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LEAST SQUARES ESTIMATORS OF THE MODE OF
A UNIMODAL REGRESSION FUNCTION

BY JYH-MING SHOUNG AND CUN-HUI ZHANG

Rutgers University

In this paper, we consider nonparametric least squares estimators of
the mode of an unknown unimodal regression function. We establish al-
most sure convergence of these estimators with nearly optimal convergence
rates, under the assumption of the exponential tail for the error distribu-
tions.

1. Introduction. Consider the regression model
(1].) Yi :fO(Xi)+8i’ L = 1,..., n,

with independent mean-zero errors independent of the design points {X;},
where f((x) is an unknown unimodal function with unknown mode m,. The
nonparametric least squares estimator (NPLSE) of the mode m,, is defined by

(1.2) m, =X~ i =ar min[ min
" J 1§j§n feF (X))

n

¥ - FP),
i=1
where 7 (m) = {f : f is a unimodal function with mode m}. In this paper, we
establish almost sure convergence of (1.2) with optimal convergence rates up
to a logarithmic factor, under the assumption of the exponential tail for the
error distributions.

Suppose throughout the sequel that {X;} are iid random variables from a
continuous distribution G x such that the density G’y exists in a neighborhood
of the unknown mode m, and G is positive and continuous at m,. Consider
smoothness condition

(13)  [fo(x) = folmo)l = (B+o()|x —mol*  as x — my

at the mode m, with smoothness index s > 0 and certain constant B > 0.

THEOREM 1.1. Let m,, be given by (1.2) with the data from (1.1). Suppose
fo(x) is @ unimodal function satisfying (1.3) at its mode m. Suppose the errors
in (1.1) are independent with Es; = 0 and that P{|¢;| > t} < .# exp ( — ct*)
for all t > 0 and all i, where a, .# and c are positive numbers. Then, with
vy=max{l,1/2+ 1/a}

(1.4) lim sup {n/(log n)ZV}l/(2S+1)|n’in —myl <o as
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The convergence rate in (1.4) is optimal up to a logarithmic factor [cf.
Donoho and Liu (1991) and Hasminskii (1979)]. Let the smoothness index
s be a positive integer and f(*) be the kth derivative of f. Let Cem =1f :

1F© = fO00 < e 1FCD = £ V) < MaV@s+D} with sufficiently small
€ > 0 and large M < oo. If the regression function f is s-times continuously
differentiable, (1.3) implies ff)sfl)(mo) =0 > fgs)(mo), so that £~ (mg) ~

&) (mo){mo—mode(f)} for f € €. 3 and € << £ (my). Thus, for iid N(0, 1)
errors, the minimax convergence rate for the estimation of the mode of f over
C. .y is the same as the minimax convergence rate n~1/(2s*1 for the estimation
of f6~V(my) over €, y [cf. Stone (1980)]. Here, m; =mode(f,) #mode(f) in
general. It seems that (n/log n)~/(*1 is a lower bound for the convergence
rates of the NPLSE (1.2) and all other estimators adaptive to different values
of the smoothness index s in (1.3), in view of Lepskii (1992), Gill and Levit
(1995) and Brown and Low (1996).

Nonparametric regression (1.1) with unimodal regression function is closely
related to nonparametric density problems based on iid observations from
an unknown unimodal probability density function. Both models have been
considered by many authors in the literature. We shall provide a brief review of
three types of relevant previous results: isotonic estimation with known mode,
rate specific estimation of the mode m, under a given smoothness condition,
and rate adaptive estimation of m,.

When the mode m is known, the NPLSE of f is given by two isotonic re-
gression estimators, one on each side of m,. The NPLSE and related isotonic
methods for estimating a monotone regression or density function were pro-
posed by Ayer et al. (1955), Eeden (1956) and Grenander (1956). The asymp-
totic distributions of these estimates at a fixed x, were established by Prakasa
Rao (1969) and Brunk (1970). Groeneboom (1985) obtained asymptotic distri-
bution of the L; loss for the Grenander estimator. Comprehensive account of
the subject can be found in Barlow et al. (1972) and Robertson et al. (1988).

In the case of unknown mode m, and for classes with known smooth-
ness index s, Venter (1967) used clustering methods to estimate the mode
of a density and proved the following convergence rates for his estimators:
o(1)n~ Y@t (log n)/* for s > 1/2, and o(1)n"Y2(logn)s for 0 < s < 1/2.
Under stronger smoothness conditions on f; in a neighborhood of m; Parzen
(1962), Chernoff (1964), Eddy (1980) and Miiller (1989) provided certain kernel
estimators of mode with faster convergence rates.

For unspecified smoothness index, Wegman (1970) proved strong consis-
tency for an MLE of the mode of a unimodal density. Grund and Hall (1995)
proved the L? consistency of an estimate of the mode based on kernel methods.
Birgé (1997) provided L, risk bounds for certain minimum distance estimators
of a density with unknown mode. Bickel and Fan (1996) proved that certain
modified MLE of the mode of a unimodal density function converges at the
rate of o(1)n~Y“*s+2)(log n)?/2s+t1) with the smoothness index s > 1 in (1.3).

