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We consider the limit of a linear kinetic equation with reflection-
transmission-absorption at an interface and with a degenerate scattering ker-
nel. The equation arises from a microscopic chain of oscillators in contact
with a heat bath. In the absence of the interface, the solutions exhibit a su-
perdiffusive behavior in the long time limit. With the interface, the long time
limit is the unique solution of a version of the fractional in space heat equa-
tion with reflection-transmission-absorption at the interface. The limit prob-
lem corresponds to a certain stable process that is either absorbed, reflected
or transmitted upon crossing the interface.

1. Introduction. We consider a linear phonon Boltzmann equation with an interface.
This equation describes the evolution of the energy density W (¢, y, k) of phonons at time ¢ >
0, spatial position y € R and the frequency k € T =[—1/2, 1/2] with identified endpoints.
Outside the interface, located at y = 0, the density satisfies the kinetic equation

aZW(t’ yv k) +J)/(k)8yW(t7 ys k) = VOLkW(tv ys k)a
W@, y, k) =Wo(y, k).

We denote by w : T — [0, +00) the dispersion relation and set the group velocity of the
phonon @' (k) := '(k)/(27), k € T. The parameter yy > 0 represents the phonon scattering
rate and the scattering operator Ly, acting only on the k-variable, is given by

(1.1

(1.2) LiF (k) := /TR(k,k’)[F(k’) — F(k)]dk', keT

for a bounded and measurable function F'.

When there is no interface, this is the Kolmogorov equation for a classical jump process.
The interface conditions prescribe the outgoing phonon density in terms of what comes to the
interface:

(1.3) W(t,07, k)= p_(k)W(t,0", —k) + p+ (k)W (t,0™, k) + Tg(k) for0 <k <1/2,
and

(1.4) W(t,07,k) = p_(k)W(t,07, —k)+ p+ (k)W (t,0", k) + Tg(k) for —1/2 <k <0,
with the energy balance

(1.5) P+ (k) + p—(k) +g(k) = 1.

Here, p_(k), p+ (k) and g(k) are, respectively, the probabilities of the phonon being reflected,
transmitted or absorbed, while 7 g(k) is the phonon production rate at the interface.
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We assume that the absorption coefficient g(k) and the reflection-transmission coefficients
p+ (k) are positive, continuous, even functions, satisfying (1.5) and such that

(1.6) lim g(k) =go > 0, lim py(k) = p+,
k—0+ k—0+

and there exist Co, y > 0 such that

(L.7) |p+(k) — p+| < Colk|”, keT.

The large scale limit of the kinetic equation without an interface has been considered in
[2, 13, 20]. The corresponding rescaled problem, with N — 400, is

1 1 _
NBIWN(t, v, k) + Wa)/(k)ByWN(I, v, k) =y LiWn(t,y,k),

WN(Oa y’k) = WO(y7k)a

with an appropriate exponent o > 0 and with o« = 2 corresponding to the classical diffusive
scaling. An important feature of the phonon scattering is that the total scattering kernel,

(1.8)

(1.9) R(k) := /T R(k, k') dK',

degenerates at k = 0 so that R(k) ~ |k|?; phonons at a low-frequency scatter much less.
The correct choice of the time rescaling exponent o depends, then, on the properties of the
dispersion relation. In the optical case, when @'(k) ~ k, |k| < 1, so that the low-frequency
phonons not only scatter less but also travel slower. The scaling in (1.8) is diffusive, so that
o =2 and Wy (t, y, k) converges as N — +oo0 to the solution to a heat equation

(1.10) AW (t,y)=2E0;,W(t,y),

with the initial condition
W) = [ Wty k) dk

and an appropriate diffusion coefficient ¢ > 0.

When, on the other hand, the dispersion relation is acoustic, so that @' (k) ~ signk, for
|k| < 1, and the phonons at low frequency scatter less but move as fast as other phonons,
then the scaling is superdiffusive, with « = 3/2 and the limit of Wy (¢, y, k) as N — +oo
satisfies the fractional heat equation

Wt y)=—¢la2 W, y),
(1.11)
W, y) = /;T Wo(y, k) dk,

with an appropriate fractional diffusion coefficient ¢ > 0. In both cases the limit W(z, y)
does not depend on the frequency k. Results of this type under various assumptions on the
scattering kernel (but without an interface present) have been proved in [2, 5, 10, 13, 20].

Our interest here is to understand the long-time behavior of the solutions to the kinetic
equation with an acoustic dispersion relation in the presence of the interface, so that (1.8)
holds away from y = 0, and the interface conditions (1.3)—(1.4) for Wy hold at y = 0. We
allow the total scattering rate to degenerate as R(k) ~ | sin(rrk)lﬁ for some B > 1. The case
B € (0, 1) has been considered in [3], with the initial condition that is a local perturbation
of the the equilibrium solution W (¢, y, k) = T. It leads to a diffusive scaling and the limit
described by a heat equation (1.11) with a pure absorption interface condition W (¢,0) = T'. In
that situation the degeneracy of scattering at low frequencies is not strong enough to prevent
the diffusive behavior.
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In order to formulate our main result, let us make some assumptions on the scattering
kernel, reflection-transmission-absorption coefficients and the initial condition. We assume
that the scattering kernel is symmetric

(1.12) R(k, k') = R(K', k),

continuous and positive, except possibly at k =0,

(1.13) R(k, k') >0, Kk, k' #0,

and the total scattering kernel has the asymptotics

(1.14) R(k) :=fTR(k, k') dk' ~ Ro|sin(rrk) & k| <1,

with some 8 > 0 and Rp > 0. We also assume that the normalized cross section
(1.15) plk, k) = %Rk(lk)/) k,k'#0

is in L°°(T?). Note that
(1.16) /p(k,k’)R(k/) dk'=1 forallk #0.
T

For the dispersion relation we assume that it is acoustic, that is,

(1.17) w(k) ~ 2wj|sin(rk)|, [k <1,

with some a)(’) > (0 and that w (k) is even in k.

To make the precise assumptions on Wy(y, k), we will use the notation Ry = (0, +00),
R_ = (—00,0), R, =R\ {0}, R = [0, +00), R_ = (—00, 0], as well as T, = T \ {0} and
Ty =[k:0<=xk <1/2]. Given T, we let Cr be a subclass of Cp(R4 x T,) of functions F
that can be continuously extended to R. x T, and satisfy the interface conditions

F(0", k) =p_(k)F(0", —k) + p+ (k) F(0~, k) + g(k)T for0 <k <1/2,
F(0,k)=p_(k)F(0~, —=k) + p+ (k) F(0T, k) + g(k)T for —1/2 <k <O.

Note that F' € C7 if and only if F — T’ € Cy_7/ for some T’ because of (1.5).
In the presence of the interface, the fractional diffusion equation (1.11) is replaced by the
following nonlocal equation

FW(t,y) = 5/yy/>0 ap(y =y)[W(t.y') =W, y]dy’

(1.18)

+ 590/ 48 =Y)T =W n]dy
(1.19) Y
+Ep- /yy,<0 ap(y = Y)[W(t, =y') =W, y]dy

+ép+/ 480 =YW (.y) = Wt n]dy'.
yy <

Here, ¢ is a fractional diffusion coefficient given by (1.23) below, p+ and gg are as in (1.6)
and

= B . 2TPTA+1/2B)
W= e BT AT 12+ 1B

As we explain below, equation (1.19) automatically incorporates the interface conditions. Our
main result is as follows:

(1.20)
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THEOREM 1.1. In addition to the above assumptions about the scattering kernel R(-, -)
and the dispersion relation w(-), suppose that 8 > 1 and Wy € Cr, and let Wy (t, v, k) be the
solution to (1.8) witha =1+ 1/B. Then, we have

(1.21) lim WN(t,y,k)G(y,k)dydk=/ W(t, y)G(y, k) dy dk
N—+o00 JRxT RxT

for any t > 0 and any test function G € C{°(R x T). The limit W(t, y) is a weak solution of

equation (1.19) in the sense of Definition 2.3, with the initial condition

(1.22) Wo(v) = [ Woty. k) dk
and the fractional diffusion coefficient

1+1 ir
1.23) A C O 278 (wpy) 1 H1/P / (e —1)dx
“BGoR)E P AR

The proof of this theorem proceeds as follows: as we have mentioned, the kinetic equa-
tion (1.8) is the Kolmogorov equation for a Markov process (Zy(t), Ky (¢)), where the fre-
quency Ky (¢) is a certain jump process and the spatial component Zy (¢) is the time integral
of @ (Kn(t)). This process can be generalized to incorporate the reflection-transmission-
absorption at the interface. Similarly, we show that (1.19) is a Kolmogorov equation for a
certain stable process ¢ (¢) that undergoes reflection-transmission-absorption at the interface.
We prove that Zy (¢, y) converges to ¢(¢) in law. This shows that Wy (¢, y, k) converges to a
weak solution W (z, y) of (1.19), such that W (z, y) = E[Wo (¢ (£))|£(0) = y].

Theorem 1.1 identifies the limit as a weak solution only in the sense of Definition 2.3 below
that does not characterize its behaviour at the interface. In order to obtain this information,
we need to prove that the limit belongs to a class of functions that satisfy a certain regularity
condition at the interface (see (2.7) and (2.8)). When it is imposed the solution is unique.

In Theorem 2.5 we prove that the weak solution obtained in Theorem 1.1 belongs to this
regularity class, under the further assumption that the initial condition Wy(y) belongs to L!
up to an additive constant. To this end, we construct another approximation &, (¢) of ¢ (¢) that
converges in law to ¢ (¢) as a — 07 and

Wa(t, y) =E[Wo(¢a())124(0) = y] = W(t, y) =E[Wo(¢(1))1£(0) = y].

However, we ensure that W, (¢, y) also satisfies an energy estimate (see (7.10) below), thus,
so does W (t, y) in the limit.

