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ASYMPTOTIC NORMALITY OF THE MAXIMUM LIKELIHOOD
ESTIMATOR IN STATE SPACE MODELS
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State space models is a very general class of time series models capable
of modelling dependent observations in a natural and interpretable way.
Inference in such models has been studied by Bickel, Ritov and Rydén,
who consider hidden Markov models, which are special kinds of state space
models, and prove that the maximum likelihood estimator is asymptotically
normal under mild regularity conditions. In this paper we generalize the
results of Bickel, Ritov and Rydén to state space models, where the latent
process is a continuous state Markov chain satisfying regularity conditions,
which are fulfilled if the latent process takes values in a compact space.

1. Introduction. A state space model is a discrete time model for depen-
dent observations {Y .}, where the dependence is modelled via an unobserved
Markov process { X} such that, conditionally on {X,}, the Y,’s are indepen-
dent, and the distribution of Y, depends on X, only. The unobserved process
{X,} is often referred to as the latent process. The state space framework
encompasses the classical ARMA models, but, more interestingly, nonlinear
and non-Gaussian models can be formulated in this framework as well.

We will consider inference in state space models by the likelihood method.
The likelihood function cannot always be calculated explicitly in these mod-
els; however, for linear state space models with Gaussian errors, the likeli-
hood function can be calculated by the Kalman filter. There is an extensive
literature on Kalman filtering; see, for instance, West and Harrison (1989)
who give a comprehensive treatment of linear state space models with many
examples.

For nonlinear state space models and for state space models with non-
Gaussian errors, the likelihood function can rarely be calculated explicitly. In-
stead, different approximations to the likelihood function have been proposed.
Kitagawa and Gersch (1996) discuss an approximation to the likelihood func-
tion based on numerical integration techniques, an approach which is also
studied in Frihwirth-Schnatter (1994). However, with these techniques the
likelihood function can only be approximated to a certain degree of accuracy.
Alternatively, the likelihood function can be approximated to any degree of
accuracy by simulation techniques. This approach is investigated by Durbin
and Koopman (1997), Shephard and Pitt (1997) and references therein.

Inference in state space models has mainly been studied in the case of
hidden Markov models where the latent process takes values in a finite set.
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Leroux (1992) proved consistency of the maximum likelihood estimator and
Bickel, Ritov and Rydén (1998) (henceforth designated BRR) proved asymp-
totic normality. The purpose of this paper is to extend the results of BRR to
cover more general state space models where the latent process is a continu-
ous Markov process. We show that the distributional inequality in Lemma 4
in BRR is valid in our setup also, under regularity conditions which can be
fulfilled if the state space of the latent process is a compact set. The inequal-
ity states a mixing property of the latent process, given the observed process,
and is the main key to proving asymptotic normality. Having established this
mixing result, we follow BRR in their proof of the central limit theorem for
the score function and in the proof of the uniform law of large numbers for
the observed information.

In Section 2 we state the model and the assumptions we will work under.
In Section 3 we state our main results, the central limit theorem for the score
function, the uniform law of large numbers for the observed information and,
finally, asymptotic normality of the maximum likelihood estimate. In Section 4
we prove the central limit theorem, and in Section 5 we prove the law of large
numbers.

2. Notation and assumptions. Let {X,} denote a stationary homoge-
nous Markov chain on the measurable space (2", &7, ). Here 2 may be con-
tinuous or discrete. A typical setting fulfilling our assumptions below is where
2" is a compact set. Let a,(x, z) denote the transition densities with respect to
w, which are parametrized by a parameter § € ® € R?. Let {Y ;} be a sequence
of stochastic variables on the measurable space (%/, 4, v) such that given {X,}
the Y,’s are independent, and the distribution of Y; depends through {X,} on
X; only and has density g,(y;|x;) wrt v. The model can thus be formulated as

Yl Xy~ go(yrlx),
X | Xjq ~ ag(xp_1, xp)-

We will let 7y denote the density wrt u of the stationary distribution of X.

We observe values Y;,Y,,...,Y, of the process {Y;} while {X,} remains
unobserved, and we wish to estimate 6 by the maximum likelihood method.
We will let [,,(0) denote the log likelihood function based on Y4,...,Y,. In
Section 4 an expression for this function is derived. For the moment we only
give the expression for the simultaneous density of (X{,..., X,,Y,...,Y,)
wrt u”* x v",

p()(x17""xn7y17""yn)

(1) "
= mo(x1)8o(y1 | %1) [ [{p(xp-1, 21)80(¥lxr)}-

k=2
Above, as everywhere else in this paper, we use the sloppy, but, we hope,
clear notation p,y(z) for the density of a stochastic vector Z with respect to a
measure given by the context.
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We will let Dg, denote the gradient of g, wrt 6§ and D?g, will denote
the Hessian, and we will let 74(x) = Dlog my(x), Ay(x,2) = Dlogay(x, 2)
and y,(y|x) = Dlog g¢(y|x). The true parameter will be denoted 6, and a
notation like 7, is short for 7, . Throughout the paper X7 will denote the

vector (X4,..., X,) and ¢ will denote an unspecified finite constant. In the
assumptions below we will let || - | denote the max-norm of a d x d matrix,
Al = max; ; |Aij|~

We will assume that there exists a 6 > 0 such that with B, = {6 0| |6 —
6y| < 8} the following conditions hold.