In Section 2 we discuss in detail NPLSE and give an outline of the proof of
Theorem 1.1. The full proof is provided in Section 3.
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2. NPLSE of mode and an outline of proof. In this section, we provide
an outline of our proof of Theorem 1.1 bsaed on an alternative expression of
(1.2) and a deviation inequality due to Ledoux and Talagrand.

The NPLSE of an unknown unimodal function with known mode m is de-
fined by

(2.1) fu(sm) =argmin Y {Y, - £(X,)}%,
fes(m) j=1

where & (m) is as in (1.2) and for definiteness ]? o(;m) is taken to be the
version which is a left-continuous step function with jumps only at design
points X;. Thus, /?n(, m') = fn(, m")if [m’', m"]N{X;} = @. The minimization
problem in (2.1) can be solved by separately minimizing the sum of squares for
{i: X; <m}and{i: X; > m} with standard isotonic regression methods. The
solution can be easily computed with the pool-adjacent-violators algorithm.
See Barlow et al (1972) or Robertson et al (1988). Here, a function f defined
on an interval (a, b), —o00 < a < b < 00, is unimodal if there exists m € (a, b)
such that f is nondecreasing in (a, m) and nonincreasing in (m, b) and that
f(m) > min{f(m-), f(m+)}. Thus, sup, f(x) is reached either at m or m=+.
In this case, m is called a mode of f.

Let ¢; < t3 < --- < t;, be the location of jumps of fn(, m) in (2.1). Within
each interval I, = (¢,_1, t;], ty = —oo, the value of }?n(';m) is the average of
{Y,: X, € I}, as it minimizes the sum Yy ; {Y;—c}? overrealc, £ =1, ..., k.
Thus,

n k
YAYi - FXam)) =30 3 (YT - £ (tm))
(22) i=1 t=1X;el,
=Y Y;- ZF (Xi3m).
i=1 i=1
Since the first term on the right-hand side of (2.2) is fixed for the given data,

fn(:;m) is actually the maximizer of Y7 ; f2(X;) for all f € 7 (m) which are
piecewise averages of {Y;}. Furthermore, the NPLSE of the mode defined in
(1.2) is equivalent to

(2.3) m,=X5 ZfZ(Xl,XA)_mafo (X;;m).
i=1

The proof of Theorem 1.1, in Section 3, is based on our investigation of the
sum of squares in (2.3) and an application of the following deviation inequality
[Ledoux (1996)]

2.4) P{h(i, ..., 7,) > median (iz(ﬁl, s ﬁn)) +t) < 2exp (- £2/4),

for independent variables 7; living in a unit cube and convex & with || || Lip < 1.
Here [|7]|1,;, = supz_.; |A(%) — A(3)||/||X — ¥]| is the Lipschitz norm.
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A crucial step in the proof is to control the contribution of the spike of
f.(;m,) around m to the sum of squares in (2.3); that is, to control the con-

tribution of the positive part { Fo(xm,)—f o(mo)}". This is done, in subsection
3.2, by invoking (2.4) for

n

12 2
(2.5) T/J = Z max (Zni+j8i+j/£> . J > 0,
p=1k=t=n N5

conditionally on {¢;}, where {7,} is a Rademacher sequence independent of
{¢;}. Here is the connection between (2.3) and (2.5). By the minimax formula
[cf., e.g., Barlow et al. (1972)]

-~ Zs<X»<t Yi
X .:m) =max min — ==
fa(Xjm) s<X, X;<t=m#{i:s < X, <t}

(2.6)
< fo(mgy) + max Ls=X,zm i
SOV X #Hi s < X <mY

for X ; < m, with #{A} being the size of set A, and

~ Zs<X‘<t Yi
X - = 1 — =
(2.7) '
Zm<Xi§t &

<
= fO(mO)_I_I}(lJa;?#{i:m < X; St}’

for X ; > m. These minimax formulas imply
n 2
sup 3 [ 7(X5m) — fofmo)) |
mo i1

J* ( Jij &) )2
(2.8) < max max {#}
2 J=J1+1

- l=jrsn T 1sihs)

n .j2 e g/. T2

+ max Y max {M} ,

1<j*<n Jj=Jj4+1 J=J2=n Jo—J

where {¢;} is the permutation of {¢;} according to the ranks of {X;}. This

inequality and standard symmetrization methods provide the connection be-

tween 7"; in (2.5) and the contribution of the spike of f,(x;m,) to the sum of
squares in (2.3).

We conclude the section with two remarks about the conditions of

Theorem 1.1.

REMARK 2.1. The conclusion of Theorem 1.1 remains valid without the
continuity assumption on G x on R, as long as G’y is positive and continuous
at m,. We impose this extra continuity condition in order to focus on the main
ideas in the proofs.
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REMARK 2.2. The condition on the tail probability of the errors is used to
control the contribution of the spike of }? .(-;m,) to the sum of squares in (2.3).
It is not clear if the condition can be weakened to sup; E|¢;|? < oo for certain
2 < p < oo for the NPLSE (1.2) or its modifications adaptive to smoothness
classes of different index s.