A kinetic problem with similar conditions at the interface appears as the macroscopic limit
of a system of oscillators driven by a random noise that conserves energy, momentum and vol-
ume [4]. This microscopic model has been recently considered in [15] with a thermostat at a
fixed temperature 7 > 0 acting on one particle, so that the phonons may be emitted, reflected
or transmitted, and the corresponding macroscopic interface conditions have been obtained,
in the absence of the bulk scattering, corresponding to yp = 0 in (1.1). It is believed that
the above macroscopic interface conditions also hold in the presence of interior microscopic
scattering when yy > 0. However, for the absorbing probability arising from this microscopic
dynamics, we have go = 0 (cf. (1.6)). This generates a different interface condition for the
macroscopic limit [14] from the one obtained here.

A fractional diffusion limit of kinetic equations can arise in various ways, typically re-
lated to a mechanism that allows the particles to propagate large distances between scattering
events, such as heavy-tail distributions of the velocity fields, or a degenerate scattering ker-
nel, as in the present paper. A very nice review of the existing results can be found in [19].
However, there seem to be few results on a fractional diffusion limit for kinetic equations in
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the presence of an interface. In [8], the case of absorbing, or reflecting boundary, but with
the operator L that itself is a generator of a fractional diffusion has been considered. Another
situation, closer to ours, is a subject of [9], where the convergence of solutions to kinetic
equations with the diffusive reflection conditions on the boundary is investigated. This condi-
tion 18, however, different from our interface condition that concerns reflection-transmission-
absorption. Also, in contrast to our situation, the results of [9] do not establish the uniqueness
of the limit for solutions of the kinetic equation, stating only that it satisfies a certain frac-
tional diffusive equation with a boundary condition. The question of the uniqueness of the
solution for the limiting equation seems to be left open; see the remark after Theorem 1.2 in
[9]. We mention here also a result of [1], where solutions of a stationary (time independent)
linear kinetic equation are considered. The spatial domain is a half-space, with the absorbing-
reflecting-emitting boundary, of a different type than in the present paper. It has been shown
that under an appropriate scaling the solutions converge to a harmonic function inside the
domain with fractional diffusion with exponent 1/2 on the boundary.

2. Some preliminaries.

The classical solution of the kinetic interface problem. We start with the definition of a
classical solution to the kinetic interface problem.

DEFINITION 2.1. We say that a function, W(¢, y, k), t >0, y e R, k € T, is a classical
solution to equation (1.1) with the interface conditions (1.3) and (1.4), if it is bounded and
continuous on R x R, x T, and the following conditions hold:

(1) The restrictions of W to Ry x R, x Ty, ¢ € {—, +} can be extended to bounded and
continuous functions on Ry x R, x Ty, ' € {—, +}.

(2) Foreach (¢, y, k) € Ry x R, x T, fixed, the function W (¢t + s, y + @'(k)s, k) is of the
C! class in the s-variable in a neighborhood of s = 0, and the directional derivative

2.1 QWUJ%%%&+J@W”W@yJ%:§—0W@+&y+ﬂ@m@

ls=

is bounded in R x R, x T, and satisfies
together with (1.3) and (1.4) and

(2.3) lim W, y,k)=Wo(y, ), (y,k) €R, x T,
t—

The following result is standard.

PROPOSITION 2.2. Suppose that Wy € Cr. Then, under the above hypotheses on the
scattering kernel R(k,k") and the dispersion relation w(k), there exists a unique classical
solution to equation (1.1) with the interface conditions (1.3) and (1.4) in the sense of Defini-
tion 2.1.

The existence part is proved in Appendix A below, while uniqueness follows from Propo-
sition 3.2, also below.
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2.1. The fractional diffusion equation with an interface. Let us now discuss the weak
solutions to the fractional diffusion equation with an interface that will arise as the long time
asymptotics of the kinetic interface problem. For g > 1, we define the fractional Laplacian
Apg = (—85)(‘3“)/ 2P) as the L? (selfadjoint) closure of the singular integral operator,

(2.4) AgF(y) :=p.v. fR q8(y — ) [F») — F(Y)]dy', FeCPR),

understood in the sense of the principal value with gg(y) as in (1.20).

The operator —Ag is the generator of a Lévy process. In order to introduce an interface,
let us assume that if a particle tries to make a Lévy jump from y to y’ such that y and y’
have the same sign, then the jump happens almost surely. However, if y and y’ have different
signs, then with the probability p. the particle jumps to y’, with probability p_ it jumps to
(—y’) and with probability gy it is killed at the interface y = 0, where a boundary condition
W (t,0) =T is prescribed. Recall that these probabilities satisfy (1.5). The corresponding
Kolmogorov equation is then (1.19). Using relation (1.5), the right side of (1.19) can be
rewritten as

QW (t,y)=—CAgW(t,y)+ é/ as(y — ')
yy'<0

x [go(T = W (. ) + p-(W(t, =) = W(t.y')]ay".

(2.5)

DEFINITION 2.3. A bounded function, W(t, y), (t,y) € R+ x R, is a weak solution to
equation (2.5) if for any 7o > 0 and G € C3°([0, o] x R4) we have

to .
0 =/0 dt/R{B,G(t, y) —AgG(t, )W (t, y)dy

N 8/&) dt/ Ga. y)dy{p_/ q,a(y _ y’)[W(f, —y/) - W(t, y’)]dy/
(26) 0 R [yy'<0]

+ g0 qp(y —Y)[T — W(z, y/)]dy’}
[yy'<0]

- / Gto, )W (10, y) dy + / G(0, y)Wo(y) dy.
R R

Notice that, since the support of the test functions G is bounded away from the interface,
this weak formulation does not give information on the behaviour of the solution at the inter-
face. In order to capture the behaviour of W(t, y) for y — 0F, we need to consider solution
in a certain regularity class. For this purpose we introduce the space Hg of functions, that is,
the completion of C° (R?) in the norm

1613, = Y [, as(s =[G — GO dydy’
=% L
2.7) + g0 fR =GP0+ GA)ldydy’

+ as(y = Y P+[G) = G()] + p-[G(») — G(—y)*} dy dy.

R+ xR_

Note that the term in the last line above, with p; and p_, is dominated by the term with the
factor of go.
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Since gg(y) ~ |y| =21/ finiteness of this norm forces G(y) to decay to O at a certain
rate, as y — 0. Let us define the class of function

2.8)  Hr:={3T:W T ([0, +00), L (R)), W — T € L} ([0, +00), Ho)}.
Clearly, if W € $1, then W (¢, y) — T, as y — 0 for almost every ¢ > 0.

PROPOSITION 2.4. A weak solution of (2.6) is unique in $Ht forany T > 0.

PROOF. In fact, let W be the difference of two weak solutions in 7. Then, W(t, y) is
in the space

C ([0, +00), L*(R)) N L2, ([0, 4+00), Ho)

and satisfies (2.6) for T = 0.
Approximating W by test functions G in (2.6), we obtain the identity

d, - 2 AT 2
(2.9) E”W(t’ Ma==e|W. )3,

Identity (2.9) immediately implies uniqueness of the solutions to (2.6) in the corresponding
space. U

In Section 7 we prove the following:

THEOREM 2.5. Suppose that Wy € Cr, and there exists a constant T’ so that Wo — T' €
L'(R x T). Let W be the limit of the solutions of the scaled kinetic equation described in
Theorem 1.1. Then, W belongs to .

3. Probabilistic representation for a solution to the kinetic equation with an interface.
We now construct a probabilistic interpretation for the kinetic equation with reflection, trans-
mission and absorption at an interface, as a generalization of the corresponding jump process
without an interface. Let (2, F, P) be a probability space and u be a Borel measure on T
given by

_RWdk
3.1 pdh) = ===, R_/TR(k)dk.

We denote by (K ,’f )n>0 @ Markov chain such that P[K (’)‘ = k] =1 with the transition operator
3.2) Pf(k)= R/ p(k, k’)f(k/)u(dk’), keT, f e L*(T).
T

Here, K ,’1‘ are the particle momenta between the jump times. The measure u is ergodic and
invariant under P, and the operator P can be extended to L! (w) and

(3.3) IPfllzooqy < RPN iy, f €L ().

The transition operator is symmetric and compact on L?(). Since the transition probability
density is strictly positive  ® u a.s., the operator satisfies the spectral gap estimate

(3.4) Sup[I Pfll 2oyt £ L L fllgago =11 < 1.

We can easily conclude the following; see (1.2) for the definition of the operator L.
PROPOSITION 3.1. Forany F € LY(T), we have

(3.5) lim

t——+00

=0.
LI(T)

e’LF—/ F (k) dk
T
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Next, let 7,, n > 1 be a sequence of i.i.d. exp(1) distributed random variables and (());>0
be a linear interpolation between the times

n—1

(3.6) T(n):= Y i(Kf)te, n=0,1,...,
=0

where

3.7 t(k):

" nR®)
That is, T(n) is the time of the nth jump, and the elapsed times between the consecutive jumps
are 1(K f)w. Between the jumps the particle moves with the constant speed —@' (K éf), and

the corresponding spatial position Z(t; y, k) is the linear interpolation between its locations
at the jump times

n—1
(3.8) Zy(y. k) =y =Y & (K)i(Kf)Te., n=0,1,....
=0

Observe that there exists a constant ¢4 > 0 such that
C +a)6
YoRolk|P’

Note that for each n > 0 and (y, k) € R x T,, the law of Z,(y, k) is absolutely continuous
with respect to the Lebesgue measure on the line.
We also note that

(3.9) & (k)i k)| < keT.

~ t
(3.10) Y (t;y.k) :=Z(‘I_1(t);y,k)=y—/0 &' (K(sh)ds, Ktk =Kf .

and denote by F; the natural filtration for the process (Y (¢; v, k), K (¢; k)).

