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We study a two-dimensional massless field in a box with potential
V(Vé(-)) and zero boundary condition, where V is any symmetric and uni-
formly convex function. Naddaf—Spencer (Comm. Math. Phys. 183 (1997)
55-84) and Miller (Comm. Math. Phys. 308 (2011) 591-639) proved that the
rescaled macroscopic averages of this field converge to a continuum Gaussian
free field. In this paper, we prove that the distribution of local marginal ¢ (x),
for any x in the bulk, has a Gaussian tail. We further characterize the lead-
ing order of the maximum and the dimension of high points of this field, thus
generalizing the results of Bolthausen—Deuschel-Giacomin (Ann. Probab. 29
(2001) 1670-1692) and Daviaud (Ann. Probab. 34 (2006) 962-986) for the
discrete Gaussian free field.

1. Introduction.

1.1. Model. This paper studies the extreme values of certain two-dimensional lattice gra-
dient Gibbs measures (also known as the Ginzburg—Landau field). Take a nearest neighbor
potential V € C 2(R) that satisfies

(1.1) V(x) =V(=x),
(1.2) 0<c_ <V"(x) <cy < o0,

where c_, ¢4 are positive constants.

Let Dy :=[—N, N1*NZ? and 9Dy consist of the vertices in Dy that are connected to
7?\ Dy by some edge. Set D3, =Dy \dDy.Forx,ye 72 we also write x ~ y if x and y
are connected by an edge. The Ginzburg—Landau Gibbs measure on Dy with zero boundary
condition is given by

(13)  dun=2y'ew| = ¥ S V@ -o0)]| TT dso T o).

xeDy, y~X xeDy, xedDy
where
1 y=0,

S =
o) {O else,

and Zy is the normalizing constant such that py is a probability measure. We denote
by EPV-0 and VarPV-0 the expectation and variance with respect to the measure y. The
Ginzburg-Landau model is a natural generalization of the discrete Gaussian free field (DGFF,
corresponding to the case V (x) = x2/2). It is no longer Gaussian in general, but still log-
correlated in two dimension. In fact, one can prove that the limit

VarP¥-9 ¢ (0)

(1.4) Nh_r)noo W =g forsomeg=g(V)>0
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exists; this result is new and follows from the proof of Theorem 1.4 in this paper. For the
infinite volume limit of the measure (1.3), the analogue of (1.4) was recently established in
[3]. The constant g = g(V') is known as the effective stiffness of the random surface model.

1.2. Results. Our main result concerns the maximum of the Ginzburg-Landau field ¢ in

Dy . For potential V (-) satisfying (1.1) and (1.2), the well-known Brascamp—Lieb inequalities
SUp,epy ¢ (V)

(Lemma 2.1) imply that with high probability, Tog N is uniformly bounded above by a
constant depending only on c_ (see [24] where a constant lower bound was also obtained,
and Remark 2.3 below). We prove that this random variable in fact satisfies a law of large
numbers, with more precise tail bounds given by (4.17) and (5.1) below.

THEOREM 1.1. Let ¢ be sampled from the Gibbs measure (1.3). Assume the potential
V (-) satisfies (1.1) and (1.2). Then there is a constant g = g(V'), such that

SUPyepy @ (V)

1.5
(15 log N

—~2./g inL?%

REMARK 1.2. The explicit dependence of g(V) on V is not known. The same constant
also appears in the covariance of the continuum Gaussian free field that emerges as the scaling
limit of the measure (1.3); see [31, 44]. One can give a variational characterization of g(V')
(see, e.g., [7, 31]).

Theorem 1.1 is known for the discrete Gaussian free field (see [12]), but not for any other
Ginzburg-Landau fields. We will summarize related results in Section 1.3 below. The upper
bound of Theorem 1.1 will be proved in Section 4.2 and the lower bound in Section 5.

Our next result studies the fractal structure of the sets where the Ginzburg—Landau field ¢
is unusually high. We say that v € Dy is an n-high point for the Ginzburg—Landau field if
¢ (v) >2,/gnlog N. The following theorem generalizes the dimension of the high points for
Gaussian free field, obtained by Daviaud [23].

THEOREM 1.3.  Denote by Hy(n) ={v € Dy : ¢(v) > 2,/gnlog N} the set of n-high
points. Then for any n € (0, 1),

log Myl _ o)

1.6
(16 log N

in probability.

This result is consistent with the conjecture that the level sets of the Ginzburg—Landau
model with zero boundary condition converge to CLE(4), a collection of conformally invari-
ant random loops (see [48] for the definition of the CLE and how to construct a coupling
with GFF). Theorem 1.3 will be proved in Section 5.4. The main step in the proofs of the
upper bound (4.17) and the upper bound of (1.6) is the following pointwise tail bound for
the Ginzburg—Landau field (1.3). Here and in the sequel of the paper, for a set A C Z2 and a
point v € Z?, we use dist(v, A) to denote the (lattice) distance from v to A.

THEOREM 1.4. Let g be the constant as in Theorem 1.1. Given any C < 0o, we have for
allve Dy, and all 0 < u < Clogdist(v, dDy),

u2

2g log dist(v, dDy)

(1.7) PPN (p(v) > u) < exp(— + o(log dist(v, 8DN))>.
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The tail bound (1.7) was only known for a class of potentials V (-) that has elliptic contast
at most 2 (i.e., cg < V" < 2¢g, for some ¢y > 0) and bounded third derivative, and ¢ is the
infinite volume limit of the Gibbs measure (1.3) (see [22]). Theorem 1.4 will be proved in
Section 4.

1.3. Historical survey.

1.3.1. Ginzburg—Landau fields. The Gibbs measure (1.3) was first introduced by Bras-
camp, Lebowitz and Lieb, in the name of anharmonic crystals [19]. It is believed that the
large scale behaviors of this class of Gibbs measures resemble that of the Gaussian free field.
Rigorous mathematical studies for convex perturbations of GFF (in particular, the special ex-
ample called lattice dipole gas) were initiated by the renormalization group approach of [30],
and further developed by [20], which confirm its correlation function behaves like a contin-
uous GFF in the scaling limit. Renormalization group is a powerful tool to study gradient
field models, but it is only applicable in the perturbative case, that is, when the potential is
given by a small perturbation of Gaussian, and thus the Hessian of the Hamiltonian is close
to the standard Laplacian. The nonperturbative approach that allows one to study any con-
vex potential V is based on the Helffer—Sjostrand formula [32, 33] that represents the mean
and covariance of such fields in terms of an elliptic operator (or, probabilisticly, a random
walk in dynamic random environment). We give here an incomplete list of references that
study the scaling limits of gradient field models. The classification of the gradient Gibbs
states on Z¢ were proved by Funaki and Spohn [29]. Deuschel, Giacomin and Ioffe [25]
studied the large deviation principle of the macroscopic surface profile in a bounded domain,
where they also introduce the random walk representation of the Helffer—Sjostrand formula.
The central limit theorem for linear functionals of the gradient fields was first established
by Naddaf and Spencer [44] for the infinite volume gradient Gibbs states with zero tilt (the
corresponding dynamical CLT was proved in [31]), and later by Miller [43] for the gradient
fields in bounded domains. It is also proved in [42] that the level set for such gradient fields
in a bounded domain (with certain Dirichlet boundary condition) converges to the chordal
SLE(4), an example of the conformally-invariant random curve in the plane known as the
Schramm-Loewner Evolution (for a survey on SLE see, e.g., [39]).

Nonlinear functionals of the gradient fields are much less known. With additional bounded
ellipticity assumption on V, it is proved by Conlon and Spencer [22] that for the infinite
gradient-Gibbs states with zero slope, there exists C < oo such that

2
log E[e! @©=¢()] _ %Va% 0) —p@)]| <V

Their argument is based on the Helffer—Sjostrand formula and operator theory on weighted
Hilbert space. This phenomenon is remarkable because it indicates the pointwise distribution
of ¢ (0) — ¢(x) is nearly Gaussian, and one has to go to the large deviation regime (corre-
sponding to t = O (log|x|)) to see non-Gaussian tails. In this paper, we remove the bounded
ellipticity assumption, and rely our proof on a different strategy.

1.3.2. Extrema of log-correlated random fields. Although the macroscopic behavior of
linear functionals of the gradient fields are now well understood, finer properties of the field,
such as the behavior of its maximum, remain to be clarified. Questions about the maximum
fit into the wider context of the study of extrema of log-correlated random fields.

Multiscale analysis is the key to study the extrema of such random fields. The conceptually
simplest cases, which already exhibit the most crucial phenomena underlying the behavior
the extrema, are tree models such as Branching Brownian Motion and Branching Random
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Walk. In his seminal work, Bramson introduced a truncated second moment method to study
Branching Brownian Motion [13, 17]. This method has been much refined to obtain detailed
results to the level of the convergence of the extremal process in Bramson’s setting and for
Branching Random Walk [1, 2, 6, 14, 41].

Beyond such processes, the most investigated case is the Gaussian free field. The discrete
Gaussian free field is the special case V (x) = %xzin the present set-up. Bolthausen, Deuschel
and Giacomin [12] first showed the equivalent of our main result, which was later improved
[15, 16] to

sup ¢(x) =2,/gologN — Z\/g_ologlogN +0({) asN — oo,
xeDy

where go = 2/ . Furthermore, it has been proved that the O (1) term converges in law and the
geometric properties of the near extrema has been studied, including the convergence of the
extremal process [9-11, 27]. The equivalent of our Theorem 1.3 for the discrete Gaussian free
field was proved in [23]. Some results have been generalized to a wider class of log-correlated
Gaussian fields [26].