(Al) There exists a o > 0 and an M < oo such that o < ay(x, 2) < M for all
x,z€ 2 and all 6 € B,,.

(A2) For all x, z € 27, the maps 0 — «ay(x, z) and 0 — 7y(x) are twice contin-
uously differentiable on B,. Likewise, for all x € 2" and y € %/, the map
0 — g4(y|x) is twice continuously differentiable on B,,.

(A3) Define p(y) = supycp, SUP,, ,co o(¥12)/8o(y|x), then

inf [ go(ylx)/p(y)v(dy) > 0.

(A4) (1) SupﬂeBO Supx, 2e” |/\0(x’ Z)| < oo and Sup0630 SUP,cq |T@(JC)| < 0.
(ii) SUPgeB, SUPy, zez [DAg(x, 2)[| < oo and SUPgep, SUPxex [ D7o()
< 00.
(iff) Define y*(Y+) = supsep, sup,cs [75(¥1]%)| then y*(Y;) € L%(Py) and
Supy. 5, 5P, [ Dyy(Y1|0)] € LI(Py).
(A5) (i) For v-almost all y € & there exists a function h,: 2" — R, in L' (w)
such that [g,(y|x)| < h,(x) for all 6§ € B,
(ii) For u-almost all x € 2" there exist functions hl:  — R, and AZ:
% R, in L(v) such that [Dgy(y|x)| < hL(y) and | D2g,(ylx)| <
h2(y) for all 6 € B,.
(A6) 6, € int(0).

REMARK. Note that if sup, ,.4 |Ag(x,2)] < oo for a 6 € B, and
SUpP,cy |To(x)| < oo for a 6 € B, then (A4)(ii) implies (A4)(i). Likewise in
(A5)(ii), the local dominated v-integrability assumption of y > | D?g,(y|x)||
for p-almost all x implies a similar property of y — |Dg,(y|x)|, provided that
|Dgy(y|x)| € LY(P,) for a 0 € B,.

REMARK. By assumptions (A5)3), (Al) and (A4), the function x§
Dip,y(x}, y7) is locally dominated u"-integrable around 6, for »"-almost all
y1, any n € N and i = 1, 2. This is seen by noting that by (1) D py(x}, y})
consists of a sum of terms, such as

n—1

mo(%1)8e(y1l%1) l_[ {ag(xp-1, xk)ge(yk|xk)}a0(xj—la xj)DgO(yj|xj)'
k=2, k£
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By (A1) and (A5)(i), this term is absolutely dominated by

M" [] h,y,(x2)|Dlog go(y jlx ;)| < M" sup sup |yy(y ;|x)| [ Ay, (1),
k=1 0cBy xe2" k=1

which for almost all fixed y] is a w"-integrable function, by assumption
(A4)(iii). The domination of the second derivative is similar. The local integra-
bility assumption is needed to “interchange integration and differentiation”
in some expressions below.

REMARK. The process Y is ergodic under (Al). To see this, we observe that
Y, can be described as Y, = g(X, U,; 6,), where U, U,, ... are uniformly
distributed U(0, 1), and independent of X. Now {(X,,U,)} is a stationary
Markov chain, with transition density p(x, u; | x¢, g) = @y(xg, x;) and hence
ergodic by (Al). Thus Y is also ergodic.

REMARK. The assumptions (Al), (A3) and (A4) are restrictive and are not
fulfilled in a general state space model. A typical example where (A1) to (A5)
are fulfilled is the following. Suppose 2" is a compact set in R? and u is the
Lebesgue measure. If the transition density «,(x, z) and the stationary density
my(x) are positive and satisfy (A2) and if a4(x, 2), my(x) and their first and
second derivatives are continuous functions of (6, x, z) and (0, x), respectively,
then (A1), (A4)(ii) and (A4)(i) are satisfied. Suppose, furthermore, that g,(y|x)
is an exponential family density,

8o(y|x) = exp(d(x, 0)t(y) — k(¢(x, 6))).

Here k denotes the cumulant transform of #(Y) defined on the full parameter
space A C R*, and ¢(x,0) € Ay where A, is a subset of int(A). Suppose
that ¢(x, 0) is twice differentiable wrt 6 and that ¢ and its derivatives are
continuous functions of (x, #), then ¢(x, 0): 2° x By — A, takes values in a
compact set. By continuity of k we have

2o(y1%)/8o(y]2) = exp [{¢(x, 0) — ¢(2, 0)}t(y) — {x($(x, 0)) — k(¢ (2, 6))}]
< cyexp(eyt(y)]).
Then

inf [ go(ylx)/p(y) v(dy)
= e;" inf [ exp(d(x. 0)i(y) — k(. 00))) exp(~e[t()]) v(dy)
= ey inf [ exp(—[d(x. 00)||£()]) exp(—eslt(y)]) v(dly)

= ey [ exp(—eyli(y)))v(dy) > 0,
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hence (A3) is fulfilled. As for (A4)(iii), we have

dp(x, 0
Dlog g(y1x) = D{(x, 0i(y) — x(b(x, )} = L Dty(y) (i, o),
where 7(¢$) = dk($)/d¢p is the mean of #(Y) under P, and dp(x, 6)/967 de-
notes the d x k matrix of partial derivatives of ¢ wrt 6. Then because of
compactness of 2 x B, we get

sup sup | Dlog g4(y|x)| < €1 + €5t (y)l,
0By xeZ’

and hence

Ey( sup sup | Dlog g,(y|x)?) = 2} + 26} Eo(1H(Y)P?) < oo.
0By xeZ’

The second derivative D?log g,(y|x) can be dominated in the same way, and
hence (A4) follows. Assumption (A5)(i) follows again by compactness of the
parameter space and finally (A5)(ii) follows by the continuity of ¢.

