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ON PREDICTION OF INDIVIDUAL SEQUENCES!

By NicordO CESA-BIANCHI AND GABOR LuGosi?

University of Milan and Pompeu Fabra University

Sequential randomized prediction of an arbitrary binary sequence is
investigated. No assumption is made on the mechanism of generating the
bit sequence. The goal of the predictor is to minimize its relative loss (or
regret), that is, to make almost as few mistakes as the best “expert” in a
fixed, possibly infinite, set of experts. We point out a surprising connection
between this prediction problem and empirical process theory. First, in
the special case of static (memoryless) expert, we completely characterize
the minimax regret in terms of the maximum of an associated Rademacher
process. Then we show general upper and lower bounds on the minimax
regret in terms of the geometry of the class of experts. As main examples,
we determine the exact order of magnitude of the minimax regret for the
class of autoregressive linear predictors and for the class of Markov
experts.

1. Introduction. Consider the problem of predicting sequentially an
arbitrary binary sequence of length n. At each time unit ¢t = 1,..., n, after
making a guess, one observes the #th bit of the sequence. Predictions are
allowed to depend on the outcome of biased coin flips. The loss at time ¢ is
defined as the probability (with respect to the coin flip) of predicting incor-
rectly the ¢th bit of the sequence. The goal is to predict any sequence almost
as well as the best “expert” in a given set of experts. In this paper we
investigate the minimum number of excess mistakes, with respect to the
mistakes of the best expert, achievable in a worst-case sense; that is, when no
assumptions are made on the mechanism generating the binary sequence.

To formally define the prediction problem, we introduce the notion of
expert. An expert F is a sequence of functions F,: {0,1}'"' - [0,1], ¢ > 1.
Each expert defines a prediction strategy in the following way: upon observ-
ing the first £ — 1 bits y' ' =(y,,...,y,_1) €{0,1}'" !, expert F predicts
that the next bit y, is 1 with probability F,(y’~1).

We now describe the binary prediction problem as an iterated game
between a predictor and the environment (see also [29]). This game is
parametrized by a positive integer n (number of game rounds to play) and by
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a set 7 of experts (the expert class). On each round ¢ = 1,..., n:

1. The predictor picks a number P, € [0, 1].
2. The environment picks a bit y, € {0, 1}.
3. Each F € . incurs loss |F,(y'~1)-y,| and the predictor incurs loss | P, — y,|.

For each positive integer n, one may view an expert F as a probability
distribution over the set {0, 1}" of binary strings of length n such that, for
each y'~! €{0,1}'" 1, F,(y'~!) stands for the conditional probability of y, = 1
given the past y’ ! (Here y° denotes the empty sequence.) In this respect,
the loss |F.(y'"!) — y,| of expert F at time ¢ may be interpreted as the
probability of error P{X, # y,} if the expert’s guess X, € {0,1} were to be
drawn randomly according to the probability P{X, = 1} = F,(y'" ).

As our goal is to compare the loss of the predictor with the loss of the best
expert in ., we find it convenient to define the strategy P of the predictor in
the same way as we defined experts. That is, P is a sequence of functions P,:
{0,1)"* > [0,1], ¢t > 1, and P predicts that y, is 1 with probability P,(y’~ 1),
where y'~! is the sequence of previously observed bits. Note that the predic-
tor’s strategy P may (and in general will) be defined in terms of the given
expert class 7. Finally, as we did with experts, for each n > 1 we may view
the predictor’s strategy as a distribution P over {0, 1}" and interpret the loss
|P(y*~") — y,| as the error probability P{Y, # y,}, where the prediction Y, €
{0, 1} is randomly drawn according to the probability P{Y, = 1} = P,(y'™ 1.

We now move on to define some quantities characterizing the performance
of a strategy P in the prediction game. The cumulative loss of each expert
F € 7 is defined by

n def ‘ t—1
Lp(y") = Z'Ft(y )_yn|’
t=1
and the cumulative loss of the predictor using strategy P is
def B
Lp(y") = L [P(y™") =l
t=1
The goal of the predictor P is to minimize its worst-case regret, defined by
def .
R,(P,5)= max (Lp(y") — inf Ly(y")).
y"{0,1}" Fes

Finally, we define the minimax regret as the smallest worst-case regret
achievable by any predictor,

def
V(%) = mgan(P,JOT),

where the minimum is taken over the compact set of all distributions P over
{0, 1}”. In the rest of this work, we show that V (%) is characterized by metric
properties of the class .#, and we give examples of this characterization for
specific choices of F.
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The first study of the quantity V, (&), though for a very specific choice of
the expert class %, goes back to a 1965 paper by Cover [8]. He proves that
V(%) = O(/n ) when & contains two experts: one always predicting 0 and the
other always predicting 1. A remarkable extension was achieved by Feder,
Merhav, and Gutman [10], who considered the class of all finite-state experts.
In particular, they show that V (%) = O(V2*n) when % contains all kth
order Markov experts (a subclass of all finite-state experts). Cesa-Bianchi et
al. [4], building on results of Vovk [28] and Littlestone and Warmuth [18],
consider arbitrary finite classes of experts and prove that the minimax regret
is bounded from above as

(1.1) V(%) < /(n/2)nl7].

(In fact, the bound shown in [4] has a slightly different form. The above
inequality is proved in Theorem 1 below.) This surprising result shows that
there exists a prediction algorithm such that the number of mistakes is only a
constant times yn larger than the number of errors committed by the best
expert, regardless of the outcome of the bit sequence. (Typically, the number
of mistakes made by the best expert grows linearly with n.) Moreover, the
constant is proportional to the logarithm of the size of the expert class.

In [4] it is also shown that the upper bound (1.1) is asymptotically tight in
a worst-case sense. That is, for each N > 1 there exists an expert class F; of
cardinality N such that

V (s
lim inf lim inf ()

—— =1
N-o= n-= /(n/2)lnN

The approach taken in this paper is different. We treat % as a fixed class and
try to estimate the size of the minimax regret V,(¥) for this class. It turns out
that for a fixed class, the order of magnitude of V, (%) may be significantly
smaller than i/(n/2)Inl7]. (Just consider a class & of two experts such that
the predictions of the two experts are always the same except in the first time
instant ¢ = 1. In this case it is easy to see that V,(#) = 1/2.) In general, the
value of V(%) depends on the geometry of the expert class. As the above-
mentioned examples of Cover and Feder, Merhav and Gutman show, even for
infinite classes of experts one may be able to determine meaningful upper
bounds.

The paper is organized as follows: in Section 2 we give a new simple proof
of inequality (1.1) and extend it to expert classes defined as a convex hull of
finitely many experts. In Section 3 a special type of experts is considered.
These so-called static experts predict according to prespecified probabilities,
independently of the past bits of the sequence. In this special case it is
possible to characterize the minimax regret V,(¥) by the maximum of a
Rademacher process, which highlights an intriguing connection to empirical
process theory. In Section 4 we use the insight provided by the example of
static experts to define a general algorithm for prediction, and derive a
general upper bound for V,(%). In Section 5 lower bounds for V (%) are
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derived. To demonstrate the tightness of the upper and lower bounds, we
consider two main examples: In Section 6 we derive matching upper and
lower bounds for the class of kth order autoregressive linear predictors.
Finally, in Section 7 we take another look at the class of Markov experts of
Feder, Merhav and Gutman [10].