3. Proof of Theorem 1.1. We divide the proofinto 3 subsections. We shall
discuss the continuity of the NPLSE of unimodal functions and the magnitude
of the spike of the NPLSE at the mode in the first two subsections to prepare
for the proof of Theorem 1.1 in the third subsection. Since our conditions and
conclusions are invariant under monotone transformation of the design points
{X,}, we assume without loss of generality in this section that {X;} are iid
uniform random variables in an interval [a, b] of unit length with a < m, < b.

3.1. Continuity of NPLSE of unimodal functions. Let [a, b] be an interval
with b = a + 1. For ¢ < m < b, right-continuous functions H and right-

continuous nondecreasing functions G on [a, b], define D, (H|G) = ﬁ(,m)
by

su inf —H(t)—H(s) <m
~ G(s)<g(x)x5t§m G(t)_G(S)’ T

(3.1) D, (H|G)(x)=h(x;m)= H(t)— H(s)
. 77 7 m<x<b,

G%Ecg(x) S;?t) G(t)—G(s)’
with the convention sup @ = —oco and inf @ = oco. See (2.6) and (2.7).

REMARK 3.1. By the minimax formula, ’I;(G‘l(x); m) is the left-derivative
of the convex minorant (concave majorant) of H(G'(x)) on [a, m] (on (m, b]
respectively), where G~ ! is the inverse function of G. Thus, (3.1) is a local
estimator; e.g. If /ﬁ(x, m) has a jump at a point x, € [a, m], then ’}Z(x, m') for
x < xy < m’ < m does not depend on the behavior of the functions H and G
in (x, b].

Consider a left-continuous unimodal function A&, on [a,b] with a mode
my € (a,b) and sup, hy(x) = 0. Let Hy(x) = [ ho(¢)dt and G, be the uni-
form distribution on [a, b]. In Lemma 3.1 below, we provide certain continuity
properties of the mapping D, (H|G) in (3.1), as (H,G) — (H,, Gy). These
results are used in the proof of Theorem 1.1.

LEMMA 3.1. Let hy(;m) = D,,(Hy|Gy) with the D,, in (3.1). Let C; = 4(1+
[20lls) and 0 < & < 8y/4. Then, for x € A,, 5, = (a+3y, b—38y]\(m—8;, m+],

(3.2) |ﬁ(x, m) — hy(x; m)| < C18/6y+ ‘tmz‘u% |h0(t) — ho(x — 80)|
—x|=5,
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for all (H, G) with |H — Hy| V |G — Gyl < 6. Moreover, for all € > 0 and

a < m* < b there exist § = 8 . 5, > 0 such that

b (. - b
f {hz(x;m)—hQ(x; m*)}dG(x)—/ {hg(x;m) —hg(x;m*)}dao(x)
3.3) ‘
b (. 2
<e+ | {h+(x;m)} dG(x),
uniformly for all real numbers a < m < b and functions H and distribution

functions G on [a, b] satisfying |G — Gylleo V ||H — Hyllse < 6, where ht =
max(ht, 0).

REMARK 3.2. Since A is increasing in [a, m,] and decreasing in (m, b],
by (3.1),

Hy(m") — Hy(m')

.4 h 5 - h I ’ " I ’ "

(3.4) o(xsm) = ho(X) L (ygim mpy + —— {xe(m',m"]}>

where m’' = m and m” = inf{x > m : (Hy(x) — Hy(m))/(x — m) > hy(x)} for
m < my, and m” = m and m’ = sup{x < mq : (Ho(m) — Hy(x))/(m — x) <

ho(x)} for m > my, that is, Hy(x;m) = [ ho(¢; m)dt is continuous, linear in
(m/, m"] and identical to H outside (m’, m”]. It follows that Ay(my; m) is the
average of hy(-) over (m’, m”] and

[ {htim) - Hiximo) faGoa)
(8.5)

- /mm {7o(x) = ho(m; m)}2dG0(x)'

REMARK 3.3. Let [a,b] =[-1/2,1/2] and hy(x) = —B|x|® for some positive
numbers B and s. Then my =0, m” = A |m|for —1/2 <m < 0and m' = —A,m
for 0 < m < 1/2in (3.4), where A, satisfies A{(sA;+s+1)=1and 0 < A, < L.
Moreover, by (3.5),

1/2
(3.6) f {hg(x; m)dx — hg(x;O)}dx — _ABZm|®t <0

-1/2
for all 0 < |m| < 1/2, where A, = (A —1)?/(2s+1) > 0.