The jump process with reflection and transmission. We now add reflection and transmis-
sion to the jump process. Suppose that the starting point is y > 0, and let
(3.11) sy, 1 :=inf[n > 0: Z,(y, k) < 0], sy :=inf[n > sy 1 : Z,(y, k) > 0]

be the first times of the momenta jumps after the first crossing to the left and after the first
crossing back to the right. Having defined sy 2,1, $y,2/» for some m > 1, we let

3.12) Sy omt1 = 1nf[n > sy 04 1 Z,(y, k) < 0],
' Sy om42 = 1nf[n > sy o1 Zy(y, k) > 0].
We define sy ,, by symmetry also for y < 0. We also let
5,1 :=inf[t >0: Z(t; y,k) <0],  &y2:=inf[t > 5,1:Z(t; y,k) > 0]

be the times when the trajectory crosses to the left and then crosses back to the right. Having
defined 5y 2,1, 5y,2m for some m > 1, we set

8y omt1 :=1nf[t > 8y o ¢ Z(t;y, k) < 0],
(3.13) ) N )
8y o2 i=inf[t > &y oyt 1 Z(15 y, k) > 0],

and, again, by symmetry we define s, ,, for y < 0. Obviously, we have

Sym <Sym <Symil as.
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We let 6;, be a {—1, 0, 1}-valued sequence of random variables that are independent, when
conditioned on (K ,’f )n>0, such that

P[Arz = 0|(Kr]:)n20] = g(KEI:(y,n,fl)’ P[An)’; = :I:ll(Krlf)nZO] = pi(Kflfy‘,m*l)'

These variables are responsible for whether the particle is reflected, transmitted or absorbed
as it crosses the interface, and

(3.14) f:=inflm >1:6) =0]

is the crossing at which the particle is absorbed. For m > 1, we denote by §,, the o-algebra
generated by (Y (t; y, k), K(t;k)),0 <t <%(5, ) and 6 cr,Z ,£=1, ..., m,with the convention
that T is the trivial o-algebra. Recall that (F;);>0 is the natural ﬁltration corresponding to
the process (Y (t; y, k), K(t; k))s>0.

We define the reflected-transmitted-absorbed process

n—1

Z°(t; y, k) = (]_[ 8,%)20; v, k), t€lfyn1,5y.),n>1

m=1

with the convention that s, ¢ := 0 and the product over an empty set of indices equals 1 and
the respective counterparts,

n—1
YO(t; y, k) = Z°(T 1 (1); v, k) = (]_[ 8,,%)Y(t; v, k), t€l8yn1,5y5)
m=1
and
n—1
K(t; k) == (1_[ 5‘%)[{([;](), te[ﬁy,n—l,ﬁy,n),
m=1

where 5, , := %(5y ,). In what follows, we assume the convention that ®'(0) := 0 even
though w (k) is not differentiable at k = 0. For ¢ € (5, ,—1, 5, ,), We can write

dy°;y. b (S ., \dY (@ y b_ (T ! .

m=1

(3.15)

n—1
= —w’(( l_[ 6ny1>K(t; k)) =—o'(K’(t; k)).
m=1

If Y°(t; y, k) > 0 for &y ,—1 <t <5y 41, that is, the particle approached the interface from
the right at the time ﬁy,m and was reflected, then for 4 > 0 we define égﬁm € (ﬁy,m_l,ﬁy,m)
as the first exit time of Y°(¢; y, k) from the half-line [y > /] that happens after §, ,,_1, and

k ¢ € (8y,m,8y,m+1) as the first exit time of Y(¢; y, k) from the half-line [y < k] after 5, ,,.
Note that both éil,’ m and §§:fn are finite a.s. if 4 > 0 is sufficiently small, and we have

lim 8" = lim &"¢

=5 a.s.
h—s0t VM gy YT TR

Analogous definitions can be introduced for all other configurations of the signs of Y°(¢; y, k)
in§y 1 <t <5y myl.
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A probabilistic representation for the kinetic equation. Let 5, ; := T(5, ;). We will now
prove the following:

PROPOSITION 3.2.  IfW(t, y, k) is a solution to (1.1) with the interface conditions (1.3)—
(1.4), in the sense of Definition 2.1, such that W (0, y, k) = Wo(y, k) and Wy € Cr, then
W(t,y, k) =E[Wo(Y°(t; v, k), K°(t;k)), t <5y ]

(3.16) R
+TP[t>5y5], t>0,yeRy, keT,.

PROOF. First, let W(t, v, k) be a solution to (1.1) as in Proposition 3.2 but with 7 = 0 in
the interface conditions (1.3)—(1.4). We set
o My = lim Ty Wt —tASE, YO (e A8y k), KO(t AS) L 3K))

and consider the increments

Zm :zhg%l+{W(t—t/\5ym+l,Y (t/\smerl v, k), K”(t/\sy a1 k)

—W(t—t/\sym,Y”(tAsym,y k), Ko(t/\sym,k))}, m=0,...,f—1,
(3.18) Zf::—hg%l+W(t—5yf,Y”( i Y k), K (3" 5y k)) on the event [5y 5 <11,

=0 ontheevent [5,;> 1],
Zyp =0, m>f,

so that
m—1
(3.19) My=Y Z;.

The key step in the proof of Proposition 3.2 is the following lemma:

LEMMA 3.3. We have

(3.20) E[Z,|8m]=0, m=0,1,....

As an immediate corollary of Lemma 3.3, we know that the sequence (M;),>1 1S a
zero mean martingale with respect to the filtration (§,,)m>1. Since § 4 1 is a stopping time
with respect to the filtration (§,;),>1 and the martingale (M,,);,>1 is bounded, the optional
stopping theorem implies that EM;j, 1 = 0, which yields

(B21) W, y, k) =E[Wo(Y°(t; y, k), KO(1; k), <3y5], t>0,y Ry, keT,,

which is a special case of (3.16) with T = 0. _
In general, if W(¢, y, k) is as in Proposition 3.2 with T # 0, then W (¢, x, k) = W (t, y, k) —
T satisfies (1.1) with the Lr}terface conditions given by (1.3) and (1.4) corresponding to T =0
and the initial condition Wy(y, k) = Wo(y, k) — T. It follows from the above that
Wty k) =T+ W(t,y. k) =T +E[Wo(Y°(t; y. k), K1), t <5y ]

(3.22) R .
=E[Wo(Y°(t; y,k), K°(1)),t <&y 5]+ TPt > § ]

and (3.16) follows, finishing the proof of Proposition 3.2. []
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PROOF OF LEMMA 3.3. Let W (t, y, k) be the restrictions of W to {y > 0} and {y < 0},
respectively. We extend them to the whole line in such a way that D, W4 are well defined for
all (¢, y,k) e Ry x R x T, and they are bounded and measurable and denote

Fi(t,y, k) == (Ly — o' (k)dy — 8,)W(t, y, k).
Note that F (¢, y, k) =0 for y € Ry, respectively, and the processes
M) =Wt —u, Y (u; y, k), K u; k)) — We(t, y, k)
— /Ou Fi(t—s,Y(s;y,k), K(s; k))ds,
with 0 <u < are F,-martingales, so that
E{[Wor(t —t A8, 1 oY (EASE, iy k). oK (t ASE, L 5k))

(3.23)

— Wt —t A&Ye oY (t ABLE Y k), oK (t ASYS K))]IFs, ) =0,

y,m’ y,m’

provided that
o :==(—1)"osigny
and o = %1. Note that since
(—1)"signy =sign(Y (¢ /\5y ey k),
we have
o' =sign(oY(t /\5y ey, k)).
The interface conditions (1.3) and (1.4) with T = 0 can be written as
P+ (0K Gym; K))YW_gr(t =5y, 0,0 K By 3 k)
(3.24) + P— (0K By 3 K)) Wor (t = 8y.m, 0, —0 K (By 3 k)
= Wi (t —Bym. 0,0 K By m3 k),

provided that
(3.25) o'osgnK &y m: k) = —1.
We now need to replace the time 5 ' in the second term in (3.23) by 5 .m 10 order to

convert the right side of (3.23) into a term of a telescoping sum, and to show that M,, is a
martingale. To this end, suppose that ® € Cj,((R x T)+! x {—1,0, 1}*~1), and consider the
times 0 =1y < t; < --- < t7. Then, we have

(3.26) ElZn®m] =) E[Zn®m, Acy....en1 ),
&€
with
@y 1= D((Y (17 ASyms ¥, k), K (15 NSy ms K))o<jars 61 s ee s O 1)
AS],...,Em,| = [6-} =¢&j, ] = 1’ e, M= 1]9
and the summation in (3.26) extending over all sequences ¢ = (¢1,...,&,—1) € {—1,0,

1)"=1. Suppose that some ¢j =0. Then, we have

f=min[je{l,....m}:e;=0]<m—1
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and Z,,1,4, = 0 for the corresponding sequence (&1, ..., &,—1). On the other hand, if ¢; # 0
forall j=1,...,m — 1, then

E[qu)m, As] =I+ +IO +7_,

where 7,, 1 € {—1, 0, 1}, correspond to the events ;, = . Knowing the values 8ly, e Any1_1
and the sign of y, one can determine the sign o in the equality
YOty k) =0Y(t:y. k), K°(t:k)=oK(:k), &, <t <8y

hence,
W(t _5y m» Yo(Ay m> Vs k) KO( y ms k)) = WG'(Z _gg,m’ay(gl;,m; Y, k)’ O—K(ﬁg,m; k))’
with ¢’ := (—1)™0o sign y. We have
Ty= hgrg+E{{W¢(,/(t —tAB oY (EAEL iy k). RO K (EAE 1K)

— Wyr(t — 5" Y(§h,’m; v, k), UK(ﬁh’m; k))}®m, A, 6, =£1,1> %ﬁm}

y,m’

=h1_1)1(r)1+E{{WﬂFa( ’/\5£ mt1: FOY(t A £m+1 y.k),

FoK(t /\Sy ma1: k)P (0K (5y i k)
— Wor(t = Sy, 0¥ By ¥, k), 0K By s N5y _s1y} Pms A, t > By .