3. Main results. Our main results are stated in this section. These are
a central limit theorem for the score function and a uniform law of large
numbers for the observed information. As a consequence of these, we find that
with a probability that tends to 1 as n tends to infinity, there exists a (local)
maximum point of the likelihood function, which is consistent in probability
and asymptotically normal. If especially the maximum likelihood estimator
exists and is consistent, it is asymptotically normal.

Let [,,(0) denote the log likelihood function based on observations Y, ...,
Y . Below, .#, will denote a Fisher information matrix given by

Iy =Ey(nnT) where n = lim Dlog po(Y]|Y",).

This will be formally defined in Section 4, but, as the following theorems show,
it can be thought of as the asymptotic covariance matrix of the score function
or the limit of the normed observed information as the number of observations
tends to infinity.

THEOREM 3.1. As n tends to infinity, n=/2Dl,(0,) — N(0, .%,), Py-weakly.

This theorem is proved in Section 4.

THEOREM 3.2. Let {0} denote any stochastic sequence in O such that 67, —
0y in Py-probability as n — oo. Then n"1D?1,(6%) — —.#, in P,-probability

as n — oQ.

This theorem is proved in Section 5. Having established these two results,
the following result is proved in Jensen (1986) [see also Sweeting (1980)].
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THEOREM 3.3. Assume that %, is positive definite. With a P,-probability
that tends to 1 as n tends to infinity, there exists a sequence of local maximum
points of the likelihood function {0, } such that 6, — 6, in P,-probability, and

Vn(b, — 6,) - N(0, 751, Py-weakly.

If, especially, the maximum likelihood estimator exists and is consistent in
Py-probability, then this estimator has the same limit distribution.

The proof of the second part of the theorem follows by a Taylor expansion
of the likelihood function around 6, as in the proof of Theorem 1 in BRR. The
proof of the first part relies on the assumption that .7, is positive definite,
thus in the limit the likelihood function has negative curvature and hence a
local maximum at 6.

4. A central limit theorem for the score function. In this section we
prove the central limit theorem for the score function stated in Theorem 3.1.
BRR proved the same result in the case where the state space of the latent
process is finite. Here we start with some lemmas which will replace Lemmas 4
and 5 in BRR. For notational reasons we will assume that d is equal to 1 in
the rest of this paper. If derivatives are replaced by gradients and second
derivatives by Hessians all results are valid for general d.

LEMMA 4.1. Let J C Z be an integer set and let 6 € B,. Conditionally
on Y; ={Y;|j e J}, X constitute an inhomogeneous Markov chain with
Po(X 1| X}_1,Y 5) = @y, where

(e (Mp(Yy), ifhed,
“e= ) o2/M, ifkdd.

The inequality is also true for the reversed chain {X _,}ucz-

ProOOF. The Markov property is proved by considering n < & < m, assum-
ing for simplicity that n < j < m for all j € J. Then

po(XE, Xyl X, Yy)

m—1
=mo(X,) [ ao(X;, Xi1) [] 86(Yj1X )/ po(Xp, Y )
i=n jed

= hi(XE, Y )ho(X7,Y ),

where h; and h, are functions of (X*, Y ;) and (X7},Y ), respectively. It

follows that X1 and X #+1 are conditionally independent given (X, Y ;).
Suppose k € J. Conditionally on X, ; and X4, X; and Y jy, are inde-

pendent by definition of the state space model. Hence the conditional density
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of X, given (X1, X3y, Y ) is

ag(Xp_1, Xp)ag(Xp, Xpi1)89(Y | X))
S @o(X o1, 0)ag(x, X 1) 8o(Y g lx) n(dx)

> 0t (M [ a0 B )

go(Y1X))
> o /(Mp(Y})).

Do(Xp| X1, Xk-‘rla Y=

(2)

Integrating the conditional density wrt py(X,,1|X,_1, Y ;) gives the stated
result. When % ¢ J, the term g,(Y | X,) vanishes.

The proof of the statement for the reversed chain follows by integrating (2)
wrt po(X;_1]|Xpy1,Y ;) instead. O

We state the following lemma for future reference, leaving the proof to the
reader.

LEMMA 4.2. Let (2", o/, u) be a measure space and let h: 2" — R be a
measurable function on 2°. Let v, and vy be two measures dominated by p
with vi(2°) = v9(2"). Then

/Uf hdvy — /y h dv,

where St = {(dvy/du) — (dvy/dp) > O}.

< {sup A(x) - inf A(x){ra(S7) —1a(SH,

xeZ

In the next lemma, we will let {X,},.; denote any inhomogenous Markov
chain; that is, {X,} is not necessarily the latent process in the model.