2. Finite classes and their convex hulls. We start with a new short
proof of (1.1). The algorithm is a simple version of a “weighted majority”
method proposed by Vovk [28] and Littlestone and Warmuth [18]. However,
whereas previous analyses of this algorithm did not get the best leading
constant of (1.1), we are able to do so using a proof technique similar to that
used for proving [3], Theorem 5.

THEOREM 1. For any finite expert class #, define the predictor strategy P
by
p (ytfl) d:ef Yres eXP( - nLF(yt_ 1))Ft(yt_ 1)
! Lpesexp(—nLg(y'™1)) 7

where n > 0 is a parameter. If n = \/8In|F|/n then, for any y" € {0, 1}",

7
Lp(y™) — myinLF(y”) <y §1H|7|-

Proor. Fix an arbitrary sequence y” € {0, 1}". Define W, = In|#], and for
all £ > 1 let

W, = Y exp(—nLg(y'"")).

Fes
Then
w,
In WH = ln( Y exp(—nLF(y”))) — Inl#]
1 Fes
(2.1) _ n _
> ln(?géexp( nLp(y ))) In|F]

= —qgminL,(y") — 1 .
mminLy(y") — Il
On the other hand, foreach t =1,...,n

n Wi _ n T exp(—n|F,(y'" ") — y,|)exp(—nLp(y'" "))
W, Ly exp(—nLp(y' 1))

= lnEFNQt[eXp(_n|Ft(yt_1) - yt)] ’

where E; _, denotes expectation taken with respect to a distribution @, on
& which assigns a probability proportional to exp(—nLp(y’~ 1)) to each
F € 7. Recalling Hoeffding’s bound [16] on the moment-generating function
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of bounded random variables (see also [9], Lemma 8.1), we observe that

lnEFNQt[exp( - 17|Ft(yt_1)-yt |)]
2

_ n
< —mEp_o|F(y) —y |+ 5
72
(2'2) = _77|EF~Qt[Ft(yt_1)] _yt|+§
2
t-1 "
(23) = =Py ) =yl + 5
where equation (2.2) holds because y, € {0, 1}, and (2.3) holds by definition
of P,.
Summing over ¢ = 1,...,n we get
2
n n
In—% < —qyLp(y") + —n.
W, P 8
Combining this with (2.1) and solving for L,(y") we find that
InlFl 7
Lp(y") < myinLF(y”) + + 3"

Finally, choosing n = y/8In|#|/n yields the desired bound. O

The upper bound of Theorem 1 may be easily extended to infinite classes of
experts which may be written as a convex hull of finitely many experts:

THEOREM 2. Let F, ..., FNY) be arbitrary experts, and consider the class
F of all convex combinations of FV, ..., F™), that is,
N ‘ N
F={ L qFP:qy,...,qy 20, )} q;=1}.
j=1 j=1
Then

V(%) </(n/2)InN.

PrOOF. The theorem immediately follows from Theorem 1 and the simple
fact that for any bit sequence y” € {0,1}" and expert G = Zjvzlqu(f) eEF
there exists an expert among F@,..., F¥) whose loss on y" is not larger
than that of G. To see this note that

Z |Gt(yt71) _yt|
t=1

Le(y™)

N
Z qut(j)(yt_l) — Y

1]j=1

Il
M=

t
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N
Z |F(J)(yt 1) yt|
Jj=1

Z |Ft(j)(yt_1) _yt|

Il
M:

t

I
-

I
u Mz

I
=

quFm(y")

~.
Il
—

\

min LF( _])(y ) O
J=1,..

3. Prediction with static experts. In this section we study the impor-
tant special case when every F' € .7 is such that the prediction of F' at time ¢
depends only on ¢ but not on the past y'~!. We use F, € [0, 1] to denote the
prediction at time ¢ of a static expert F. Thus, F,(y'"!) = F, forallt = 1,...,n
and all y'~! € {0, 1} L. Such experts are called static in [4]. When interpret-
ing experts as probability distributions on {0,1}", this means that every
expert corresponds to a product distribution. Note that every static expert
is determined by a vector (Fl, .. F ), and .% may be thought of as a subset
of [0, 1]".

Next we derive a formula for the minimax regret of any (finite or infinite)
fixed class & of static experts. This enables us to derive sharp upper bounds,
as well as corresponding lower bounds, in terms of the geometry of #. We
start by observing that a previous characterization of the minimax regret,
implicitly shown in [4], corresponds to the expected supremum of a class of
random variables.

THEOREM 3. For any class & of static experts,

V.(9) = [sup Y (%— ) 1—2Y)}

FeFt=1

where Y,,...,Y, are independent Bernoulli (1/2) random variables.

PRrROOF. From the statement of [4], Theorem 3.1.2, page 441, we have that
if Y,,...,Y, are independent Bernoulli (1,/2) random variables, then

V.(5) = Z—E[;nf Y IF - Yl]

=8 3 (5 17|

[sup E(3-Fla- 214)}-

FeF =1

REMARK. The fact that V(%) = (n/2) — Elinf, ., X7 ,|F, — Y,]] may be
proved very easily, and, in fact, it can be extended to classes of arbitrary
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experts (see Theorem 10 below.) The more involved proof of the other direc-
tion, given in [4], is based on an inductive argument and exhibits a minimax
optimal prediction algorithm achieving V, (&) for any class of static experts 7.
The algorithm (described in this form in [7], Section 2.6.2) is as follows:
suppose y" € {0,1}" is the sequence to predict. Then the prediction at each
time t =1,...,nis

inf, Ly(y'~'0Y""") — infyLF(ytllY”t)l

1
Py )=+ E[ 5

Theorems 4 and 5 below provide performance bounds for this algorithm. O

With a more compact notation, Theorem 3 states

1 noo
(3.1) V() = —E[ sup ), FtZt},
2 FeF =1
where Z,,..., Z, are independent Rademacher random variables (i.e., P{Z, =

-1} =P{Z, = +1} = 1/2) and each F’t is the constant 1 — 2Ft. Rademacher
averages of this type appear in the study of uniform deviations of averages
from their means, and they have been thoroughly studied in empirical
process theory. (For excellent surveys on empirical process theory we refer to
[23] and Giné [13].)

Based on the characterization (3.1) of V, (%) as a Rademacher average, we
get the following two results, which give useful upper and lower bounds for
the minimax loss in terms of certain covering numbers of the class of experts.
These covering numbers are defined as follows. For any class % of static
experts, let N,(Z, r) be the minimum cardinality of a set .7, of static experts
(possibly not all belonging to .#) such that

n
(VFes)(3Ges) Y (F-G) <r
t=1

THEOREM 4. For any class ¥ of static experts,

V(7)< 12"\ /In(Ny(5, r) + 1) dr.
0

ProOF. According to (3.1), it suffices to derive the upper bound for the
Rademacher process characterizing V, (). Such bounds are well known; the
bound given here is Dudley’s metric entropy bound and may be proved by the
technique of “chaining,” as explained very nicely in [23]. O

Theorem 4 may be used to obtain bounds which are not achievable by
earlier methods (see examples below).