The article [8] studied the extrema of a log-correlated field that is neither Gaussian nor
endowed with an exact tree structure. It constructed what can be interpreted as a sequence
of regularizations of the field and from these obtained a collection of approximate branching
random walks indexed by the points of the field, to which Bramson’s method can be applied
(regularization also plays an important role in problems connected to the continuum Gaussian
free field [28, 34, 46, 47]).

[37] adapted this approach to the Gaussian free field, with the regularizations given by
harmonic averages on concentric boxes (“local projections”). It also describes a “K-level
coarse-graining” which is a particularly streamlined version of the multiscale argument that
provides leading order estimates for the maximum from minimal technical inputs. Subse-
quently, versions of it has been used to study the extrema of many cases of non-Gaussian
log-correlated random fields [4, 5, 21, 38, 45].

1.4. Proof strategy. To prove the tail bound (1.7), the estimates (1.5) for the maximum
and (1.6) for the high points we adapt the aforementioned local projections and K-level
coarse-graining of [37]. Namely, we consider the harmonic averages over circles of the field
around each point, as a process indexed by the side-length of the box, and use the first mo-
ment method to obtain an upper bound for the maximum and a truncated second moment
argument involving the average process to get a lower bound for the maximum. These av-
erage processes are expected to evolve similarly to branching random walks as one varies
the side-length of the box at dyadic scales. For the Gaussian free field, Gaussian orthogonal
decomposition implies the increments of such harmonic averages are independent, making
the random walk approximation fairly straightforward. This fails for the general gradient
field models studied in this paper. In fact, one of the main contributions of this paper is to
prove the asymptotic decoupling of these increments (Theorem 4.3). We apply the useful tool
from [43], that gives an approximate harmonic coupling of the Ginzburg-Landau field on a
bounded domain with different boundary conditions. Inspired by the K -level coarse-graining
of [37] we exploit that for the level of accuracy we seek in the present paper, it is enough
to consider the behavior of the approximate random walks over a relatively small number of
large increments, corresponding to a small number of scales (only finitely many in the case
of the Gaussian free field; for technical reasons, we use a slowly growing number of incre-
ments). The approximate harmonic coupling allows us to show that each increment of the
harmonic average, conditioned on the Ginzburg—Landau field outside, is distributed not far
from a Gaussian, after discarding a thin layers between each scale. This gives the pointwise
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tail bound for the Ginzburg—Landau field, and thus also the upper bound in Theorem 1.1.
A similar argument via the truncated second moment method gives the two-point tail bounds
needed to obtain the lower bound in Theorem 1.1.

1.5. Open question. We finish the Introduction with a corresponding open question for
dimer models. A (uniform) dimer model on Z? can be thought of as an integer valued random
surface i (v), v € Z2. It is an integrable model with determinantal structure. It is shown in [35]
and [36] that the height fluctuation 4(0) — h(v) has logarithmic variance and, moreover, the
rescaled height function converges weakly to GFF. A main conjecture in this field is that the
level sets of the height function converges to CLE(4). Still, it would be very interesting to
prove the maximum of the dimer height function satisfies Theorem 1.1. The method in the
present paper does not apply directly because the harmonic coupling (see Section 2.3) have
not yet been established for the dimer model.

2. Tools.

2.1. Brascamp-Lieb inequality. One can bound the variances and exponential moments
with respect to the Ginzburg—Landau measure by those with respect to the Gaussian measure,
using the following Brascamp-Lieb inequality. Let ¢ be sampled from the Gibbs measure
(1.3), with a nearest-neighbor potential V € C?(R) that satisfies infyecg V" (x) > c_ > 0.
Given f € RPN we define

(@, f)= Y o(x)f(x).

XEDN

LEMMA 2.1 (Brascamp-Lieb inequalities [18]). Let Eggl‘:% and Varggl’:% denote the ex-

pectation and variance with respect to the discrete GFF measure (i.e., (1.3) with V(x) =
x2/2). Then, for any f € RPN,

2.1 VarPv 0, £y < Varb®0 g £).
EPNO((g, £) —EPNO(gp, £))%*

< cFEDNO ((, £) — BRSO (o, £ fork eN,

2.2)

1
@3)  EP"exp((g. f) —EPV 9. )] < exp(;‘1 Va0, 1)).

The Brascamp-Lieb inequalities can be used to show the following a priori tail bound
for ¢.

LEMMA 2.2. There is a positive constant cgL. such that

u?
(2.4) PPN (p(v) > u) < e P TCIDN  for v € Dy.

PROOF. By Chebyshev’s inequality,

PP¥O(p(v) > u) < e ™EPYCexp(1(v)).

Applying the Brascamp-Lieb inequality with f = §,, and using the fact that (see the Green’s
function asymptotics in [40])

Varp¥: ¢ (v) = G py (v, v) = /2/7 log dist(v, dDy) + O(1),
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we have
t2
IPDN,O(¢(U) >u) < exp(—tu + ?cl log dist(v, 8DN)>.
Optimizing over ¢ then yields the result. [

REMARK 2.3. By a union bound over the 2N + 1?2 points of Dy and take u >
VT/cpL log N, so that the right-hand side of (2.4) is <« N2, one obtains an upper bound
of /1/cpLlog N for the maximum of ¢ (v). This is an upper bound of the right order, but the
constant in front of log N is larger than the “true” one 2,/g.

2.2. The Helffer—Sjostrand representation. In this section, we summarize the idea of [44]
(which was in turn inspired by the works [33]), that the variance of functions with respect
to the Ginzburg-Landau field can be written in terms of the Helffer—Sjostrand operator. The
Helffer—Sjostrand representation was used crucially in [44] to prove a central limit theorem
for the statistics of V.

It is known that the finite volume measure (1.3) is invariant under the Langevin-dynamics

] dgi(x) =Y V'(¢:(y) — ¢ (x))dt +V2dBi(x) x €Dy,
(2.5) y~x
¢ (x) =0 x €Dy,

where {B;(x) : x € Dy} is a family of independent Brownian motions. Let w, : Dy — R

be defined by w,(y) = 1,=,. The infinitesimal generator of this process is the operator Ay
defined by

ApF(p):= > 3IF(@)— Y. Y V' (¢(y) —¢(x)dF(9),

o o ~X
xeDy xeDy Y

where
1
0 F($) 1= lim —(F (¢ +hox) = F($)).

Define the Helffer—Sjostrand operator £ := —Agy + V*V”(V¢$)V. Probabilistically, £ is the
generator for the Markov process (X;, ¢;), where ¢, is the Langevin dynamics (2.5) and X,
is a continuous time random walk in Dy with jump rates V" (¢;(y) — ¢¢(x)), stopped when
hitting the boundary.

The following representation of the variance is obtained in [44] (see also [25]).

PROPOSITION 2.4 (Helffer-Sjostrand representation). For all F such that
B2 F@P+ Y (P @) | <
xeDy
we have
Var®VO[F(¢)] = (0F, L7'9F),
where (9F, L7'OF) ==Y yeps EPVO[0, L9y F].

If we consider a linear statistics of ¢, and take F(¢) =) py P(X)¢(x) for some test
function p, then the above proposition implies

2.6) Va3 pg | = o £

XGDN

So that the variance of a linear statistics is given by a bilinear quadratic form.
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2.3. Approximate harmonic coupling. By definition, the Ginzburg—Landau measures sat-
isfy the domain Markov property: conditioned on the values on the boundary of a domain,
the field inside the domain is again a gradient field with boundary condition given by the con-
ditioned values. For the discrete GFF, there is in addition a nice orthogonal decomposition.
More precisely, the conditioned field inside the domain is the discrete harmonic extension
of the boundary value to the whole domain plus an independent copy of a zero boundary
discrete GFF.

While this exact decomposition does not carry over to general Ginzburg—Landau measures,
the next result due to Jason Miller (see [43]), provides an approximate version. For D C 72,
define the Ginzburg—Landau measure on D with Dirichlet boundary condition f by

2.7) du{)=zglexp[— > D Ve —¢(y>)] [T de) ] so(dx) — f(x)).

xeDe y~x xeDe° xeoD

THEOREM 2.5 (Theorem 1.2 in [43]). Let D C Z? be a simply connected domain of
diameter R, and denote D" = {v € D : dist(v, dD) > r}. Let A be such that f : 0D — R
satisfies maxycyp | f(x)] < Al logRIA. Let ¢ be sampled from the measure (2.7) with zero
boundary condition, and ¢ be sampled from the measure (2.7) with boundary condition f.
Then there exist constants c,y,8 € (0, 1), that only depend on V, 50 that if r > cRY then
the following holds. There exists a coupling (¢, 1), such that if ¢ : D" — R is discrete
harmonic with ¢|ypr = (qbf —®)|ypr, then

P(¢p/ =¢p+din D) =1—c(A)R.

An immediate application of Theorem 2.5 shows that the mean of a Ginzburg—Landau
field at one point in the bulk is approximately (discrete) harmonic.

THEOREM 2.6 (Theorem 1.3 in [43]). Suppose the same conditions in Theorem 2.5
holds. Let (bf, ¢ Vs 8, D" be deﬁned as in Theorem 2.5. For all r > cRY, and discrete
harmonic function (,b D" — R with ¢|3D, =E¢/ |ypr, then

max [E¢’ (v) — $(v)| < ' (AR,

Theorem 2.5 allows to compare a Ginzburg—Landau field with nonzero boundary condition
with one that has zero boundary condition. Since Theorem 2.5 requires that the function f is
not too large, we introduce the “good” event

G(c) = {¢ : max|p (v)| < clog RY?},
veD
which is typical since even using only Brascamp-Lieb one has that max,ep ¢ (v)| <
O (log R) with high probability. Indeed, we have the following.
LEMMA 2.7. There is some ¢ = c1(c) > 0, such that PP-%(G(c)) < exp(—ci (log R)%).