LEMMA 4.3. Let {X,},cz be a Markov chain with state space (2°, o/, ).
Assume

dPXk‘Xk—l

d (x|z)=pk(z, x)Z‘Sk,
m

forall x,z € 2" and k € Z, where Py, x,  denotes the conditional distribution
of X;, given X,_;. Then for any A € o7,

sup P(X, ¢ A|X, = &) — inf P(X, € A|Xo =) = [[(1- 8,(2)).
fe2’ nes k=1

PROOF. Let S; = {x € 27| py(&, x) — pr(n, x) > 0} for fixed ¢ and 7 in
2, and let Sy = (S})°. Define MY = sup,., P(X, € A|X, = &) and m'}) =
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inf, ., P(X, € A|X}, = 7). Then

Mxe—l) _ mxe—n

= S;UP(P(X,L €A|X),1=¢)-P(X,eAlX;1=n))
.M

=sup [ P(X, € A|X; = 2){pi(¢. 2) = pa(n, 2)} w(d2)
En '

k k
< sup{P(X; & S{1 X1 = €)= P(Xy & S{1 X, = MM —m)
> M

up{l— P(X} € S;| X1 = &) — P(X; € SF|1 X4y = MMM —m)

> M

~ R

k k
={1-ou(@ MY — m{),
where the first inequality follows from Lemma 4.2. The result now follows

by induction with 2 = n, n — 1,...,1. [This proof is based on Doob (1953),
page 198.] O

We are now ready to prove a result corresponding to Lemma 4 in BRR. Let
w(y) = w(2)o*/(Mp()).

LEMMA 4.4. Let k <l and let J C Z such that {k, k+1,...,1—1} C J. Let
Y;={Y;|je J}, then for any 0 € B,

sup sup |Py(X, €AY, X; =€)~ Py(X € A|Y ;, X; =)

Acos &, meX”
-1

< [[(1 - w(Y))).
i=k

Likewise,if l < kand {{+1,14+2,...,k} C J then

sup sup iPO(Xk €A|Y ;, X =6)-Py(X,cAlY,;, X, = ”fl)l
Acos &€, med”

k
= [T Q- o).

i=l+1

PROOF. Consider the case £ < [. Applying Lemma 4.1 on the reversed
chain {X _;},., we get

Po(X;| X141, Y ) = 02 /(Mp(Y))) = o(Y;)/(2) fori=Fk,...,I-1.

Using Lemma 4.3 with §; = o(Y;)/u(2°), we get the stated result. The proof
is similar when [/ < k, applying Lemma 4.1 on the original chain {X,},.,. O
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LEMMA 4.5. Let —-m < —n <k <0.Forany 6in Byand any A, B € o/, we
have

0
|Py(X, € AIYL,) — Py(X, e AIY2)| < [T(1 - w(Y))),
i=k
|P0(Xk € A, Xk+1 €B|Y1n)—P9(Xk GA,Xk+1 S B|Y9n)‘

0
= [T Q- o)),

i=k+1

k
|Py(Xpe AIYL) = Py(X, e AIYL, )| < [T (1-w(Y))),

i=—n

[Py(Xy € A, Xyp1 € BIYL,)— Py(X) € A, X,y € BIYL,)

k
= [T 1-w(Y)).

The first and second expression hold P,-almost surely if n is replaced by oc.
The third and fourth hold P j-almost surely if m is replaced by oo and for both
we can replace Y, and Y, by Y°, and Y°,,, respectively.
PROOF. The first expression can be evaluated as
|Py(Xp e AlYL,)— Py(X, e A|YY,)|
= [, PuCXs € ALY i) (pn | YE) = o YO} sl

<sup Py(X, € A|Y?, Xy = ) — inf Py(X, €AY, X1 =)

174 - -
0

= [[1 - w(Y)),
i=k

where the inequalities follow from Lemmas 4.2 and 4.4, respectively.
As for the second expression,

Py(Xy € A, Xpy € BIYL,)— Py(X) € A, X}y € B|Y?,)|

|
| [ Po(Xy € Alzpr. ¥4,)

X {Py(xp11 Y1) = Pylxpia | Y2,)} m(doxp i)

|Py(X g1 € ST|YL,) — Py(Xpys € 87IY2,)

IA

0
[T = oY)

i=k+1

IA
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Here S* is a set chosen as in Lemma 4.2 and the second inequality follows
from above.

By a martingale convergence theorem by Levy [Hoffmann-Jgrgensen (1994),
page 505], we get, for instance, that Py(X, € A|Y!,) - Py(X, € A|Y!)
P,-almost surely as n — oo. This result shows that we can replace n by co in
the inequalities above.

The third expression is proved as the first by conditioning on X_,_; =
x_,_1 in the integral, and the fourth expression follows from the third by an
argument similar to the one used to deduce the second from the first. The
arguments are identical when replacing Y1, and Y!, with Y° and Y, ,
and the extension to the case m = oo follows from the martingale convergence
argument above. O

Lemma 4.5 corresponds to Lemma 5 in BRR. Having established this result,
the rest of the proof of the CLT for the score function follows the line of these
authors closely. However, we will repeat some of the arguments here since
there are some differences due to our latent process being continuous.

We will for notational reasons denote our observations Y_,,...,Y . The
score function DI(6) is then given by

1
DI(6) = Y. Dlog py(Y,| Y5,

k=—n
where po(Y,|Y*,1) denotes the conditional density of Y, given Y*! and
Dlog py(Y, | Y*,') = Dlog py(Y",) — Dlog po(Y%,1).

Using assumption (A5)(i) to interchange integration and differentiation below
we find that for any j =% — 1, k,

—n»

Hence Dlog p,(Y | Y*.1) is given by
Dlog po(Y | Y*.1) = Eo(Dlog py(Y",, X*,)|YE,)

—n>

— Ey(Dlog py(Y5,', X2, | YEY).