THEOREM 5. Let .7 be a class of static experts containing F and G such
that F, =0 and G, =1 forallt = 1,..., n. Then, for some universal constant
K>0,

V() = Ksup r‘/ln Ny(7,r) .
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Theorem 5 is a direct consequence of (3.1) and Corollary 4.14 in Ledoux
and Talagrand [17]. In most cases of static experts, Theorem 5 gives a lower
bound matching (up to a constant factor) the upper bound obtained by
Theorem 4. (See [26] for a detailed discussion about the tightness of such
bounds and possible improvements.) Now we describe two natural examples
which show how to use the above results in concrete situations. We start with
the simplest case.

Let .7 be the class of all experts F €. of the form F,(y'~') = p regardless
of ¢t and the past outcomes y‘ . The class contains all such experts with
p € [0, 1]. Since each expert in .7 is static, and N,(Z, r) < Vn /r, we may use
Theorem 4 to bound the minimax value from above. After simple calculations
we obtain

V,(F) <cin

for some constant c¢. Note that in this case one may obtain a better constant
by different methods. For example, it follows from Theorem 2 that

V(%) <y(n/2)In2.

Thus the bound of Theorem 4 does not give optimal constants, but it almost
always gives bounds which have the correct order of magnitude. In this
special case the sharpest upper and lower bounds may be directly obtained
from Theorem 3, since

V() —E| s ¥ (3-p)1- 21@)]
| pel0,1]t=1

=E_max{z<%—m, > (

t=1 t=1

~
|
D[ =
N
—_
L ]

-E L (-¥)

Now on the one hand, by the Cauchy—Schwarz inequality,

PICERIIE \/E(Z( ) -5,

and on the other hand, Khinchine’s inequality (see [25]) for the expected
deviation of binomial random variable from its mean implies

L n
Zlz-%)=5:
Summarizing the upper and lower bounds, for every n, we have
V()
Vn

(For example, for n = 100, there exists a prediction strategy such that for
any sequence y,..., Y190 the number of mistakes is not more than that of the

E

E

0.3535 < < 0.5.
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best expert plus 5, but for any prediction strategy there exists a sequence
Y1, ---> Y100 Such that the number of excess errors is at least 3.) Note that by
the central limit theorem, V,(%)/ Vn — 1/ V27 = 0.3989 (this exact asymp-
totical value was originally shown in [8]). It is easy to see that Theorem 5 also
gives a lower bound of the right order of magnitude, though with a subopti-
mal constant.

We now show a case where Theorem 4 yields an upper bound significantly
better than those obtainable with any of the previous techniques. Let ¥ be
the class of all static experts which predict in a monotonic way; that is, for
each F € 7, either F, < F,,, forallt > 1or F, > F, , for all ¢ > 1. In view of
applying Theorem 4, we upper bound the log of Ny(&, r) for any 0 < r < Vn .
Consider the class # of all monotone static experts taking values in

{2k + V)r/Vn:k=0,1,...,m},

where m is the largest integer such that (2m + 1)r/Vn <1. Then m
< [\/E / (2r)J. Let d = m + 1 be the cardinality of the range of the functions

7. Clearly, Ny(7,7) < |7l < 2"} 9). Using

ln(n +d
d

and n/d <2r/n we get In Ny(%,r) = O((/n /r)In(rn)). Hence, applying
Theorem 4, we obtain

) <d(In(1 +n/d) + 1)

V.(F) = O(\/n log n )

Note that this is a large “nonparametric” class of experts, yet we have been
able to derive a bound which is just slightly larger than those obtained for
finite classes. _
In the special case of static classes & such that F, € {0, 1} for each F € &,
a quantity which may be used to obtain good bounds on the covering numbers
is the Vapnik—Chervonenkis (VC) dimension [27]. If a class . has VC-dimen-
sion bounded by a positive constant d, then, using a result of Haussler [15],
Theorem 1, one may show that
4
2’

For such classes, Theorem 4 gives V(%) = O(/dn ), which was not obtainable
with previous techniques. Note that this bound cannot be improved in
general. In fact, [15], Theorem 2, exhibits, for each positive integer d > 1 and
for each n integer multiple of d, a class .%; with VC-dimension d and such
that

Ny(7,r) <e(d +1)

d

Ny(Fy,r) = (2e(2r—2+d)

Hence, the above discussion and Theorem 5 together yield V(%) = 0(/dn).
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4. Chaining: a general prediction algorithm. In this section we
obtain general upper bounds for binary prediction without assuming that
the experts in .7 are static. Our aim is to extend the upper bound (1.1) to
arbitrary (i.e., not necessarily finite) expert classes. The simplest way to do
this is by discretizing the expert class, that is, taking a finite set of experts
that approximately represent the whole class, and use the algorithm de-
scribed in Theorem 1 for the finite class. As we will shortly see, this leads to a
simple but suboptimal upper bound. To state this bound, we need to intro-
duce a notion of covering numbers for a nonstatic expert class: The r-covering
number N{(Z, r) of a class .F of experts is the minimum cardinality of a set .7,
of experts such that

(VF eﬁ)(v y" e {0,1}")(3 GeZ) gn: |Ft(yt’1) - Gt(yt’1)| <r.

Then we have the following easy consequence of (1.1).

COROLLARY 6. For any expert class 7,

[nln Ni(ZF,r) )
r+ T .

ProoF. For each r > 0, the r-covering 7, satisfies V(%) <r + V (7).
Applying (1.1) to bound V, (%) yields the upper bound. O

V(%) < inf
r>0

Note that for finite classes this bound is at least as good as (1.1) as,
trivially, N(Z, r) < |#]. Corollary 6 provides a quite acceptable upper bound
in many cases, though sometimes it is way off mark. One such example is the
class of “monotone” experts considered in Section 3. For this class Theorem 4
implies V,(¥) = O(y/n log n ), while the best bound one can get by Corollary 6
is about the order of n?/3. Indeed, it is easy to see that In N(,r) =
O((n/r)n r). Taking r = n?/3 shows that V(%) = O(n?/3(In n)'/3).

To achieve the near-optimal upper bound of Theorem 4 in the case of static
experts, a technique called “chaining” is used, a standard method in empiri-
cal process theory. For nonstatic experts, however, unfortunately we do not
have a characterization of the minimax regret by an empirical process. Still,
the idea of chaining turns out to be useful even in this case. Next we use this
idea to define a prediction algorithm, and derive a performance bound, which,
in turn, leads to a general upper bound on V (&) of the same form as the
upper bound stated in Theorem 4 for static experts, albeit we use a somewhat
stronger notion of covering numbers.

In the argument below we need the assumption that the expert class & is
such that all predictors are bounded away from 0 and 1. That is, there exists
0 < 8 < 1/2 such that for every F €., t <n, and y'" ! €{0,1}'" 1, F,(y'™ 1)
€[68,1 — 6]. We call such a class 6-bounded. We do not know whether it is
possible to drop this assumption, but the predictor presented here does not
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seem to work for classes of experts not satisfying such a property. In the
remainder of this section we assume that & is §-bounded.