PROOF. By the union bound,

PPO(Ge) < 3" PPO(|¢p(v)| > cllog R)?).

veD
We apply Lemma 2.2, to obtain

PPO(|¢p(v)| > c(log R)?) < exp(—(4C) ™! (log R)* + O(log R)?),
for some C < oo, and summing over v € D then completes the proof. [

We will use repeatedly the following consequence of Theorem 2.5. It applies to functions
p such that the integral of p against a harmonic function is always zero.
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LEMMA 2.8. There exist constants 8,y > 0 such that for any simply connected D C
7% of diameter R, any r > RY and any p : D — R supported on D’ that satisfies
Y repr P(x) f(x) =0 for all functions f harmonic in D", and % > yep |p(¥)] < 00, we have
for R large enough,

B2 |exp(R7 Y p0! 016 |~ BP0 exp( R Y peog )16

xeD xeD

< 2€xp<c Vargg)FF@—l 3 p(x)¢(x)))R—5,

xeD

for some ¢ < 0.
REMARK 2.9. This lemma is useful if Varll))é)FF(R_1 Y rep PX)P(x)) K SlogR.

PROOF.  Applying Theorem 2.5, there is an event C with P(C®) < R~ where 8 is the
constant § in Theorem 2.5, such that on C we have ¢/ — ¢ = ¢ in D”. Therefore, on C

Y p@e @)=Y pl ) =Y p)Pp@) + Y p(X)P(x)

xeD xeD" xeD’ xeD’
=D pWP@ =) o)),
xeD" xeD

where the first and the last equality follows from the fact that p is supported in D". On C¢ we
apply Holder’s inequality to obtain

ED-f [exp<R—‘ Y- )¢’ (x)) 1gmcc}

xeD

12
<P() B |exp(2871 T o)/ ()|
(2‘8) xeD

12
< R“SO/zED’f[exp(ZR—1 Y px)¢! (x) —ED’f[zR_l > p(x)¢>f(x)D}

xeD xeD
x exp(IED’f[R_l > ,o(x)d)f(x)]).
xeD
By the Brascamp-Lieb inequality (2.3), there exist some ¢ < oo, such that
B |exp(2871 Y peog! (0~ EPY 2871 pig! 0] )|

xeD xeD

2.9)
< exp<c Vargé{;F(R—l 3 o0)g! (x))).

xeD

On the other hand, applying Theorem 2.6 yields

‘ED'f [R_' Y pg! (x)ﬂ x ‘ED’f [R“ > p(g! <x)} — RT3 p(0h()

xeD xeD xeD
(2.10)

N 1 _
= ”ED’fﬁbf - ¢HL°°(D’)E Z |,0(X)| <CR %,

xeD
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Combining (2.8), (2.9) and (2.10), we have for R large enough
IED’f|:exp(R_1 Z ,O(X)¢f(.x))1gﬂcc:|

xeD
=< Cexp(cVarDGFF<R_1 Z p(x)(pf(x)))R—So/z.
xeD
And similarly,
D,0 —1 . _1 502
E [CXP(R > P(X)¢(X)>1gmcc] < Cexp(cVarDGFF<R 3 p(x)qb(x)))R .
xeD xeD

Since the variance of linear functionals of Gaussian free field does not depend on boundary
conditions, we complete the proof. [J

2.4. Central limit theorem. We now state the central limit theorem for macroscopic av-
erages of ¢, proved in [43] as a consequence of Theorem A in [44] and Theorem 2.5 stated
above.

Let D C R? be a smooth simply connected domain. Before stating the central limit theo-
rem, we give the definition of the (continuum) a-Gaussian Free Field (a-GFF) i in D with
zero boundary condition, where a is a 2 x 2 positive definite matrix. The a-GFF in D is
the standard Gaussian in Hol(D), such that for any f € HO1 (D), [, Vh -V f is a Gaussian
random variable with mean 0 and variance [, V f - aV f. The a-GFF arise naturally as the
scaling limit of the fluctuation of the Ginzburg—Landau field (2.7) with general boundary
data; see [43]. In this paper, we only use the following central limit theorem for the measure
with zero boundary condition (1.3), and a becomes to a diagonal matrix (or a scalar) due to
the rotational symmetry.

THEOREM 2.10. Let D C R? be a piecewise smooth, simply connected domain, and
DM =Dn %Zz. Let ¢ be sampled from the Ginzburg—Landau measure on D™ with zero

boundary condition. Suppose that the sequence of functions py : DN — R satisfies
(2.11) Z onN(X)H(x) =0 for any harmonic function H : D™) — R,

xeDW)

Also assume there exist some p € C3°(D), such that
(2.12) / p(x)H(x)dx =0 for any harmonic function H : D — R,
D

and N| pn — pllL=p) — 0 as N — 00. Then the linear functional

N7D YT pon()e ()

xeDW)

converges in Lk k e N, to the random variable

/ h(x)p(x) dox,
D

where h is the a-GFF on D with zero boundary condition, for some a(V) = a(V)I that
satisfies c— <a < c..

We will apply Theorem 2.10 with py defined in terms of the harmonic measure of a
discrete cube (see (3.3) and comments thereafter) and p will be the corresponding quantity
defined using the harmonic measure of the standard Brownian motion.
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PROOF. If py = p forall N > 1, this is a consequence of Theorem 1.1 in [43]. It suffices
to show that if py converges to p sufficiently fast, the linear statistics converges to the same
limit. This can be shown by a direct comparison of their variance using the Helffer—Sjostrand
representation (Proposition 2.4).

In fact, applying (2.6) and use bilinearity we have

Val VY oy - Va8 Y pso]
(2 13) )CGD(N) XGD(N)
1 1 1 1
S
<N()0N P) NP ey N(,ON p)

where we recall £ := —Ag + V*V"(V¢)V is the Helffer—Sjostrand operator. The uniform
convexity assumption of V implies that £ > c_ A, and therefore V*£~!V < cZ'VFATIV s
a bounded operator Z? — Z2.

Notice that (2.11) and (2.12) implies we can write %pN = Vgy and %p = Vg for some g,
gn,and N||py — pll L) — 0 suggests that one may take g, gy so that [|gn — gll oo pvy) =

0(%). Substitute them into (2.13) and we obtain

Val N ovwee | -val v T pwe |

xeD®) xeDW)
<|(gn — & V*L7'Vg)| + |{gn. VL V(g — 9))]
=Clign — g||L2(D(N))(||g||L2(D(N)) + ||g||L2(D(N)))-

Since [[gn — gllLoo(pinyy = 0(%), we have |[gy — gl 2(pav)) = 0 as N — o0, and this com-
pletes the proof for k = 1. The general case k > 2 follows from combining the above argu-
ment for k = 1 with the exponential Brascamp—Lieb inequality (2.3). U

For the rest of the paper, we will only apply the convergence of the second moment (i.e.,
k = 1 result) in Theorem 2.10.

3. Harmonic averages. Our method to prove Theorem 1.4 is built upon Theorem 2.5
and a detailed study of the harmonic average of the Ginzburg—Landau field. Given B C Z?,
v € B and y € 9B, we denote by ap (v, -) the harmonic measure on d B seen from v. In other
words, let S* denote the simple random walk starting at x, and typ = inf{t > 0: S*[r] € 0B},
we have

ag(x,y) =P(S*[tapl = y).

Given v e Z?> and R > r > 0, let BR(v) = {y € Z* : |v; — y1| < R, |va — y2| < R}, and
A r(v) := Br(v)\ B, (v). Define the circle average of the Ginzburg—Landau field with radius
R at v by

3.1) Crv.9)= Y apz(v, )oK

Y€EIBR(v)
For each ¢, R > 0, such that (1 + )R < dist(v, dDy), we take a nonnegative smooth
radial function f; € C°([1 — ¢, 1+ ¢]) such that f.(1 —s) = fe(1 + ) for s € [0, ¢] and
¢ £ (s)ds = 1. We further define

1—¢
(1+&)R

(3.2) Xr,9)= Y fe(/RC(v, ).

r=(1—&)R
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The crucial object that we use below is the increment of the harmonic average process X.
Forv e Dy, (1+¢) Ldist(v,dDy) > R| > Ry > 0, we would like to study the increment

XRz(vv ¢) - XR1 (U, ¢)
(1+&)Ry (1+e)Ry
= < Yo fe/R)— Y fa(V/Rl)) > ap,w@. )oQ).
r=(1—¢)R, r=(1—¢&)R; yedBr(v)

This can be written as ZyeDN on (v, ¥)¢(y), where we define

(3.3) w3 = [ £ - ) - (" - ) Jas, ..

The definition of pg, g, depends on Rj, R>. Later we will take Ry, R> at some scale r(N),
where r(N) grows to infinity as a power of N. In such situation, we will simply denote pg, g,
as pr(N) Or py, to emphasize its dependence on N.

LEMMA 3.1. For any discrete harmonic function h in Dy, we have ZyeDN on(V,y) X
h(y)=0.