—-n

3

Using the expression for p,(Y*,, X* ) in (1) we find

—n>°

Dlog p,(Y, | Yk

k-1
= 'Z {Es(M (X, Xi1) +v0(Y 1 X)IYE)
@) - -
—Ey(A (X, Xip1) + (Y| XY E, }
+Ey(mo(X )| YE) = Eg(ro(X_,) | Y I

+Ey(vp(Y il Xp) | YE,).
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Now, let

0
m= ) {Eo(/\o(Xi, X))+ Yo(Y ;| X)IYL)

i=—00

(5) 0
— Ey(0 (X, Xi01) + 7YX )Y )}

+ Eo(vo(Y1|X1) | Y1),

The infinite sum is absolutely convergent in L?(P,), as will be shown in
Lemma 4.6, so 1, is a well-defined variable in L2(P,). Let

S = Eo(ﬂ%)-
Letting || - ||, denote the L%(P,)-norm, we have the following lemma.
LEMMA 4.6. There exists a B € [0, 1) and a constant ¢ such that
Hl)loglhxlfl|ifgn)'_ U1H2 = cBn’
for all n.
PROOF. Let
Zy = Ao(Xp Xpp1) + v0(Y | Xp).

By splitting the sums in (4) and (5) we can dominate || Dlog po(Y1|Y?,)—m1ll2
by the sum of the following terms:

(6) Eo(mo(X_) | YL,) = Eg(mo(X_) 1 Y2 )2,
(7 [[Eo(vo(Y1|X1)] Yln) — Eo(vo(Y1]1X4)| Yloo)HZ?
O . .

(8) Y. NEW(Z|Y2,) = Eo(Zy | Y )les Jj=0,1,
k=—[n/2]

—[n/2]-1 . 0

) Y NE(ZR|YZ,) = Eo(Zr|Y2)lle,
k=—n

—[n/2] L o
(10) Y NE(Zy | Y1) = Eo(Zy | Y2 )l

k=—o0

where [-] denotes the integer part. We will show that each of the terms (6)-(10)
can be dominated by ¢B", where 0 < 8 < 1, which proves the lemma. Further-
more, the domination of (10) shows that the sum in (5) is absolutely convergent
as stated earlier.

We will show the domination of (9) and leave the remaining terms to the
reader. We will first consider the part of Z, given by v,(Y ;| X};) in (9). By
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applying Lemma 4.2 and 4.5 we have the following inequality:
|Eo(vo(Y I X 1) | YL,) — Eo(vo(Y I X) [ YY)

= ’/J Yo(Y plxp){po(xp | Y1,) — po(x, | YO,)} m(dxy)

0
< 2sup|yo(Yelx)| [T (1 - o(Y))).
xeZ’ i=k+1

Hence the L2-norm can be dominated as
NEo(vo(Y I X ) YL, — Eo(vo(Y | X) | Y215

< 48 ( By (sup (¥, Ma- w(Yi))Qixz))

xeZ’ i=k+1

(11) o
= 4y Bo((supwo(V4l1X,) TT Eo((1- w(¥))?IX)

i=k+1
<cp*,
where the equality follows by definition of the state space model and where B
is given by

3 w2 )o?\?
B = sup %<1 = Mp(y) ) go(ylx)v(dy)
w2)o?
<sup [ (157207 ool ()
0.2
=1- % 125 /g go(ylx)/p(y)v(dy) < 1,

by assumption (A3). The constant in (11) is finite by assumption (A4). For a
sum of L2-norms we get,

—[n/2]-1
> E(ro(YrlXp) I YL,) = Eo(yo(Y il Xp) | Y2,)lla
k=—n
—[n/2]-1
S c Z B—k/z S CB[n/Z]/Z.
k=—n

The part of (9) involving Ay(X,, X,,1) can be dominated in a similar way,
using (A4) and the second inequality in Lemma 4.4. Hence we have proved
the claimed domination of (9). O

Lemma 4.6 is the final brick needed to prove Theorem 3.1; it tells us
that in the limit the score function is equivalent to a sum of terms like 7.
These constitute a stationary martingale increment sequence, and hence by
a martingale central limit theorem we obtain the stated limit distribution of
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the score function. The proof is identical to the proof of Lemma 1 in BRR,
page 1626.

5. A law of large numbers for the observed information. In this
section we will show Theorem 3.2. As in the previous section we will start with
some lemmas providing inequalities for conditional probabilities. Lemmas 5.1
and 5.3 are multivariate versions of Lemma 4.5.

LEMMA 5.1. Let —-m < —n < k <1 < 0, and let 6 € B,. Then for all
Ceo{(X,Y,):t<l} wehave

0
[Py(C|YL,) = Py(CIY2,)l =< [T(1 - o(Y))).
i=l
Likewise for all C € o{(X,,Y,): t > k} and for j =0,1 we have

k
[Py(C1Y7,) = Py(ClYL,)l < [T (A~ o(Y)).

Proor. Let C € o{(X,,Y,), t <l}. Then
[Py(C|YL,) = Py(C|YY,)|
= [, PuCl Y G|V = pon Y00} )
0
< Py(X; € 8T|YL,) — Py(X, € ST|Y?,) < [T(1 - o(Y))),
i=l

where S* = {x; € 2" | po(x;|Y1,) — po(x;]Y?,) > 0} is chosen as in Lemma
4.2, and the last inequality follows from Lemma 4.5. The second inequality is
derived by a similar argument, by conditioning on X, instead of X;. O

In the next lemma, {X,} denotes any inhomogenous Markov chain, as in
Lemma 4.3.

