the coverage
function of the confidence interval for the unknown coefficient parameter is
not admissible. Note that, if the predictor variables are fixed, the same estima-
tor is admissible. Thus, this is another important example of the phenomenon.
A better estimator, similar to (4), is also constructed in this model.

2. The paradox for the confidence procedure.

2.1. Admissibility when W is fixed. In this section, we will prove that
the constant coverage probability estimator is admissible for (2) when the
ancillary statistic has a degenerate distribution. This is a natural result since
the problem then reduces to a one-dimensional problem in which the ancillary
statistic can be taken to be any prespecified constant value. For convience,
I(] - | < ¢) is denoted by I.(]-|) throughout the paper.

THEOREM 2.1.1. Let X ~ N(0,1,,,) and W = (Wy,...,W,) be fixed at
w = (wy,...,w,). The estimator 1 — vy of (2) is admissible under the usual
squared error loss (3).

2.2. Inadmissibility when W is random. Now assume that the values of
(wy,...,w,) in the previous section are coordinates of a random variable
W e %P. We also assume that the distribution of W is known and W is in-
dependent of X. Since the distribution of W is independent of 0, W is an
ancillary statistic.

From now on, we assume that X ~ N(0,1,,,) and W = (Wy,..., W,),
where W; are i.i.d. with EW; = u, and Var(W,) = o2 > 0, the distribution
being unimodal and symmetric about u. Note that u and o2 are assumed to
be known.

In proving the main results of this section, we need the following lemmas.
Here E, denotes expectation with respect to X and W when 6 = 0.

St

LEMMA 2.2.2. If u # 0, then

WX
LEMMA 2.2.3.

g e L =) R S et o) |

LEMMA 2.2.4. Let U = (i, ..., u)1xp and Q = I, , + RUU’, where k is
a positive constant. Then there exists a constant h;, = {—1+[1 — kpu?/(1 +
kpp?)1Y2}/(pu?) such that QY2 =1,  + hUU'.

LEMMA 2.2.1.
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LEMMA 2.2.5. If u # 0, let

_ Eo{ Xy Xp[1 -y = L(W X|/[WD]}

6) .
Eo{X1[1 -y - I(IWX|/[WD)]}

and

" -G /G ]

where ¢ is a positive constant such that ¢ <2/g — 2. Then

il
Y,Y [1—y—10<— <0,

where Y = QO~Y2X and QY2 is given in Lemma 2.2.4.

E

S

The proofs of Lemmas 2.2.1-2.2.5 are given in the Appendix. We now state
and prove the main theorem in this section.

THEOREM 2.2.6. Assume that X ~ N(0,1,,,) and W = (W,..., W,) are
independent and that the W, are i.i.d. with E(W;) = u, Var(W,) = o2 > 0,
the distributions being unimodal and symmetric about w. Then, for p > 6, the
estimator ro = 1 — vy of (2) is inadmissible for loss (3). A better estimator is
given by

a(1Q12X)? N a
2p(b+ X'Q1X)2  (b+ X'Q1X)’

(8 ri(X)=1-vy+

where a > 0 and b > 0 are sufficiently small and sufficiently large constants,
respectively.

PROOF. First, we consider the case u # 0. Note that

R(ry, 0) — R(ry, 0) = —2‘1E0{ (% + B> [1 A Ic(%)]}

(9) s ,
— aon[(5 + B) }
where
A=[1TOVA(X +0)P[b+ (X +6)Q (X +6)]2
B=[b+(X+0)Q"(X+6)]" and 1'=(1,...,1),,.
Define

(10) Y=012X and ¢ =0""?.
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Below we use kq, ks and ks to denote 1'¢p, b + ¢’ and ¢’ ¢, respectively. By
substituting (10) into A and then using a Taylor expansion, we have

P P
A=k +Y YA + % > Y?Az,i

(11 ) i=1 i=1
+3 2 Y)Y A, j+e(bd,Y),
i, j=1
where
A= 2k ky? — 4Kk &,
Ay =2k" — 8kiky* b — 8RRy b, + 24k R b7 — ARk,
Agi = 2k;” — 8k1k2_3¢j — 8k1k3°d; + 24k%ki4¢i¢j
and
B=Fky' + Y Yi[-k3"2¢:] + 3 X V[2k5° (26,)* — 2k5°]
e +5 2 Y, Y j[285°(20:) (20 )] + ea(b, b, V).
Now we are ready to take the expectation. Since (X,..., X,) have the
same distribution as (=X, —X,, ..., —X ), it follows that the expectation of