REMARK 3.4. Let [a, b] and A, be as in Remark 3.3. If |m| < B8 < B < 1/2
and |H — Hyllx, < 8p g, for sufficiently small 65 5 > 0, then h(x;m) has
increments in both intervals (—B, —B’) and (B’, B). This is due to (3.2) and
the fact that Ay(x; m) is strictly monotone in both intervals +(8’, B) for |m| <
B <pB(as A, < 1)

PRrROOF OF LEMMA 3.1. Assume a < my = 0 < b without loss of generality.
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Step 1. Proof of (3.2). Suppose |H — Hy|l, < 6 and |G — G|, < 6 with
0 < 8 < 8y/4. We shall first show

Sho(x+60,m)+016/80 ifafxfm—SO,
zho(x—SO,m)—015/80 1fa+80<x5m,

3.7 /ﬁ(x;m)
fho(x—ﬁo,m)—i-clﬁ/ﬁo 1fm+60<x§b,

Fora<s<xand x+ 6, <t <m, G(t) — G(s) > (t —s) — 28 > 8,/2, so that

H(t)—H(s) Ho(t)=Ho(s)| _ 2[H-Hollw , 211G —=Gollx [Ho(2) = Ho(s)|

G(t)—G(s) t—s T G@)—-G(s) G()-G(s) t—s
< ﬁ+ﬁ||h lo<C18/8
_80/2 50/2 Olloo = 1/0’
which implies by (3.1) that
H(t) — H(s)

Mam) <sup i G0~ Gls)

6 H - H 1)
“ + o(?) O(S)} < G + ho(x + 8g;m).
0o t—s do

<sup inf {

s<x x+0p=<t=m

This gives (3.7) for the case of @ < x < m — §,. The proofs for the three other
cases are nearly identical and omitted.

It follows from (3.7) and the monotonicity of A((-; m) in both intervals [a, m]
and (m, b] that |’}Z(x, m) — ho(x;m)| < |ho(x+ 8g;m) — ho(x — 8g; m)| + C18/8,
for x € A,, 5, = (@ + 3y, b— 5]\ (m — 8y, m + ]. Thus, (3.2) is a consequence
of

(3.8) |ho(x + 8g;m) — ho(x — 8p; m)| < h6,50(x) VxeA,s,:

where h 5 (x) = maxy_, s, |ho(¢) — ho(x — &9)|. Let us verify (3.8) for a + 8, <
x < m— 8 Let (m',m"] be as in (3.4). If x + §; < m/, then hy(;m) =
ho(-) on [a, m'] by (3.4) and (3.8) holds automatically. If m’ < x — §;, then
ho(x — 8p;m) = hy(x + 89; m) by (3.4) and (3.8) holds automatically. Finally, if
x—08y <m < x+ 8, then by (3.4) m' < m =m", ho(x — &p;m) = ho(x — &)
and Ay(m’) < ho(x + 8p;m) < ho(m'+), so that (3.8) holds. Therefore, (3.8)
holds in all the cases with a + §, < x < m — §,. By symmetry, (3.8) also holds
for m + 8y < x < b — §;. Thus, the proof of (3.2) is complete.

Step 2. Proof of (3.3). Let 0 < 8 < 1 and 8, = max(~/8, 46) be small con-
stants with a + 46, < m* < b —48,. Suppose |H — Hy||. V |G — Gylloc < 6. It
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suffices to show
/ab {(/i;‘(x; m))2 — (ﬁ‘(x; m*))Z} dG(x)

- /b [R2(x;m) — h2(x; m*)} dGo(x) < e,

(3.9)

where ’ﬁ‘(x; m) = max{—’ﬁ(x; m), 0}. This will be done by splitting the inte-
grations over two regions, I; = (a + 8y, b — ;] and [a, b]\ I .

Let us first consider the integrations over I . Set Cy = [|A(-)[loc +C18/8y <
176()]lee + C1- By 3.1) —|lhg( )|l < ho(x;m) < 0. If a + 8y < x < m, then
h(x;m) > ho(a;m) — C18/8, by (3.7). If m < x < b — 8, then A(x;m) >
ho(b;m) — C18/8, by (3.7). Thus, ’ﬁ(x;m) > —C, in I, . Furthermore, since
—{;L\_(ﬁ m)}? is unimodal, its total variation in I 5, 18 bounded by 2C2. It follows
from these facts that, via integrating by parts,

[ sm)d(G - Goo

< |G — Gyl (2C5 + 2C35) < 45C5.

Also in I, /l;(x,m) > —C, and (3.2) imply |{ﬁ‘(x,m)}2 - hg(x,m)‘ <
2C,{hj 5,(x) + C1+/8} + 2C35I{|x — m| < 8y} for all m, where h{; is as in
(3.8) and 8, = max(+/6, 48). This implies

|, 1G Gim?— Rism) o)

<2C, /I Ry 5,dGo+2C1Co/5+4C58,— 0
30

as 6 — 0 and &, = max(+/6,48) — 0, by Go([m — 8y, m + &,]) = 28, and
the dominated convergence theorem. Note that [hg 5 |l < 2[Ao(-)[ and
hg 5,(x) — 0 almost everywhere as 5, — 0. The above two inequalities with
the integrations over I; give

(3.10) sup

a<m<b

[, (m)PdGx) — [ B m)dGo(x)| < e/4

3o

for sufficiently small 8 and 8, = max(~/3, 45).
For integrations over [a, b]\ I, = [a, a+8,]U(b— 8, b], we shall first prove

(A= (x;m)}* = (A~ (xsm"))” < €3,

.11 2| Hy|l + 8)

3~ min(b — 28, — m*, m* —a — 28,)’

uniformly fora <m < b and x € [a, b]\ I . Note that a + 45, < m* < b—45,
implies C5 < 4(||Hy|| + 6)/ min(b — m*, m* — a) < co. By symmetry, we shall
only consider the case a < m < m*. Let x be a fixed point in [a,b] \ I .
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For a < x < m < m*, h(x;m) > h(x;m*) by (3.1), so that (3.11) holds. For
a<m<x<m*, we have x < a + §, and (3.1) implies

S H@®) - H(s) _ 2(Hl +9)
h(x,m)_mlgfd G() —G(s) — b—a_050_25 =z

—C,.