We start by defining the covering number used in the bound. For any class
F of experts, define the metric p by

p(F,G)= max |F(y') = Gy ).
1<it<n
y*e{0,1}"

For any ¢ > 0, an &-cover of & (with respect to the metric p) is a set &, C.F of
experts on {0, 1}" such that for all F' € .7, there exists an expert G € .%, such
that p(F,G) < . The e-covering number N/(Z, ) is the cardinality of the
smallest e-cover of 7.

We now move on to the description of the predictor P for a 8-bounded class
of experts &. For all & > 1, define

1-26
“6T 901 + 28)
Let &, be an ¢,-cover of 7 of cardinality N, = N(%, ;). Define &, = {F©}
as the singleton class containing the static expert F® such that F® = 1/2

foreach t =1,...,n.
For each k£ > 1 define @, as the class of all experts of form

(28)" and a, = (1-28)(26)" ..

def 1 1 ~
Q=5+ a_k(pt(k) — F(t-)
for each pair (F*~ D F®) e g, | x £, satisfying the condition
p(F® F*-D) < q, /2. By definition of the metric p and by the above condi-
tion,

1 1 1
_ F(k) t—1 _F(kfl) t—1 _ F(k) F(kfl) —.
G S EE Y = e, FE) <

This implies that each @ € @, satisfies 0 < @,(y'~!) < 1 and, therefore, is
indeed a bona fide expert.

Now, for each 2 > 1 we choose a predictor P, for example, the one
defined in Theorem 1, such that its minimax regret with respect to the finite
class @, achieves the bound (1.1). Namely, for all y" < {0, 1}",

n
(4.1) Lp(k)(yn) - énlél?l LQm(y”) < Eln|@’k| =yn In N, ,
S
where the last inequality holds because |@,| < N, N,_, < N?2. Define P by
def &
P,E Y a,P®.
k=1

Note that X} _,a, = 1, and therefore P is indeed a valid predictor, taking
values in [0, 1].
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THEOREM 7. For all classes & of 8-bounded experts and for the predictor P
defined above,

o ) 1+ 25
Lp(y™) — I;IEI;LF(y ) < 5

m\/;fo In N(7, ¢) de.

Proor. We fix a sequence y" and, to simplify notation, we write F,
instead of F,(y'"'). Let F* €% be an expert for which Lz.(y") =
inf . > Ly(y™). [If no such F* exists, for any small £ > 0 we may consider an
F* such that L;.(y") <infp_,Lz(y") + & and the same proof works.] Con-
sider the “chain,”

FO FO ..
formed by experts F**) € 2, satisfying
p(F® F*) <eg,, k=1
Note that such a chain exists by the definition of the £,’s. Now, as
;}i_{ll p(F® F*) =0,
we may write
Ff = lim F®

k>

—FO + Y (F® - Ft-D)

k
% + Z (Ft(k) - Ft(kil))
E=1

o]

- T aQ®
k=1
where
1 1
(4.2) Q" = 3 + Z(Ft(k) — Ft(k_l)).

CLAM 8. For each k > 1, the expert Q® defined in (4.2) belongs to @,.

ProOF. We must check that p(F®), F*~1Y) < q,/2 for each k > 1. For
k=1,
1 a,

F,FO) < — —5= —

p(F,FD) < 5 2

for each F € Z,, due to the §-boundedness of & [recall that F© predicts 1,/2
all the time]. Now take & > 2. By the triangle inequality, we clearly have

ay

p(F® FE-D) < p(F® F*) + p(F*,F* V) < g, + ¢, , = 5

and this concludes the proof of the claim. O
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Thus, forall t = 1,...,n

k
Zath( )_yt -
k=1

) ak“Pt(k) _yt| _|Q§k) _yt”‘
k=1

|Pt_yt|_|Ft* _yt| ngk)_yt

(4.3)

Therefore, summing the above equality over ¢ = 1,..., n and applying (4.1) to
each predictor P®), £ > 1, we obtain

Il
s

Lp(y") = inf Ly(y") ap(Lpi(y™) — Lo (y™))

1

k

IA
s

(Lp<k>(y”) - gggkLQ(y”))

a,y/nln N,

1

a,y/nlIn N7, &,)

k

1

IA
s

k

I
gl

k=1
> 1+26
=Vn Z m — &) VIn NAF, &)
1+ 26
<vn

SEE—:7zgijﬂ'¢hlpJ0/ 8) d8,

as desired. O

The predictor P can be easily modified to avoid the infinite sum. Define the
new predictor P’ by

t—1 x
def
(4.4) P= Y a,PP+ Y a,.
k=1 k=t
Here, only PY, ..., P"~ D are actually used to predict any sequence y”. More

precisely, each P® is only used to predict the n — & bits y,, ;,...,y,. The
performance of P’ is derived from (4.3) as follows:

t—1

(4.5) |P/ —y|—IF} —y,l< Zak[|Pt(k)_yt|_|ng)_yt|] + Zak
k=1 k=t

Note that

Y a, = (25)t_1-
k=t
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Therefore, summing (4.5) over ¢t = 1,..., n, we get

n t—1 n
Lp(y") = infLp(y") < X ¥ o[|P® -y, -|@% —y,[] + L (26)""
Feg t=2k t=1

-1
T F el -lew ]

< ay, T el T Tyl
k=1t=k+1 t t t t to20
n—1 1

= ap(Lpw(yii1) — LQ(’”(y’? 1))+
= ( + + ) 1—-26
n—1 1

< X ak(Lw(y;?ﬂ) - &%LQUZH)) T 125

IA

n—1 1
Y a,(y(n —k)In N, | + %5
k=1

[Here and in what follows, y? = (v,,¥,:1,-..,¥,) for p <q.]
Hence, concluding the proof as we did in Theorem 7, we obtain the
following.

COROLLARY 9. For all classes F of 6-bounded experts and for the predictor
P’ defined above,

1426
5(1—25)

Lp(y") = inf Ly(y") <vn [01 In N7, ) de +

1-28"

5. Lower bounds. In this section we derive lower bounds for the mini-
max regret V, () of general classes of experts. Recall that in the case of static
experts, by Theorem 3, we have the following characterization:

V(5 =E[sup 5 (3 - F)1- zm},

FeFt=1

where the Y;’s are independent Bernoulli (1/2) random variables. Unfortu-
nately, this equality is not true for general classes of experts. However, the
right-hand side is always a lower bound for V, (%), and the following inequal-
ity is our starting point.

THEOREM 10. For any expert class 7,

V.(9) = E|sup ¥ (5 - F(Y* )1 - 2¥,) |,

FeFt=1

where Y1, ...,Y, are independent Bernoulli (1/2) random variables.



PREDICTION OF INDIVIDUAL SEQUENCES 1879

Proor. For any prediction strategy P, if Y, is a Bernoulli (1/2) random
variable then E|P,(y'"!) — Y,| = 1/2 for each y’~!. Hence

V() =R, (P,7)
max |L ") — inf L n
yneme( p(y") = inf Lp(y"))

E[Lp(Y") = inf Le(Y"))]

%

n
— —E|inf L, (Y™
2 [1«129 #( )]

~Blmp T (3 - R - 2w o

| FeF ¢t=1

Theorem 10 will be directly applied in Section 6 to the class of linear
experts. Next, we prove a different lower bound on V(%) in terms of the
packing number of % with respect to a random metric. This result will be
applied in Section 7. We make use of the following notations.