X,[1—y—I,(JWX|/|W|)] is zero. This implies that

w1 ) -

since Y is a linear combination of X, ..., X . Also by (10) and the expression
of O~1/2 in Lemma 2.2.4, it can be shown that (Y, ..., Y ,) have a permutation
invariant distribution. Using this, (10), (11) and (12), —E {(A/2p+ B)[1—vy—
I.(JW'X|/IW]D]} in (9) equals

1 o[ 2p+2p(p—1)h o[ =2p+2p(p— 1A
2k§m{b[ 2p +2p |+ k3 2p 8+2p—8h
+k3k§[_8+4p_8h(p_1)_8h(p_1)_24h+8h}
2p
4 —4 4 -1
+k%ﬁ+bk3[ p+4p(p )h—8+4p—8h}
2p 2p
1 4p — —1)h - -1
+bk§[ 6+4p-8(p—Dh-8(p )h+8h“+e(b,¢>),
2p
where the error term is shown in Wang (1998b) to be
1
b’ = To |
e(b, ) O[k%]

(13)

m = EO{Y%[l— Y- I(%)“
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and
_ _E Y\ Yo[1 -y~ LAW XV/|WDI}
E{Y}[1—vy—I(WX|/|W])]}

Using this and a direct computation of E,[(A/2p + B)?], we have

1 1
(14) R(ry, 0) — R(rq, 6) =ammp_a27+o[k_§}

where
p = b*[p*(4 4+ 2h) + p(—2 — 2h)] + k2[ p*(4 + 2h) + p(—18 — 18h)]
+ kyk2(4p — 8 — 8h) + ki24h
+ bks[ p%(4h + 8) + p(—20 — 20h)] + bk2(4p + 16 + 16h)

and

ka—Z B 2
L

We shall show that m and p are greater than zero when p > 6. Then, by the
relation that (1¢)%? < p(¢'¢), we conclude that (14) is greater than zero for
all 6 when p > 6 if b goes to infinity and a goes to zero. Thus, the proof will
be completed.

Now consider m of (14) which equals Eo{(eX; +dXy+---+dX ,)*[1—y—
I.(|W'X|/|W])]} where e = 1+ h,u2, d = hyu?, k is given in (7) and h,, is
defined in Lemma 2.2.4. Expanding the term (eX;+---+d X p)2, then replacing
X?, i=1,..., p, by X;X, in the above expansion and using Lemma 2.2.3,
gives the lower bound of m,

Bofle+ (- DaPX X[ 1y - () ]}

which is positive by Lemma 2.2.2 and the fact that e+ (p—1)d # 0. This shows
that m is positive. To show p > 0, it suffices to show that the coefficients of 52,
(¢’ D)2, (¢'d)1'd)2, (1'd)*, b’ and b(1'¢)? of p are all greater than 0 when
p > 6. We only give the details for the more involved coefficient of (¢'$)2. The
others can be dealt with similarly. First note that

(15) 0<h<l,

which is established in Wang (1998b). By a straightforward caculation, the
coefficient of (qﬁ’qb)z (.e., kg) in p can be written as

—9-9h\* (-9-9h)*
4+2h 4+2n |

which is greater than 0 if and only if p > 9—9/(~+2). Note that 3 < 9/(h+2) <
5, because 0 < & < 1. Hence p > 6 obviously implies that (16) > 0.

(16) [(4 + 2h)(p +
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Since the coefficient of a in (14) is greater than 0, we can choose a > 0
small enough and b > 0 large enough such that R(ry, ) — R(r;,0) > 0V 6.
Therefore, the case that u # 0 is proved.

When u =0, Q) equals 7, ,. Note that the inequality in Lemma 2.2.2 then
becomes an equality. Thus, by an argument similar to that in the first case,
R(ry, ) — R(ry, 6) can be shown to be positive for all 0 if a is small enough
and b is large enough. O

In Theorem 2.2.7, if u = 0, then there exists another better estimator when
p>5.