PROOF. Suppose & is define up to 0Dy, and h|yp, = H. We conclude the proof by
showing fori =1, 2,

(14+€)R;
Yo fe/R) D apw W, y)h() =h(v).
r=(1—¢&)R; ye€aB,(v)

Indeed, since / is harmonic,

h(y)= > apy(y,2)H(2).

z€dDy

Using the fact that

Y agw. Mapy(y.2) =apy (v, 2),

Y€0B, (v)
we obtain
(1+e)R; (1+e)R;
Yo fG/R) Y. apwy@.h()= > for/R) Y. apy(v,2)H({)
r=(1—¢)R; yedB,(v) r=(1—¢)R; z€dDy

=h(). 0
The following result is a consequence of Theorem 2.5 and the lemma above.

LEMMA 3.2. Suppose the same conditions in Theorem 2.5 holds. Given v € Dy, Ry >
Ry > 0, & > 0 such that (1 + 2e)R < dist(v, dDy), (1 +2e)Ry < (1 —2¢)Ry. Let § be the
constant from Theorem 2.5. Let ¢pf be sampled from Ginzburg—Landau field (2.7), and ¢°
be sampled from the zero boundary Ginzburg—Landau field on Dy . Then, on an event with
probability 1 — O(Rl_‘s), we have

Xg, (v, d)f) — Xg, (v, d)f) =X, (v, ¢O) — Xg, (v, ¢0)
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We sometimes omit the dependence of X on v and ¢ when it is clear from the context.

We are mostly concerned with large deviation estimates and, therefore, with moment gen-
erating functions. Thus we will use Proposition 3.3 below, which gives a Gaussian limit of
the moment generating function of macroscopic observables.

Now fix v = 0. Given ¢ > 0 fixed in the definition (3.2) and r > 0, take £; = £!/4, and note
that we can write

X(1+81)I’(09 ¢) = Z Pr+(MP(y),

yeDy
X(1=enr©0,9)= > pr—(MP ().
yeDy

Let A, ,, = B,(0) \ B, (0). Note that p,4 and p,_ are supported on annuli

A te,—e)r,(14e1+e)r A0 A(1_g| _¢)r, (1—¢, +¢)r»> rESpectively, and let p, = p, 4 — o, —. We fur-
ther notice that as r — o0, the rescaled harmonic measure

rag.)(0,) = h(-),

where £ is the Poisson kernel for a unit square in R?; see [40], Chapter 8.1 for an explicit
formula. Thus as r — oo and y/r — x, rp, 4, rp, — converge respectively to the smooth
functions

h(x)
f+(x) = Wfs(|x|), X € A(l4e,—6),(14¢1+6)»
_ h(x)
f (x)=mfs(|x|), X € A(l—g1—e),(1—¢+¢)-
To simplify the notation below, we write Ay = A(l4e—¢),(14¢,+4¢) and A_ =

A(l—¢;—¢),(1—¢, +¢)- We further denote f = ft — f~. The following estimate is proved by
combining Theorem 2.10 with the Brascamp—Lieb inequality.

PROPOSITION 3.3. Let D =[—1, 1]2, v =0, and fix some t € (0, 00). Then for any €1 >
0 small enough, depending on t, and r =r(N) suchthat N/J4 < (1 —e)r <(1+e))r <N,
we have that

log EPY Oexp(t (X (1—epyr — X(14ep)r))]
3.4) 2

=5 f@)ga,p(x, ) f dxdy + filer,r,)* + faler, Ot
ALUA_

where a(V) =a(V)1 is defined in Theorem 2.10, g, p(x, -) is the Dirichlet Green’s function
that solves the PDE

V*.aVu=68(x) inD,
u=0 onoD.

And there exists C < 00, such that | fo(e1,t)| < CE%, and fi(e1,r,t)/e1 — 0 as N — oo.
Moreover, there exists g = g(V), such that

log EPY-0exp(t (X (1—¢))r — X(14enr))]
(3.5) 12

=—gl
280g

+ &1 ~
1 — e + fi(er,r, t)t2+f2(81,t)(t2+t4),

where fl(al,r, t)/e1 > 0as N — oo.
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PROOF. We first show

2
t
(3.6) EPVOexp(t(X(1—e)r — X(14e1)r))] = 3 Var®Y O X (1 _eyr — X(14e)r] + faler, )t

Indeed, we can expand EDN’O[exp(t(X(l_gl)r — X(14¢,)r))] into the Taylor series of ¢, and
bound the higher moments. Use the fact that the distribution of ¢ is symmetric, we can write

EPNOlexp(t (X (1—¢,)r — X(14e1)r)]

=2 ew(i ¥ 60 w)]

xEDN
2%
1+ VarDN [Z d)(x),or(x)]—i-z — PO (x)
<Dy (26):
We now claim
% 2%k
(3.7) Z (2k)' EPVOI 3 <t>(x),0r(x) =0(e})r*.

xeDy

By the Brascamp-Lieb inequality for even moments (2.2), we have

2k
Y dWer 0| =@k —Dlteteft.

xeDy

—km=Dn.O
< c_"Epgrr

2k
> ¢ )pr(x)

xeDy

(3.8) EPNO

By taking 1 small enough such that £17> < 1, summing over k yields (3.7), and thus con-
cludes (3.6).

To prove (3.4), it suffices to obtain the asymptotic variance of X (1_¢)r — X (14¢)r- The
Brascamp-Lieb inequality implies VarDN’O[X(l_gl)r — X(14¢r]l = Clog 1+8' forall N > 1.
Notice that from Lemma 3.1 and standard harmonic measure estimates (see, e.g., [40], Chap-
ter 8.1) |rap,0)(0, ) —h(-)| = 0(1/r2), we see that the spatial average } ., cp, ¢ (x)pr(x) =
rl > xepy @ (X)rp,(x)satisfies the conditions of Theorem 2.10. Apply Theorem 2.10, and
note that rp,(x) — f(x) as r = oo, we see that there exists a positive definite 2 x 2 matrix
a(V)=a(V)I, such that

VarDN’O[X(l—sl)r - X(1+81)r]

= VarD"”O[r_1 Z o (x)roy (x)]

xeDy

= Varf-GFF[/A J)h(x) dx + /A_ f(X)h(X)dX} + fier, r, 1),

where fi(e1,7,t)/e1 — 0 as N — o0. Then the definition of the a-GFF implies

Varf_GFF[ /A f)h(x)dx + fA f(x)h(x)dx]
(3.9) " -
= [ Fganr ) f)dxdy,
ALUA_

which concludes (3.4).
To obtain (3.5), we further claim that there exists g = g(a), such that

1+¢; ~
(3.10) Var®¥O[X (1 ¢y — X(14e)r] = glog e + fi(er,r) + O(&}).



2660 D. BELIUS AND W. WU

This can be proved by an explicit evaluation of the integral (3.9). Instead, we give a proof here
using comparison to the standard discrete GFF. Since g, p(x, y) = a! ABl (x, y), where Ap
is the standard Dirichlet Laplacian in D, we can conclude (3.10) by showing

1+1
g

0 2
(3.11) VarBSd [X (1 epyr — X1aeyr] = —lo —+ 0 3,

since the left-hand side converge as N — oo to fA+UA_ f(x)AD (x,y)f(y)dxdy, which
only differs from (3.9) by a multiplicative constant. This then follows from an explicit com-
putation: let R = (1 +¢1 + s‘l‘)r, using the Gibbs—Markov property of discrete GFF, we have

Varp Sk X (1—e)yr — X (1epyr] = Varp@se X (—epr — X(tepr]-
Since Vargé’FoF[X (I+epr] < Ce‘l‘, the right-hand side equals to
Varp&EIX 1 —epyr] + CoVEREIX 1—epyrs X1l + O (e])
= Varpéie[ X (1—epr] + O(e7),

where we apply Cauchy—Schwarz to bound the covariance. To compute Vargg’FoF[X (—eprls
again using the Gibbs—Markov property, which implies for any N/4 <r < N,

Varpdie[Cr (0. ¢)] = Varpig[#(0)] — Varpgis (6 (0)]
2 R
= ~log—+ O(1/N).
T r

Here, we applied the standard Green’s function asymptotics (see, e.g., [40]) to obtain the last
line. Take a weighted sum over f, (with ¢ = 8‘1‘), we have

Varp & X (1—e,)r] = Varp &k [C (1—-er (0, 9)
(3.12)
Z fs(1+ . >(C(1 enr(0,9) — C(l—sl)r—i—rl(o,(b))]-

ry=—¢&r

Again, the Gibbs—Markov property implies for any N/4 < r; < r2 <R,

Varg&3[C, (0, ) — Cr, (0, $)] = VarDGFF[C,1 0, ¢)] == log = + O(1/N).

Substitute into the right-hand side of (3.12), we conclude that
1+¢;
1-—

2
Varp &t [ X (1—epr] = Varp &k [Ci1—e)r (0, )] + O (e3) = = —log + O(e7).

This yields (3.10). O

4. Pointwise distribution for Ginzburg—Landau field. The main result of this section
is the Gaussian tail for the Ginzburg-Landau field at one site (Theorem 1.4). To prove this,
we will employ a multiscale decomposition argument to obtain the approximate Gaussian
asymptotics of moment generating function of the harmonic average process.

We first introduce the proper scales in order to carry out the inductive argument. Given
any v € Dy, € > 0 and ¢ € (0, 1), denote by A = dist(v,dDy) and M = M(c) = (1 —
c)log A/log(1 + ¢). Define the sequence of numbers {r¢}2 |, {rk,+ )0 and {rx, - }72, by

e=(1+e A,
4.1 et = (14 &%),

- =(1—-&)r.
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We also define

(+ehri 4

Xy, = Y fg4(é)cr<v,¢),

r=(1—e"ry +

I+ - -
Xy _(v) = E f84(—>Cr(v,¢),
Tk —
r=(1 784)7‘1{’_ ’

where C; is defined in (3.1), and f,4 is the smooth function defined just below (3.1).