LEMMA 5.2. Let the setup be as in Lemma 4.3. Let n € Z and let @ be the
measure on &/ @ & defined by

Q(A x B)= P(X, € A)P(X, € B),

for A, B e o/. Then for all C € &/ ® &7,

(X0, X,) € C)— QO)| < [1(1— 8,u(2)).
k=1
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PROOF. Let C, ={x, € 2| (x0, x,) € C}, then
|P((Xo, X,,) € C) — Q(C)

/%,{P(Xn €C,, | Xo=2x)— P(X, € Cy)} Px, (dx)

<[] =8,m(2)).
k=1

Here the last inequality follows from Lemma 4.3 since
|P(X, € Al X,=¢)— P(X, €A)

| |
- ifJ{P(Xn cA|X,=8&-P(X,cA|X,=1)} PXO(dn)i

=supP(X,cA|Xy=¢)—inf P(X,, € A|Xy=17m)
e nez’

< [101 = 8(2). .
k=1

LEMMA 5.3. Let —-m < —-n<k<[<0.Let Qg’ _, be the measure on &/ ® o/
defined by
Q) .(AxB)=Py(X, € A|Y/,)P(X,€B|Y.,)
for j=0,1and A, B e o/. Then forall 6 € By, for C € &/ Q.27 and for j =0, 1,

-1

|Po((Xy, X;) € C1Y7,) = Q5 _,(O)] = [T(1 - w(Y,)),
i=k

0
|Q(g,—n(c) - g,—n(C)| <2 l_[(]' - w(Yi))’

i=l
. . k
1Q)(C) = @), (O) =2 [T (1 - w(Y)).

PROOF. The first inequality follows from Lemmas 5.2 and 4.1. To prove the
second expression we will let C,, = {x € 27| (x, y) e C}, C, ={y € Z"|(x, y) €
C} and proceed as follows:

Q5. _n(C) — @5, _,(O)|

/C{pe(xk 1YL po(xr [ Y1) = P2 | Y2,) Py, | Y2,)} m(daxy)u(dxy)

=<

[REXCAR GBS FEAR I FHCAR SHMCERMEED

[P Y10 = 2| YO0} pota | Y0, ()




528 J. L. JENSEN AND N. V. PETERSEN
< /J [Py(Xp € Co | YL,) = Py(X) € Co | Y2,)] o] Y E,) pl(dy)

+ f@ﬂ |Py(X; € Cy, | Y1) = Py(X; € C, | Y2,)] po(aa]Y2,,) mw(dxy)

0 0 0
<A - o)+ ][]0 - ;) <2][[1 - o(Y);)),

i=k i=l i=l

where the third inequality is given by Lemma 4.5.
The third expression is proved as the second. O

Having established these inequalities, we are ready to prove the law of large
numbers for the observed information. Using (A5)(i) to interchange integration
and differentiation we find

D*log py(Y1|Y2,) = D*log py(Y1,) — D*log py(Y2,)

(12) — Ey(D*log py(X1,,Y2,)|Y2,)

—n>

+ VarO(Dlog pO(Xl Yln) | Yln)

—vary(Dlog py(X2,, Y?,)|Y?),).
Define, for notational reasons,
Zo k= 2o(Xps X 1) + vo(Y | X ) and Zg j, = DAg(X o Xpi1) + Dyp(Y 4 X ).
Inserting expression (1) in (12), we get
D*log py(Y11Y2,)
= Ey(D7y(X )] Yin) —Ey(Dry(X_,)| an)

0
+Ey(Dyy(Y1|X )| Y1)+ Y AEW(Zg x| Y1) = Eo(Zy 1Y)}

k=—n
+vary(yy(Y11X1) | YL,) +vary(74(X _,) | YL,) — vary(ry(X )| Y?,)
0 0
(13) + 2 2 {eovy(Zyh, Zy, | vi) - covy(Zg, 1, Zo,1| an)}
k=—nl=—-n

0
+2 3 {eovy(mo(X_,), Zo x| Y1,) —covy(re(X_,), Zo | an)}
k=-n

0
+2 Y covy(ve(Y1|X1), Zy 1 1 YL,)

k=—n

+2covy(vp(Y1]X1), 7o(X )| YL,).

We then have the following convergence result.
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LEMMA 5.4. As m,n — oo,

sup |D?log py(Y1|Y2,) — D*log py(Y1|Y2,,)|
€5y

— 0,
1

where || - ||; denotes the L}(Py)-norm.

This lemma states that {D?log py(Y|Y?,)} is a uniform Cauchy sequence
in L1(P,). This is important because it proves the existence of a limit in L1(P,)
of D%log py(Y,|Y!,) as n — oo for any 6 € B, and not only 6 = 6,. In the
proof we will need the following lemma.

LEMMA 5.5. Let —m < —n < k <1 <0 and let Z, be defined as above.
Then there exists a B € [0,1) such that the following inequalities hold for
Jj=0,1:

(14) sup | covy(Zo s Zoy | YL,) —cove(Zop Zoy | Y2,)I|| <eB™,
0eB, 1
(15)  ||sup |covy(Zg e, Zg | Y7,) —covg(Zg g, Zo, | Yl < BT,
0<B, 1
(16) sup |covy(Zg g Zoy | Y7,)I|| < e
0B, 1

Above, Z, ; may be replaced by 74(X;) or yo(Y;| X;) for i =k, L.