Passing to the limit # — 0+ above, using the continuity of W up to the interface and the
fact that 5h 1 — 5y.m as h — 0+ a.s. and invoking (3.23), we conclude that

Iy = E{{WJFU/(t — 8y m, £0Y By sy, k), O K By ;s k) p (K By s k))
— Wor(t = 8ym. oY Gy ¥, K), 0 K Gyms ) 50—y} Py Aet >y}
On the event [6;, = 0], we have f = m; therefore,
To=—E{Wor(t —5ym» Y Gym; ¥, k), 0K By s k) P, Ae, 6 =0,1> 8y )

as follows from the condition Z; = 0 on the event [§y7f > t]in (3.18). Now, we conclude that
from (3.24) that

I+ +To+ZI_=0,
thus (3.20) follows. [

4. The scaled processes and their convergence.

4.1. Convergence of processes without an interface. We consider the rescaled process

[N1]
. . ~ k
Zn(t; v, k) =y Nﬂ/(1+ﬂ)z & (KOT (KN, t>0,

and let Z ~N(t; y, k) be the linear interpolation in time between the points Zy(n/N; y, k),
n > 0. Let also (Tn(t; k));>0 and (Yn(t; y, k))r>0 be the scaled versions of the processes
defined by (3.6) and (3.10), respectively,

m

1 _ m
4.1 TN(t; k) i=— Kk , =—,
(4.1) N (5 k) NZ(:)t( V)Te, t N
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and it is a linear interpolation otherwise, while

1 Nl_ - _
@) Yy b=y = s [ @ (K 0)ds = Zw(57 1.0,y k).

To describe the limit, let (£ (¢));>0 be the symmetric stable process with the Lévy exponent

g 1+1/8
¢(9)=&, GER,
YR
and set
(4.3) c,y)=y+c), t@)=t%, @t y) =@ @),y), >0,
where
(4.4) P fT () =~

PROPOSITION 4.1. Forany ty > 0 and k € T, we have

4.5) lim Ei{ sup (Ty(t;k) —t(t)|t=0.
N=oo {t€[0€0]| ! ”

The proof of the proposition is standard, and we omit it.
The following result is a simpler version of Proposition 4.1 and Theorem 2.5(i) of [12];
see also Theorem 2.4 of [13] and Theorem 3.2 of [2]:

PROPOSITION 4.2. Suppose that B > 1 and (y, k) € R, x T,. Under the assumptions
on the functions R and w in Section 2, the joint law of (Zn(t,y,k), Tn(t;k))r=0 con-
verges in law over Dy := D(]0, +00); R x R,) equipped with the Skorokhod Ji-topology
10 (£(t, ), T())r0.

The following result is an immediate consequence of the above theorem:

COROLLARY 4.3. The process (Yn(t,y,k));>0 converge in law, as N — +00, over
DI0, +00) equipped with the Skorokhod M-topology (see Appendix B.1) to (n(t, y, k))i>o0.

4.2. Joint convergence of processes and crossing times and positions. Using the ana-

logues of (3.12)—(3.13), we can define crossing times 51y\{m, §§im, m,N =1,2,... for the

scaled process (Zy(t,y, k))s>0 and (Z N(t; y,k))i>0, respectively. As a simple consequence
of absolute continuity of the law of Z,(y, k), we conclude that for each y € R there exists a
strictly increasing sequence (ny m)m>1 such that

=N N i’vm <N 1
< _ _
(4.6) Sym =8ym ="y <Sym + N s

Likewise, let u, ,, be the consecutive times when the process (¢ (7, y))r>0 crosses the level
z = 0. The main result of this section is the following:

THEOREM 4.4. For any (v, k) € Ry x Ty, the random elements
(Zn G,y k), I D)), 200 (55 ) a1+ (ZN (8D e 32 K)) )

converge in law, as N — 400, over Dy x f@i x RN with the product of the Jy and standard
product topology on (RN)?2, to

(({(t» y), T(t))tz()a (uy,m)mzla (g(uy,ma ) k))mzl)‘
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The proof of this result is contained in Appendix B.

We now formulate a property of the approximating process (Zy(?));>o at the crossing
times. We start with the following simple consequence of Corollary 2.2 of [21] and the strong
Markov property of stable processes:

LEMMA 4.5. Foreach y > 0, we have

4.7 P[§(5y,2m7 Y)>O>{(5y,2m—l» y),mzl]:l.
If, on the other hand y < 0, then
(48) P[§(5y,2m—l,y’ )’) >O> ;(5y,2mv y)’m Z 1]:

As a consequence, we obtain the following estimate on the distance the particle travels
upon a crossing, so that the jump is “macroscopic”.

COROLLARY 4.6. Suppose that (y,k) € Ry x Ty, ¢ > 0 and M is a positive integer.
Then, there exist C > 0 that depends on & and M such that

(4.9) P[m:r?inMW(K" (K )5CNW<1+/3>] <& forallN>1.

.....

PROOF. Suppose that y > 0. As a consequence of Theorem 4.4, for any M the random
vectors

(4.10) (Zn (s 10 3. k)s s Zw(8) g 3, K))

converge in law to (¢ (uy 1, ), ..., ¢ (uy p, y)). Lemma 4.5 implies that, given € > 0, there
exists ¢ > 0 that depends on ¢ and M such that

4.11) P (uyom—1,Y) < —¢, LUy om,y) >c,m=1,..., M| >1—e.

Let us set

An(c) = [ZN( Sy am— LY. k) <—c, ZN(slyV’Zm,y,k) >c,m=1,...,M].
The convergence in law of the vectors (4.10) and (4.11) imply that
(4.12) Pl[AN(ce)] > 1—¢

for all sufficiently large N. Decreasing ¢ > 0, if necessary, we can claim that (4.12) holds for
all N > 1, so that on Ay (c) we have

1 "9,,2"14 1 "i\{szl 1
- k\7( wk k
v wpa 2 GKDIK) <—e<0sy——mms ) @(K)IK)
n=0 n=
and
1 nl\VZm névzm
~/(k k
Y= N 2 @ (KK = e > 02y T . Kz).
n=

both forallm =1, ..., M. Hence, on Ay(c) we have
&' (KX)[7(KX) > eNP/BTD =1, M
which in turn yields (4.9). U
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4.3. Processes with reflection, transmission and killing. 'We now restore writing y, k in
the notation of the processes, with (v, k) € R, x T,. To set the notation for the rescaled pro-
cesses, let (6y1Ym) be a {—1, 0, 1}-valued sequence of random variables that are independent,

when conditioned on (K ,’f )n>0, and set

Pl6, = 0K, gl =a(KEy ). B[, =11(KY), ] = pa(KEy )

m
as well as

N

(4.13) fy :=min[m : 6}, =0], 5?’ :z%%Nsé\/ =5y

The killed-reflected-transmitted process (Zj’\, (t,y,k))i=0 can be written as
m
(4.14) Z3(t, y, k) = (H A;YJ)ZN(z, vk, te[s, &), )m=01,...
j=1

We adopt the convention that, for m = 0, the product above equals 1 and 59/ 0:=0.

For the limit killed-reflected-transmitted process, similarly, we let (6,,),,>1 be a sequence
of i.i.d. {—1,0, 1} random variables, independent of (¢ (¢, ¥));>0, with

(4.15) P[6,, = 0] = go, Pl =%1]1=psy, m=0,1,....
Here, as we recall, go = g(0) and p+ := p+(0). We also set
(4.16) f:=min[m >1:6, =0], U 1=y 5, Uy 0:=0.

The killed-reflected-transmitted stable process has a representation

4.17) Co(t,y) = (H 8j>§(t, )y tE€[Uymtlymp1),m=0,1,....

j=1

Note that the processes Zy(¢) are discontinuous in ¢ while Z ~(#) are continuous in time.
As the process ¢(¢) is discontinuous, it would not be possible to prove convergence of Zy(t)
to ¢(¢) in the Skorokhod space DI[0, 4-00) equipped with the Ji-topology. Hence, we will
need to use the M;-topology that allows convergence of continuous processes to a discontin-
uous limit. Accordingly, we denote by X the space D[0, +-00) x C[0, +00) x RY, equipped
with the product of M; and uniform convergence on compacts topologies in the first two
variables and the standard product topology on RI}]_. We will use below the metric do, that
metrizes the M1-topology on D[0, 400); see Appendix B.1 for a brief review of the required
definitions. Our main result in this section is the following:

THEOREM 4.7. The random elements ((ZX,(t, v, k))i=0, (En(t, k))i>o0, (§ym)m21) con-
verge in law over X to the random element ((£°(t, y))1=0, (T(£))1=0, Uy m)m=>1)-

PROOF. Let us define the process

m
(4.18) Z3(t) = (]‘[ 6)1,Yj>ZN(t, vk, rels), .5, ).m=0.1,....
j=1
It is straightforward to show that, for any n > 0, we have
(4.19) lim P[dwo(Z%, Z%) > n] =0.
N—+00

Therefore, we may now pass from Z"N to Z% and prove convergence of the discontinuous
processes Z%; to the discontinuous jump process. This can be done using the Ji-topology as
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both processes are discontinuous and is simpler than working directly in the M|-topology.
Accordingly, let X’ be the space X, equipped with the product topology where, on the first
component we put the J; topology rather than M;. We will prove that the random elements

((Z% @y, K)),=00 (BN, 56)) 1505 (51yv,m)m21)

converge in law over X' to ((£%(, ¥))r=0, (T (t))r=0, (ty,m)m=1). Thanks to (4.6) and (4.19)
this will finish the proof of the theorem. Since we have already proved the convergence of
the last two components (see Proposition 4.1 and Theorem 4.4), we focus only on proving
the convergence in law of (Z%(¢));>0 over D[0, +00), equipped with the Ji-topology to
(&2, y))i=o0.

LEMMA 4.8. Forany € > 0, there exists My > 0 such that P[fy > M.] < e forall N > 1.