For r > 0, denote by P" 0 the law of the Ginzburg—Landau field in B, (v) with zero bound-
ary condition (and denote by E"? the corresponding expectation). The basic building block
of all our large deviation estimates is the following.

THEOREM 4.1. There exists g = g(V), such that given C > 0, ¢ € (0, 1) we have for all
ve Dyandlt| <C,
12
log EPVOlexp(t X, , (v))] = 5 (1 =)glog A +oa(log A+ 1Y+ 0(1),

where the O (1) term depends on C and c.

REMARK 4.2. The proof of Theorem 4.1 also yields
2
t
log EPY-Oexp(t X, , (v) — X, _(v))] = 5 (1= )glog A + 0 (log AP+ + o).

This will be used to prove Theorem 5.8 below.

Roughly speaking, this theorem indicates that as long as the last scale rjy; satisfies rps >
A°, for some ¢ > 0, the harmonic average X, , is nearly Gaussian with mean zero and

variance g log % To prove this theorem, we will first prove the following decoupling result.
We denote

W; = exp(t(XrL+ — er,],,)),
Yj=exp(t(Xy;_ — X, ),
Zj :eXp(l‘(erf)).

Here, W; encodes the distribution of the increment of the harmonic average process X., Y;
are introduced to make the W;’s decouple, and we will show they have little influence on the
large deviation estimates.

THEOREM 4.3. Given C > 0, c € (0,1) and C; < oo we have for all v € Dy and
lt] < C,

M
log EPY lexp(t Xy, )] = Y log B0 W;] + log EPY O[exp(r X, )]
j=1

+12f(e)log A+ O(1),
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where | f(e)| < Clez/log(l + ¢), and the O(1) term depends on C and constants from
Lemma 2.5. More precisely, we have forand k=1,..., M,

logEDN’O[exp(ter’+)]

log /=" 0[W;] + log EPY°[exp(t X, )]

+z20( e )10 %40 kz_f -
S B — r:°).
log(1 + ¢) grk = J

Notice that Z’;Zl rj_‘S is a geometric sum, and is thus O (r; 5.

I
~.
M-

4.2)

PROOF OF THEOREM 4.1. Applying Proposition 3.3 (in particular, (3.5)), we see that
there exists g = g(V), such that as A — oo,

2
t i
IOgE”j—lvO[V[/j]: _zglog—r] ! +oa(1)log — fit 12+ 0 (e +1Y).
Fj rj

Summing over j and applying Theorem 4.3, we have

12 2
g
log EPV-Oexp(r X 1—c)glog A log A)e? + (1 tO(i)l A
og [exp(t Xy, )] = ( c)glog A 4 oa(log A)e? + (12 4 1%) og(1 1 &) og
+ 2 f(e)log A+ O(1).
Since |t| < C, sending ¢ — 0 we conclude Theorem 4.1. [
4.1. Proof of Theorem 4.3. We write X, | as a telescoping sum
XrM,+ = (XerJr - Xerl,—) + (XVM—I.f - XrM72,+) +oe (er - Xro,f) + Xro,fv
and, therefore,
N « M M—1
Zy=e i+ = tro- ]_[ exp(t(erq+ Xriy_ 1_[ exp t(erﬁ — X,H))
j=1 j=1
=WyuYyu—_1Wy_1---1W GXp(l‘X,«O,_).
Notice that
= WiYi-1Zk—1 = WiZg—1 + Wi (Yi—1 — 1) Zg—1.
Since Zy_1 = Wi_1Yk—2Zr_», by iterating we obtain
k—1
=Y Wnt1Znm ]'[ (W;(vj-1— 1) +21HW(Y )
(43) m=1 j=m+2 j=2
=WiZp_1+ E(k)
where
) k
(4.4) EP = Z Wont1Zm ]_[ (W (Yo = D)+ 2y [ Wj¥j—1 — D).
j=m+2 j=2

We will show that the main contribution to log EPN-01Z,] is the first term in the summation
(4.3), that is, log EPN-OTW, Zi_1], and that the other terms are negligible. We denote by Fi =
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o(¢(x) :x € Dy \ By, (v)), and take G = {maxyecp, @) |¢(x)| < (log A)?2}. Recall that by
Lemma 2.7, P(G¢) < exp(—c(log A)?) for some ¢; > 0.
We can write

EPN01Z ) = EPY 01 Z, 161 + EPY-0[ Z 1 ge].
Since |t| < C, apply Holder and the exponential Brascamp-Lieb inequality,
EOYO[Z1g0] = (EPVO[2)) /2PPY0(Ge) V2

4.5) < exp(2¢Z"17 Varplil X, PPV0(G9) 2

™, ,+
2 ‘1 3 ‘1 3
< exp(Ct log A — ?(log A) ) < exp(—z(logA) >,

which is negligible.
In order to prove (4.2), we set up a joint induction for:

e There exists an absolute constant C| < oo, such that for all k > 0,

log EPV 01 Z, 1]

(4.6) £ ri_1,0 Dy,0 2
=Y logE"i-"0[W;1g] + log E"Y °lexp(t X, ) 1g] + t* Fi + Ri—1,
j=1
2 _ _

where |Fy| < C1ke? = Cllog(eTs)log%, and |Ri_1| < Cq Zl;zll r; 8
e There exists an absolute constant C» < 00, such that for all k > 2,
(4.7) EPVOER15] < C2e®EPY0[ 74 5141

Notice that (4.6) implies (4.2), since for all k > 1,
4.8) Erk‘l’O[Wklgc] < exp(—%(log rk_1)3>,

and similar bound hold for EP~ ’O[exp(tX ro._) 1ge]. Clearly, the base case k = 0 for (4.6) is
trivial.
Now assume both (4.6) and (4.7) hold up to k — 1. Let us first show the desired bound for

EPN-O1E %,k) 1gl. Form =1, ..., k — 2, using the Markov property and Cauchy—Schwarz, we
conclude that each term in the first summand of (4.4) (multiplied by 1g) can be bounded by

k
EDN’O[WmHZm [T W;vj— —1))14
j=m+2

r T k
49  =EPYOE[ W [] (W,-(Z,-_l—l))lg\fm}zmlg}
L L j=m+2

X 1/2 k—1 1/2
<EPVOIEl T] szlg‘fm:| E[ I1 (Yj—l)zlg‘fm} Zmlg]
L Lj=m+l Jj=m+1

We now claim that there exist constants C3, C4 < o0, such that for || < C,
(4.10) E-1-01(Y; — 1D?] < C3e®,

and

.11 B 0[W?] < exp(4c”'s? Vargore (X, — Xr, 1) < Ca.

Tj+
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Indeed, using the Taylor expansion we can write

tk

2
B0y - 1)) = EO[(,; K-~ Xw)k) ]

2k
2
rio1-.0 2% B 2%
SE E'/ |:E j!(2k—j)!t (Xpj - = Xr; 1) j|

k>1 Jj=1
Using the identity
2k
Z 1 _ 1 22k
—~ 12k —j)! (k)

Jj=1

and the Brascamp-Lieb inequality (2.2) combined with Wick’s theorem,

, _ ,0
B0y, = Xy )] < ¥ Egre (X, = X0y %]
_ (2k) ri—1,—,0 k
—_ C—k k‘zk (E])]G;:F [(er,* - er.+)2]) ’
we obtain
Fio1.-.0 2 AL SUR 271k
E-1=0[(Y; = D] < Z o - (Epcre [(Xr; - = Xr; 7))

k>1
2mli=1,—0 2
= C'PEpgre (X = Xr;)7]
for some C’ < co. A similar computation as (3.11) using the Gibbs—Markov property then
yields

rj—1,—,0

(4.12) Vargore [X 1< CMog Lt < ¢t

rj,_
rJ_

This verifies (4.10). (4.11) follows directly from the exponential Brascamp-Lieb inequality
(2.3).

We then use (4.10) and (4.11) to obtain an upper bound of (4.9). Let F_ =0 (¢(x) : x €
Dy \ B, —(v)). Again use the Markov property

k—1
E[ [T @, - 1)21g]fm]

Jj=m+1
k—2
= E|:]E[(Yk_1 - DglFL] [ @) - 1)21g]fm].
Jj=m+1
We now use the fact that ry_» _ > ry > A€ and, therefore, on the event G,

1 2
(4.13) ()] < (log A)? < <—1ogrk_2,_> .
X€ aB,k 2 _( ) c

Applying Theorem 2.5 (to any realization of ¢ |35, ,  that satisfy (4.13)), Cauchy—Schwarz

and the Brascamp-Lieb inequality, we conclude there is some Cj < oo and § > 0, such that
with probability one,

IE[(Yi—1 — 1)?1g|F, ] — E*2=O[(Vi—y — 1)?1g]| < Che*r’,,
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for some § > 0. Thus

k—1
IE|: [T @, —l)zlg‘fm:|

j=m+1

k-2
= (B2 (Vi1 — D?1g] + 0(84”1:—82))E|: [T @i 1)219‘}_’":|’
j=m+1

here we also use the fact that ]_[k_2 (Y — 1)2 > 0. By iterating this for j > m + 1, apply-

j=m+
ing the bound (4.10) and notice }_; rj_‘S

C3, C§ < 0o, such that with probability one,

, < 00, we conclude there exist absolute constants

k—1
E|: 1_[ (Y; — l)zlg‘}—m:| < Cé(C§/84)k_m_l.
j=m+1

Similarly, there exists C; < 0o, such that with probability one,

k
k—m—1
E[ il w}w(m} < ey,

j=m+1

Substitute these bounds into (4.9), we have for some C5 < oo,

k

(414) EDN70|:Wm+IZm l_[ (WJ(Y]—I - 1))1gi| S Cé(CS(gz)k_m—lEDN,O[Zmlg]
j=m—+2
By the induction hypothesis (4.6) form <k — 2,
log EP¥0[Z,,16] — log EPY-0[Z; 5 1¢]
k=2
<— > logEi-O[W;lg] + 1*|Fx — Fl + |Rm—1l,
j=m+1
2 — .