PROOF. Recall that Z, , = A(X}, Xp, 1) + v9(Y | X;). Thus the covari-
ance of Z, , and Z, ; splits into the sum of four covariance terms involving
Ag and yy,. We will show that covy(vy(Y | X1), ve(Y; ]| X;)|Y) satisfies the
claimed inequalities. The three remaining terms are similar.

To show the first inequality we will consider the expression

SUBP}EG{YG(Yk | X7)ve(Yi | X7) | Yin} —Eo{yo(Y; | X1)ve(Y;| X7) | Y(ln}‘
€5y

|
=sup| [ yy(Yyl)vo(Ys )
0cB, |’ 22

|
x {po(or 2, | Y2,) = poloeg, 2,1 Y2,)} M(dxk):“(dxl)i
=2y (Y (Yy) suBPIPe((Xk, X)) eS*|YL)

— Py((Xy, X;) € 87|YY,))|

0
<2y"(Y)v'(Y) [T - w(Y))).

i=l
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Here y*(Y ) = supgep, SuP,cs (Y r|x)| as defined in assumption (A4), and

the inequalities follow from Lemmas 4.2 and 5.1, respectively. The L!(P,)-
norm of such a term is thus less than

0
2E, (y*afk)y*(Yl) - w(m))

i=l

= 28y By (v (V) ﬁ(l - o(¥))|x}))

0
s2E0(Eo<y*<Yk>|Xk>Eo<y*<Yz>|Xz> i Eo<1—w<Yi>|Xi>)

i=l+1
< 2E,(y"(Y)*)B ' =B,

where the first inequality follows by definition of the state space model, and
where B is given by

2
B = sup Eg(1 — w(Y,)| X, = x) = sup (1 _ ﬂ)go(ylx)wdy) -1,
xe? e VY Mp(y)

by assumption (A3). Assumption (A4) assures that the constant ¢ above is
finite.
The expression

Sug)}Ee{vo(Yk | X YL Ep{ve(Y, | X)) Y1}
€bg

~E{yo(Yil X) Y23 Eo{ye(Y| X)) Y2, }]

1

can be dominated by the same technique, using the second expression in
Lemma 5.3. Hence (14) is proved.

The second inequality (15) is proved as (14) using the second expression in
Lemma 5.1 and the third expression in Lemma 5.3, respectively. As for (16)
we have

sup | covg(ve(Y | Xi), ve(Y | X)) 1 Y2,
€by

= sup

sup| [ (Y| 2)o(Y 1] 37)
€Dy

x {po(xp, x; | an) — Po(xy | Y{n)p(?(xl | an)} p(dxy)mu(dx;)

-1

=2y"(Y )y (V) [T - o(Y)),
i=k

by the first expression in Lemma 5.3. The claimed domination of the L}(P,)-
norm of this term is proved as above. O
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PROOF OF LEMMA 5.4. Considering the expression for D?log p,(Y;|Y?,)
in (13), we will show that the term

0 0
sup| >, > {COVG(Za,k, Zo,| Yim) —covy(Zy s Zo,| Y(im)}
0€Bo | k=—m I=—m
a7 0 0
S XY (e0vuZai Zat | VA= coviZ Zoa | V0| 0
k=—nl=—n 1

as n, m — oo. The remaining terms in (13) can be treated with similar argu-
ments.

Suppose m > n. By symmetry of £ and [/ in the sum in (17) it suffices to
consider the sum over the region where & < [. This region can be further
divided into five subregions,

Dy ={(k,l)eZ?| —[n/2] <k <0, k<1<0},

Dy ={(k,l)eZ?| —n <k <—[n/2], [k/2] <1 <0},
Dy ={(k,1)eZ?| —m<k<-n, [k/2]<1<0},
Dy={(k,l)eZ?| —n<k=<—[n/2], k<1<[k/2]},
D5={(k,l)ezz| —m<k=<-n, k<l<[k/2]}.

We will show that the sum over each of these regions tends to zero in L!(Py)
as n, m — oo, hence proving (17). Using (15) we find that

2

(k,1)eD,

suBPHCOVe(Za,k, Ze,l | Yim) - COVe(Ze,ks Ze,l | ng)}
€by

- {COVG(ZB,k’ Zo, | Yin) - COV@(Ze,ka Zo, | Y(in)}i

1

0 0
<c Z Z Bk-&-n.

k=—[n/2] =k

Using (16) we find that the corresponding sums over D, and D5 are less than

—[»/2] 0 -n 0
c > > B * and ¢ > Bk,
k=—n I=[k/2] k=—m I=[k/2]

respectively, and by (14) the sums over D, and Dj; are dominated by

—[n/2][%/2] -n [k/2]
c Y Y gl oand ¢ ) Y B,
h=—n I=k k=—m 1=k

respectively. Since 0 < 8 < 1 these sums all tend to zero as n,m — oo and
the proof is complete. O
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LEMMA 5.6. The map 6+ D?log po(Y,|Y?,) from By to L'(P,) is contin-
uous.