Finally, for m < m* < x < b, we have x > b — §; and (3.1) implies

~ (- _ H(t)—H(S)}
h(x;m) = h(x;m?), | inf G(t) - G(s)
(x;m) mln{ (x;m™) mglim* xS;Eb G(t) — G(s)
(o 2(|Hol +9)
zmln{h(x,m )s b— 8y, —m*—2§ )

Thus, (3.11) holds in all the cases. Now, (3.11) implies
_ 2 .
[ )’ = G amoy | aca)
[a.b]\I;,
< C3G([a, a+ 8,] U (b — 8y, b]) < C3{45 +25,} < €/4,
for sufficiently small & with 8, = max(+/8, 48). This and (3.10) imply (3.9). O

3.2. Upper bound for the magnitude of the spike. In this section we provide
upper bounds for the tail probability of (2.8) via (2.4).

LEMMA 3.2. Suppose the errors ¢; are independent random variables with
Ee; = 0 and P{le;| > t} < A exp(—ct®) for all t > 0, where a, .# and c
are positive numbers. Let y = max{1, 1/2+ 1/a}. Then, there exists a constant
w < oo such that for all ¢ > 0,

iR Cy 22t 2
(3.12) P{Slripjz_l[{fn(Xﬁm) fo(mo)) T = [0{1+1logn + £}] }

<exp(—§).

Let {a;} be a sequence of real numbers. For %, = (x;,...,x,) and £, =
(¢4, ...,¢,) define

gzn(in) = (gél(g_én% R g[,l("zn» e R"

with g,(%,) = g,(x1,...,%,) = Yi_; x;a;/¢. Furthermore, define
max {] g7 (%,)| : £, € 0y} » Yz
(3.13) h,(%x,) = " , S, = { a? k} ,
where ||X,, | is the Euclidean distance and Q, = {(¢1,...,¢,): k<, <n,k=

1,...,n}. The following lemma is used in the proof of Lemma 3.2.
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LEMMA 3.3 (i) Let {n;} be a Rademacher sequence, iid variables with
P{n; = £1} = 1/2. Then, for all t > 0 and a,,

(3.14) P{h,(n1,....m,) > 16/V/3 +t} < 2exp (- t?/16).
(i) Let T'; be as in (2.5). Then, there exists M < oo such that for all ¢t > 0,

.15 P{T’j > (16/\/§+ t)\/2MOU(2—a)+[t2/16+ 1+ logn], max leiyj] < u}

< 3exp (— ?/16).

Proor. (i) Let a, be fixed and %; = m,/2. Since h,(n:,...,m,) =
2h,(M1, ---»7,), (3.14) is an immediate consequence of

(3.16) Plh,(fi1, ..., T,) > M + ¢t} < 2exp (- t?/4)

with M = 8/+/3. Since 7, are iid variables living in a unit cube, (3.16) follows
from (2.4) under the following conditions:

(1) h,(%,) is convex in X,;
(i) [[A,]lzip < 1; and
(iil)) median(h,, (71, ..., 7,)) < M. We check these three conditions below.

First, since g7 (¥,) is a linear mapping from R" to R", ||g; (x,)[/S, is

convex. Since maximum of convex functions is convex, h,(%,) is convex.
Second, we show | 4,5, <1. For £, > k, 1 < k < n,

n n 2 n az n 1 n
(3.17) zz—z zzmlszz{_wa; 5 ﬁ}sz

lelk

Since |g,(%,)% < [%,]2 X¢_; a?/¢% and ¢, > k in the vector ¢, € Q,, by (3.17),

gz, (Z)I? = Z |80, (E)I? < 15,17 32 Z

2
k=1li= le

Thus, the norm of the linear mapping ge-n(a'én)/(\/iSn) is bounded by one,
which implies that the Lipschitz norm of A} (¥,) = ||gzn(5n)||/(\/§Sn)
is bounded by one. Since h, is the maximum of 27 over Q,, ||k,|z;, <

ma;, o, 142 i < 1.
Third, we prove median(4, (1, ..., 7,)) < M = 8/+/3. Since h, (7, ..., 1,)
> 0, we have P{h,(71,...,7,)>2Eh,(71,...,M,)} <1/2. Since h,(7m1,..-,7m,)

=2h,(7,...,1,), it suffices to prove Eh,(9y,...,m,) < M = 8//3. By defi-
nition, Eh%(ny, ..., n,) = E,/(252), where
2
n:Q;
)

n [ "2 4
E,=E max Z(Z%—Cll) ZEmax(Z
k i=1

(q,....,L4)€Q), =1 \i—1 1 k<t<n
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By the Doob inequality we have