where |Fy_y — Fy| < Ci(k —2 —m)e? = Cl gty log s [Rp—1] < Cir;,° . Applying

Proposition 3.3 (and use the smallness of Er-f_l’O[legc]) to evaluate logE’i—l’O[W,-lg] as
A — 00, the right-hand side is bounded above by
2 2
t 'm ) 'm ( e ) 'm _5
——glog—— +1¢ log——+ O lo + 0 .
288, +tooall)log k-2 " log(1 +¢) S Cn=1)
For ¢ sufficiently small, this is bounded by O(r”_lfl), and we have EPV ’O[Zmlg] <

2EDN ’O[Zk,zlg] for all m < k — 2. This concludes that for some absolute constant Cg < 00,
(4.14) is bounded by

Coe” M VEPN O Z; 1 1),

Summing over m, we then have

k=2 k
EDN’O[Z W1 Zn ]] (Wj(Yj_l—D)lg}schEDN’O[Zk_zlg],
m=1 j=m+2

for some C7 < co. A similar argument yields

k
EDN’O[Zl [Twj—1 — 1)14 < CLe?EPYO1Z, 5161
j=2

This completes the proof of (4.7) for k (with C» = C7 + Cé).
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We now move to the proof of (4.6). We first show that there exists Cy < 0o, such that
(4.15) log EPV (W Zi_1 161 =10g EPV 01 Z; _11¢] 4 log E*1-O[ Wy 161 + R},
where |R;_,| < Cor,:fl. Using Markov property,

EPN O Wy Zi—116] = EPV O Z4 1 1GEIWi 161 Fie11].

Apply Lemma 2.8 (to any realization of ¢|3Brk_1 such that MaXxeyB,, , P(x) < (% X
logry—1 )2) to obtain with probability one, there is some Co < oo and § > 0, such that

IB[Wi 16| Fi_1] — E"O[Wi 11| < 2exp(c Varkghe Wi)ri,
< CO”k__l-
Therefore,
[EPNO[ Wy Zi—11g] — EPY O Z4_ 1 1g IR [ Wi 1g]| < Cor? EPV [ Zk-11g].

This yields (4.15).
Finally, we prove (4.6) for k using the joint induction hypothesis for (4.6) up to k — 1 and
for (4.7) up to k, and apply (4.15). By (4.15), and the induction hypothesis for (4.6),

IOgEDN’O[Wka_l 1g]

=1log EPYO[Z4_11g] + log E™1O[ Wi 1g] + R} _,

k
Z ogErJ 1,0 W 1g]—{—10gEDN [exp(t(X,O )) ]+t2Fk_1 +Rk_2+R],€_1.

(4.16)

We may write

EPYO[EP14) ]

log EPV-017,15] = 1og EPY OT W, 7,11 1 [1 .
o8 [Ziclg] = log WicZi-1lg] +log +IEDN’0[Wka—11g]

Using the induction hypothesis for (4.7), (4.16) and the asymptotics of log E’ffl’O[Wj], we
conclude for some absolute constant Cg < 00,

<2Cge.
EPNO[W, Zi—11g] —

]EDN,O[E(Yk)lg] :H - ) EDN’O[Zk_ng]
EPN-O[Wi Zi—11g]

log[l +

EPNOEW 1]

Let Fy = Fi—1 +1log[1+ EPNO[We Zx_1 1g]

we conclude

]and Ry—1 = Ry—2 + R;,_,. Combining with (4.16),

k
log EPY-01Zi1g] =) " log B -1O[W; 1] + log EP¥ *[exp(t (Xy, ))1g] + 12 F + Ri—1,
j=1

with | Fi| < max{Cy, 2Cg}ke?, |Rk—1| < Ci Z =3 This completes the proof of (4.6), and

also Theorem 4.3.

/11

4.2. Proof of upper bound. In this section, we prove the pointwise Gaussian tail bound
Theorem 1.4, and as a consequence derive the upper bound of the law of large numbers
Theorem 1.1. In fact, we obtain the following tail bound for the maximum of ¢ (x). For the
rest of the paper, g = g(V) denotes the positive constant that appears in Theorem 3.3 and
Theorem 4.1.
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PROPOSITION 4.4. For any 6 > 0, there is some C = C(8) < oo, such that

(4.17) P( sup ¢(v) = (/5 +8)log N) < C(HN V5.

veDy

We first give the proof of Theorem 1.4.

PROOF OF THEOREM 1.4. Given § >0and ve Dy, take M = M($) = (1 — 86) log A.
Therefore,

PPVO(p(0) > u) <PPVO(Xy,  (v) > u = Slog &) + PP O(p (1) — X,y (v) > Slog A).

™M+

We apply Theorem 4.1 to obtain for all bounded ¢,
PPNO(X,, . >u—8logA) < exp(—t(u — 8log A))EPN Oexp(tX,,, )]

2
t
= exp(—t(u —8logA) + Eg(l — 8% 1log A + o(log A)).

Minimize the last display over 7. Since u < Clog A the minimum is achieved at some
bounded ¢, thus

Dy.0 (u —8log A)?
PPN ( Xy . >u —8logA) < exp(—zg(1 ~ 55 log A +o(log A)
—8log A)?
< exp(—w + o(log A)).
2glog A
Apply Lemma 2.2 to obtain

Dy.0 (8log A)? log A
PN ((;S(U)—XrM’+ >510gA) fexp(—cBLm =exp| —cBL 25t )"

Notice that for § small enough,
logA  (u—8logA)?
>
g84 2glog A

so we send § — 0 to conclude the proof. [

Finally, we show how Proposition 4.4 follows easily from Theorem 1.4.

PROOF OF PROPOSITION 4.4. If we pick yp small enough then for v € Dy such that
dist(v, 0 Dy) < N we have from the Brascamp-Lieb tail bound, Lemma 2.2, that

4g(log N)2> < N“22/VE,

P >2./glogN) < -
(p(v) =2/glog )_GXP( CBL volog N

Then a union bound shows that

P ma >2./glog N) < N0~ 1-20/V8
<v:dist(v,8D)1(v)§NV0¢(v)_ \/g g >_

Fix this yp and take any v € Dy such that dist(v, dDy) > N?. Given any § > 0, applying

Proposition 1.4 with u = (2,/g + ) log N yields

2(log N)? 28 (logN)?
log A /& logA

< CN~2-20//g+o()

POW) = 2JE +)logN) < exp( - +ollog) )
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for some C < oco. Therefore,

P max v) >2 loes N <CN_25/«/§+0(1)’
(v:dist(v,BDN)>NVO¢( )_ \/g g )_

thus completing the proof of (4.17). U

5. Proof of the lower bound. In this section, we prove the lower bound of the law of
large numbers Theorem 1.1. In fact, we prove the following tail bound.

PROPOSITION 5.1.  For any 6 > 0, there is some C = C(§) < 00, such that

(5.1) ]P’DN’O( sup ¢ (v) < (2/g — 8)log N) <C@EN"C,

veDy

We first prove a weaker form of the lower bound in Section 5.1, and then “bootstrap” to
obtain the desired lower bound in Section 5.3. Recall that P2/ represents the law of the
gradient field in B C Z? with boundary condition f on dB.

5.1. Second moment argument. Given B C 72, x € B and y € dB, werecall ag(x, y) is
the harmonic measure on 9 B seen from x. Also recall the harmonic averaged field X; +(v)
and er,_(v) from the beginning of Section 4. Heuristically, the process {er,+(v)} should
behave like a random walk with increments of variance g log(1 + ¢). We make this heuristic
rigorous and show the following weak lower bound.

PROPOSITION 5.2.  Forall s > 0, there is No = No(s) such that for N > Ny(s),

pDN.0 [ Jv € [~0.9N, 0.9NT? s.1. } e

2 ¢ (v) — X, _(v) = (1 —25)2,/glogN

In fact, this probability tends to one as N — oco. This will be proved later by bootstrapping
the weaker bound stated in Proposition 5.2. The proof of Proposition 5.2 is based on a second
moment method studying the truncated count of the increment of the harmonic averaged
process.

It suffices to prove Proposition 5.2 for small s. Given v € [-0.9N, 0.9N?, take ¢ = s> and
M=M@sH=01- s3)10g N/log(l + €), and define r¢ and r + as in (4.1). Denote by [m]
the integer part of m. Then we have

pDw.0 Jv e [-0.9N,0.9N]? s.t.
dp(v) — X,y _(v) = (1 —25)2,/glogN

Jv e [-0.9N,0.9N]? s.t.
> ]PDN,O 3
B Xr[M]7+(v) - Xr(),_(v) Z <1 - ES)Z\/glogN

pDY.0 Jv € [-0.9N,0.9N]? s.t.
_ B S .
¢(v) - XV[M],+(U) = _52\/§10gN

The last term above can be bounded using the Brascamp-Lieb inequality. Indeed,

pDv.0 Jv € [-0.9N,0.9N]? s.t.
’ R)
¢(v) - Xr[M],-l-(v) =< _52\/§10gN
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< > PDN,0[¢(U) = X+ (V) > %2@ log N]
ve[—0.9N,0.9N]?
(5.3)

s2g(log N)? )
Varpig (¢ (V) — Xy, 4 (0))

Szg(log N)z) _ N2—c‘/57]
gs3log N ’

< N2 exp(—cBL

< N? exp(—cBL

for some ¢’ > 0. For small s, this is much smaller than N 225, Therefore, it suffices to study
Xr[M],+(v) - Xr(),_ (U)

For fixed integer K > 2 (which will be taken sufficiently large in the end), split “time” into
Ki:=[(1- s3)K]+ 1 intervals of size 1 /K and consider the increments over these intervals
Un(@) = Xr g ) = Xr 4y (V)

(5.4) e o
form=1,...,K;.