PROOF. From the continuity of g(-) and its strict positivity, we have
= inf g(k) > 0.
G
The definition of the sequence (6N ) implies that
Pliy = M]=P[6)).....6) e (-1.1}]] <1 - &)Y
and the conclusion of the lemma follows, upon a choice of a sufficiently large M. [

Let (Upn)m>1 be a sequence of i.i.d. random variables, uniformly distributed in (0, 1),
independent of the sequence (K ,’l‘ )n>0. Let us define

(4.20) Syom = Loy U = Lapy 1) (Un)
and
4.21) Om:=10,p)(Un) = la—p_ n(Up), m=>1,

where pfxi = pi(K’];,yvm).
LEMMA 4.9. For any integer M > 0 and & > 0, we have

M 0\ 2CoM
AN A C+ayg, v 0
(4.22) IP’[ U6, # crm]:| < (CV0R0> Ny te Nzl

m=1

where C > 0 is as in Corollary 4.6, while Cqy, y > 0 are as in (1.7).

PrROOF. Consider the event
Ay:=[ min |@7(Kky )| < CNFIED],
m=1 y.m

where C is as in the statement of Corollary 4.6, and write

M M
IP[ Uls) # 5,,1]} < IP[ U [6,% #6m], Af\,} +P[AN]

m=1 m=1
M k (B+1)
. -/ _|_
(4.23) < |:mL:J1 Gyom 7 Om), m:Tl,?,M‘wt(Kﬂﬁ?’.m)‘>CNﬂ/ﬂ i|_|_8
M
Z]P’ ym;éam, a)t( )|>CN’3/(ﬁ+1)]+
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Note that, for all m > 1, we have
]P[ ym?éo'm, wl(Kk )|>CN5/(,3+1)]
=< EHI(O pN )(Um) - 1(0,p+)(Um)| + {1(1_33,,1\1]’_,1)(1]"1) _ 1(1—p7,1)(U

‘w,( )‘ >CN,3/(/3+1)]

:ZE}pL K,IEN _ptva)
~ yom

(Khy )| > CNPIEED],

By virtue of (1.7) and (3.9), the right side can be estimated by

I\ /B 1
k “+%
ZE[’PL — P nQ{m| < <CVOR0) Nl/(l-i—ﬂ)]

“oC C+‘”0 v/B 1
=N\ CwRry)  NY/BED”

and (4.22) follows. [

Next, we define the process

m
(4.24) 2%@t) = (]‘[ 5j)ZN(t,y,k), tels,. 8, ).m=01...,
j=1

with the random variables 6, given by (4.21). Using Lemma 4.8 to choose M large enough
and then Lemma 4.9 to choose N large, we conclude the following:

COROLLARY 4.10.  Let (Z2%,(1)):>0 be defined by (4.18) with (a m)m=>1 given by (4.20).
Then, for any ¢ > 0 there exists No such that

(4.25) P[Z% # Z%] <&, N = No.
Theorem 4.4 and Corollary 4.10 immediately imply Theorem 4.7. [

Given any #yp > 0, the limiting process (£°(, y));>0 is a.s. continuous at fy, as a conse-
quence of an analogous property of (¢ (¢, y));>0 mentioned earlier (see Proposition 1.2.7,
page 21 of [6]). It follows that the coordinate mapping is continuous on an event of prob-
ability one in the M; topology; see Theorem 12.5.1 part (v) of [25]. As a consequence we
conclude the following:

COROLLARY 4.11. The processes (Z (t,y,k))i=0 converge in the sense of finite-
dimensional distributions, as N — +00, to the process ({°(t, ¥))t>0-

4.4. The re-scaled process for the kinetic equation. Letus now introduce the process cor-
responding to the kinetic equation (1.8) with reflection-transmission-killing at the interface
(4.26) Y5 (1) == Z% (33 (1; k), >0,
where Ty and Z;’V are given by (4.1) and (4.14), respectively. We set

(4.27) Y =INEY k) and &Y =Ty (5)

e k)’
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where fp is as in (4.13). Furthermore, we let 6N(@t)=1fort €0, Ely\fl) and

m
(4.28) v :=[]6);. tel),.8) ) m=1,
j=1
and
(4.29) K3, y) :=0oy()Kn(, k),
with o (1) := Gn (T3 (1)) and
.k
(4.30) KN (k) =Ky

Asin (3.15), we have
dYg(y. k) _

(4.31) T

—o (K (t; k), 1€[0,5)).
We also set ily , 1= ‘r_l(uy,m) and

(4.32) n°(t,y) =¢°(t7 (1), y)
with ¢¢ and 7 given by (4.17) and (4.3), respectively. The following is a direct corollary of
Theorems 4.4 and 4.7:

THEOREM 4.12.  The random elements (Y3 (1))>0, (ﬁym)mzl) converge in law to

((no(tv y))tz()v (ﬁy,m)mzl)7

over D[0, +00) x RY, with the product of the My and standard product topologies.

PROOF. By Theorem 4.7 and the Skorochod embedding theorem we can find equivalent
versions of ((Z$(t, y,k))i=0, (T (t, k))i=0) converging a.s. to ((£°(t, ¥))i=0, (T(t))r=0)-
Hence, S;,l converge a.s. in the uniform topology on compacts to T~!. Invoking Theo-
rem 7.2.3 page 164 of [24], we conclude convergence of the (Y§ (2))>0 to (n°(t, y))r>0-
The convergence of the second components is a consequence of (4.27). U

S. The proof of convergence in Theorem 1.1. It suffices to prove the convergence state-
ment for

(5.1 Wi (t, v, k) :=Wn(t, v, k) —T.

It satisfies (1.8) with the initial condition Wo = Wy — T € (Cy, so that the interface conditions
(1.3) and (1.4) correspond to T = 0. We will show that

(5.2) lim / Wy (t, v, k)G(y, k) dy dk :/ W(t, )G (y, k) dy dk,
N—+00 JRxT RxT

forany G € C°(R x T), where

(5.3) W(t, y) =E[Wo(n°(t; y)), t < iy ]

and

(5.4) Wo(y) = [E Wo(y, k) dk.
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This will imply that

lim Wn(t,y,k)G(y, k)dydk
N—+00 JRxT
:T/ Gl Rdydk+ Tim [ Wty KG(. k) dydk
RxT RxT
(5.5)
:T/ Gl Rdydk+ Tim [ Wt )G, bdydk
RxT RxT
- f Wt y)G(y. k) dydk,
RxT
where
(5.6) W, y)=T+ W, y).

We now prove (5.2). Using Proposition 3.2, we write
(5.7) W (t, y, k) =E[Wo(YR(t: y. k), K§ (6, k).t <8Y; 1.
For a given test function G € C°(R x T), let us set
(5.8) Ivi= [ Wy RG@, .k dydk
RxT
Our goal is to show that

(5.9 lim sup
N— 400

Iy _/]R TE[Wo(nO(Z; V).t < ﬁy,f]G(y,k) dydk| <e,
X

where & > 0 is arbitrary and Wy(y) is given by (5.4). Since W, is continuous outside the
interface [y = 0], for any § > 0 we can write that

Wo(y, k) = Wg (v, k) + W5 (v, k),
where Wg € Cp(R x T), and

supp Wy C [ly| <28] x T,
(5.10) ) . ~
suppWy C [lyl >8/2] x T and  [[Wlloo < IWolleo, Jj =1,2.

We can decompose accordingly Iy =1 ,{, + I]%, and Wy = WOI + Wg. Then, we have

lim sup I,{, - / IE[WOI (n°(t; ), t <1y 5]G(y, k) dydk
N— 400 RxT
G < ||Wo||oo/ |Gy, 0| (limsup P[|Yn (25 y, k)| < 28] + P[n(s; y)| < 28]) dy dk
RxT N—4o00
€
<
10
provided that § > 0 is sufficiently small.
Let us set

(5.12)  13(5) := /RXTE[W(%(Y,‘\’,(t—a;y,k),Kfv(t,k)),t—S§§1y\ffN]G(y,k)dydk.
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By virtue of Lemma 4.8 and Theorem 4.12 we can write

limsup| I3 — I3.(8)|
N—+o00

<limsup E[sup\Wé(Yﬁ,(t; v k), k) = WE(YS(r —8; v, k), k/)|]
k/

(5.13)

x |G (y, k)|dy dk + | Woloo lim sup Pt —§ fﬁNf <t]|G(y, k)|dydk

N——+o0 /RxT VN
£
<,

10
if § > 0 is sufficiently small. We have used here the fact that, for each m > 1, the law of
(liy 1,..., 1y ), the limit of the laws of (ﬁly\fl, ... ,ﬁzy\{m), as N — o0, is absolutely con-

tinuous with respect to the Lebesgue measure. This is a consequence of the strong Markov
property of (n(t, y));>0 and the fact that the joint law of (iiy 1, n(ii, 1, y)) is absolutely con-
tinuous with respect to the Lebesgue measure; see, for example, Theorem 1, page 93 of [11].

To conclude (5.9), it suffices to prove that we can choose a sufficiently small § > 0 so that

&

5.14 li .
( ) 1m sup 10

N—+o00

1,%,(5)—/]1{ (W07 3).1 < ]G by dydk| <
X

To this end, we will assume, without loss of any generality, that Wg € C°(R x T). Indeed,

for any WO2 € Cp(R x T) satisfying (5.10) and R > 0, we can find Wg’s € C°(R x T) and
such that
e
IWs o < [W5loo+1 and  sup  [W5 (v, k) = Wg (0. B)] < .
ly|<R.keT 100
Thanks to the already established tightness of the laws of Y (¢, y, k), we can easily see that,
upon the choice of a sufficiently large R > 0,

. 2 2,8 €
limsup|Iy(8) — Iy (®)] < —,
N—+4o0 10

where Il%,’s (8) is defined by (5.12), with Wg ¥ replacing Wg. From here on, we will restrict

our attention to Il%,’s (8).
Using Lemmas 4.8 and 4.9, together with the conclusion of Theorem 4.12, one can show
that for a sufficiently small § > 0 we have

(5.15) limsup| 13 (8) — 13(8)] < —.
N—+o00 10

where
I3(8) := fRXTE[Wg(YfV(t — 8 y,k), K{ (1, k), 1 — 8 <8, 1G(y, k) dydk,
and
(5.16) K{(t,y) =65t —8)Kn(t. k),
where 65 () := 6x(Ty' (1)), 6n (1) = 1 for 1 €[0,5)}) and

m
(5.17) on@) :=[]6j, te€[8),.5) 1) m=1
j=1
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Conditioning on X;_s, where (IC;V )r>0 is the natural filtration of (Ky (¢, k));>0, we write
Iy @) = I3 + I} (¥,
where

1%.(8) :=fR TE[W&(YIOVU — 8y, k), t =8 <&); 1G(y, k) dydk,

x
I_]%,(S) = /RXTIE[U)N(YK,U — 8y, k), o5t —8)Kn(t—68,k),t—6 §§1y\ffN]G(y, k)ydydk
and
W2(y) :=/ng(y,k)dk.
We have used above the notation
1

wy (, k) := VWS (v, ) (k) = .