THEOREM 2.2.7. Under the assumptions of Theorem 2.2.6 and, in addition,
assuming u = 0 and p > 5, a better estimator than 1 — vy for estimating (2) is

a
17 1- e
an Y X

where a and b are some positive constants.

The proof of Theorem 2.2.7 can be established by arguments similar to
Theorem 2.2.6. This is because the mean of W is 0 and the order of the error
term is the same as in the situation without an ancillary statistic W. Note
that (17) is independent of W and (8) depends on W only through the mean
of W.

REMARK 1. If the distribution of W is not degenerate, r;(x) is shown to be
better than 1 — y for estimating (2) if p > 6. If the mean of W is zero, (17)
is also shown to be better than 1 — y if p > 5. According to the latter result,
we conjecture that when p =5, 1 — y is inadmissible if the mean of W is not
equal to zero.

In addition to Theorem 2.2.6, which shows that 1 — y is inadmissible if
p > 6, Wang (1998a) has proved that 1 — vy is admissible if p < 4.

Thus far we have only considered the confidence interval Cx y. Now we
turn to consider the confidence interval C% y = {n: |[W'X — 7| < ¢y}, where
¢y is any positive constant. Let A(W) = P(|W' X — | < ¢o|W).

THEOREM 2.2.8. Under the assumptions of Theorem 2.2.6, the estimator
M(W) is not admissible for estimating I(n € C¥% ) if p > 6 under squared
error loss. A better estimator is given by

a*(119—1/2X)2 a*

X =
)\( ) W) /\(W) + 2p(b* ¥ X/Qle)Q + (b* + X/\Qle)’

where a* and b* are some positive constants.

The proof is similar to that of Theorem 2.2.6 and is omitted.
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2.3. Empirical Bayes considerations. In this section, an empirical Bayes
argument leading to (8) is presented. The empirical Bayes estimator of (2)
with respect to the prior 6|7 ~ N(0, 721 ) is

(0 2) 70 2)

where A = w'x/(7?|w|) and F,(-) is the cdf of the normal distribution with
mean A and unit variance. Using |x|? to estimate (1 + 72) and applying a
Taylor expansion yields

p<|w‘)—_wxl < c|x>
|w|

~ Fy(0) + =5 £1(¢) = FA(=0) + S f1(—0)
= [Fole) = Ful=e)] + AFY0) - Fo-0)

SUFo©)+ Fo(=e)] + = M(fA<c>+fA< Nhco

~1- W(F o(e) = Fo(—c)) +

W(M(m &)+ (=)o,

where f,(c) = (d/dx)F,(x)|,—.. The last expression and the form of the esti-
mator (2.1.4) in Brown (1990) yield (8).

| | (fo(c) + f()( C))

+

3. The multiple regression problem.

3.1. Admissibility in a regression model. In Section 2, we considered the
case where the ancillary statistic W is independent of the major random vari-
able X. In this section, consider the usual normal multiple linear regression.
Denote the (p+1) unknown parameters by « € R, 8 = (B4,...,8,) € R?. Let
Vi=(Vi,...,Vy),i=1,...,n, denote the observed (i.e., known) regression
constants. Let Y, ..., Y, be independent normal random variables with

E(Y,)=a+ VB, Var(Y;,) =02, i=1,...,n,
where ¢? is known. The usual estimators of « and 8 are
a=Y -VB and B=S1V(Y-Y1),
where V' = (V,...,V,), Y =n"11Y,V=n"11'V, S = (V-1V)(V - 1V)
and 1’ =(1,...,1);,,. Note that

(5)-((5) =)
so=("08T )
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Consequently, a 1 — vy confidence interval for « is
C&,V = {a: & = C},
Vn-l4+VS-1v/
where c is the upper 1 — vy/2 cutoff point of N(0, 1). Here we are interested in

estimating I(« € C; v). For an estimator r(a, B), consider the squared error
loss

(18) [r(&, B) — I(a € Cq4 v)I%.

THEOREM 3.1. In the preceding problem, 1 — vy is an admissible estimator
of I(a € Cyy).