For any class & of experts and for all y" € {0, 1}", &~ is the class of static
experts F' such that F} = F,(y'™ ).

For each expert F, for all ¢t =1,...,n and for all z =(z4,...,2,.1 €
{1, +1}' ' wedefine F, by F(z:" 1) =1 - 2F(1 — 2)/2,...,0 — 2, ,)/2).

As we did in the case of static experts, we write the inequality proved in
Theorem 10 using the more compact notation,

t—1

(5.1) ‘%%Z%FWZEMHM+
FeFt=1
where Z,, ..., Z, are now independent Rademacher random variables.

THEOREM 11. Let F be a class of experts containing two static experts F
and G such that F, = 0 and G, = 1 for all t. If there exists a positive constant
¢ such that

(5.2) E| sup ZF‘t(Ztl)Ut} ScE[sup Zﬁt(ztl)zt},
Feg=1 FeFt=1
where Z,,...,Z,,U,,..., U, are independent Rademacher random variables,
then
K S
V(F) = %E[sgpr‘/ln Ny(Fyn, 1) ],
where Y,,...,Y, are independent Bernoulli (1/2) random variables and K is

the universal constant appearing in Theorem 5. In particular, if in addition
to the above, for some r > 0, there exists a set &, of experts such that with
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probability at least 1/2 it is an r-packing with respect to the (random) metric,

dy(F,G) = \/ L (R(Y) - Gr )
then

Kr
V(%) = 4—‘/1n|?r|.
c

ProoF. For each fixed y" € {0, 1}", we can apply Theorem 5 to the static
class &, and prove

E[sup y th(zt—l)[]t} szupR‘/ln Ny(Fyn,1) s

FeFt=1 r

where z, = 1 — 2y,. Then, by averaging over y", we get

\%

n

1 oo
(%) = EE[sup Y Ft(Ztl)Zt} by inequality (5.1)
Fegt=1

[\

1 oo
—E[Sup ZFt(Zt‘l)Ut} by hypothesis
2c FeF =1

K R
> ZE[S?pr\/IH Ny(Fyn, 1) }
concluding the proof of the first statement. The second statement is a trivial
consequence. [

6. Linear predictors. In this section we study the class &, of kth order
autoregressive linear predictors, where & > 2 is a fixed positive integer. As
each prediction of a kth order autoregressive linear predictor is determined
by the last & bits observed, we add an arbitrary prefix y_,.,..., ¥, to the
sequence y" to be predicted. We use y{_, to denote the resulting sequence of
n + k bits. Accordingly, for such predictors the minimax regret is redefined
by

V(%) =min max (Lp(yi) — inf Le(yi ).

Pooyn efo, 1tk

where
Lp(yi4) = X |PAyi7}) — |
t=1
and Ly(y?_,) is defined analogously. Similar remarks hold for the next

section.
The class ., contains all experts F such that

k
F(yiZh)= L ay.
i=1
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for some q,,...,q, > 0 with ©*_,q, = 1. In other words, an expert F predicts
according to a convex combination of the 2 most recent outcomes of the
sequence. Convexity of the coefficients g, assures that F,(yi~}) €[0,1]. The
same class of experts (without the convexity assumption) was considered also
by Singer and Feder [24], who studied a rather different problem. The main
result of this section determines the exact order of magnitude of the minimax
regret for .%,.

THEOREM 12. For any positive integers n and k > 2,

nlnk
Vn(ffk) < T = 0.707Vn1In k
and for all k > 5,

Vi#) (11 i
lim inf = VinE -y
(6.1) TR 2 (4 4e) n 87

= 0.158VIn £ — 0.199.

Moreover

i inf oo an(fZ”k) L o707
1;2 inf lim in Tk & .707.

REMARKS. For small %, the lower bound (6.1) holds vacuously. However,
for all k& > 2, one can prove that liminf, . [V,(%,)/Vn] > 1/6. With more
work is also possible to obtain nonasymptotical lower bounds of the “right”
order vnln £ by studying the rate of convergence in the martingale central
theorem used in the proof below. Such nonasymptotical bounds will be
derived for the class Markov experts in Section 7. Finally note that the last
statement implies that the upper bound cannot be improved: the constant
1/V2 is optimal.

ProoOF. The first statement is a straightforward consequence of Theorem
2 if we observe that .#, is the convex hull of the & experts F,..., F®*
defined by

FO>y"Y) =y, i=1,...,k.

We prove the second statement by applying directly Theorem 10 in the
compact form (5.1),

1 no 1 n
V(%) = <E| sup ¥ F(2°1)Z,| = —E[ max Zztz“],
2 Fe¥, =1 2 1<i<k ,_4

where Z_,  4,...,Z, are independent Rademacher variables and the last step
holds simply because a linear function over a convex polygon takes its
maximum in one of the vertices of the polygon.
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Consider now the k-vector X, = (X, ;,..., X, ;) of components
def 1 2
X,,=— ) 2,2Z,_,, i=1,...,k.
n,t ‘/; t=21 t =t
By the “Cramer—Wold device” (see, e.g., [2], page 48), the sequence of vectors
{X,} converges in distribution to a vector random variable N = (N, ..., N,) if
and only if ©}_,a;X, ; converges in distribution to £¥_,a,N; for all possible
choices of the coefficients a, ..., a,. Thus, consider

n k

k 1
a;X,, = — ) Z a;Z,_;.
izzl ' Vn t§1 tizzl '

It is easy to see that the sequence of random variables Vn. X,,n=12,...,
forms a martingale with respect to the sequence of o-algebras %, generated
by Z_,.1,-..,2Z, Furthermore, by the martingale central limit theorem (see,
e.g., [14], Theorem 3.2), Xf_,aX, ; converges in distribution, as n — =, to a
zero-mean normal random variable with variance Y*_,a?. Then, by the
Cramér—-Wold device, as n — o, the vector X, converges in distribution to
N =(Ny,...,N,), where N,,..., N, are independent standard normal ran-
dom variables.

Convergence in distribution implies that for any bounded continuous
function ¢: #* — %,

(62) lim B[y(X, 1., X, 0] = E[6(Ny,.., Ny)].

Consider in particular, the function (x,,...,x,) = ¢;(max; x;), where
L > 0, and ¢;, is the “thresholding” function,

—-L, ifx< —L,
d(x) =< x, if |x| <L,
L, if x > L.