2 2
ia; < i Zf=1 n;Q; )
" 2mk<z<(2m+1k)m 2mp

gm+lp
oo ( e 2

<4 Z Y omrs
— = (27 k)2
64 . a?
4 m 21 m+lp> .—l,
= ,Zla mZO(Z k) {2m+1k L}— 3 Z(L\/2k)2
which implies by (3.17) that
" 64 a? 64 . 2a?
o= — M282
S§3§zvk)2§3L1 =2

Hence, median(h, (11, ..., 1,)) < 2V ERZ(71, ..., 0,) = VERZ(N1, ..., M) =
\/En/(2S%) < M, and the proof of (3.14) is complete.

(ii) We shall only prove (3.15) for j = 0. Set S2 = Y>7_, s%/k. By (2.5) and
(8.13) Ty = hy(Mq, - - - my)V28S, given &, = d,. By (3.14),

P {TE) > (16/4/3 + t)\/2Mov(2*“)+(t2/16 + 1+1logn), max le;| < v}

< HP[hn(m,...,m) > 16/v/3 + t \ g, —a,

(o]

(3.18)
+P{2si > 2M w97 (¢2/16 + 1 + log n), max |g;| < v}

<2exp (—t?/16) + P {Z l&;|*"2/(Myi) > t2/16 + 1 + logn} .
i=1

Note that S2 < v@=" ¥ | |£;|**2/i on the event {max;_;_, |&;| < v}. Since

our condition on the tail probability of ¢; is uniform over all {¢;}, there exists

a large M, < oo such that sup; E exp{|¢;|*"?/(Mk)} < 1+ 1/k < e'/* for all

k. Thus,

P {2 l&; |2/ (Myi) > t2/16 + 1 +logn}

i=1
<exp(—t?/16 — 1 —logn)exp (Z 1/k> < exp{—t%/16}.
k=1
Inserting the above inequality into (3.18), we obtain (3.15). O

n—j +1291/2
PROOF OF LEMMA 3.2. Let T; = [ Y, i max, o, {(Xiq e ,/0) )]
The second term on the right-hand side of (2.8) is bounded by max,_;._, T%-
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with {g;} replaced by {¢;} and the first term is bounded by max,_;_, T% with
{&;} replaced by {&,,,_;}. Since {X;} and {¢;} are independent and the con-
ditions on ¢; are uniform in i, it suffices to prove

n

+
(3.19) P{m?xT§->4Cz’§+1}§E<m§_1xT§—4Ci,g> <exp(—£),

where C, ; = [w{l + logn + &}]” for some w € [1, 00). Since the maximum
and sum of convex functions are convex, T% and max { max ; T%- - 4Ci’ ¢ 0} are
convex functions of {¢;}, so that by standard symmetrization methods

+
E{ max T2 — 4Ci,§}

0<j<n J

n—j 14 12 "
< E | max max ivi(8in i — & )/L —4C?
(3.20) - |:O§j<n kz=:1 k<t<n—j { (il n +J( +J +J)/ ) } ,§:|

+
<E |:max(T'J~ + T’J)Z — 403’5]

0<j<n

n
<4E |:0r£1;f_1<)§(T/j)2 _ Ci7§:|
where {£;} is an independent copy of {¢;}, {n,;} is a Rademacher sequence
independent of ({¢;},{;}), T'; are the {¢;} version of (2.5) and T/J are the
{&,} version of (2.5).

Let B = 1/(ay). We split the expectation on the right-hand side of (3.20)
into two parts:

+ o0}
E[ max(T/j)2 - C%7§i| :/C P{ max T > u}du2

0<j<n g 0<j<n
*© 2
(3.21) 5/ P{ max |g]| > uPldu
Cn,f 1<i<2n-1
o n—1
—i—/ ZP{T’J->u,max|si+j| §uﬁ}du2.
Cmfj:o 1<i<n

It follows from our assumption on the tail probability of ¢; that

/ P{ max |£i|>u5}alu2

nE 1<i<2n-1
o0
< 2n/ A exp | — cu“B}(Jlu2
Coe

(3.22) <2n.4 exp{ — (c/2)C?f§} /loo exp{ — (c/2)u"*}du®

= 2n.#4 exp { —(¢/2)w(1+1ogn + g)} /100 exp ( - (C/Z)ul/v)duz

<e¢/8
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for sufficiently large w < oc. Let (¢, v) = (cou/??), uf) in (3.15) with a small
co > 0. Let w > 16/cZ. Since Ci/g > w(l1+1logn) > 1, /16 + 1 +logn <
c2ul/7/16 + C}l{g/w < cgut’?/8 for u > C, ;. Thus, for u > C,, , the quantity in
(3.15) is bounded by

(16/v/3 + t)\/2M0u<2—ﬂ>*(t2/16 +1+1logn)