Roughly speaking, when v is in the bulk of Dy, {Um}nlflz | are the differences between the
harmonic average at scale N'="/X and the scale N'~""~D/K_Consider the events

Jn(v;8) = {Um(v) € [%(1 —s5)2,/glogN, %(1 +s)2\/§logN“
and

J(v;s) = ﬂ Jn(v; 5).

Define the counting random variable

Nk, (s) = Z Lr;s)-
ve[—0.9N,0.9N 2
Note that if /\/K1 (s) > 1 then there existsa v € [—0.9N, 0.9N1? such that
K

5
> Un() = (1—5)(1—5)2/glogN > (1 — Zs)Z@logN.

m=1

Furthermore, since

K K
X+ ) = Xpy_ () =D Un () + D (Xpmm/x,1,—= ) — Xpmaa/ k11,4 (),
m=1 m=1

and by direct computation
Dy,0 d
Vafnéi’:p[z (Xmnt/ky1.~ () = X[mM/Kl],+(v))} = 0(K)),

m=1
the Brascamp-Lieb tail bound Lemma 2.2 implies there exist some c(s, K1) > 0, such that

K
(5.5) IPDN’O(Z (Ximm/&1) - @) = Xpmagy 1,4 () > 2@2 log N) < em¢W KD logN)?

m=1

Combining (5.3) and (5.5), Proposition 5.2 will follow from
(5.6) PPVO[ Nk, (s) > 1] > N72%.

We will prove the following.
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LEMMA 5.3. Foralls >0and K >2/s, we have
(5.7) EPVO[ Nk, (5)%] < N*ZEPY O [N, ()]

With additional work, the term N%25 could be replaced (1 + o(1)), but for our purposes
(5.7) is enough. Note that (5.7) is true only because N, (s) is a truncated count of high
points.

By the Paley—Zygmund inequality, Lemma 5.3 implies (5.6) and, therefore, yields Propo-
sition 5.2.
Lemma 5.3 follows from the following estimates.

LEMMA 5.4. For all fixed s > 0 and K > 2, we have
EPYO[ Nk, (5)] > eN 7.
LEMMA 5.5. Forall fixed s > 0 and K > 2, we have
EDN’O[NKl (S)Z] < N%-i—lls‘
The proof of these lemmas use estimates for the joint distribution of {Um},fllz1 , proved in

Section 5.2 below. Lemma 5.4 is immediate from taking union bound from the following
result.

LEMMA 5.6. Forall fixed s > 0 and K > 2, we have that
PPVO[T (v 8)] = eNT27,
uniformly over v € [—0.9N,0.9N]?.

we have

K
: AYl Un()
PROOF. Letting —4¢  — exp(A >~
& JpDN D EPN Ofexp(. =51 Uy (0))]

K| &
PPVO[J (v, 5)] = Q[J (v, 5); e Zom=1 Un @ ]EDN-0 [exp(x Z U’"(v)>]

m=1

K
> o[/, s)]e_A(H“)(l_‘é)Z“/glogNEDN’O[eXp<k > Um(z;))}.

m=1

By Theorem 5.8, forall A <2/,/g,

K K
1 1
(5.8) EPN-0| ex AU ) [=expl = Y A2—=glog N +o(log N) ).
p mX::l p 2’;::1 < 8log g

Therefore,
PDN’O[.’(U, S)] - Q[J(U, S)]e%)xz(l—ﬁ)glogN—A(1+s)(1—s3)2ﬁlogN+o(10gN)‘
Setting A =2/, /g, we find that
]PDN’O[J(U, S)] > Q[J(U, S)]e—ZIOgN—SSIOgN‘

It thus only remains to show that Q[J(v)] > c¢. Under Q, we have for each j that
1
Q[exp(t(Uj(v) — EZ@logN))]

_ EDN*O[exp(ZnI?ZI()» + L= 3) U (V)]
ELN-O[exp(X AL AU, (v)]

(5.9)

1
exp(—thﬁlog N).
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Thus applying Theorem 5.8 (with max A; =2/,/g + 1), we have that (5.9) equals

exp(51%(1 —s¥)glog N + At g glog N + 51>z glog N + o(log N))
exp(322(1 — s3)glog N + o(log N))

1
p<—2tE\/§10gN)

1,1
= exp<§t2EglogN + o(log N)),

where the last equality follows because A = 2/, /g. Using the exponential Chebyshev inequal-
ity with t = #£s/, /g therefore shows that

|

for some ¢ > 0. Thus Q[J (v, s)]>1— Kexp(—c%logN) — 1,as N — oo forall K and s.
]

1 1 2
Uj — E@logN‘ stﬁlogN] SGXP<—CSE10gN>’

Lemma 5.5 will follow from the following.

, -
LEMMA 5.7. Forall fixed s > 0 and K > 1, we have ilef% <|vy =] < leijor
some j €{l,..., K1}, then

Ki—j

PONP[T (v, 8) N J (v, 5)] <exp(—2 logN—i-SsTlogN )

PROOF. Note that BN1 j (v;) for i =1, 2 are disjoint, but B Vi it (v;) are not. Thus,

roughly speaking, the 1ncre1nents Ujti1(v;) for i =1,2 depend on dlS_]OlIlt regions but
U;(v;) do not. Because of this we expect Uy, (v;), i = 1,2 to be correlated form =1, ..., j
(and essentially perfectly correlated if m < j — 1), but essentially independent for m =
j+1,..., Ki. With this in mind we in fact bound

PDN’O[J/],
where
= () )N () Jn(s),
m=1,..., K m=j+1,..., K
that is, we drop the condition on vy form = 1 ey e
AU (v1)+A Un
Letting D = exp(Cpe L AU (1) 2 L =il (2))) we have
dPPN0 " EDN Ofexp(Th L, AU (v1)+A sz,+1 Un(v2))]
PDN,O[_]/]
Ky K
< Q[J/; exn(— Y AUn() =2 ) Um(UZ)):|
m=1 m=j+1

K K
XEDN’O[CXP(Z AUy (vp) + A Z Um(02)>:|

m=1 m=j+1

1=J —s)2¢§10gN)

x EPN-0 |:exp(z AUp (V1) + A Z Un (v2)>].

m=j+1

< exp(—k
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By Theorem 5.8, for all A < 2/[,

EPN-0 |:exp(2 AU (vy) + Z AUp (vz)))}

m=j+1
(5.10)

1 1 1
:exp( ZAZEglogN+— Z AzfglogN+0(logN))
m=j+1

Thus in fact PP~-0[J’] is at most

1 ,2K1—j 2K1 —j
exp(ikle]glogN —)»IT](I —s)2\/§logN+0(10gN)).

Setting A =2/, /g, we find that
2K — 2K1—j
Dy,0r 7 1—J J
PO~ [J]§exp(—2TlogN+5sTlogN>. 0
We can now prove the second moment estimate Lemma 5.5.

PROOF OF LEMMA 5.5. We write the second moment as

EPVO[NE ] < 3 POV-O[J vy, 5) N T (v, 5)].

v1,v2€[—0.9N,0.9N]?

Splitting the sum according to the distance |v; — v2|, we get that

K

EPVONR 1= > PPVO[J (v, 5) N J (02, 5)]
J=1 N1-J/K <|p)—vy|<N1-G-D/K
+ > PPYOJ(uL )N T (2, 9)].

vy —va| <N’

The first summation gives the main contribution. Now using Lemma 5.7 and the fact that
there are at most N2 x N2~2U~D/K points at distance less than N!~U~D/K we obtain an
upper bound of

2K1—j

K\
ZN4—2(j—l)/K « N~27°% 1552

j=1

+ NZN—2+53

K K
— N4 3 N—4A=sH+2/K \r10s(1=5%) 4 3 NS
j=1 j=1

<[Ky + 1INFHO,
which for N large enough is at most NEFs O

5.2. Finite dimensional distribution of the harmonic averages. We now state and prove a
result concerns the joint distribution of the increment of the harmonic averages at mesoscopic

scales. The next theorem shows approximate joint Gaussianity of {U,, }m |» defined in (5.4).
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THEOREM 5.8. For all bounded sequence {\y}m=1
v € [—0.9N,0.9N1?, we have for all K sufficiently large,

K K,
1 1
(5.11) EDN’O|:eXp(Z Am Um(v)>:| = exp(5 mgl AanglogN + o(log N)),

m=1

K, such that max, A, < C and

.....

where the o(log N) term depends on K, ¢, C, and the constant § from Theorem 2.5. Also,

, S
forvy, v €[—N/2, N/2]2 such that for some j € {1, ..., K1}, N'—% <|vi—w| < NI_JT,
and for bounded sequences {\y, ;}i=12 such that max, ; Ay,.; < C, we have for all K suffi-
ciently large,

K K
EDN,0|:6XP(Z )\’m’lUm(‘Ul)-l- Z )\-m,ZUm(UZ))):|

m=1 m=j+1
(5.12)

K K
1 1 1 & 1
ZCXP(E E Ai’I?glogN + 3 E AghzgglogN —i—o(logN)).
m=1 m=j+1

PROOF. We first prove (5.11). Recall that

— . 2
G={#: max|p(v)] < (log N)?