> Mie [ Wie. 0 ds.

(eZ\{0})

with the generator L given by (1.2), ¢p(k) := exp{2mikf} and
Wo6 0= [ WR.ke e ®dydk.
RxT
The term I_I%, (8) we can estimate as follows:

2 2
|1N<8>\5fﬂdg|6<y,k)|dy » foT!Wo(s,m

LeZ\{0}
(5.18) x E[|eMleg(Ky(t — 8, k)| + |eNe(—Kn(r — 8, k))|]d& dk
=2 [ supl GO ldy 3 eV el [ W3 0] de.
R keT C€ZM\{0) R

Now, (3.5) implies that [|eV3L ¢, lL1(m) — 0, as N — o0, for each £ # 0. Therefore,
lim 7%(8) =0.
N—1>1?|—loo N( )
It follows from Theorem 4.12 that

(5.19) limsup|/%(8) —/ E[Ws(n°(t; y)), t <1y ;]G (v, k) dy dk| < %
RxT

N—+00
provided that § > 0 is sufficiently small. This ends the proof of (5.2).

6. Proof of Theorem 1.1: Description of the limit. So far, we have shown the weak
convergence of Wy (¢, y, k) to W(¢, y), in the sense of (5.2), with W (z, y) defined in (5.6)
and (5.3). We now identify W (¢, y) as a weak solution to (2.5), if Wy € Cr. Thanks to (5.1)
and (5.6), it suffices only to consider the case T = 0. Consider a regularized scattering kernel:
take a € (0, 1), and set

cglia,+00)(I¥D)

(@) y _

Let (n4(t, y)):>0 be a Lévy process starting at y € R, with the generator —éA(a), where

(6.1) A F(y) = /R a5 (v =¥ )[F») = F(y')]dy', F € By(R).
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It is well known (see, e.g., Section 2.5 of [17]) that (n,(¢, y)):>0 converge in law, as a — 0r,
over D[0, +00), with the topology of the uniform convergence on compacts, to (7(¢, y))=0,
the symmetric stable process with the generator —CAg, as in (2.4).

We define inductively the times of jumps over the interface

ﬁ;,l ==inf[r > 0:n,(t—, y)na(t, y) < 0],
0 g i=inflr > 45 04 (1=, y)na(t, y) < 0].

To set up the reflected-transmitted-killed process, let (6,,)m>1 be a sequence of i.i.d.
{—1,0, 1} random variables, independent of (n,(¢, y));>0, distributed according to (4.15),
and set

m
(6.2) Na(t,y) = (]_[ 6,-)na(t, y), te[if,, 45 ,1),m=>0,
j=1

where ﬁ“’o := 0. Using Theorem B.3 together with the argument in Section 4.3, we easily
conclude the following:

THEOREM 6.1. The random e_lemem‘s (4 (t, ¥))i>0, (ﬁg,m)mzl) converge in law over
the product space DI[0, +00) x RY, equipped with the product of the topology of uni-

Sform convergence on compacts and the standard infinite product topology, to ((n°(t, ¥)):>0,
(ﬁy,m)mzl), asa— 0.

As a direct corollary of the above theorem, we conclude that

(6.3) lim WOy =W, y), 1,y eRy xRy,

a

with W (7, y), the limit of Wy (¢, y, k), given by (5.3), and
(6.4) WO, y) =E[Wo(ng(t; y)), t < 4],

where W is given by (5.4) and f by (4.16).
Note that W@ (¢, y) satisfies

(6.5) FWD(t,y) =L W, y), (t,y) eRy xR,

in the classical sense, where

LaF ()= =M FO) +p- [

oy 1P (v =Y)F (=) = F(Y)]ay'

— go gp(y —y)F(Y')dy', F € Bp(R).
[yy'<0]

Indeed, let
Q@ ::6/Rq,§”)(y)dy,
and for Ar < 1 and 7 > 0 write
WO+ At y) = E[Wo(ns¢ + At, ), 1 + At < ]
=E[Wog(t. nj(At, y)), t < ﬁgg(At,y),f]

—O0WDA S ~ ~
= QM@ y) +c/ ap(y =Y )Wty dy' Ar
[yy'>0]
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+ (1 — p——g0) 5/ qs(y — Y)YWD(r, y') dy At

—I—p,éf qs(y + Y)W D(r,y)dy' At + o(Al).
[yy'>0]

It follows that
WD+ At,y) — WD, y) =L W D, y) At + o(Al)
which implies (6.5). Thanks to (6.3), we conclude that W satisfies Definition 2.3.

7. Proof of Theorem 2.5. By considering the kinetic equation with the initial data W, :=
Wo — T’, we may assume that 7/ =0 and Wo € L' (R x T).

Assume first that 7 = 0. Let || - ||, be defined by the analog to (2.7) with the kernel q/(ga) )
replacing gg(-), and the Hilbert space H, be the completion of C§°(R,) in the respective
norm. Obviously, we have

(7.1) IGll3, <1IGlln,. GeCPRy).a>a >0.
As with (2.9), we have
d = 2 N 2
(7.2) WOl == 0L,
so that
~ N t —~ —_
(7.3) WO |2 + c/o | W )3, ds = IWoll3 2y ¢ =0,a>0.

Letting a — 0+, we conclude from (7.3) and (6.3) that

~ A t ~ -
(7.4) W72+ /0 | W ()3, ds < IWollZ 2z, 20

which implies part (i) of Definition 2.3.

When T # 0, let us set
(75 WO, y) :=E[Wongt; ), 1 <]+ TPt =45 5], (1,y) € Ry xRy,
where Wy is given by (5.4). It follows from (6.5) that W@ satisfies

WD (1, y) =L WD, y)

A (a) ’ (a) ’ (a) / /
+cp— — W (e, —y") — W (¢, d
(7.6) P=f g8 O YIVE(=Y) (2. 5)]dy
+ égo a5 (y = Y) [T = W@, y)]dy,
[yy’'<0]
while (5.6) and (6.3) imply
(1.7) lim W9, y)=W(t,y), () eRy xR,
a—0+
and

(7.8) W(t,y) =E[Wo(n’(t; y)), t < Uy ]+ TPr =1y, 5], (1, y) e Ry x Ry,

Part (i) of Definition 2.3 is a direct conclusion from the following:

PROPOSITION 7.1.  If Wy € Cp(R,) N L' (R), then W € L2.([0, +00), L*(R)) and W —
T € L} ([0, +00); Ho).
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PROOF. Let W@ (1) := W@ (¢) — T. Multiplying both sides of (7.6) by W@ (¢, y) and
integrating in the y variable, we obtain

W0l = WO 0 oy +27 ([ WO ndy = [ oty

(7.9) .
+2 [ WO, ds:
0 a
hence,
WO 2o+ [ [FOw)|2 d
(7.10) rE T, 2

< IWoll 2@ + 2T (IWO O] 11 @y + 1Woll 11 ))-
To estimate the L'-norm in the right side, note that (7.5) implies

(7.11) (WD, )| <E[|Wo(na(t: )| + [Wo(—na(t: )]+ TP[t > 84 ],
where 1, (-, y) is the Levy process with the generator (6.1) starting at y, thus

_ +00
WO 11y = 20Woll 1y + 2T/0 Ple > 6 | ]dy
(7.12) B
<2 Woll1ry +2TE[ sup 1a(s; 0)]:
s€[0,1]
Since (n4(t, 0));>0 is a martingale, we may use the Doob maximal inequality (1,(z, 0));>¢ to
see that there exists C > 0 such that

k17 1/k
(7.13) [E[(sup nats;0) ]} < ClE[mate; 0},
s€[0,7]
with 1 <k <1+ 1/8. The argument in the proof of Lemma 5.25.7, page 161 of [22] implies

limsup E[|n,4(z; 0)|“] < +o0,
a—0+

so that, in particular, E[SuPse[o,z] 1n(s; 0)] < +o0. Letting a — 0™ in (7.12), we obtain

; (@) _ Y .
-, Jim [ WO 1y = WO ey < 21Woll 1y + 2TIEL21[£]77(S, 0]

<20 Woll gy + 277/ HPE] sup (s 0)]
s€[0,1]

The last inequality follows from the selfsimilarity of the stable process (n(z; 0));>0. Now, we
use (7.14) to bound the right side of (7.10) and pass to the limit a — O of that inequality to
finish the proof. [J

APPENDIX A: PROOF OF THE EXISTENCE PART OF PROPOSITION 2.2

We may assume without loss of generality that 7 = 0 in (1.3) and (1.4), since if W (¢, y, k)
is a solution of (1.1) in this case with the respective interface conditions, then W(¢, y, k) + T
solves the corresponding problem with a given temperature 7 > 0. Consider a semigroup of
bounded operators on L°°(R x T,) defined by

S Wo(y, k) = e O ROIWo(y — & (k) k) 10,61 ()
(A.1) + P+ (k)e RO (v — &' ()t k) 0. a0y ()
+ p—(k)e PROIW (—y + & (), —k) 10,0 1y ()
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with Wy € L°(Rx Ty), 7 > 0and (y, k) € R, x T,. Note that if Wy is continuous on R, x T\,
then S; Wy (y, k) satisfies the interface conditions (1.3) and (1.4) (with T =0) for all ¢ > 0, so
that S; maps Cy to Cp for any ¢ > 0 fixed. In addition, (S;);>0 is a Cp-semigroup on Cop with
the supremum norm satisfying

(A.2) D[S Wo(y, k)] = —poR(k)S; Wo(y. k),
together with the interface condition (1.18) and the initial condition

th_r)r(l) S:Wo(y, k) = Wo(y, k),  (y,k) € Ry x T
Using this semigroup, we can rewrite equation (1.1) in the mild formulation

t
(A3) W(t,)’,k):StWO(yvk)‘FVO/ Sz—sRW(S,y’k)dS, (tay’k)eR-FXR*XT*
0

with
(A4) RF(y, k) := / R(k,kK'YF(y,k")dk', FeL®R xT).
T

The solution of (A.3) with Wy € Cy can be written as the Duhamel series
+00

(A.5) Wt y, )= Sy, b, (k) eRy xR x Ty,
n=0

where

SO, y, k) := S Wo(y, k),

SO,y k) =y /A SRSy RSy o RS, W0y D st 0= 1

n

and
A,(@):=[t=s51>--->5,>0], dsip:=dsy--- dsy.