PROOF. If V is fixed, then & ~ N(a,n™! 4+ VS~1V’). It reduces to the
one-dimensional normal problem. Thus, 1 — y is an admissible estimator of
I(Ol (S C&’ V)‘ O

3.2. Inadmissibility result. In Section 3.1, the design variables V; ; were
assumed to be fixed, known constants. This assumption is realistic i 1n many
applications where the V; ; are preassigned by the experimenters. However,
in many other situations, the V, are independent vector random variables. In
this section, we assume that the V; ; are i.i.d N(u, 1) with u known. In the
following, we shall first prove an inadmissibility result for the usual estimator,
1—vy,of I(a €C; v).

Throughout this section, the notation E, is used to denote the expectation
with respect to @ and 8 when « = 0 and B8 = 0 »x1 and with respect to V as
well.

THEOREM 3.2.1. Let Y be defined as in Section 3.1 and let V, =
1,...,n,j=1,...,p, be iid. with E(V; ;) = p and Var(V, ;) = 1 Deﬁne
QO =1,,+kUU, where U = (u,..., ) and k will be speczﬁed in Lemma
3.2.4 below. Then, for p > 6,

(19) ro=1-vy
is not admissible under loss (18). A better estimator is given by
a, (1'Q12B)> a1

2p(by + BQIB)2 (b + BOIB)

1ol uf —— )l
E 1-y-1, — = 0,
if 0{3132[ Y <\/n—1 VS v >

2
by + B2

B0\ 18 )]l
E 1—y—1, )|t <o,
if 0{.3132[ 04 <\/n1 —Voiv

where ay, by, as and by are some positive constants.

(200 r(B)=
1—v+
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Although it is formidable to show that

A A |& — «af
Eo{.3132|:1—‘)’—1c< —_——— >0,
Vn-l+VSs-1v/
statistical simulation indicates that it may hold for all u. Based on this and
the similarity of the first part of r(8) and ri(X) of (8) in Section 2.2, we
conjecture that the first part of r(8) in (20) dominates 1 — vy for all « and .

In Lemmas 3.2.2-3.2.4, all results are established under the same assump-
tions as in Theorem 3.2.1.

LEMMA 3.2.2.
21) Eo{ﬁi[l—y—lc( &)}Fo.
Vnl4 VS-1v/
LEMMA 3.2.3.

— =
< EO{B%[l —y— I<\/—1|O:Vas| lv)]}
- =

LEMMA 3.2.4. Assume that Eo{B1Bo[1—y—1,(|a — a|/¥n ! + VS-1V)]} >
0. Let

_ Eo{p1foll — v — I(Ja — al/V/n" 1 + VSIV)]}
Eo{B3[1 -y —I.(la-al/y/n 1+ VSIV)]}

and let k = {4—[2¢/(p+&)12}/{pu?[2¢/(p+&)]?}, where ¢ is a positive constant
such that ¢ <2/g — 2. Then

——=)])
E 1—-y-1, = = 0,
0{5152[ Y <\/n1+V5’1V’ <

where ¢ = QY28 and QY2 is specified in Lemma 2.2.4.

The proof of Lemma 3.2.2 is given in Wang (1998b), by a similar argument
to that in Lemma 2.2.2. The proofs of Lemmas 3.2.3—3.2.4 are similar to those
of Lemmas 2.2.3 and 2.2.5 and are omitted.

PROOF OF THEOREM 3.2.1. If Eo{B,Bs[1—v—I.(la—a|/v/n 1+ VS-1V)]}>
0, then by using the lemmas in Section 3, the proof of the first part is es-
tablished by the same argument as in Theorem 2.2.6. If Eo{B:B5[1 — v —
I(la- a|/\/n*1 + VS-1V/)]} < 0, the proof is also by the similar argument,
see Wang (1998b). O
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Now, we consider another confidence interval
Ch = |&—a| <ci},
where c; is any positive constant. Let r(V) = P(|&@ — a| < ¢¢|V).
THEOREM 3.2.5. Under the assumptions of Theorem 3.2.1, r(V) is an in-

admissible estimator of I(a € C%) under squared error loss if p > 6. A better
estimator is given by

a;(1Q12B)>? a;
2p(bi + BOB)2 (b7 +FO1B)
if Eo{B1Balr(V) — I(la — a])]} > 0,

r(V)+

’"1(,@) =

k
)

r(V)+- Ao
b5 + Bl

if Eo{B1B2[r(V) —I.(la —a])]} <0,
where aj, b7, aj, and by are some positive constants.
The previous discussion focuses on the intercept parameter. It is, of course,

important to have a similar result for the slope parameter. Let ¢ = [ o + 15,
where [; € R and [/, € R? are known constants.