— . 2
= {0 max|p )] < c(s)logrm?}.

Using the Brascamp-Lieb inequality and Lemma 2.7, it is easy to bound

K
EDN’O[CXP(Z memw)) 1gc} =on(D),

m=1

therefore we only need to compute IEDN’O[exp(zrls':1 AmUnm (v))1g].
Indeed, denote rjupm/k,] as 7', and F, = o{¢p(v) : v € Dy \ B;, (v)}, by the Markov
property we have

K
EDN’O[exp(Z Am Um(v)> 19}

m=1

Ki—1
_ EDN’O|:6XP< Z )LmUm> lgE[e)tKlUKl 1g|fK1—1]].

m=1

By Lemma 2.8, there exist C; < oo and § > 0, such that
- Fx 1.0
[E[e*1 V%1161 Fi,—1] = E™10[e 1 YK 16]| < 7l expler Varpdgr (k, Uky)
<7? exp(CzClilogN)
=Tg—1 K
where C = max,, A,,. Take K large enough such that

1 1
C’Ci— < =553,
K 2
we thus have

[E[e*1 V%1 16| Fi, 1] — E™i [tk 1g]| < 7l < e BE [t R,
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Therefore,

K
EPN-0 |:exp<z AmUn (v)) 1g:|

m=1

Ki—1
= (1+ 0 (¢ 3) B~ O+ Ui 16 ]EPY [p( 2 dnU >lg]'

m=1

Keep iterating then yields

Ky K ~
EDN’0|:exp<Z Do Um(v)) 14 = [T (1 + 0@, )En-10[rnUng).

m=1 m=1

By Theorem 4.1 (and Remark 4.2), there exists g = g(V) > 0, such that

. )ﬂ
(5.13) E/m-1:0[e*nUn] = exp( e logN—{—o(logN))

and by Lemma 2.7 and the Brascamp-Lieb inequality,
En=1:0T*nUn 5] = oy (1).
Since Zm | 8 12 < 00, this completes the proof of (5.11).
The proof of (5.12) is very similar to that of (5.11). We define fori = 1,2, 7, i = o {¢p(v) :
v e Dy \ B;, (v;)}. Then, by the same argument,

K1 K
EDN,O[eXp(Z A Un) + Y Am,ZUm(U2)>lgi|

m=1 m=j+1

Ki—1 K
:EDN*O|:exp< Z )Lm,lUm(vl) + Z )LmazUm(UZ))

m=1 m=j+1

X lgE[exp()»Kl,lUKl(Ul))lgU:Kl—l,l]}

=(1+ 0(~Kf/21))E;K1‘1’O[CXP(KKI.1UK1 (v1)1g]

Ki—1
x EPw: O[exp( Y dmaUn(vr) + Z M 2Um(v2)) 19}

m=1 m=j+1

Then conditioned on Fk,_1 2, apply the Markov property and Lemma 2.8, we can write the
above display as

(14 02 E 171 exp(hk, 1 Uk, (v1)) 16 JE™1=1O[exp(ik, 2Uk, (v2)) 1g]

Ki—1 Ki-1
XEDN’O[exp( Z Am 1 Up (V1) + Z )Lm,ZUm(UZ))lg:|'

m=1 m=j+1

Keep iterating, we obtain

K K
EDN’O|:3XP<Z AmaUp(v1) + Z )\m,ZUm(UZ)>1g:|

m=1 m=j+1
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K
1_[ 1+ 0 (7, 2)Em=10exp (A1 Un (v1)) 16 |E 10 [exp (A 2 Un (v2)) 16]

J
x TT 1+ Oy ) EP O exp(in, 1 Un(01)) 1]

m=1

Applying (5.13), we conclude the proof of (5.12). [

5.3. Bootstrapping. We now use Proposition 5.2 to prove the desired lower bound (5.1).
Proposition 5.2 shows that the field reaches (1 — 25)2,/glog N with at least polynomially
small probability. We will apply Theorem 2.5 to see that the field in different regions of
[—N, N? are essentially decoupled. Therefore, applying Proposition 5.2 in each region one
can show with high probability, there is some v € [-N, N 1% such that o) — X,y _(v) >
(1—25)2,/glogN. '

To carry out this argument, tile [-N, N ]2 by disjoint boxes D1, D3, ..., D, of side-length
N'=" where m < N, and 7 is a small number that will be chosen later. Let B be the union
of all the 9 D;.

Consider the good event

G = { max | (v)| < (logN)z}.
ve[—N,N]?

By Lemma 2.7, we have PON-O[Ge] < e__"(IOgN)S, as N — oo.
On the event G, fori = 1,...,m, let D; be the box concentric to D;, but with side length
%Nl_”. Let R = %Nl_”. We further define

Nii={YveD;: () — Xr_(v,¢) < (1 —25)(1 —n)2/glogN}.
Now
POV Nk i =1,...,m; Gl =PPNO[P[Nk;,i=1,...,m|¢p(x), x € B]; G].
Using the Gibbs property of the measure (1.3), we have the conditional decoupling
m
POVOINg i =1,...,mlp(x), x € B] = [ PP?12 [Nk;1¢ (x). x € dD;].
i=1

Consider for each i the law PPi-%190;  Then on G we can apply Lemmas 2.5 and 3.2 to
construct a coupling Q' of a field ¢ with law PP*?190i and a field ¢* with law P20 such
that

Q'[VveD;:p(w) — Xp—(v.¢) ="' () — X _(v.¢"")] =1 - N0,

where the constant § > 0 is from Theorem 2.5.
Thus

pDN-0 Yo € [—-0.9N,0.9N]*:
d() — Xg-(v,¢) < (1 —25)(1 —n)2,/glogN; G

(PP 0Nk ]+ N0

A

(1= (V1) 20 N8,

IA
=

—
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where we apply Proposition 5.2 to obtain the last inequality. Now let s and 7 be small enough,
depending on §, such that
(5.14) 2ls <8 and n>21s/(1+4 21s).

Thus we have

D0 Vv € [-0.9N,0.9N]*: et
619 ¥ (¢(v)—XR,—(v,¢) < (1 —=2s5)(1 —m)2/glogN; Q) Se

for some &1 > 0.
In view of (5.14), we can take n = 21s. Then, on the complement of the event (5.15), there
exists v; € [—0.9N, 0.9N]? such that

dp(1) — Xr—(v1,¢) > (1 —195)2,/glog N.
Notice that (for go =2/m)
Vargg}’;oF[XR,_(vl , )] = gonlog N + o(log N) =21sgolog N + o(log N).
By Lemma 2.2, there exists cgr > 0, such that

s2/3(10g N)2
slog N

1/3

(5.16)  PP¥O[Xg _(v1,¢) > s logN] < exp(—cBL > = N~BLY

Combining (5.15) and (5.16), we see that

1/3

PPVO[ max  g(v) < (1-25"7)2/glogN| < N7P T 4 eV

ve[—0.9N,0.9N ]2
And we conclude (5.1).

5.4. High points. We now sketch the proof of Theorem 1.3. The proof follows from the
same argument as the proof of Theorem 1.1, for completeness we sketch the idea below.
It suffices to prove that for any s > 0,

(5.17) PONO (|3 ()] > N2=+) = o (1) and
(5.18) PPNO (13 ()] < N2=1)75) = o (1).
Since

BV ([Hy (] > N*T0) < NPT TE [y ()]
< N72== 5 PPVO(p(1) > 2,/gnlog N).
veDy

the upper bound (5.17) follows directly from applying Theorem 1.4 with u =2,/gnlog N.
We now focus on the lower bound (5.18). Recall the definition of U, in (5.4). For n €

(0, 1), having in mind that we aim to count the points {v € Dy : ¢ (v) > 2,/gnlog N}, we

look at the following truncated event such that the increments U, are slightly higher than

2./8+ log N:
T (Vi : 8) = {Um(v) c [(1 +s)2¢§% log N, (1 +2s)2¢§%log N“

and for K1 :=[(1 —s3)K]+ 1,
Jim)= [\ Jain:s).
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Also define the counting random variable

NKI(W’S)= Z Lrwsms)-

ve[—0.9N,0.9N?

By the same Brascamp-Lieb bounds as (5.3) and (5.5), to study the dimension of Hy (),

it suffices to study {v : J(v;n;s) occurs}. Indeed, the same first moment computation

as Lemma 5.4 and Lemma 5.6 (but instead using the change of measure d[;io%.o =
exp(n Ly Un ()

EPN-Ofexp(i Xy, L Un ()]

) yields

E[Nk,(n,5)] > N2(1_,72)_8mz,

and the same second moment computation as Lemma 5.5 and Lemma 5.7 yields
E[NZ, (5, 5)] < N*(O-m)=557

Therefore,

E[NZ,(n.5)] < N'"STE[Ng, (n, )]

Applying the Payley—Zygmund inequality then yields

1
PDN’0<|{U : J(v; 3 8) oceurs}| < ENZ(I_"Z)_S>

=< 1 _]P)DN’()(NK] (77»5) > %]E[NKl (77,5)]>
<1 — N1,

But to complete the proof of (5.18) we want IPDI\"O(/VK1 (n,s) > %IE[/\/’K1 (n, s)]) to be close
to 1. This can be proved by carrying out the same bootstrapping in Section 5.3, obtaining the
high probability by creating a large number (N, where y = y (s, ), and § is the constant
from Theorem 2.5) of essentially independent trials with success probability N —llsn?,
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