Since Wy is bounded, the series is uniformly convergent on any [0, ] x R x T,. Moreover,
if Wy € Co, then S; Wy € Cy for all s > 0 and the function R.S; Wy is bounded and continuous
in R, x T, though it need not satisfy (1.18). On the other hand, the function S;_;RSs Wy
satisfies the interface condition (1.18) for all s € [0, ¢], thus so does

t
SO, y, k) = / Si_sRS; Wo(y, k) ds
0

and SO, -, -) € Cp for each ¢ > 0. A similar argument shows that S(”)(t, -, ) € Cp for all
t >0 and n > 1. Hence, W(¢, -), defined by the series (A.3), belongs to Cy for each ¢ > 0.
One can also verify easily that both (2.2) and (2.3) hold. Thus, W (¢, y, k) is a solution of (1.1)
in the sense of Definition 2.1 which ends the proof of the existence part of Proposition 2.2.

APPENDIX B: PROOF OF THEOREM 4.4

B.1. Preliminaries on the Skorokhod space D[0, +00). Let us denote by D[0, +00)
the space of the cadlag functions; see [7]. The Ji-topology on D[0, +00) is induced by the
metric

+00
poo(X1, X2) = fo (or (X1, X2) Al)e~TdT, X1, Xa € D[0, +00),
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where

o7 (X1, X2) := inf max{ sup |A(r) —¢|, sup |XioA(r) — Xa2(1)
(B.1) reAT 1€[0.7] 1€[0.T]

X], X2 (S D[O, T].

L

Here, D[0, T] is the space of cadlag functions on [0, T'], and A is the collection of homeo-
morphisms A : [0, T] — [0, T] such that A(0) =0, A(T) = T. Theorem 16.1 of [7] says that
for a sequence (X,,),>1 of cadlag functions: X,, — . X iff there exists a sequence of strictly
increasing homeomorphisms A, : [0, +00) — [0, +00) such that, for each N > 0, we have

(B.2) lim  sup |[f—X,()[=0 and lim sup |X,() — X oA, (t)|=0.

n—>+000§t§N n—)-l—OOOStsN

The M-topology on D[0, +00) is defined as follows. For a given X € D[0, T], let 'y be the
graph of X:

(B.3) Iy :=[(t,2):1€[0,T],z=cX(—) + (1 — )X (¢) for some c € [0, 1]].
We define an order on 'y by letting (#1, z1) < (#2, z2) iff t; < 1>, or t{ =1, and
X (=) —z1| < |X(@#t1—) — z2].

Denote by I1(X) the set of all continuous mappings y = (y(l), y(z)) : [0, 1] — I'x that are

nondecreasing, that is, t; <, implies that y(t;) < y(t2). The metric dr (-, -) is defined as
follows:

. 1 1 2 2 1 2 .

dr (X1, X2) =inf[ [ = V| o V I1P =13 | vi = (0 v P) e i) i = 1.2].

This metric induces the M-topology in D[O, T']; see [25], Theorem 13.2.1. The correspond-
ing topology in D[0, +o00) is defined by

+00
B4 duX1X2i= [ @ XX AleTTdT, X1, Xz € DO, +00)
0

Then (see Theorem 6.3.2 of [24]), we have
doo (X1, X2) < poo(X1, X2), X1, X2 € D[0, +00).
Let Ty, T, : D[0, +00) — [0, +00] be
Ty(X) :=inflt > 0: X (t) > y], T,(X):=inf[t >0: X (t) <y], X € DI[0,+00),
and, fora >0, let 6, : D[0, +00) — DJ[0, +00) be
(B.5) 0.(X)(#):=X(t+a), t=>0.
Finally, we use the notation M, M’ : D[0, +00) — D[0, 4+00) for

(B.6) M(X)(t) := sup X(s), M (X):=—-M(=X)= inf X(s).

0<s<t 0<s<t

Both of these mappings are J;-continuous; see Theorem 7.4.1 of [24].
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Joint convergence of ((Zn(¢), TN (£))s>0, tzyv’ 1)- To simplify the notation, we suppress
writing k and y in the notation of the processes, denoting them by (Zy (¢));>0 and (£ (¢))s>0,
respectively For y > 0, we introduce the consecutive times the trajectory Zy (t) crosses the
level y: t) = T (ZN) andt 2= =T o@T (Zn )(ZN) Having defined N y,2m for some
m > 1, we set

v,2m—1°

(B.7) home1 =Ty oby (ZN). Yo =Ty 00n0 (Zn).

} 2m+1

We introduce the crossing times for y < 0, similarly, as well as the crossing times (ty ;) >1
for the process (£(#))s>0. The conclusion of the theorem is equivalent to proving that

((ZN(I)7 N (t))tZO’ (tfvvm)m>1 (ZN (tivm))mg)

converge in law, as N — 400, to

((;(t): T(t))tz()a (ty,m)mzl: (;(ty,m))mzl)-

We prove this by an induction argument on m. Let us fix y > 0. Since (Zy(#));>0 converges
in law to (Z(t));>0, the processes

(B.8) My(@):=M(Zn)(1®), t>0

are likewise convergent to M (t) := M(¢)(¢), t > 0. Since P[¢(¢) = ¢(t—)] = 1, for each
t > 0 (see, for example, Proposition 1.2.7 of [6]) we have P[M(t) = M(t—)] = 1, and, as
a result, the finite-dimensional marginals of (My(¢));>0 converge to those of (M (¢));>0;
see, for instance, Theorem 3.16.6 of [7]. Since, in addition, the law of M (¢) is absolutely
continuous (see, e.g., Theorem 4.6 of [16]), we have

(B.9) IP’[‘L;V’1 <t]|=P[My(#t)>y]—>P[M@)>y]=P[t, 1 <t] as N — +oo,

for any y, ¢t > 0. Hence, both marginals of ((Zy(¢), Tn(t))s>0, t’y\f 1) converge in law toward
the respective laws of the marginals of ((¢(¢), T(1));>0, ty,1). We need to show the joint con-
vergence.

Let us recall that D, := D([0, +00); R x I@Jr), and let F : Dy x R+ — R be a bounded
and continuous function. We need to show that (see Theorem 1.1.1(ii) of [23])

(B.10) Jim IEF((ZN(t) IND) 1200 1) =EF((20), T(1)),20: ty.1)-

It is straightforward to check that it is suffices to prove (B.10) only for functions of the form
F(w,1) = G(w)y (1), with a bounded continuous function G : D, — R and a compactly
supported continuous function ¥ : Ry — R:

B lim E[G(Zn ). Tw(©),20)¥ ()] = E[G(( 1), 7)), ¥ (4, 0)].
To this end, suppose that # > 0 and y > 0 are fixed, and consider the function
$1(X, $) = G(X, 8)1(y,+o0) (71 0 M(X)),

where 7;(X) := X (¢). We claim that the set Disc(§;) of discontinuities of the function §,
has zero measure under the law of (¢(¢), T(#));>0. First, observe that Disc(m; o M) is of
zero measure. Indeed, if X € Disc(sr; o M), then M (X) € Disc(sr;). Theorem 16.6(i) of [7]
implies that then M (X)(z—) %= M(X)(t), which implies X (—) # X (¢), and the latter set has
zero measure under the law of (£(#));>0. On the other hand, if X € Disc(1(y, 100) © 71 0 M)
but X ¢ Disc(w; o M), it follows that 7; o M(X) = y, which is a set of measure zero, by
Theorem 4.6 of [16].



SUPERDIFFUSIVE LIMIT WITH THERMOSTATTED INTERFACE 2317

The above implies that the set of discontinuities of §; has measure zero. Hence, by Theo-
rem 2.7 of [7] we have

(B.12) NEIEOOE[St((ZN(I), IND)20)] = E[F (60, T(1),50)]

or, equivalently,

(B.13) NEIEOOE[G(ZN(I), TN (t))tzo)l[o’f] (t}l)vl)] = E[G((§ (1), T(f))tzo)l[o,t](ty,l)]
for any ¢ > 0. The above implies

B14)  Tim BG(Zy (0, T ), () )] = BIG((6 1), 7(0),20) a1 (b))

for any 0 < s < r. We can approximate (in the supremum norm) any compactly supported,
continuous function ¥ by step functions of the form Y"/_, ¢;1¢;. .1, 5i < t;. This ends the
proof of (B.11).

Convergence of ((Zy(t), Tn(£))¢>0, tlyv,l, ZN (ti,v,l)). By the already proved part of the

theorem, we know that ((Zy (¢), Tn(2))r>o0, t;\fl) converges in law to ((¢(1), T(t))r>0, ty,1).
According to the Skorokhod embedding theorem (see, e.g., Theorem 1.6.7 of [7]), we can as-
sume that there exists a realization of the sequence of the processes ((Zy (¢), Tn (t)):>0, tly\{ 1)s
over a certain probability space (€2, F, IP), such that

(B.15) NEToo'OOO((ZN"IN)’ (¢,7))=0 and Nl_i)rJrrloo|t1y\f1 —t,1|=0 as,
and let
5,{,\11 = ZN(tly\{m)a 3m = ;(ty,m)a N,m>1.