Clearly, ¢; is bounded and continuous. Hence, by (6.2), we conclude that

lim E[(bL( max X, )] [d)L( max N)]

n—ow 1<i<k 1<i<k

Now note that for any L > 0,
E[ max X, ]
1<i<k

> E[@L( max X, )] + E[(L + max X, s, x, < 1]

1<i<k 1<i<k
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where

‘E[(L + max Xn,i)I(maxlgiganyi@L)]

1<i<k

= E[( 1IEia<XkX”’i _L)I(‘maxlsistn,i|*L>0)}
-/ P{ max X, .| > L +u} du

0 1<i<k
=/P{ max X, ; >u}du

L 1<i<k ’

< ["k max P{X, | > u) du
l 1<i<k ’

< 2k/mexp(—u2/2) du
L

(by the Hoeffding—Azuma inequality)

< Zk'f;o 1+ % exp(—u?/2) du
2k L?
:fm«?
Therefore, we have that for any L > 0,
2k L’
iminfE] max X, = B o, max )] - x| - |

Letting L — « on the right-hand side, we see that
liminfE[ max Xn,i] > E[ max Ni].

n— o 1<i<k 1<i<k
(Note that one can similarly show that, in fact, E[max,_;_, X, ;] -
E[max,_;_, N;] as n — ».) Using a standard estimate for the expected value
of the maximum of £ independent standard normal variables (see, e.g., [17],
page 80), which holds for £ > 5, we obtain

SR 2(1 . i)m_ -

lim inf

n— o ‘/E

The last statement now follows from the fact that

E[max <i< th
lim [ 1<i<k ] _ ¢§;
koo Vin k

see, for example, [11]. O

1<i<k 4 4e

7. Markov experts. This section is devoted to an important family of
examples (i.e., kth order Markov experts) and provides another example of
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how the upper and lower bounds obtained in Section 4 and 5 may be used in
concrete situations. The same class of experts was also considered in [10], in
which an upper bound was derived. The main novelty of this section is a
matching nonasymptotical lower bound, obtained via Theorem 11, revealing
the exact value (to within constant factors) of the minimax regret for Markov
experts.

For an arbitrary £ > 1, we consider the class .#, of experts that, when
considered as probability measures on {0, 1}", represent all stationary kth
order Markov measures. The rigorous definition is as follows (as each predic-
tion of a kth order Markov expert is determined by the last % bits observed,
we add a prefix y_,_.4,..., ¥, to the sequence to predict in the same way we
did in the previous section for the autoregressive experts). The class .#, is
indexed by the set [0,1]2" so that the index of any F €, is the vector
f=Cfo,frr-vs[or_y) with £, €[0,1] for 0 <s < 2*. If F has index f then
F(y L) =f forall 1 <t <n and for all y.}', €{0,1}'**~ 1, where s has
binary expansion y, , .y, ;. (Note that, due to the need of adding a prefix
Y_pi1s---5 Yo to the sequence to be predicted, the function F, is now defined
over the set {0, 1}'**~1).

As mentioned in Section 1, [10] showed that

V.(4,) < CV2Fn,

where C is a universal constant. Interestingly, both Theorem 2 and Theorem
7 imply the same upper bound. The best constant C' = 1/(In2) /2 is achieved
by Theorem 2. [To see why Theorem 7 implies a bound of the same order of
magnitude, just observe that N(Z, ) < 52" for all &< (0,1).] We now
complement this result by showing a matching lower bound on V, (.#,) that
holds for all £ > 1 and for all sufficiently large n.

THEOREM 13. There exist universal constants C, and C, such that for all
k> 1and for all n > C;k%*22%,

V,(4,) = C,V2n .

REMARK. In the proof, we will show that the theorem holds for C, = 78941
and C, = K/690 (where K is the universal constant appearing in Theorem 5)
provided that n is also a multiple of 2*. It should be clear from the analysis
that this condition on n could be indeed removed by a suitable increase of C;
and C,.

We prove this theorem by applying the lower bound of Theorem 11.
However, instead of checking directly that Markov experts satisfy condition
(5.2), we proceed as follows: First, we define two simple properties (symmetry
and contraction) whose conjunction is shown to imply condition (5.2). Second,
we prove that Markov experts have both of these properties.

DEFINITION 14 (Symmetry). An expert class & is symmetric if for each
F € 5 and for each y™ € {0, 1}" there exists F' € & such that F/(y'"!) =1 —
F(y'" ! foreach t =1,...,n.
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This condition is quite mild, and even if it is not satisfied, one may easily
“symmetrize” the expert class by adding to ¥ a “symmetric”’ expert F' =1 — F
for each F' € .7. This operation just slightly increases the size of 7.

DEFINITION 15 (Contraction). Let ¢ be a positive constant. An expert class
F is c-contractive if

E|sup ) Ft(Ztl)Zth} = CE|: )EDY ﬁt(Ztil)Zt ’
Fegt=1 Fegt=1

where Z,,...,Z,,Y,,...,Y, are independent random variables such that each

Z, is Rademacher and each Y, is Bernoulli (1,/2).

The next result shows that symmetry and c-contraction imply condition
(5.2) with constant 2¢ + 1.

LEMMA 16. If an expert class F is symmetric, c-contractive, and contains
some static expert F such that F, = 1 for all ¢, then

E[sup i Ft(zH)Ut] < (2¢+ 1)E[sup f F}(ztl)zt],

FeFi=1 FeFt=1

where Z,,...,Z,,U,,..., U, are independent Rademacher random variables.

Proor. Consider the chain of inequalities

(2¢ + l)E[sup f F‘t(Zt‘l)Zt} — E[sup f F’t(Zt‘l)Ut}

FeFt=1 FeFt=1

= ZCE[ sup i F‘t(Zt_l)Zt}

FeFt=1

—(E[sup y ﬁt(Ztl)Ut} - E[sup ¥ E(Z“)Zt})

FeFt=1 FeFt=1

> ZCE[ sup Y. Ft(zt-l)zt} - E[ sup Y. F,(Z'~Y)(U, - Zt)}.
FeFt=1 FeFt=1

Now pick independent Bernoulli (1/2) random variables Y7,...,Y,. We fur-
ther bound as follows:

2CE[ sup zn) ﬁt(zt-l)zt} - E[sup i F(Z"Y)(U, - zt)}

FeFt=1 FeFt=1
(7.1) = 20E[sup P Ft(zt-l)zt} — 2E[sup D Ft(Z“l)(—Zt)Yt}
FeFt=1 FeFt=1
(7.2) = ZCE[SHP D F’t(Ztl)Zt} - 2E[sup Y F‘t(Ztl)Zth}
Fegi=1 Fegi=1

(7.3) > 0.
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To show (7.1) fix any z” and notice that, for each ¢, the distribution of U, — z,
is the same as the distribution of —2Y,z,. Finally, symmetry of % implies
(7.2) and contractiveness implies (7.3). O

_ As ), is clearly symmetric and contains some static expert F' such that
F, =1 for all ¢, all we have to show, by Lemma 16, is that .#, is contractive
and then the existence of a packing set &, with the required property. These
properties are stated by the next two lemmas.

LEMMA 17. For all k > 1 and all n > 78941k222% that are multiples of
2k 4, is (10Y2)-contractive.

To prove this result we need some preliminary definitions and a few
technical sublemmas. Fix any %k > 1. For each s € {—1,1}*, for each z =

2", ., €{—1,1})""* and for each t = 1,..., n define
1, 1fztkl=sandzt=1,
def
als,z) =14 -1, ifz/"}=sand z, = -1,
0, otherwise.

Recall that, by definition of kth order Markov expert for any F €.#, the
quantity F (z54) depends only on the subsequence z!~}. Hence,

max ZF(Z k+1)zt = )y Ya(s,2)|.