THEOREM 3.2.6. Under the assumptions of Theorem 3.2.1, let C;={q: |l;&+

B — q|/\/Var(ll& +15B) < ¢y}, where cy is the 1 — /2 cutoff point of N(0, 1).

Then, for p > 6, 1 — vy is inadmissible for estimating 1(q € C;) under squared
error loss. A better estimator is given by

03(1'971/23)2 ag
2p(bs + BQ1B)2  (bs+ FQ1P)

if E0<ﬁlﬁz<1 oy IC< |W2—B_k;|>>> >0,
VVar(lyé + ,B)
4
by + B2

if E0<Blﬁ2<1 g IC< |W2—3_k|)>> <o,
VVar(l,a + 1,B)

where as, bs, a, and b, are some positive constants.

’”2(.3) =
1—vy+

Theorems 3.2.5 and 3.2.6 can be established by arguments similar to The-
orem 3.2.1.

REMARK 2. For the usual confidence interval of a linear combination of
the intercept and slope parameters, the usual constant coverage probability
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estimator is shown to be inadmissible for estimating the coverage function
of the confidence interval if the dimension of the slope parameters is greater
than 6.

4. Simulation results. In Sections 2.2 and 3.2, r;(X) and r(B) are
shown to dominate the usual constant coverage probability estimator. In this
section, simulation results are presented to show the practical gains that are
potentially available. Table 1 compares the risks R(r;(X), ) and R(1—1v, 0),
with p =8, un=10,¢c=1.96, 6 = (/,2,4,6,8,10,12,14), a = 0.5, b = 10 and
¢ in Lemma 2.2.5 chosen to be 0.8 x (2/g — 2).

Table 2 gives the results under the same conditions as Table 1, except that
pmw=>50and 0=(I,1,-2,3,2,-3,—-1, —5).

Table 3 provides the ratio of the risks in the regression model in Section 3.2
when p=6,p=1,¢=196,8=(,3,7,4,9,20), a = 0.5, b = 10 and ¢ in
Lemma 3.2.4 is chosen to be 0.8 x (2/g — 2).

Table 4 provides the results under the same conditions as Table 3, except
that u = —20 and B8 = (I, —10, 1, 30,4, 1).

All simulations were based on 10,000 replications, so that the simulation er-
ror is about 0.01 (2 standard deviations). From the above tables, it is clear that
substantial improvements in risk are sometimes, but not always, available.

TABLE 1
l 1 5 10 50 100
R(ri(x), 6)
—— = 094 093 095 0.98 0.99
R(1-v,90)
TABLE 2
l 1 5 10 50 100
R(r1(x), 6)
——= = 0.7 0.77 0.89 0.991 0.998
R(1_77 9)
TABLE 3
l 1 5 10 50 100
R(r(B), B)
——=—= 096 0.95 0.95 0.992 0.998
R(1-v,B)
TABLE 4
l 1 5 10 50 100

R(r(B), B)

———2T2 0.98 0.98 0.98 0.994 0.998
R(1—-v,B)
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Simulation results also Ashow that, if a¢ is between 0 and 1 and b > 10,
then R(r;(x), 6) and R(r(B), B) are better than R(1 — v, 6) and R(1 — v, B),
respectively. Therefore, a suggested choice of @ and b is ¢ = 0.5 and b = 10.