LEMMA B.1. For the above realization of the sequence ((Zn(t), Tn(t))r>0, tlyv,l), we
have

(B.16) lim |3Y —3)|=0 as.
N— 400

PROOF. Assume that y > 0. Thanks to (B.15), there exist a sequence Ay of increasing
homeomorphisms of [0, +o0) such that for any T > 0, we have, a.s.,

lim  sup |ZN(t) - oAN(t)| =0,
N—>+400¢10,T]

li t—Ain@®)| =0,
(B.17) N;Ig@f:{gg“ N (@)

NETOO Ty(Zn) =Ty (%);
hence,
(B.18) Nl_i)IEOOAN(Y_"y(ZN)) =Ty(¢) as.
We claim that for IP a.s. w € Q2 there exists Ng(w) such that
(B.19) AN (Ty(Zy () = Ty(¢ (@), N > No.

Indeed, consider two cases:
Case (1). For a given w € €2 there exists an infinite sequence Ny such that

(B.20) AN (Ty(Zn, (@) > Ty (¢ (@)).
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Then, there exists a (random) sequence (ty, ) that satisfies

Ty(Zy, (@) >ty > Ay, (Ty (¢ (@)
From (B.18), we conclude that

k—liI—II:lOO tNk = Ty (; ((1))),
therefore, by (B.17), we have
Jim (v =T, (8 @),

From the right continuity of ¢ and (B.20), we deduce that then
(B.21) lim ¢ (A, (tn) = ¢(Ty (¢ (@)))-

k—+00
From the first equality in (B.17), we infer that
(B.22) lim Zy, (tn,) = ¢ (Ty (¢ (@))).

k——+00

However, since fy(Z N, (@)) > tn,, we have

ZNk ([Nk) <Yy

which would imply that

(B.23) ¢(Ty(E (@) < y;
hence,
(B.24) weNo={w:¢(Ty(l (@) =y}

According to Corollary 2.2 of [21], the probability of N is zero.
Case (2). For a given w € 2, there exist infinitely many Nj-s such that

(B.25) v (Ty(Zw, (@) < Ty (C (@),
so that
(B.26) Jim ¢ (i (Ty(Z (@) = ¢ (Ty (¢ (@) ) <

On the other hand, we have

AN (T)’(ZNk (a)))) e
and, by (B.17),

(B.27) kETOO|§()\Nk(Ty(ZNk (@) = Zn (Ty(Zw, (@)))| =0,
so that

(B.28) Jim ¢ (o (Ty(Zw (@) = Tim  Zy, (Ty(Zw, (@) = v
Comparing to (B.26), we see that

(B.29) Jm ¢ (T (Zw (@) = Tim  Zy (T (Zy (@) =
Therefore, from (B.26) and (B.29) we get

(B.30) lim ¢ (o (Ty(Zn (@) = £ (Ty (t (@) ) =

k—+00
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Hence, we either have

(B.31) weNi =[w:¢(Ty(¢(@)-) =y, ¢(Ty( (@) > y],

an event that has probability zero by Proposition, on page 695 of [18], or w € Ny. We con-
clude that (B.19) holds. This, however, obviously implies (B.16), as

3V =Zn(Ty(Zn(@))) and 31 =¢(Ty (¢ (@),
finishing the proof. [

Generalization to subsequent exit times—The end of the proof of Theorem 4.4.

COROLLARY B.2. Under the assumptions of Lemma B.1, for any y € R we have
(B.32) Jim pso(By, (Zx). 81, () =0 as.

PROOF. Define the following increasing homeomorphism of [0, +00):

AN () = AN (Ty(Zn (@) + 1) — An(Ty(Zn (@))), t>0.
Thanks to the first two equalities in (B.17), for any T > 0 we have

lim  sup |ZN( W(Zn (@) +1) — ¢ (An (@) + 2n (Ty(Zn (@) =0,
N—>+oot€[0

(B.33)
lim  sup |t —An(t)| =
N— 400 t€[0,T]
It follows from the argument in the proof of Lemma B.1 that there exists a P-null set A/
such that for each @ ¢ N there exists Ny, for which (B.20) holds for all N > Ny. From this
equality we conclude that

imsup sup (07, 7, (ZN)(0) = 07, 5 () () (v ()
Na+oote[0T]‘ Ty(Zy (@) 7, @n O Gn ©)]

=limsup sup |Zn(Ty(Z n(®))+1) — ;‘()N»N(t)+)»N(T>,(Z.,N(a)))))|
N—+o00t€[0,T]

=limsup sup |Zy(Ty(Zn () +1) — (AN (t + Ty (Zn (@))))| =
N—+o00t€[0,T]

for any 7 > 0. We have shown, therefore, that (B.32) holds. [

Let
(B.34) Zy(t; 0) == Oy (ZN) (D), ¢'() =6y, (@), 120
and
L@ =T,(Zy@),  Hi@ =T (' ).
Note that
(B.35) @) =t (@) + T (), ty2(w) =ty 1() + .1 ().

Repeating the argument used in the proof of (B.9), we conclude that
P[Ely\fl <t] =Pty <t] as N — 4o0.

This also proves the tightness of the random elements ((Zy(t), ‘EN(t)),Zo, T y 2, 3N)
N > 1. Using the same argument as in the proof of (B.10), we can reduce the proof of the
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convergence in law to showing that, for any bounded and continuous functions F : D, x
R4 x R — R and compactly supported continuous ¥ : Ry — R, we have

(8.36) m B (Zn @), S 0) g 01 31w )]

Suppose that ¢ > 0, and consider the function
‘gl‘ . (X’ S? s, Z) = F(Xy S? s)l(y,-f—OO)(jTt © M/(QS(X)))v

where (X, S, s,z) € Dy x R+ x R, F is as above and 77;(X) := X (¢), and let Q be the law of
(€ @), T(1))>0, ty,1, 31). We claim that the set Disc(§;) of discontinuities of the function §;
is Q-null. Indeed, first observe that the set D of discontinuities of

(X, S,s,2) > 1 0o M (65(X))

is Q-null. If (X, S, s, z) € D, then M'(0;(X)) € Disc(sr;). According to Theorem 16.6(i) of
[7], this is equivalent to M’ (05(X))(t—) # M’ (65(X))(t). However, this set is contained in

[(X,8): X(s+1—)# X(s+1)]
The Q-probability of the latter is
(B.37) Plg(ty,1 +1=) # (1 + O] = E{P[¢(ty,1 +1-) # Sty 1 + DI F,, ]}

The strong Markov property implies that the process (£(ty,1 +¢) — 31)s>0 is independent
of the o -algebra Fy |, corresponding to the stopping time ty j, and the right side of (B.37)
equals

(B.38) Plc(t—) # ¢ ()] =0.
Suppose now that (X, s) € D/, the discontinuity set of
(X, S,5,2) > L(y +o0) 0 s 0 M'(X 0 6y)
and (X, S,s,z) ¢ D, so that 7, o M’ (65;(X)) = y. Its probability equals

PL inf ()= y] =EP[M'()=y—z],_5,

y,lf”ftx,l"'t
where M'(t) = M'(¢)(¢). By symmetry, the expression in the right equals
EP[M(1) =z - y],_5, =0,

as the law of M (¢) is absolutely continuous. It follows that the set of discontinuities of §; is
null. Hence (see Theorem 2.7 of [7]), we have

B39) lim E[F((Zn (0. Tv0)m0 1 3] = B (1) 71) 500 1. 31)]
or, equivalently,

(B.40) wim ELF(Zx 0, D)z G 30 To(2)]

=E[F (), T(1),20» ty.1, 31) 0.1 (y 2)]

for any ¢ > 0. The above implies that

(B4D W ELF (2@, T 0) 2,81 3 (1))

=E[F (), T(1) ;20> ty.1, 31) L5018y 2)]
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for any 0 < s < t. We can approximate (in the supremum norm) any compactly supported
function ¢ by step functions of the form Z{:] ¢il(s 11, 8i <t;. This ends the proof of (B.36).
By the previous argument we already know that the random elements

(B42) (Zn @), SN 0)or 1, 8, 3)
converge in law to
(B.43) (6@, T(®),0s ty.1, ty.2, 31)-

According to the Skorokhod embedding theorem, we can assume that there exist realizations
of the random elements (B.42) and (B.43) such that

NETOO Poo((Zn,ZN), (£, 7)) =0 and

(B.44)
E lim tly\{i —t,,i| =0, lim |3{V —31|=0 as.
N—>+oo N—+o00

By Corollary B.2 we have

B.45 li VAN

(B.45) yim  poo(Zy. &)

where Zy and ¢ are defined by (B.34). We can repeat the argument used in the proof of
Lemma B.1 and conclude that the set of events w, for which

lim 3% #3

N—+o00

is contained in the set A/ of events w such that

(B.46) {(T,(¢(@)—) =y <¢(T,(t(@)) or ¢(T,(¢())) =<y,

which again by the same arguments as used there is of null probability.
The above argument can be continued by induction and allows us to conclude the proof of
Theorem 4.4. [J

A further generalization. The argument of the present section, essentially without any
modification, can be used to prove a slight generalization of Theorem 4.4 that we have used
in the proof of Theorem 6.1. Suppose that ({x (¢, ¥));>0 is a sequence of processes that sat-
isfy ¢nv (0, y) = y and converge in law, as N — 400, in the J;-topology over D[0, +00)
to (¢(t,¥))r>0. We can define the consecutive crossing times 5§{m N,m=1,2,... for
(¢n (1))=0 between the half-lines R_ and R

THEOREM B.3. For any y € Ry, the random elements

((Q-N(f, y))IEO’ (Ey,m)mzl’ (EN (5)IXm’ y))mzl)

converge in law as N — 400 over D0, +00) x RIE x RN with the product of the J and
standard product topology on (R™M)?2, to ((¢(t, YN0, Wy m)m>1, (§ Wy s ¥, K)m>1).
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