Proor. Let{6,,} € B, be a sequence such that 0,, — 6 as m — co. We will
show that E¢{|D?*log py (Y|Y?,) — D?log py(Y|Y?,)[} — 0, as m — ooc.
Considering the expression in (13) we must show that terms such as

Eo[|Eem{79m(Yk|Xk)79m(Yz|Xz) | Yl—n} — Ep{vo(Y I X2)ve(Y,| X)) | Yln}”

tend to zero as m — oo. The integrand can be evaluated as

IEem{Vom(Yk|Xk)7’em(Yl|Xl) | Yin} — Eo{vo(Y | X2)ve(Y:| X)) | Yln}}

|
= I/ Yo, (Y &%) e, (Yilx;)
V2

x {po, (o, 21 | Y1) = pyog, 211 Y1)} p(dxg)mu(doxy)

+ '/%Z{Vem(Yk|xk)70m(Yl|xl) = vo(Y rlx2)ve(Yil27)}

x po(ap, x| Y1,) p(dxp)m(dox)

The first term is less than
YY) [ [y, (en x| YE,)
312

= po(ap, x| Y1) m(day)(dixy)

YX )y Xy 1
= T <A1 ~ 2 2 Y—n
(19) pem(Yln) /‘QAQIPGm(xk X )

(18)

= po(xp, x| Y1) g, (YL,)| m(dx)u(dy).

The integral tends to zero as m — oo as can be seen by considering the
simultaneous density

Po, (e, Y2 ) = [y (x0)80, (Y _lx_,)
gZ/VL

(20) 1 1
x 1 {eg, (xi-1, x;) 84, (Yilx;)} [T wn(dx;).

i=—n+1 i=—n
ik, 1
Since the integrand here is continuous and can be dominated by

1
(21) M"2 T hy,(x;) € LY (™),

i=—n
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by assumptions (Al) and (A5), we have from Lebesgue’s dominated conver-
gence theorem that

pf)m(xk’ X7, Yin) - pG(xk7 X, Yln) as m — o0.

Likewise p, (Y!,) = po(Y!,) as m — oo, and hence the integrand in (19)
tends to zero. By (21) the integrand can be dominated in L}(u?), and therefore

(19) tends to zero.
Since the expression in (18) is less than

7*(Yk)7*(Yl)v[Jl2{p0m(xka xl|Y£n) + po(xp, xl|Yln)} u(dxy)u(dx;)
=2y (Y )v"(Y)),

it is dominated in LL!(P,) and hence tends to zero in L!(P,) as m — oc.
The second term can be dominated similarly and tends to zero Pjy-almost
surely, and therefore also in L!(P,), by the continuity of y,. O

(22)

Lemmas 5.4 and 5.6 show that {D?1log p,(Y|Y?,)},.N is a uniform Cauchy
sequence of continuous functions in L}( P,), which proves Lemma 10 of BRR.
The final lemma states a usual property of the Fisher information. With this
result, the remaining part of the proof of Theorem 3.2 is now identical to the
proof of Lemma 2 in BRR, page 1633.

LEMMA 5.7. For any n,
EO{DZ log PO(Y1|an)} = —Ey{[Dlog PO(Y1|Y(ln)]2}-

PrRoOOF. By (3) and (12) we have
(Dlog po(Y1]Y?,))* + D*log po(Y1|Y?,)
= 2| By(Dlog py(X1,. Y2,) | ¥",)?
— Eo(Dlog po(X1,,Y1,)|YL,)

1 0 0
(23) X Eo(D log p()(X_n7 Y—n) | Y—ﬂ):l

+Eo((Dlog po(X1,, Y1,))*|Y1,)
— Eo((Dlog po(X1,,Y2,))*| Y2,)
+ Eo(D*log po(XL,. Y1,)|Y1,)

— Eo(D?log po(X1,,Y?,)|Y2,).

The expression enclosed by parantheses has zero mean. This follows by noting
from (1) that

(24) Dlog po(X!,, YL,)=Dlog po(X1,, Y°,) + (Y1 X)),
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thus

Eo[Eo{Dlog po(XL,. Y1) | YL, }Eo{Dlog py(X",. Y2,)|Y°,}]

—n> —n>

— Eo{Dlog po(XY,, Y1,)Eo{Dlog po(XL,. Y°,)| Y°,})

—n» —n’

— Eo{Dlog po(X",. Y°,)E(Dlog po(X",. Y2,) | Y2,)}

—n’ —n»>

+ Eo{vo(Y1|X1)Eo(Dlog po( XL, Y2, )Y )}

—n>

— Eo{Dlog po(X1,, Y°,)Eo(Dlog po(X1,, ¥°,)[Y2,))

+ EO{EO[VO(Y1|X1)|X1]E0[E0(D10g pO(Xln’ an) | an) | X1]}
= E¢{Dlog po(X",, Y ) Eo(Dlog po(X*,,Y° )Y’ )},

—n» —-n’

where the third equality follows from the conditional independence of Y°, and
Y, given X, and the last equality from the fact that Ey(y,(Y|X1)| X;) =0
by (A5)(i1). The mean of the square bracketed term in (23) is then

2E{Eo(Dlog po(X1,,Y2,)[Y?,)

—n°

x [Eo(Dlog po(X?t,,Y",)|Y?,) — Dlog po(X*,,Y°,)]} =0.

—n’

By (24) the mean of the sum of the four last terms is given by

EO{DZ log go(Y1| X1)} + Eo{(Dlog go(Y | Xl))2}
+2Eo{v(Y1| X;)Dlog po(X*,, Y )}.

—n>

The last term is zero, which is seen by conditioning on X; and using the
argument from above. The sum of the two first terms is zero by assumption
(A5)(i1), which completes the proof. O
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