APPENDIX

PrOOF OF LEMMA 2.2.1. Since
WoXo+- -+ W, X
|W|

where of, = (W3 + -+ W2)/|W]2,

W' X|
EyI.| ——
0|: C( |W| ‘Xlaw

is a decreasing function with respect to | X| for every W. Thus

i -v 1 ()]
|W’X|>|

=E0{X§EO[1—y—IC<—|W| IXI,W“ > 0. O

2|\W ~ N(0, o),

PRrROOF OF LEMMA 2.2.2. Since

g1y 1T ) | = x|

it suffices to show that

W
Note that the left-hand side of inequality (A.1) equals
w'x
/M’%[/Q(%)d’pzfz(wb wg)dxg "'dxpdw1dw2]
X ¢o(x1, X9)f p_a(Ws, ..., wpy)dxdxydws - - - dw,
where ¢ ,(xq,...,%,), pa(x1, x9) and ¢, s(x3,...,x,), respectively, denote
the joint p.d.f’s of N(0,1,,,), N(0, I5,,) and N(O, I ,_g)x(p-2)), and that
fo(wi,...,wp), folwy, wy) and f, 5(ws, ..., w,), respectively, denote the

joint p.d.f’s of (W4, ..., W,), (W, Wy) and (W3, ..., W,). Let
p(xq, Xg, Wy, .. s W)

WX .
:E0|:IC<%>|X1:.X1, X2=x2, Wi:wi, l:1,...,p].
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It follows that

WX
o X231 (T )| = [xumaaton, o ol ool wos o 0,) (01, 72)

X [ p_o(ws, ..., wp)d|w|d|wg|dx dxydws - - - dw,,,
where
q(x1, xg, W], lwsl, wg, ..., wp)
= p(x1, X9, |wy], |wyl, w37"'7wp)f2(|w1|’ lwal)
+ p(x1, X9, —|wq|, —|wsl, wg, ..., w,)fo—|w1|, —|wsl)
+ p(x1, X9, —|w1l, |wa|, ws, ..., wp)fa(—|wi], [ws))
+ p(x1, X9, w1, —|wg|, ws, ..., wp)fa(lwy|, —|ws]).

For convenience, we use p(x;, X9, Wy, Wwy) and q(x, xq, Wy, Wy) to denote
p(xy, X9, Wy, Wy, ..., w,) and q(xq, Xy, Wy, Wy, ..., Ww,) in the following. It is
then obvious that (A.1) can be established if we could show for any fixed
X1, X9, Wy, ..., W, that

q(lx1], [xa], [wil, [wa]) — q(—[x1], |xa], [w1l, [wa]) <0

and

q(=lx1ls =[xa], [, [ws]) = q([x1], =[2s], [w1], [wo]) < 0.

Note that, given W, W,,..., W,, X; and X,, the conditional distribution of
|W’ X | under the condition # = 0 depends on W, W,, X; and X, only through
WX, + WyX,. Therefore,

p(|xql, [%al, [wil, [wa]) = p(|%1], |22, —|w1|, —|ws])

(A.2) = p(—|x1], [xg], —|w], [wal)
= p(—|x1], [xa], [w1], —|ws|)
and
p(|x1], [x2], —|wil, [we]) = p(|21], [x2], [w1], —[ws])
(A.3) = p(=[x1], |xg], [w1], [wgl)

= p(—[xq], |xa|, —|w1l], —[wyl).
Also, we have
(A4)  falwil, [we]) + fa(—lwil, —[we]) > Fa(—l|wil, [wa]) + fa(lwil, —|wal),
since W, and W, are independent and
fi(lwiDfi(wel) + Fi(=lwi))F1(=lwz])
— fi(=lwi)f1(lwe]) — F1(lwi]) f1(—|wsl)
= [f1(lw1]) = F1(=|wiDI[f1(Jwe|) — f1(=|ws])] > O,
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where [ is the density of W;. The last strict inequality holds because W is
unimodal and symmetric about u. Thus, by (A.2) and (A.3) we have

q(|1], 2], [wil, [wal) — g(=|x1], |x2|, [w1l, [wal)
= [p(|x1], |2, [w1l, [wa]) — p(=]x1], [x2], [wil, [wa])]
X [f2(|w1|a lws|) + fo(—|wl], —|wsq|)
— fa(—lwyl, |w2|)—f2(|w1|,—|w2|)],
which is less than zero by (A.4) and the fact that
(1], [xa], [wil, [wal) — p(=[x4], [x2], [w1], [wa]) < 0.
Similarly,
q(_|x1|7 _|x2|7 |w1|’ |w2|! Ws, ..., wp)
- q(|x1|’ _|x2|s |w1|’ |w2|’ Ws, ..., wp) < 0’

establishing the lemma. O

PrOOF OF LEMMA 2.2.3. Since X; and X, are identically distributed, (5)
is equivalent to

o i1 ()| -1 ()]