< (16/v3 + co)u1/<27)\/2M0u3(2*“)+c%u1/“//8

< LB 2 _

for sufficiently small ¢, > 0 and 0 = . > 16/03, since B8 = 1/(ay) and
vy =max(1,1/2 4+ 1/a). It follows from Lemma 3.3(ii) that

o n—1
i Z P{T’j >u, {E{iysﬂﬂ < uﬁ}du2
(3.23) e a=0 . ;
- A PP
S/Cny§3nexp< 16 )du < 3

for sufficiently large w. The second inequality above holds from the argument
in (3.22) after the first inequality of (3.22). Inserting (3.22) and (3.23) into
(3.21), we find that the right-hand side of (3.20) is bounded by e~¢. This gives
(3.19) and ends the proof. O

PROOF OF THEOREM 1.1. As mentioned in the beginning of the section, we
assume that {X;} are iid uniform variables from (a, ). We shall further
assume without loss of generality that fq(my) = 0, my = 0, a < 0 < b
and b —a = 1. Let &k, > 1 be the smallest positive integer satisfying a <
—1/2ko+D) < 1/2(kt1) < b For k > k,, define

(320) F,u(x) = ——— Y2V, [{-1/2<2*X, <x}, ~1/2<x<1/2,
’ g i=1

1 n

(3.25) G, u(x)=—-> I{-1/2<2"X, <}, -1/2 < x < 1/2,

’ nk Vv 1 i1
with n, = Y% I{|X;| < 1/2%+D}, and define

R 2 -

(3:26) m, p=argmax [ 2, (m)dGy(®), Fup(3m)=Dy(FislGos),
where the “arg max” is taken over all m in the set {2 X, : | X;| < 27#71}. Thus,
|m, x| < 1/2. Let F (x) = ffl/z foo(t)dt with [, (¢) = —B]|t|® [the special

ho(t) in Remarks 3.2 and 3.3 of Subsection 3.1]. Let Gy(x) be the uniform
distribution on [—1/2, 1/2].
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To obtain the conclusion (1.4), it suffices to prove

n >1/(2s+1)

I C— 9Pn+1
M(1+1logn)2” =

(3.27) P{2Pn+l|mn|>1, i.o.}:O, 2Pn5<

for some large M < oo. This is done by proving

(3.28) P{mn #27Mm, . i.o.} =0
for some large k£, > k, and that
o] Pn
(3.29) 3 P{ U (D5, 4 U E;,k,a)} < o0
n=1 k=ky
where
(8.30) Enhs ={1Fnr— FuclooVIGni = Goll < 8}

for some small 8 > 0, and for some small A > 0,

(331 Doss={ [ \Fiatxiin )l dGu(o) < ).

1/2

The details are given in two steps.
Step 1. Proof of (3.27) based on (3.28) and (3.29). It suffices to show

(3.32) {En,k,5 N Dn,k,A} n {En,k+1,6 n Dn,k+1,A} < {n’/\Ln,k = ﬁn,k+1/2}
for k; < k < p,.. This implies (3.27) based on (3.28) and (3.29), since it implies

[My # 270, , ) S {M, # 275, ) U [ U (& kSUDnm]

k=k,

Note that |m, ;| < 1/2 by (3.26) and P{2P»m, # m, , io.} = 0 by (3.28),
(3.29) and the above argument.
Let us prove (3.32). Let hy = f, in Lemma 3.1 and foo( m) =D, (F.|Gy).

Let 6 > 0 be sufficiently small so that by Remark 3.4 f k(x m) has jumps in
all four intervals +(1/16, 1/8) and +(1/8, 1/4) for all |m| < 1/16 on E, 155 S0

that by (3.1) and Remark 3.1 the following two identities hold: (a) f " k(x m) =

fn #(x;0) for all |[x| > 1/8 and |m| < 1/16; and (b) fn r1(2x;2m) = fn p(x;m)
for all |x| < 1/8 and |m| < 1/32. These imply

172 1/8 <
arg max f,fk(x; m)dG, = arg max f,fk(x; m)dG, ;
|m|<1/32 “-1/2 |m|<1/32 “—1/8
1 1/4 72
(3.33) = 5 arg max for1(x;m)dG, g
|m|<1/16 “-1/4
1 1/2 72
= 5 arg max frre1(x;m)dG, g

|m|<1/16 Y—1/2
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on E, , sNE, ;.15 The last equation above follows from the first identity (a)
for £ + 1. Note that by (3.24) and (3.25),

Fn,k+1(2t) - Fn,k+1(28) — 98 Fn,k(t) - Fn,k(s)
G pr1(2t) = Gy p11(29) G p(t) = G p(s)
for |s| v |t| < 1/4, so that the second identity (b) above follows from (3.1).
Let A > 0 in (3.31) and € > 0 be sufficiently small such that e + A <

A;B?(1/32)%*1. Tt follows from (3.26), (3.3), (3.31) and (3.6) that, for § < 8, ;_
as in Lemma 3.1,

12 [~ _ .
0= [ AR, - 26500 {dG, 4(x)
~1/2

V2, ) 2|~ (2541
setd [ G ~ fA(50) 1dGo(®) = € + A= A,

on D, ;, \NE, , 5. Since e+A < A B?(1/32)**! |m, 1| <1/320n D, ,ANE, 5.
This and (3.33) imply 7, , =27, .y on E, 4 sN D, 4, AN E, 4150 D, 511
for sufficiently small § > 0 and A > 0. Thus, the proof of (3.32) is complete.
Step 2. Proofs of (3.28) and (3.29). In addition to Lemma 3.2, the exponen-
tial inequality in Lemma 3.4 below is used in the proof. The proof of Lemma

3.4 is omitted since it is simpler than that of Lemma 3.2 and it follows from
standard methods [cf., e.g., Pollard (1984)].