Fedy 1—1 se{-1,1)%" ¢

So, showing that .#, is (10v2)-contractive amounts to showing that

(7.4) Y EYa <(10/2) ¥ E Zat(s,Z)‘
se{-1, 1% ¢ se{-1, 1} ¢
where Z=(Z_,.,,...,Z,) is a vector of n + k independent Rademacher

random variables. Define m(s, z) = L?_,la,(s, 2)|, so m(s, z) is just the num-
ber of times s occurs in z. We now prove the following.

LEMMA 18. Forall s € {—1, 1},

(7.5) Var Zat(s Z)‘ <E[ Zat(s ) } E[m(s, Z)],

(7.6) \/ (S %))
(7.7) E[m(s,2)] = 5.

Proor. We start with (7.5). Note that
E[(Zat(s,Z)) } = B| a2 | + B T e 2)ants,2)]
=E[m(s,2)] + Y El[a,s,Z)a,(s,Z)].

t#v
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To investigate one term of the sum on the right-hand side, assume without
loss of generality that ¢ > v and write

Ela,(s,Z)a,(s,2)] = E[E[a(s,2Z)a,(s,2)|25,]]
- E[av(s, Z)E[a,(s, Z)|Z‘:kl+1”
(since a,(s, Z) is determined by Z*3}, ;)
=0

and this concludes the proof of (7.5). To prove (7.6) fix z € {—1,1}""* and
consider the chain of inequalities,

< \/E[(?(Zt(s, z)Yt)2

_ \/E[Xt:at(s, z)zYtZ} " E[ Y a (s, 2)a,(s, 2)YY,

t#v

E

Las,2)Y,

- \/gzaxs,zf + i L als 2)a,s,2)

t#v

%\/(Zt:at(s,z))z +m(s,z) .

Averaging both sides with respect to z € {—1,1}** yields

E

< %E\/(§at(s,Z))2 +m(s,Z)

%\/E[(Zt:at(s,Z))z

E[m(s,Z)]
> :

Ya(s,2)Y,

IA

+ E[m(s, Z)]

Finally, to prove (7.7) just observe

E[m(s,Z)] = Y P{Z/Z} = s} = n/2".
t=1

LEMMA 19. For all n > 78941k222*% that are multiples of 2* and all
s €{—1,1}",

[Zia(s,2)] 1) 1
VE[m(s, Z)] =475
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Proor. Recall that the functions a,,...,a, are such that for all s €
{(-1;1}* and 2z € {—1,1}""*, each a,s, z) is determined by s and
(z,_p,...,2,) only. Hence, we can extend each function’s domain by adding
infinitely many arbitrary components z,, 1, 2,,,4,... to the vector z without
affecting the function’s value on a pair (s, z). Call d},..., d, these extended

functions, which are now defined on pairs (s, z’) where 2z’ =
(2 ,.15---5 24, 21,--.). Thus, we have that for each such pair (s, z'),

d(s,2") = a,(s,(2)541),

where, as usual, (z)",,, =(2"_,.1,..., 2,). As the function m is the sum of
a,.-.,a,, we can extend m to m’ so that m'(s, z') = £7_,|a,(s, 2')|. Now, if
Z=(Z_,.1,...,Z,) is a vector of n + k independent Rademacher r.v.’s and
Z'=(Z",,1,-..,2Zy,24,...) is a vector of infinitely many independent Rade-
macher r.v.’s, then

[Zioa(s 2)| 1} ) IEa(s (20|

E[m(s,Z)] T4 ‘/E[m(s,(Z’)’ikH)] 1
|Zi1di(s, Z')| 1

JEBlm' (s, Z)] 4

We now lower bound (7 .8). To keep the notation tidy, in the rest of the proof
we will write a,, z, and Z, instead of a/, 2, and Z;.

Fix any s € {—1,1}*. Define the random variables T,,...,T, such that
T.(z) =t iff z!_, ;| is the ith occurrence of s in z. More formally,

—

(7.8)

T(z)=inf{t >0:2z,=s,,t —k <p <t}

and, inductively, for each i > 1,
T(z) = inf{t >T,_((z):z,=s,,t—k<p< t}.

Now, for all 1 < < n, let

def J
Si(z) = ZZTi(z)+1'
i=1

Then

n m(s, z)

Zat(s,z) = Z zTi(z)Jrl:Sm(s,z)(z)'
t=1 i=1

To control S, ,(2), we use a technique due to Doeblin and Ascombe (see,
e.g., [6], Theorem 1, page 322). The use of this technique relies on the
following key observation.

CLamM 20. For any integer m > 0, the random variables Zy . y,..., Zy
are independent Rademacher.
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Proor. We use the following idea due to [21]. Consider the nested se-
quence {Q,J} =/, Co, C --- of o-algebras, where each ., is the o-algebra
generated by the r.v’s Z,,...,Z,. To see that Z; ,4,...,Zy ., are indeed
Rademacher, note that

P{ZTiJr1 = 1} =

0
(as {T; = t} €%, and Z, , is independent of ., )

Independence is proven by induction as follows: the random variable Z; , ; is
trivially independent. Now assume by induction that Z; ,q,...,Z; ., are
independent. By construction, Zy , 4, ... ZT +1 areall A, H-measurabﬁe Now
the fact that Z, ., is 1ndependent of wp 4 "(and therefore of
Zr, -5 L, 1) follows from observing that T}, > T and from applying [6],
Lemma 2 page 138, to the finite stopping tlme T;. ThlS concludes the proof of
the claim. O

Let &k, = E[m(s, Z)]. Note that (7.7) in Lemma 18 and the assumption that
2% divides n imply that &, is integer. We have

|0 sa,(s, Z)] 1}

>
E[m(s,2)] 4

|Sm(s Z)(Z)| 1}
— P - > —
VE, 4
(7.9) o
VE k,
> P{|Skn(Z)| > —— and 1S e 2/(Z) = S, (2)] < 1 }

S

kn
(7.10) zP{|Skn(Z)|z 5 }—P{|Sm(syz)(Z)—Skn(Z)|z 2 }

where (7.9) holds since

Snis, 2l 2)| 2[S4(2)] =[Sis, 2/(2) = S (2)]

and (7.10) holds since P{A N B} > P{A} — P{B}. Note that S,(Z) =
Y Zy (Z), where k, is constant and, by Claim 20, Z;, ..., Zy are indepen-
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dent Rademacher random variables. Hence, if I, is the indicator function of

the event A,
/kn k, k, /kn
P{|Skn(Z)| z — } >2P{ Y Iz, 12 Lz oyt N
i=1 i=1
k
d k., k.
= 2P I, _,>—+
i=21 @n= 2 4 }
1
(7.11) >2(1 - ®(1/2) - 7)

where the last inequality follows from the Berry—Esséen theorem (see [6],
Corollary 4, page 305, where we took c;= 1) with ® being the Normal
distribution function. As 1 — ®(1/2) > 3 /10, the quantity in (7.11) is at least
2/5 for k, > 100, that is, for n > (100)2*. Now, for any «a > 0,