— 2B X, 1y - 1 ()] = 0

which is equivalent to

(A.5) EO{(Xl —X2)2[1—y—16<%)“ > 0.

Let K; =(X;— X3)/vV2, Ky =(X1+X,)/vV2and K; = X;Vi=3---p. Itis
easy to show that the K, are i.i.d. N(0, 1) under the assumption that 6 = 0.
Consequently,

)

— 2E0{K%[1— Y- Ic< Kl(%) +K2<%>

+W3Ks+-+ WK,

o

The last inequality follows from an argument similar to that for Lemma 2.2.1
and hence the proof is complete. O
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PROOF OF LEMMA 2.2.4. The proof is by directly solving
k
-—U
1+ kpp?

’

971/2071/2 — Qfl =7
See Wang (1998b).
PrOOF OF LEMMA 2.2.5. By definition,

s

=E0{(3X1+dX2++pr)

x(dX;+eXy+dXs+---+dX),)

" [ ()

- Bofx2[1-v-1.(50)|]

x {e?g +2ed[g(p—2)+1]+d*(p—2)
+8d’[p-1+(p-2)7},

where e = 1+ h,u2, d = h,u? and h,, is given in Lemma 2.2.4. For the value
of k given in (7), straightforward calculation yields

e=—(p—1+¢)d.
Substituting this into (A.6), we have

Bol x2f1-y - 1. (N5 [letote - 0+ st + 26 - 201 <0,

where the last inequality follows from Lemma 2.2.1 and the fact that0 < g < 1
(Lemma 2.2.3) and ¢ < 2/g — 2. The proof is complete. O

Acknowledgments. This paper is part of the author’s Ph.D. thesis sub-
mitted to Tsing Hua University. The author thanks Professor Gene Hwang
at Cornell University for his supervision. I also thank Professor Yuang-Chin
Chiang at Tsing Hua University, Taiwan, and other Ph.D. committee members
for their kind help and useful comments. Also, I am grateful to the referee,
the Associate Editor and the Editor for their many valuable comments and
suggestions, which substantially improved this paper.

REFERENCES

Brown, L. D. (1990). An ancillarity paradox which appears in multiple linear regression (with
discussion). Ann. Statist. 18 471-538.

KIEFER, J. (1977). Conditional confidence statements and confidence estimators. J. Amer. Statist.
Assoc. 72 789-827.



626 H. WANG

Lu, K. L. and BERGER, J. O. (1989). Estimated confidence procedures for multivariate normal
means. J. Statist. Plann. Inference 23 1-19.

ROBERT, C. and CASELLA, G. (1994). Improved confidence statements for the usual multivariate
normal confidence set. In Statistical Decision Theory and Related Topics 5 (S. S. Gupta
and J. O. Berger, eds.) 351-368. Springer, New York.

ROBINSON, G. K. (1979a). Conditional properties of statistical procedures. Ann. Statist. 7 742-755.

ROBINSON, G. K. (1979b). Conditional properties of statistical procedures for location and scale
parameters. Ann. Statist. 7 756-771.

SANDVED, E. (1968). Ancillary statistics and prediction of the loss in estimation problems. Ann.
Math. Statist. 39 1756-1758.

WANG, H. (1998a). Admissibility of the constant coverage estimator for estimating the coverage
function. Statist. Probab. Lett. 36 365-372.

WANG, H. (1998b). Brown’s paradox in the estimated confidence approach. Technical Report, In-
stitute of Statistical Science, Academia Sinica, Taiwan.

INSTITUTE OF STATISTICAL SCIENCE
ACADEMIA SINICA

TAIPEI 11529

TAIWAN

E-MAIL: hywang@stat.sinica.edu.tw