LEMMA 3.4. Let X, ¢; be as in (1.1) satisfying the tail probability condition
on g; in Theorem 1.1. Let N = #{i <n: X, € A} with a Borel set A. Let ¢;
be Borel functions such that |¢;(x,t)| < 1+ |¢| and E[¢,(X;, ;)| X; € A] =0.
Let vy =max(1,1/2 + 1/a) be as in Theorem 1.1. Then,

S (X, 8)[{X; <x}| > VNofl+log N + ¢}”
X, €A

P{ sup

X

N } <et
for all ¢ > 0, provided that o is a sufficiently large constant.

Let us first prove (3.29). Consider the events in (3.30). Let n;, be as in (3.25).
Since n, are binomial variables with parameters (n, 1/2%),

Pln, < n/2"1} < Eexp (n/2" —n,) < exp{ — n(1/2 — 1/e)/2*},
so that by the definition of p, in (3.27)

0 Pn o]
(3.34) Y. 3 Pln, <n/2M} <Y p,exp{—n(1/2-1/e)/2Pr} < 0
n=1k=1 n=1

for all choices of M < oo in (3.27). Let p, ,(x) = E[F, ,(x)|n;]. Set A =
[-1/2%1,1/2k1), N = n; and ¢,(X;,&) = Y; — u, (X;) in Lemma 3.4.
Then, conditions of Lemma 3.4 follows from those of Theorem 1.1 and (n,,/2")
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{Fon(%) = iy 1(2)} = Tx,ca ¢:(X;, &)I{X; < x} by (3.24). Thus, by Lemma

)

(3.35) P{|F, 1 — tnillo = 8/2, nj, > n/251} < exp(—2logn) = 1/n?,

provided that /7 0{1 +logn, + &} < (n,/2%)8/2 for n; > n/2*1 and & =
2logn. By (3.27), 2¥+D < p(1 +logn)2"/M for k < p,, so that w{l +
3logn}” < /n/2k127%5/2 for M > (2w3"/8). Thus, (3.35) holds. It follows
from (3.24) that for n; > 0,

pop = E[2RF(X)HPX, < }IX,| < 1728 | =20 [ fejahyar,
’ -1/2

which converge uniformly to F.(x) = [, o(~=Bt5)dt = [, , f.(t)dt by our
conditions on f. Choosing k; large enough to ensure ||u, , — F |l < 8/2 for
the given 6, we find by (3.35),

0o P [
Z Z P{”Fn,k_Foo”ooZ‘S’ nk>n/2k+1}fzpn/n2<oo-
n=1k=k, n=1

This and (3.34) give Y071 Y%, P{IF, . — F ool = 8} < co. We omit the proof
of Y521 Yits, P{IG e — Gollx = 8} < 00, as it is similar. Thus, we obtain

oo Py

(3.36) Y. > PlE ;) <o
n=1k=k,
Let us consider D, ,,. Let F,(x) = Y'Y, I{X; < x} and G, be the

empirical distribution function of {X;}. It follows from (3.1), (3.26) and (2.3)
that

Fon(asm) < 28D, ou(F,|G,)(x/28) = 28 F, (x/2% m/2")
for all |x| < 1/2 and |m| < 1/2, so that by (3.25),

12 22ks
[ FraemdG, . <

(P . 2
o Rl
This and the definition of p, in (3.26) imply

DPn

U (sz,k,A Nn{n; > n/2k+1}) c { sup sup Zl{fi(xym)}z = A}
=

k=1 k<p, n/2 m

2k(23+1)

c { sup an [Fi(x;;m))? > 2MA(L + 1ogn)27}.

It then follows from (3.34) and Lemma 3.2 with ¢ = 2logn that for M >
(28)7(3w)*,

0 Pn 00 00 Pn
> P{ U D;’k’A} < Y exp(~2logn)+ Y. Y P{n, <n/2¥'} < cc.
n=1 k=ky n=1 n=1k=k;

This and (3.36) imply (3.29).
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Finally let us prove (3.28). Since fn(~; m) =D, (F,|G,), the proof is nearly
identical to Step 1 and we shall omit detains. By the standard results in
empirical process theory [cf, e.g., Pollard (1984)], | F,, — F||., — 0 and ||G,, —
Gx|o — 0, where F(x) = [ f(t)d¢. Thus, Lemma 3.1 applies with hy = f
and Gy, = G x ~Unifla,b]. The conclusion follows since the contribution of the
spike to the sum of squares are controlled by Lemma 3.2. O
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