2

P{|Sm(s,Z)(Z) - Skn(Z)| =

n

4

(7.12) < P{|Sm(s,z)(Z) -8,.(2)| = and |m(s,Z) — k,| < ak,

(7.13) +P{|m(s,Z) — k,| > ak,}.
We start to bound (7.12) by establishing the following:

vk,
1

(|Sm(s,z)(z) - Skn(z)| > ) A (Im(s,z) —k,| < ak,)

implies

N

( max  [S;(z) = S, (2)] >
k,<j<(1+adk, "

o

% max  [S;(z) - S, (2)] >

(A-k,<j<k,

£

Hence we have

S

]‘){|Sm(s,Z)(Z)_Skn(Z)|2 4 /\|m(s>Z)_kn|Sakn}

\/kn
=P knsjgl(?)fa)kn"sj(z) - 8,(2)| = 1
VE
+P max |SJ(Z)—Sk(Z)|Z n}
(l_a)anjSkn n 4
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Note that, again by Claim 20, ISJ-(Z) — Sk,,(Z)| is the absolute value of the
sum of at most | ak, | independent Rademacher random variables. Hence, by
Kolmogorov’s inequality,
vk,
4

P

max |S,(2) - S, (2)] =
ko

k,<j<(+a

+P max  |S;(Z2) -8, (2)] >

(A-adk,<j<k,

16 2
< EE[(SknJr[ak”J(Z) - Skn(Z)) ]

&

+ z_fE[(Skn(Z) =S, 1ani(2))]

< 16a + 16a.
Now we bound (7.13). As m(s, z) can change by at most 2 by changing the
value of z, for at most one 1 < ¢ < n, we can apply McDiarmid’s inequality
[19] (see also [9], page 136) and conclude, recalling that E[m(s, Z)] = 2% /n
by (7.7) in Lemma 18,

2a?
P{|m(s,Z) — E[m(s,Z2)]| > aE[m(s,Z)]} < 2exp(—k2—2;) -
Hence,

2
> — —32a — 6.
5

Elm(s, 2)] 4

By choosing a = 1.165 and n > 78941k22%% we get 6 < 1/165 implying
32a + 8 < 1/5.

|0y a,(s,Z)| 1}

ProoF oF LEMMA 17. To prove the lemma, by (7.4) it suffices to show that,
for any s € {—1,1}* and for all n that is a multiple of 2* and larger or equal
than 78941k222%

Z at(‘g’Z)Yt

t=1

n

E at(s’Z)‘-

t=1

E < (10v2)E

Lemma 19 and Markov’s inequality imply

1 1
ESP{ ZZ\/E[m(s,Z)]} <

Now, from (7.6) in Lemma 18,
E[m(s,Z)]
V2

n

Y a(s,Z)

t=1

4E|X}_1a,(s, Z)|
VE[m(s, 2)]

n

Z at(s,Z)Yt

t=1

n

Z at(S,Z)‘

t=1

E <

< (10V2)E

as desired.
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LEMMA 21. If n > 2%"3, there exists a subset of Markov experts of cardi-
nality 22"/3 which, with probabzlzty at least 1/2, is an r = \/n /8 -packing of
F with respect to the random metric

dyr(F,G) = 1 T (F(Y*T) - G(Y' 1))

t=1

ProoF. The key tool is Gilbert’s [12] packing bound which states that if
A(l, r) is the largest number of sequences of length [ in {0, 1} such that the
Hamming distance (i.e., the number of disagreements) between any two of
them is at least 2r + 1, then

21
All,r) 2 ——F.
e (¢
i=1 l
In particular,
2l
(7.14) A(L1/8) > ——— = 2l71hA/D > 91/

)
l

where A is the binary entropy function.
We need to prove the existence of a set

= {(FO®,...,FM) c7

such that

P{ min dy.(F",FY) >r} > 1,
i,j<M
i#]

where M = 22"/3 and r = Vyn/8. We choose the packing set £, as follows.
Let .#] contain all F' €.#, such that F,.(y' ') €{0,1} for all 1 <t <n and
for all y'~!. By the Gilbert lower bound (7.14), there exists a set &, c.#, of
cardinality M = 22"/3 so that any two distinct FO FY e g2 are indexed by
vectors £, £ € {0,1)2" that disagree on at least 2k /4 components. Then

2k —1

B[(dy. (PO P - o B (7010

v
Il
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and therefore

P{ min dy.(F©, FY) < r}

i,j<M
i#j
< (22/%)" max p{ Y (FO(Y5E,) - FO(Y5L)) < r2}
i,j<M =1

< 2% max p{ Y (FO(Y5L,) - EO(Y51,))
1,J< t=1

_E[(dyn(F(i)’F(j)))2] <2 %}

(by the above inequality for the expected value)

= 22" max P{ Y (FO(Y1) — F}”(Yﬁ;ﬁl))Z
t=1

i,j<M

(choosing r? = n/8)
2%'exp(—n/32),

where at the last step we used the Hoeffding—Azuma inequality for sums of
bounded martingale differences [1], [17] (see also [9], Theorem 9.1). This
upper bound is less than 1/2 whenever n > 2*"% which is guaranteed by
assumption. The proof is now complete. O

8. Conclusion and remarks. In this work we demonstrate that ideas
and results from empirical process theory can be successfully applied to the
problem of predicting arbitrary binary sequences given a fixed set of experts.
For general expert classes, we prove upper and lower bounds on the minimax
regret in terms of the metric entropy of the expert class. In the special case of
static experts, the prediction problem turns out to be precisely equivalent to a
Rademacher process; hence we can prove tighter upper and lower bounds on
the corresponding minimax regret. Furthermore, applications of our results
to the classes of autoregressive linear predictors, Markov experts and (static)
monotone experts yield bounds that were not apparently obtainable with any
of the previous techniques.

As we noted before, the loss function considered here may be interpreted
as the expected loss |Y, — y,| of a randomized prediction strategy whose
prediction at time ¢ is the binary random variable Yt, where Yl, ...,Y, are
independent, and P{Y =1=1- P{Y = 0} = P,. Then an obvious questmn
is how the actual (random) loss L"_,|¥, — | relates to its expected value

Lp(y™). Luckily, this difference may be easily bounded by general concentra-
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tion-of-measure inequalities. Since all prediction algorithms considered in
this paper calculate P, by looking at the expected losses of the experts up to
time ¢t — 1, it is easy to see that changing the value of one Y, cannot change
the cumulative loss by more than one. Therefore, for example, McDiarmid’s
inequality [19] (see also [9], page 136) implies that for any u > 0,

7

In other words, the random loss X} llﬁ — y,| with very large probability is at
most O(Vn )-away from L,(y"), regardless of the expert class.

The loss function considered here is by no means the only interesting one.
The most popular loss function considered in the literature is the so-called log
loss,

YUY, =yl = Lp(y™)
t=1

> u} < 2exp(—2u®/n).

_IOg(Pt(yt_l)I{yﬁl} + (1 - Pt(yt_l))l{yt=0})’

which has several interesting interpretations in coding theory, gambling and
stock market prediction. Instead of surveying the literature, we refer to the
excellent recent review paper of Merhav and Feder [20]. For the log loss with
static experts, and under some additional conditions, Opper and Haussler
[22] bounded the minimax regret with an expression whose form is similar to
Theorem 7. This result was recently extended to more general (nonstatic)
experts in [5].
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